
Mathematishes Forshungsinstitut Oberwolfah

Report No. 28/2002

Renormalization Group

June 9th { June 15th, 2002

The workshop was organised by D. Brydges (British Columbia), H. Kn�orrer (ETH) and

M. Salmhofer (Leipzig). 46 sientists from 8 ountries attended. Amongst these were 10

from departments of theoretial physis. There were 15 letures given by 13 speakers, 2

organised disussion sessions and several well-attended, spontaneous, disorganised disus-

sion sessions. The workshop onluded with an after-dinner piano onert on Friday June

14.

The Renormalization Group is a set of priniples used in the analysis of problems with

many degrees of freedom assoiated with length sales. Suh problems arise in many

ontexts inluding probability, statistial mehanis, quantum �eld theory and partial dif-

ferential equations. The ommon theme is to lassify examples into \universality lasses"

with anonial representatives obtained by \saling limits". A beginning example is pro-

vided by the Donsker Invariane Priniple. Here we start with random walk (without

drift). The standard deviation of the step distribution is the smallest length sale, while

an entire in�nite trajetory has struture on all larger length sales. The saling limit

is equivalent to viewing the walk from far away so that only long distane struture is

retained. The viewer will see the path of Brownian motion. This means that the random

walk is in the universality lass whose anonial representative is Brownian motion. In a

similar way models in statistial mehanis are in universality lasses labelled by quantum

�eld theories.

The implementation of this theme varies aording to the ore disipline: the ontext

is operators and Hilbert spaes for quantum �eld theory, miroloal analysis for PDE

and ombinatori expansions for statistial mehanis. The workshop allows both ideas

and sientists to migrate between these subommunities. The whole enterprise has some

grandeur, but it is hard for the younger sientists to see the rami�ations without this

type of meeting. The Oberwolfah traditions worked well and the meeting gave us all new

optimism and a sense of the gathering power to prove analyti results in the domain of

mathematial physis.

1



Abstrats

Operator{valued Renormalization Group Flow

V. Bah

(joint work with Th. Chen, J. Fr�ohlih and I.M. Sigal )

We present an improved version of the RG ow built on the Feshbah projetion method.

The new RG method is based on a generalization of the Feshbah projetion method alled

the \Smooth Feshbah Map". It uses smooth uto� funtions � rather than projetions,

and it maps a given Hamiltonian H on a Hilbert spae H to an e�etive Hamiltonian

F

�

(H) on a (smaller) Hilbert spae Ran� � H. The important feature of this map is its

isospetrality: H is invertible i� F

�

(H) is invertible.

As a main appliation, we onstrut a onvergent RG ow on a subspae W � B(H)

of operators on H � F

b

�

L

2

(R

d

)

�

whih represent Hamiltonians in quantum �eld theory.

Thanks to the smoothness of the uto� funtion �, the onvergene proof is muh simpli�ed,

and the norm requirements de�ningW (as a Banah spae) are weaker (and more natural)

than before, using projetions.

QED on the 3{torus

J. Dimok

We onsider quantum eletrodynamis on a three dimensional torus. We start with

the lattie gauge theory and attempt to ontrol the singularities as the lattie spaing is

taken to zero. This is aomplished by following the ow of the renormalization group

transformations. The method is similar to that of T. Balaban for salar eletrodynamis.

Interating Fermions in 3d at �nite temperature

M. Disertori

(joint work with J. Magnen and V. Rivasseau)

It is believed that a system of weakly interating Fermions in 2 or 3 dimensions, with

a rotation invariant Fermi surfae, is a Fermi liquid (in the sense of Salmhofer) above

the ritial temperature T



= e

�

k

j�j

, where k is a onstant and � is the strength of the

interation.

In the 2d ase we proved this behaviour (in a work with V. Rivasseau), using a Fermioni

expansion and angular analysis in momentum spae. Due to the di�erene between 2d and

3d geometry, this proof annot be generalized diretly to the 3d ase.

In a reent work with J. Magnen and V. Rivasseau we ompleted the �rst step of the

proof, namely the uniform bound on ompletely onvergent ontributions. The analysis

relies on a diret spae deomposition of the propagator, on a bosoni multi-sale luster

expansion and on a Hadamard inequality.
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Loal Aspets of Renormalization II: Gauge Theories

M. Duetsh

(joint work with K. Fredenhagen and F-M. Boas)

A loal formulation enables a onsistent perturbative treatment of massless Yang-Mills

theories. Suh a onstrution requires the validity of BRST-symmetry in a suitable form.

A suÆient renormalization ondition is the 'Master BRST-Identity'. To �nd its preise

form we start with lassial �eld theory. We formulate the most general identity whih an

lassially be derived from the �eld equation: this is the 'Master Ward Identity'. Then we

quantize by the priniple that we want to maintain as muh as possible of the algebrai

struture of the perturbative lassial �elds. In partiular we require the Master Ward

Identity as a renormalization ondition. Its appliation to the BRST-urrent yields the

(wanted) Master BRST-Identity.

Constrution of a 2{d Fermi Liquid

J. Feldman

(joint work with H. Kn�orrer and E. Trubowitz)

I disuss the main ideas behind a proof that the temperature zero renormalized perturba-

tion expansions of a lass of interating many{fermion models in two spae dimensions have

nonzero radius of onvergene. The models have \asymmetri" Fermi surfaes and short

range interations. One onsequene of the onvergene of the perturbation expansions is

the existene of a disontinuity in the partile number density at the Fermi surfae.

The proof uses a multisale analysis, disrete renormalization group ow and renor-

malization of the Fermi surfae. Generalized partile{partile and partile{hole ladder

diagrams require speial treatment. Partile{partile ladders have improved power ount-

ing due to the assumed asymmetry of the Fermi surfae, suppressing the Cooper hannel.

A sign anellation between sales is used to ontrol partile{hole ladders.

Loal Aspets of Renormalization I: Renormalization of Quantum Field

Theory on urved Spaetime

K. Fredenhagen

(joint work with R. Brunetti, M. D�utsh, R. Verh)

In ontrast to lassial �eld theory, the standard formulation of quantum �eld theory

ontains many nonloal elements whih have no obvious generalization to urved spaetime.

Among them are the use of the Fouriertransform whih relies on translation invariane,

the onept of a vauum state and of partiles, the hoie of a distinguished Hilbert spae

of states and of a Feynman propagator. Also the Eulidean formulation of quantum �eld

theory makes not muh sense on a urved spaetime sine the generi spaetime with a

Lorentzian metri has no analyti ontinuation ontaining a Riemannian spae. Neverthe-

less, the ultraviolet problem of quantum �eld theory admits, at least at a loal level, a

satisfatory treatment, in agreement with the equivalene priniple. The infrared problem,

on the other hand, whose general treatment on urved spaetime seems to be hopeless, an

be ompletely separated. The tehnique used is the algebrai formulation of �eld theory

ombined with methods from miroloal analysis. One �rst enlarges the algebra of the free

�eld suh that it also ontains Wik produts. One then analyses the Dyson series for a
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Lagrangian with a spaetime uto� desribed by a test funtion with ompat support.

The problem is then redued to the de�nition of time ordered produts as operator valued

distributions. In terms of them the observables of the interating theory an be de�ned

suh that they are, up to unitary equivalene, independent of the spaetime uto�. The

work desribed was published in Comm. Math. Phys. 2000-2002.

Interating stohasti systems:

Longtime behaviour and its renormalization analysis

A. Greven

We desribe typial phenomena arising in the longtime behaviour of interating spatial

stohasti systems and explain how they an be analyzed using the tehnique of renormal-

ization by multiple spae-time sales. We shall fous on models whih arise in population

genetis, in partiular interating Feller di�usions and Fisher-Wright di�usions.

The main mathematial point is to give an approximate piture of the spatial stohasti

system by passing to a large spae-time sale view. This will lead to a simpler stohasti

proess alled the interation hain. The analysis of this objet redues mainly to the

study of the orbit of iterations of a ertain nonlinear map in funtion spae. Properties of

this orbit an be derived by �nding �xed points or �xed shapes of the nonlinear map and

by showing onvergene properties of general orbits to the speial ones generated by �xed

points or �xed shapes.

An important point is that this analysis allows to explain the speial role of ertain

spei� stohasti models, whih orrespond to the �xed points and �xed shapes and

whih haraterize a universality lass of longtime behaviour in a larger lass of models.

Finally we outline the possible appliations of the multi-sale analysis in mathematial

biology, in partiular evolution theory.

Triviality of Hierarhial Ising model in Four Dimensions

T. Hara

(joint work with T. Hattori and H. Watanabe)

We onsider the Renormalization Group (RG) transformation for a so-alled Hierarhial

Ising model. This is a version of Ising models with speially arranged hierarhial spin

interations. Thanks to the speial fratal struture of the interations between spins, the

Renormalization Group transformation (RGT) R takes on the following very simple form:

(1) (Rh)(x) = N exp

�

�

2

x

2

�

Z

1

�1

h

�

x

p



+ y

�

h

�

x

p



� y

�

dy

where h(x) roughly denotes the Gibbs fator (or a single site measure; x orresponds to a

spin variable), N is a normalization onstant, and  � 2

1�2=d

and � �

1



�

1

2

are parameters

whih depend on d. (d itself is a parameter whih mimis lattie dimension.)

It is easy to see that

(2) h(x) = e

�x

2

=4
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is a �xed point of the above transformation R (alled the gaussian �xed point). A natural

question would be to investigate loal and global struture of the RGT ows (not neessarily

in the viinity of the gaussian �xed point).

To partially answer this question, we studied RGT ows starting from the Ising initial

data:

(3) h(x) = Æ(x

2

�K

2

); K > 0;

for d = 4. (In the above, K is roughly proportional to the inverse temperature.)

Our result an be summarized as follows:

Theorem. For d = 4, there is K



> 0, suh that the RGT ow starting from the initial

ondition (3) with K = K



onverges to the gaussian �xed point, (2).

The above result, supplemented by a more detailed estimate derived in the proof, shows

that the ontinuum limit of this model is gaussian (i.e. triviality).

A word on the proof: The proof uses harateristi funtions and orrelation inequalities

(whih are nie), but is partly omputer-supported (whih is a bit disappointing, but still

is rigorous).

Referene: T. Hara, T. Hattori, and H. Watanabe: Commun. Math. Phys. 220 (2001)

13{40

Renormalization Group and Ward Identities in d = 2 Grassmann Integrals

V. Mastropietro

(joint work with G. Benfatto)

We present a detailed study of the orrelation funtions of the XY Z Heisenberg spin

hain and of models of lassial Ising systems in d = 2 like the eight vertex model or the

Ashkin{Teller model. The orrelations an be written in terms of Grassmann integrals

whih an be evaluated by a multisale analysis and Ward identities an be implemented

in order to prove anellations. The ritial indies are written as a onvergent power

series and non{universality is found. Convergene is proved by bounding the determinants

appearing in the Fermi expetations by the Gram{Hadamard inequality. Suh results

an be found in Benfatto, Mastropietro RMP (2001) and CMP (2002), and Mastropietro,

Preprint (2002)

Flow Equations for Hamiltonians: Appliations to dissipative quantum

Systems

A. Mielke

The aim of this talk is to show how ow equations an be used to diagonalize dissipative

quantum systems. Applying a ontinuous unitary transformation to the spin-boson model,

one obtains ow equations for the Hamiltonian and for observables. Depending on the

parameters, di�erent representations of the Hamiltonian are suitable. For the super-Ohmi

ase the ow equations are solved approximately, yielding very aurate results. The model

with an Ohmi bath and a oupling � =

1

2

an be solved exatly using ow equations. This

approah an be used to onstrut ontrollable approximation shemes for � 6=

1

2

.
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Di�usive Dynamis in pattern forming systems

G. Shneider

We use renormalization theory to prove di�usive behaviour in pattern forming systems.

Examples are the nonlinear stability of spatially periodi equilibria, as Taylor vorties

of spatially periodi B�enard rolls, the nonlinear stability of modulated fronts onneting

stable Taylor vorties with the Couette ow, et. The proof uses renormalization theory,

Bloh wave analysis and a �xed point argument.

Multihannel Nonlinear Sattering

A. Soffer

The Nonlinear Shr�odinger equation, whih appears in the Hartree Fok approximation

and in nonlinear optis, is an example of a dispersive wave equation whih has many

di�erent asymptoti states depending on the initial data. Suh time dependent equations

play a entral role in many reent sienti� advanes,suh as Bose-Einstein ondensates

and optial devies. I will disuss the solutions of suh equations,inluding the large time

behaviour. Rigorous results have shown, for the �rst time, the phenomena of ground

state seletion, asymptoti instability of the exited states and more. These results are

obtained by deriving a novel Nonlinear Master equation and multitime sale analysis of its

properties. The talk will be general for Physis and Mathematis audiene.

Continuous Diagonalization of Hamiltonians

F. Wegner

A method to diagonalize/blok-diagonalize Hamiltonians by means of a ontinuous uni-

tary transformation is presented (F.W., Flow Equations for Hamiltonians, Annalen der

Physik (Leipzig) 3 (1994) 77). Appliations are given to the problem of the elimination

of the eletron-phonon interation (P. Lenz, F.W., Flow Equations for Eletron-Phonon

Interations, Nul. Phys. B482 (1996) 693) and to symmetry breaking in the Hubbard

model (I. Grote, E. Krding, F.W., Stability Analysis of the Hubbard Model, J. Low Temp.

Phys. 126 (2002) 1385). Problems onerning the asymptoti behaviour are indiated.

Edited by Horst Kn�orrer
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