Mathematisches Forschungsinstitut Oberwolfach
Report No. 52/2003

Applied Probability
November 30th – December 6th, 2003

This meeting was organized jointly by Francois Baccelli (Paris), Arie Hordijk (Leiden),
and Volker Schmidt (Ulm). It continued a sequence of successful Oberwolfach conferences
on applied probability, where the previous one was held in 1998.
The present meeting had 46 participants. They came from USA (# 11), Germany (# 10),
France (# 5), Netherlands (# 5), Australia (# 2), Denmark (# 2), Great Britain (# 2),
Canada, Finland, Greece, Iceland, Israel, Luxembourg, Poland, Russia, Sweden.
The aim of this meeting was to bring together researchers who represent important new
developments in the fields of applied probability, in particular
• stochastic networks
• stochastic control problems
• probabilities of large deviations, rare events, and extremes
• spatial stochastic models
• stochastic simulation
There were 9 sessions where actual topics of applied probability were discussed from
several viewpoints. Each session started with a longer survey talk followed by a number of
shorter communications. These included
• control and optimization in stochastic networks, insurance and finance
• connections between queueing and information theories; their applications to stochastic modelling of communication and computer systems
• multiresolution image analysis and monotonicity issues, in particular for percolation
and Gibbs systems such as the Ising and Widom–Rowlinson models
• spatial point processes, germ-grain models, random tessellations, their applications
to structural analysis of spatial networks
• importance sampling and differential games
• perfect sampling, rare event simulation with heavy tails, and other recent developments in Monte Carlo simulation
• extremal dependence; applications in data network modelling and finance
• application of fluid models to recurrence and central limit theorems of queueing
networks
All participants prepared short reports about their recent research, which were presented
on a pin board. This prompted many lively and stimulating discussions. Various new
scientific contacts were formed, initiating quite a number of collaborations.
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Abstracts
A game theoretic look at a multi-access communication problem
Venkat Anantharam
(joint work with Richard J. La)
We explore the use a cooperative game theoretic formulation of networking problems to
understand fair allocation. The program is as follows : (1) determine the characteristic
function of the game — this is the function that associates to each subset of the players
the maximum they can achieve even if the complementary subset colludes to work against
them; (2) define fairness through a reasonable set of axioms – the axioms would be context
sensitive; (3) determine which allocations are fair, feasible, and in the core of the game.
The talk describes how we carried out this program for the Gaussian multi-access channel, a basic model for communication over a shared wireless medium. The result of our
work is a proposal for how to share the overall Shannon capacity of the channel. The proposed allocation is fair, feasible, and in the core of the game, and it is the unique allocation
with these properties. Further, it has many nice intuitive qualitative features as a function
of the signal to noise ratios of the individual users of the channel.
Recent developments in rare event simulation with heavy tails
Søren Asmussen
(joint work with D.P. Kroese and R.Y. Rubinstein)
Consider the simulation of P (Y1 + · · · + Yn > u) where the Yi are i.i.d. and heavy-tailed and
u is large. Existing i.i.d. importance sampling schemes (Asmussen, Højgaard & Binswanger
2000, Juneja & Shahabuddin 2002) have a considerable freedom in the choice of the twisted
distribution. However, this choice is important for the performance. We show here that
choosing the twisted distribution as the member of a particular parametric class having
minimum entropy distance from the conditional distribution of the Yi given Y1 +· · ·+Yn > u
gives a precise and efficient suggestion. The implementation details involve maximum
likelihood and subexponential asymptotics.
The i.i.d. character of the change of measure in the above scheme is intuitively disturbing
because subexponential limit theory predict that one of the Yi (the largest) has a particular
role. We present an asymmetric importance sampling scheme taking this into account as
well as a conditional Monte Carlo idea where the estimator is

nP (Y1 + · · · + Yn > u, Mn = Yn | Y1 , . . . , Yn−1 ) = F Mn−1 ∨ (u − Y1 − · · · − Yn−1 )
where Mk = max(Y1 , . . . , Yk ). The schemes are demonstrated numerically to have superior
performance compared to existing algorithms.

2

Portfolio-optimization with jumps and unobservable intensity process
Nicole Bäuerle
(joint work with Ulrich Rieder)
We consider a financial market with one bond and one stock. The stock price process
follows a geometric Lévy process, where jumps occur according to a Poisson process. Our
aim is to maximize the expected CRRA utility of terminal wealth. This problem can be
solved explicitly via stochastic control methods and the optimal portfolio strategy invests
a constant fraction of the wealth in the stock.
More interesting is the problem when the jumps occur according to a Markov-modulated
Poisson process and the investor is not able to observe the driving Markov chain. Using
a classical result form filter theory it is possible to reduce this problem with partial information to one with complete information. With the help of a generalized Hamilton Jacobi
Bellman equation it is possible to identify an optimal investment strategy.
Approximate decomposition of modulated Poisson-Voronoi tessellations
Bartlomiej Blaszczyszyn
(joint work with René Schott)
Approximate decomposition is a technique to get approximation formulae for inhomogeneous models by using corresponding results obtained for homogeneous ones. Mathematical
formalization of this technique requires to estimate the approximation error.
In this talk we consider the Voronoi tessellation of Euclidian space that is generated by
an inhomogeneous Poisson point process whose intensity takes different constant values on
sets of some finite partition of the space. Considering the Voronoi cells as marks associated
to points of the point process, we prove that the intensity measure (mean measure) of the
marked Poisson point process admits an approximate decomposition formula. The true
value is approximated by a mixture of the respective intensity measures for homogeneous
models, while the explicit upper bound for the remaining term can be computed numerically
for a large class of practical examples. By Campbell’s formula, an analogous approximate
decomposition is deduced for the Palm distributions of individual cells.
This approach makes it possible to analyze a wide class of non-homogeneous PoissonVoronoi tessellations, by means of formulae and estimates already established for the homogeneous case. Our analysis applies also to the Poisson process modulated by an independent stationary random partition, in which case the error of the approximation of the
double-stochastic Poisson-Voronoi tessellation depends on some integrated linear contact
distribution functions of the boundaries of the partition elements.
The talk is based on a paper published under the same title in Advances in Applied
Probability 35 (2003), 847–862.
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Subexponentiality and semi-exponentiality. Some new limit theorems for
random walks with semi-exponential step distributions
A.A.Borovkov
The talk contains two parts. The first one deals with the characterization of subexponentiality and the relationship between the classes of subexponential and semi-exponential
distributions. Zones of additivity of tails are described for semi-exponential distributions.
The second part of the talk is devoted to some advanced asymptotic results for random
walks with semi-exponential step distribution. The second-order approximation for the
distribution of the supremum of sequential sums of random variables and the asymptotics
of the probability of large deviations for the first passage time are obtained.
Application of fluid models to recurrence and central limit theorems of
queueing networks
Maury Bramson
Over the past decade, fluid models have become one of the main tools for analyzing
queueing networks. They can be used to study the stability (i.e., recurrence) and heavy
traffic limits (i.e., scaled diffusive limits) of queueing networks. In both cases, this provides
a systematic approach for reducing problems in a random setting to simpler deterministic
ones. The talk provides a summary of the main results in the area.
Queueing networks with an attached inventory
Hans Daduna
(joint work with Maike Schwarz, Cornelia Sauer, Rafal Kulik and Ryszard Szekli)
In a service system of M/M/1 type for to serve a customer an additional item is needed
(e.g. to perform some repair) which has to be taken from an attached inventory. We
construct a Markovian model which allows to compute jointly performance measures of
the service process and the behaviour of the inventory.
For different inventory management policies (including (r,Q), (r,S) and a random order
size policy) and with random nonzero lead times we derive explicit stability conditions.
In case of lost sales we obtain explicitly the asymptotic and stationary distribution of the
joint (queue length/inventory size) process. It is of product form, i.e. asymptotically the
queue length and inventory size fluctuations behave as if they were decoupled.
From this formula we derive the main performance characteristics of the system, e.g.,
mean queue length, mean inventory, lost sales rate, safety stocks, service levels.
In a further step we incorporate such a server with attached inventory into a classical
Jackson or Gordon-Newell network and derive stability conditions and product form steady
state as well.
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Germ-grain models from the lilypond growth protocol
Daryl J. Daley

The lilypond model, such as a hard-sphere model { x, R(x) : x ∈ ϕ} in which ϕ is a
locally finite set of points (or, germs) x ∈ Rd that are the centers of spherical grains of
radius R(x), is realized by the lilypond growth protocol: given ϕ (e.g. a realization of a
stationary point process), each germ starts its growth into a grain at the same time and
same rate (in all directions); any particular grain stops its growth when for the first time
it collides with another grain. Then for all germs x and y, R(x) + R(y) ≤ |x − y|, and for
every germ x there is a germ z, a grain-neighbour of x, for which the corresponding grains
touch so R(x) + R(z) = |x − z|.
When ϕ is a realization of a stationary Poisson process, the volume fraction $d (i.e.
the proportion of space covered by the grains) can be determined analytically when d = 1
($1 = 1 − e−1 ; see Daley, Mallows and Shepp (2000), Stoch. Proc. Appl.) and numerically
(e.g. for d = 2, 3 in Daley, Stoyan and Stoyan (1999) Adv. Appl. Probab.), together with
bounds 0 ≤ 2d $d − 1 ≤ O(d1/2 ). The volume V of a randomly chosen grain is known
analytically for d = 1: P{V > x} = e−2x exp(e−2x − 1), and its analogues for d = 2, 3,
standardized to the same mean, are very close. Is there a limit for large d ? What if the
grains are similarly oriented cubes? What if the initial germ-sets ϕ come from small i.i.d.
perturbations of a lattice like Z d ?
Analysis of the 1-D model with germs located at the points of a renewal process (i.e.
a point at 0) with lifetime d.f. F , proceeds via the integral equation G(x) =
Rincluding
x
F
(x
+
y)
G(dy) + [1 − G(x)]F (2x) for the d.f. G of the radius of the grain at 0 assuming
0
no grains in (−∞, 0−).
Importance sampling and differential games
Paul Dupuis
(joint work with Hui Wang)
We consider the problem of design and analysis of importance sampling schemes. The talk
has two main points: (1) the asymptotically optimal variance from among a fixed class of
importance sampling schemes can often be characterized in terms of a differential game, and
(2) the associated Isaacs equation gives a flexible tool for the construction and analysis
of schemes. After a brief review of the literature, we outline the connection between
importance sampling and games. We first indicate why a game should characterize the
optimal variance, and then, in the context of various examples, describe how subsolutions
to a related PDE identify useful algorithms. The examples include functionals of Markov
chains and an elementary stochastic network.
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Maxima on random time intervals of random walks with heavy-tailed
increments
Serguei Foss
(joint work with Francois Baccelli, Stan Zachary, and Zbigniew Palmowski)
Consider a random walk S0 = 0, Sn = X1 + . . . + Xn , n ≥ 1 with i.i.d. increments having
negative mean −a and distribution function F . For n ≥ 1, let Mn = max0≤k≤n Sn and
let σ be an arbitrary stopping time (which, in particular, may be infinite with positive
probability). C. Klüppelberg (1988) introduced the following class S∗ of subexponential
distributions:
Z x
∗
F ∈ S iff
F (u)F (x − u) du ∼ 2m+ F (x), x → ∞.
0

Here F (x) = 1 − F (x) and m+ =
and only if

R∞
0

F (u) du. We proved the following result: F ∈ S∗ if
Z

P(Mσ > x) ∼ E

∞

P(σ > t)F (x + at)dt
0

uniformly for all stopping times σ. Furthermore, we extended the above result to probabilities of crossing non-linear boundaries of the form x + g(n), n ≥ 0 when x → ∞. Finally,
we applied the results to study various queueing networks, including multi-server queues
and tandem queues.
Open loop routing in network of queues
Bruno Gaujal
This talk discusses the problem of effective computation of the optimal routing sequence
in a queuing system made of two queues.
In the general framework with stationary and ergodic arrivals and services, we show
that the optimal open loop routing policy is given by a billiard sequence (generated by
the trajectory of a billiard ball on a square table). We also show that the optimal policy
(minimizing the expected waiting time) is a Sturmian sequence and we establish several
qualitative properties of this policy (monotonicity, continuity, convexity).
For exponential service times and Poisson arrivals, we show how the kernel method can
be used to get effective computations of the optimal policy. This is done by using complex
analysis and a trick in shifted polar coordinates.
We address the issues of time complexity as well as numerical stability of this algorithm.
We then discuss an extensive set of experiments which show several interesting features of
the optimal policy with apparent discontinuities and a fractal behaviour.
Recent developments in Monte Carlo simulation
Peter W. Glynn
This talk surveys recent developments in stochastic simulation, with a particular emphasis on the simulation of discrete-event systems. The topics covered include: a large
deviations characterization of computational efficiency (analogous to Bahadur efficiency
for statistical estimators), a new measure of computational complexity for Monte Carlo
schemes, a new class of renewal-theoretic estimators for regenerative processes, Harris (regenerative) structure of discrete-event systems (when viewed as generalized semi-Markov
processes (GSMP’s)), algorithmic identification of GSMP regenerations, and total variation
convergence rates for SDE numerical schemes.
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Monotonicity issues in probability theory: a scattered survey
Olle Häggström
Many intriguing problems in probability theory are of the following kind. Consider
a stochastic system with a parameter p that governs its dynamics, and some particular
aspect A of the dynamics. For instance, p could be a drift parameter of some random
motion, and A is the resulting asymptotic speed. Does A depend monotonically on p?
Such questions are particularly natural to ask in systems exhibiting critical phenomena or
phase transitions.
In this talk, a survey of such monotonicity issues is given. Specific models that are
discussed include percolation, Gibbs systems such as the Ising and Widom–Rowlinson
models, Monte Carlo Markov chains, and random walks. As to the answers to the main
question – whether A depend monotonically on p – we encounter all four of the following
answers, the last of which can be quite a surprise:
• Yes, monotonicity holds, and it admits a short and easy proof.
• Yes, it does hold, but the proof is not straightforward.
• The question is open.
• No, the desired monotonicity is demonstrably false.
Limit theorems for functionals of stationary random tessellations
Lothar Heinrich
(joint work with Hendrik Schmidt and Volker Schmidt)
We consider a stationary and ergodic tessellation X0 given in a convex, compact sampling
window W% ⊂ Rd . The cells of X0 possess random inner structures (e.g. point patterns,
fibre systems, germ-grain models, tessellations etc.) generated independently of each other
and independent of the initial tessellation X0 by a generic random set model which is
associated with a vector J0 (.) of stationary random measures each component acting on
Rd . We study the asymptotic behaviour (as W% ↑ Rd ) of some multivariate random
functional which is determined by X0 and the individual cell structures contained in the
sampling window W% . It turns out that this functional provides an unbiased estimator of
the intensity vector defined by the generic random vector measure J0 (.) . Furthermore, the
asymptotic covariance matrix of the functional is calculated and shown to depend only on
the distribution of the typical cell of X0 and the second-order moment and cross covariance
measures of the vector measure J0 (.) .
Under natural restrictions using the ergodicity of X0 and the conditional independence
between distinct cell structures we prove a strong law of large numbers and a multivariate
central limit theorem of the normalized functional.
Finally, some numerical examples are discussed in detail, for which the inner structure
of the cells of X0 is induced by iterated Poisson-type tessellations. The obtained results
allow to construct flexible models of random tessellations and make them tractable for a
statistical analysis including model fitting. An application to stochastic subscriber line
models is briefly discussed.
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Perfect sampling: techniques and challenges
Mark Huber
Perfect sampling algorithms generate random variates from probability distributions
with an unknown normalizing constant. Protocols such as Coupling From the Past (CFTP)
and the Randomness Recycler (RR) employ very different approaches to building such
algorithms. CFTP emphasizes complete coupling of Markov chains. RR creates a family
of distributions forming a chain between a distribution that is easy to sample from and
the target distribution. Ideas such as monotonicity and bounding chains can be used with
CFTP, but not RR. Open questions include how to adjust these methods to work with
both protocols, and developing new protocols to take advantage of properties of Markov
chains related to rapid mixing (such as the spectral gap or conductance methods).
Multiresolution image analysis and Ising models
Wilfrid Kendall
(joint work with Roland Wilson)
This talk describes results of an investigation into percolation and Ising models defined on
generalizations of quad-trees used in multiresolution image analysis. These can be viewed as
trees for which each mother vertex has 2d daughter vertices, and for which daughter vertices
are linked together in d-dimensional Euclidean configurations. Retention probabilities /
interaction strengths differ according to whether the relevant bond is between mother and
daughter, or between neighbors. Bounds are established which locate phase transitions and
show the existence of a coexistence phase for the percolation model. Quantitative results
are extended to the corresponding Ising model using the Fortuin-Kasteleyn random-cluster
representation, and compared with computer simulations.
The Skorokhod reflection problem on partially ordered sets
Takis Konstantopoulos
(joint work with Venkat Anantharam)
One formulation of the Skorokhod reflection problem with two boundaries can be stated
in terms of ordering. So it is natural to consider the domain of the functions to be a partially
ordered set with a least element. In doing so, we get rid of continuity assumptions, usually
required for proving existence and uniqueness of the solution. By using order arguments,
we show that, in a very general setup, the solution exists, is unique, and satisfies a fixed
point equation. A particular case of interest is when the two boundaries coincide. In this
case, the problem becomes that of the minimal decomposition of a function, defined on a
partially ordered set, as the difference of two increasing functions.
A case of interest is when the poset is a σ-algebra of subsets of a set. Then, the
Skorokhod reflection of a signed measure, when the two boundaries are set to zero, is
proved to be equivalent to the Hahn-Jordan decomposition of the signed measure; when the
boundaries are non-identical (positive) measures we obtain a generalization of the HahnJordan decomposition: indeed, the reflectors turn out to be mutually singular σ-additive
functions, i.e., they inherit the property of the signed measure.
Other cases of interest are: (i) The poset of probability distributions on a finite set
ordered in the majorization order. Here, increasing (decreasing) functions are the Schur
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convex (concave) functions. We discuss the reflection problem when the two boundaries
are zero. (ii) The poset of positive semi-definite matrices ordered as: A ≤ B ⇔ B − A is
positive semi-definite. Here, natural increasing functions are the eigenvalues of a matrix.
We thus seek the minimal decomposition (solution to the Skorokhod reflection problem
with boundaries identically zero) of certain functions of the eigenvalues. We also reflect
on the fact that generalizing the problem from a linearly ordered set to a partially ordered
one not only generates several interesting cases, but also sheds new light to the classical
problem.
Monotonicity and comparison of tandem systems
Ger Koole
Let V : N m → R be a solution of the dynamic programming optimality equation of a
certain m-dimensional queueing system. Monotonicity properties of queueing systems can
be seen as properties of the corresponding optimality equation or value functions (which
converge to the optimality equations).
There are basically two types of convexity results for multi-dimensional queueing systems. The stronger one, multimodularity, holds for a very limited class of queueing systems. Essentially the only system in this class is a tandem queueing system consisting of
single-server queues or servers with a variable rate that are controlled optimally (Weber &
Stidham 87). Only for two dimensions this class is much more rich, containing for example
also routing problems (Hajek 84).
An important class of problems for which multimodularity does not hold are multi-server
queues. For this class of problems we obtained results that are weaker than multimodularity: directional convexity. Directional convexity of a function f : N m → R means
that
f (x + y) + f (x + z) ≤ f (x) + f (x + y + z)
(1)
m
for all x, y and z ∈ N . It is equivalent to Equation (1) with y and z restricted to
unit vectors. If, in this case, y = z then we get componentwise convexity; if y 6= z then
(1) becomes supermodularity. Thus directional convexity is equivalent to componentwise
convexity and supermodularity.
Directional convexity has been very useful in obtaining comparison results. It has been
used for example in Altman et al. 01 to show that fluid limits of tandem queueing systems
have a lower workload than the original queueing systems. Unfortunately directional convexity is of less help when it comes to proving properties of optimal policies. In conclusion,
generalizing the Hajek-model to multi-server queues remains an open question.
The lilypond growth protocol, descending chains and invariance properties of
Palm distributions
Günter Last
(joint work with Daryl Daley)
We consider a stationary point process N in Rd satisfying a non-lattice type condition. A
descending chain (in N ) is an infinite sequence of mutually different N -points such that the
distance between two consecutive points is decreasing. We find analytic conditions implying
that N is almost surely descendant chain free. Examples are Cox, Poisson cluster and Gibbs
processes satisfying certain (exponential) moment conditions. Descendant chain free point
processes are then shown to have interesting properties as the absence of percolation in
the associated lilypond model (a specific hard-sphere model built on N ) and the existence
of bijective point maps the leave the Palm distribution of N invariant.
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A queue and a store
Jean Mairesse
(joint work with Moez Draief and Neil O’Connell)
The main purpose is to clarify the interplay between two models of queueing theory.
The first model is the M/M/1 queue. The second model, less common but very natural,
can be described as a queue operating in slotted time with batch arrivals and services. To
clearly distinguish between the two models, we describe the second one with a different
terminology and as a storage model.
The M/M/1/∞/FIFO queue (or M/M/1 queue) is the queue with a Poissonian arrival
stream, exponential services, a single server, an unlimited buffer capacity, and a First-InFirst-Out service discipline. It can be argued that the M/M/1 queue is the most elementary
and the most studied system in queueing theory. Let A be the process of arrivals and let
(sn )n∈Z be the sequence of service times of the customers. We call them input variables
and we call output variables the process of depatures from the queue D and the sequence
(rn )n∈Z , where rn is the time spent by customer n at the very back of the queue. Consider
now the storage model. The equations driving the dynamic are exactly the same as for the
single server queue. But it is not the same variables that make sense in the two models.
The important variables are the ones corresponding to the departures from the system.
The departures are coded in the variables (Dn )n for the single server queue and in the
variables (rn )n for the storage model.
This duality between the two models gets reflected at different levels. At the level
of the equilibrium behaviour: we prove that the output variables (D, r) have the same
distribution as the input variables (A, s). This holds when the process A is Poisson and
the r.v.’s (sn )n are exponentially distributed, or when the process A is Bernoulli and the
r.v.’s (sn )n are geometrically distributed (Burke type theorems). In the geometric case,
we propose a new way of proving this theorem by using the zigzag process, a symetrized
version of the workload process.
A second facet of the duality between queues and stores appears when studying the
transient behaviour of a tandem by means of the Robinson-Schensted-Knuth algorithm:
the first and last row of the resulting semi-standard Young tableau are respectively the last
instant of departure in the last queue and the total number of departures from the last store.
[This builds on work by O’Connell. See for instance: N. O’Connell. A path-transformation
for random walks and the Robinson-Schensted correspondence. Trans. Amer. Math. Soc.,
355:3669–3697, 2003.]

Comparing strength of locality of reference: popularity, majorization, and
some folk theorems for the miss rate and output of caches
Armand M. Makowski
(joint work with Sarut Vanichpun)
The performance of demand-driven caching is known to depend on the locality of reference exhibited by the stream of requests made to the cache. Yet, like the notion of
burstiness used in traffic modelling, locality of reference, while endowed with a clear intuitive content, admits no simple definition. In spite of numerous efforts, no consensus
has been reached on how to formalize this notion, let alone on how to compare streams of
requests on the basis of their locality of reference.
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We take on this issue with an eye towards validating operational expectations associated
with the notion of locality of reference. More specifically, we focus on two ”folk theorems,”
namely (i) The stronger locality of reference, the smaller the miss rate of the cache; (ii)
Good caching is expected to produce an output stream of requests exhibiting less locality
of reference than the input stream of requests.
We discuss results concerning these two folk theorems in the context of a cache operating
under a demand-driven replacement policy when document requests are modelled according
to the Independent Reference Model (IRM). As we propose to measure strength of locality
of reference in a stream of requests through the skewness of its popularity distribution, we
introduce the notion of majorization as a means of capturing this degree of skewness.
We show that these folk theorems hold for caches operating under a large class of cache
replacement policies, including the optimal policy A0 and the random policy, but may fail
under the LRU and CLIMB policies. In addition, we explore how the majorization of popularity distributions translates into comparisons of three well-known locality of reference
metrics, namely the inter-reference time, the working set size and the stack distance.

Broadcasting on trees and the hard-body model
James Martin
We consider a branching random walk with binary state space and index set Tk , the
infinite rooted tree in which each node has k children (also known as the model of broadcasting on a tree). The root of the tree takes a random value 0 or 1, and then each node
passes a value independently to each of its children according to a 2 × 2 transition matrix
P. We say that reconstruction is possible if the values at the dth level of the tree contain
non-vanishing information about the value at the root as d → ∞. Adapting a method of
Brightwell and Winkler, we obtain new conditions under which reconstruction is impossible, both in the general case and in the special case p11 = 0. The latter case is closely
related to the hard-core model from statistical physics; a corollary of our results is that,
for the hard-core model on the (k + 1)-regular tree with activity λ = 1, the unique simple
invariant Gibbs measure is extremal in the set of Gibbs measures, for any k.

Exact asymptotics of queueing networks
David R. McDonald
(joint work with Robert D. Foley)
We extend the Markov additive methodology developed in [2, 4] to obtain the sharp
asymptotics of the steady state probability of a queueing network when one of the nodes
gets large. We focus on a new phenomenon we call a bridge. The bridge cases occur when
the Markovian part of the twisted Markov additive process is one null recurrent or one
transient while the jitter cases treated in [2, 4] occur when the Markov additive process
is (one) positive recurrent. The asymptotics of the steady state is an exponential times a
polynomial term in the bridge case but is purely exponential in the jitter case.
This bridge phenomenon is ubiquitous. We review the bathroom problem described in
[6] and find the bridge case is present. We derive the sharp asymptotics of the steady state
distribution of the number of customers queued at each node as the number of customers
queued at the Server One grows large. In doing so we get an intuitive understanding of
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the flat boundary theory in [6]. We obtain the same results obtained in [1] using complex
variable methods.
Finally let’s say a word about the matrix-geometric method. The level is the additive
component and the phase is the Markovian component of a Markov additive process with
kernel K ∞ . For a QBD process the additive component is nearest neighbor. Denote the
transition probabilities from phase i at level ` to phase j at level ` − 1, respectively ` and
` + 1 by A, respectively B and C. Hence we can represent the Feynmann-Kac kernel as
X
K̂γ (i, j) =
eγt K((i, 0); (j, t)) = (ν −1 A + B + νC)ij .
t

if ν = exp(γ). Solving the Riccatti equation associated with the matrix-geometric method
is equivalent to finding a Perron-Frobenius eigenvector of the Feynmann-Kac kernel with
eigenvalue one. That means solving (ν −1 A + B + νC)y = y is equivalent to finding γ and
ĥ = y so K̂γ ĥ = ĥ. Equivalently, the solution to the Riccatti equation gives a harmonic
function h(x, i) = exp(γx)ĥ(i) for K ∞ .
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Value functions, performance evaluation, and optimization in stochastic
networks
Sean Meyn
This paper concerns control and performance evaluation for stochastic network models.
Structural properties of value functions are developed for controlled Brownian motion
(CBM) and deterministic (fluid) workload-models. Based on these results, the following
conclusions are obtained: Outside of a null-set of network parameters,
(i) The fluid value-function is continuously differentiable. Under further minor conditions, the fluid value-function satisfies the derivative boundary conditions that are required
to ensure it is in the domain of the extended generator for the CBM model.
(ii) The fluid value-function provides a shadow function for use in simulation variance
reduction for stochastic models. The resulting simulator satisfies an exact large deviation
principle, while a standard simulation algorithm does not satisfy any such bound.
(iii) The fluid value-function provides upper and lower bounds on performance for the
CBM model. This follows from an extension of recent linear programming approaches to
performance evaluation.
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Internet graphs and Internet queues
Ilkka Norros
(joint work with Hannu Reittu, Petteri Mannersalo, Michel Mandjes, Miranda van Uitert)
Two different topics are discussed in this talk. First, the so called Power-Law Random
Graph (PLRG) is considered, where the degrees of the nodes are drawn independently from
a distribution with power tail, and the connections are then chosen randomly. Denote the
number of nodes by N and assume that the degree distribution is P(D > d) = d−τ +1
with τ ∈ (2, 3) (infinite variance!). Then, the PLRG has a giant component, and the hop
distance between two randomly selected nodes of the giant component is, asymptotically
almost surely, less than (2 + o(1))k ∗ , where


log log N
∗
k =
.
− log(τ − 2)
Thus, the practical diameter of the graph grows hardly at all when N runs through many
orders of magnitude. This feature is based on a kind of “soft hierarchy”: the nodes with
high degrees form a “core network” that enables short connections. The core can be further
split into k ∗ + 1 disjoint “layers” such that each node in a layer is a.a.s. directly connected
to some node in a strictly higher layer.
The second topic is a problem in queueing systems with Gaussian input. Let Z = (Zt )t∈<
be a continuous centered Gaussian process with stationary increments, and let R be its
reproducing kernel Hilbert space. Consider the event B = {Zt ≥ t ∀t ∈ [0, 1]}. Assume
that Z has non-differentiable paths. Then, there is a closed set S ∗ ⊆ [0, 1] such that the
most probable path in B (i.e., the path with minimal R-norm) is
β ∗ (t) = E [Zt | Zs = s ∀s ∈ S ∗ ] .
In the case that Z is a fractional Brownian motion with self-similarity parameter H ∈ (0, 1),
the set S ∗ can be characterized as follows:

if H < 1/2
 [s∗H , 1],
∗
{1} ,
if H = 1/2
S =
 [0, s∗ ] ∪ {1} ,
if H > 1/2,
H
where s∗H ∈ (0, 1). We also have analytical expressions for β ∗ and kβ ∗ k in terms of s∗H .
Identifying Markov chains with a given invariant measure
Phil Pollett
Let Q = (qij , i, j ∈ S) be a stable and conservative q-matrix of transition rates over a
countable set S. Suppose that we are given a subinvariant
for Q, that is, a collection of
P
positive numbers m = (mi , i ∈ S) such that i∈S mi qij ≤ 0, j ∈ S. Our problem is
to identify a Q-process for which m is invariant, that is, a standard transition function
P (·) = (pij (·), i, j ∈ S) that satisfies pij0 (0+) = qij , i, j ∈ S, and
X
mi pij (t) = mj ,
j ∈ S, t > 0.
i∈S

We begin by showing that if m is invariant for P , then it is subinvariant for Q, and then
invariant for Q if and only if P satisfies the backward differential equations. A simple
corollary is that if m is invariant for minimal Q-process, then it is invariant for Q.
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The major result gives conditions for the existence of a Q-process P for which the given
measure m (subinvariant for Q) is invariant for P ; one such Q-process is specified through
its resolvent. The invariance condition is shown to be necessary in the case where Q is
single-exit (there is a single escape route to infinity).
P We also give necessary and sufficient
conditions for this process to be honest, that is j∈S pij (t) = 1 for all i ∈ S and t > 0,
as well as a simple sufficient condition for the existence of an honest Q-process for which
the given measure m is invariant for P . The case where Q is symmetrically reversible with
respect to m is considered in some detail, leading to a complete solution of the existence
and uniqueness problem for birth-death processes.
Connections between queueing and information theories
Balaji Prabhakar
(joint work with Robert Gallager, Chandra Nair, and Devavrat Shah)
A collection of theorems in point process theory assert that the Poisson process results as
the limit of repeatedly performing certain operations on an arbitrary initial (input) process.
These operations include, for example, the splitting of a point process, the superposition
of independent copies of a point processes, random translations, and queueing through
an exponential server queue. Since the Poisson process has the highest entropy rate of
all processes at a given rate, one is naturally lead to the question: Do these operations
increase the entropy of the input process?
In this talk we show that some queueing systems indeed increase the entropy. There
are two main ideas in our argument: one queueing-theoretic, and the other informationtheoretic. The queueing-theoretic idea consists of viewing the evolution of queueing processes in the reverse direction of time and comparing the entropy of the variables involved
the forwards and reverse directions. The information-theoretic idea is to consider the “mutual information” between the input (arrival process) and the output (departure process)
as a way of obtaining a key equation relating the entropy of the input to that of the output.
Some useful by-products are discrete-time versions of: (i) a proof of the celebrated
Burke’s Theorem, (ii) a proof of the uniqueness, amongst renewal inputs, of the Poisson
process as a fixed point for exponential server queues, (iii) connections with the timing
capacity of queues.
Extremal dependence: applications in data network modelling and finance
Sidney Resnick
For multivariate heavy tailed phenomena, extremal dependence analysis assesses the
tendency of large values of components of a random vector to occur simultaneously. This
kind of dependence information can be qualitatively different than what is given by correlation which averages over the total body of the joint distribution. Also, correlation may
be completely inappropriate for heavy tailed data.
We review some techniques, somewhat exploratory in nature, for assessing asymptotic
independence. Examples are given: (a) The vector of (internet file size, throughput, duration of transfer); (b) The vector of exchange rate returns relative to the dollar (prior to
introduction of the Euro) of (French Franc, German Mark, Japanese Yen). In an attempt
to formalize a procedure, we introduce a summary measurement called the extremal dependence measure (EDM), a measure of the tendency of large values of components of a
random vector to occur simultaneously and show consistency and asymptotic normality
properties for the standard case of multivariate regular variation. Initial experiments with
the EDM are promising. We also discuss a subfamily of distributions possessing asymptotic
independence call the hidden regularly varying class.
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Asymptotic analysis of controllable queueing networks
Ad Ridder
(joint work with Arie Hordijk and Alexander Gajrat)
We consider a stochastic tandem queueing network in discrete-time with control of the
service rates in order to minimize expected total holding cost upto a finite horizon. This
model can be formulated as a Markov decision problem, which is not trivally solved for
certain parameter settings, namely when the service rate at the first queue is larger than
that at the second queue, while the holding cost at the first queue is less than at the second
queue. The associated deterministic fluid control model has a simple fluid solution, so the
idea is to find policies (in the MDP) for which the fluid limits of the stochastic trajectories
coincide exactly with the optimal fluid paths. These policies are called asymptotically
fluid optimal (a.f.o.). It has been shown that in this particular model the a.f.o. policies
are determined by a family of sub-linear switching curves.
Our next issue is finding “the best” switching curve within this family. When analyzing
the asymptotics of the value function associated to an a.f.o. switching-curve-policy in the
stochastic problem, we derive an expression consisting of more terms. The first term gives
always the value of the optimal fluid solution; the second term may be used to discriminate
between a.f.o. policies. It results in a specific logarithmic switching curve that would be
“the best” a.f.o. policy. For the analysis of the asymptotics of the value function we apply
large deviations results for random walks.
Markov processes conditioned to never exit a subspace of the state space
with application to the single server queue
Tomasz Rolski
(joint work with Zbigniew Palmowski)
The theory of Markov processes, never exiting a subspace of the state space is presented.
Different equivalent approaches are considered: as a limiting conditional process or by the
change of the probability measure via exponential martingales. We show the relationship
between exact asymptotics of the exit time from a subspace and the exponential martingale
used to change the measure. The special case of piecewise deterministic Markov processes
(PDMP) is worked out. Examples from the theory of single server queues are presented,
in particular, within the framework of PDMP’s, we characterize the workload process in
M/G/1 queue conditioned to stay positive.
Control of ruin probabilities by discrete-time investments
Manfred Schäl
The Cramer-Lundberg insurance model is studied where, in addition, the risk process
can be controlled by investments in a risky asset. The price process of the asset is driven by
a compound Poisson process. The performance criterion is the ruin probability. The problem will be imbedded in the framework of discrete-time stochastic dynamic programming
(Markov decision processes) for minimizing costs. Basic tools for finding good investment
plans are the verification theorem and the Howard improvement (where the latter concept
is not defined for continuous–time control).
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Variograms and their analogies for spatial extremes and in marked point
process theory
Martin Schlather
(joint work with Peter Diggle, Tilmann Gneiting, Paulo Ribeiro, Zoltán Sasvári and
Jonathan Tawn)
The aim of this research work has been twofold. First, the properties of the variogram
and the covariance function for random fields has been investigated in more detail. Second,
analogue notions to the variogram or the covariance function have been defined for other
spatial processes, and the properties of these characteristics have been examined. Our
focus has been on spatial extreme value processes and marked point processes.
Let Z(x), x ∈ Rd , be a second-order stationary random field, C(h) = cov(Z(x), Z(x+h)),
h ∈ Rd , the covariance function and γ(h) = 21 E(Z(x) − Z(x + h))2 , h ∈ Rd , the variogram.
Several relations hold between the set of covariance functions and the set of variograms in
Rd . For example, if γ is a bounded variogram and γ(h) = C(0) = C(h) holds, then C is a
covariance function if and only if
Z
−d
C(0) ≥ lim (2u)
γ(h) dh.
u→∞

[−u,u]d

If Z is a stationary max-stable random field with unit Fréchet margins, then the variance
of Z does not exist. Here, the extremal coefficients function θ,
log(P(Z(h) ≤ x, Z(0) ≤ x))
θ(h) = lim
,
h ∈ Rd ,
x→∞
log P(Z(0) ≤ x)
can be defined where θ(·) − 1 is again a variogram. The function is not differentiable at
the origin except θ is identically constant. Hence, the ensemble of extremal coefficients
functions on Rd can be identified with a subclass of the set of variograms on Rd .
In case of a marked point process Ψ, the geostatistical characteristics can be redefined as
conditional quantities given there are points of the corresponding unmarked point process
at the locations under consideration. The precise definition can be based on Palm distribution or, directly on Radon-Nikodym derivatives for suitable σ-algebras. However, here,
the mark variogram is neither necessarily conditionally negative definite, nor the relation
γ(h) = C(0) = C(h) must hold.
Optimization problems in non-life insurance
Hanspeter Schmidli
We consider a classical Cramér–Lundberg risk model where the aggregate claim follows a
compound Poisson process. In addition we allow (proportional) reinsurance and investment
into a risky asset modelled as a Black–Scholes model. Then the surplus process fulfils
dXtA,b = (c(bt ) + mAt ) dt + σAt dWt − bt− dSt ,
where St is the aggregate claims process. The goal is to maximize the survival probability
P[inf t≥0 Xt ≥ 0]. The Hamilton–Jacobi–Bellman equation connected to the problem is
hZ x/b
i
0
1 2 2 00
sup 2 σ A f (x) + (c(b) + mA)f (x) + λ
f (x − by) dG(y) − f (x) = 0 .
A,b

0

We first show that a twice continuously differentiable solution to the HJB equation exits.
Then we prove a verification theorem, showing that any solution to the HJB equation is
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a multiple of the value function, and that an optimal strategy can be found by choosing
(At , bt ) as the argument maximizing the HJB equation at x = Xt .
In the small claim case (exponential moments exist) we prove that the optimal ruin
probability ψ ∗ (x) behaves like ζ e−Rx , where R is the largest adjustment coefficient for
constant strategies (A, b). Let (A∗ , b∗ ) denote the arguments that maximize the adjustment
coefficient. Then the optimal strategy (At , bt ) converges to (A∗ , b∗ ).
In the large claim case (no exponential moments exist) we can also define the largest
adjustment coefficient R. Here b∗ = 0. It turns out that ψ ∗ (x) eRx is a non-increasing
function, and therefore converges. If the distribution tail of the claims is heavy enough we
find that the limit is positive. Also in this case the optimal strategy (At , bt ) converges to
(A∗ , 0).
Response times in M/M/s fork-join networks
Richard Serfozo
(joint work with Sung-Seok Ko)
We study a fork-join processing network in which jobs arrive according to a Poisson process,
and each job splits into m tasks, which are simultaneously assigned to m nodes that operate
like M/M/s queueing systems. When all of its tasks are finished, the job is completed.
We present a closed-form formula for approximating the distribution of the network’s
response time (the time to complete a job) in equilibrium. We also present an analogous
approximation for the distribution of the equilibrium queue length (the quantity of jobs in
the system), when each node has one server. Statistical tests show that these formulas are
good fits for the distributions obtained from simulations.
Control of queueing networks in the large deviations domain
Adam Shwartz
(joint work with Rami Atar, Paul Dupuis, and Nahum Shimkin)
Asymptotic analysis of control problems for large and fast stochastic networks leads to
control problems in the large deviation scaling. This is not well defined since under most
control policies it is not known whether large deviations estimates hold. We propose two
formulations that lead to meaningful models. These are but the first steps in developing a
comprehensive theory.
1) Asymptotic escape time criterion. We consider a network with J queues, with possible
arrivals to each, and K servers, each responsible for some of the queues (without overlap).
The control is to choose which queue is served by each server at any given time. The usual
large deviations scaling is used, namely X n is the vector of queue sizes for the process
whose rates were accelerated by n, while each arrival/departure changes the state vector
by ±1/n. Let σ n denote the exit time of X n from a given set G in RJ . For c > 0 and
x ∈ G define
−cσ n
V n (x) := − inf n−1 log Eu,n
,
x e
where the infimum is over all controls u. Our goal is to maximize the exit time σ n . This
escape time criterion is useful e.g. in regulating the occurrence of buffer overflows. Our
risk-sensitive escape time criterion heavily penalizes early exits. The properties of this
problem are studied in the large buffer limit, and related to the value of a deterministic
differential game with constrained dynamics. Roughly speaking, this game is a continuous
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time, deterministic game where one player chooses the control (that is, which queue to
serve), while the other player tries to minimize the escape time by skewing the rates. The
dynamics are then described by a differential equation, while the value has the following
form. If player 1 choose the function u(t) as its control and player 2 choose m(t) then the
cost starting at x is
Z σ
C(x, u, m) :=
[c + ρ(u(t), m(t))] dt.
0

For the form of ρ and the details of this formulation see [1]. The difficulty in analyzing this
game is that the dynamics are constrained so that all coordinates are kept non negative.
We prove that the game has a value V , which is the (viscosity) solution of a PDE. Moreover,
we showed that under mild conditions on G (which hold for rectangles),
lim V n (x) = V (x)

uniformly in x ∈ G.

n→∞

For two simple networks, the value is computed explicitly [1, 2], demonstrating the applicability of the approach.
2) Decay rate for controlled MDP’s. The setup here is of a discrete time Markov decision
process. Let xn , un denote the control and action at time n, and let c be the immediate
cost function. Define the sample average cost
n
1X
X n :=
c(xn , un ).
n i=0
We consider the average cost functional, and define an undesirable set B of values and
attempt to identify policies which are the least likely (in the large deviations sense) to
achieve this set of values. Namely define

1
Imin (B) := − lim sup log max Pπ X n ∈ B
π
n→∞ n

1
Imax (B) := − lim inf log min Pπ X n ∈ B .
n→∞ n
π
Preliminary results show that there is a gap between these two values, that under some
conditions they are achieved by stationary policies, but Imin is achieved only by a randomized policy. The conditions on B are required for the lower bound only ( Imax ), where B
should be convex. For non convex sets, counterexamples show that optimal policies are
history dependent.
References
[1] Atar, R., P. Dupuis and A. Shwartz, “An excape time criterion for queueing networks: asymptotic risk-sensitive control via differential games,” Mathematics of Operations Research, to appear.
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Scattering and cycles for face-homogeneous random walks
Flora Spieksma
(joint work with Arie Hordijk and Nicolai Popov)
So-called face-homogeneous random walks are discussed. These are time-homogeneous
Markov chains in discrete time, moving on a countable state space S = Zp−l ×Zl+ . The state
space has a finite partition, within each subset of which the walk behaves as a homogeneous
random walk.
We are interested in the long run behaviour of this walk: how to determine whether it is
positive recurrent, and if transient, which are the escape directions to infinity and how do
the scattering probabilities over the different escape directions depend on the initial state?
The motivation for studying this type of walk comes from queueing theory. The study
of escape directions may be important for identifying bottleneck nodes or queues.
Denote by ξn (x) the position of the walk at time n given initial position x. One method
for studying the posed questions, is by studying the fluid limit ξ[tN ] (xn )/N (provided it
exists), where xN may be a fixed point x or a scaled initial point [xN ].
By face-homogeneity, stochasticity may be reduced by considering the scaled accumulated mean drift process instead. Even though the limit may not exist, as N → ∞, for
many models one can derive properties of the set of possible limits u(x; t), t ≥ 0, for
x = limN →∞ xN /N . These are called fluid paths. They are piecewise linear, continuous
paths with right derivative d+ u(x; t)/dt called the fluid drift at u(x; t).
Lyapunov function techniques based on the fluid paths are known to work for determining
first positive recurrence or transience of the walk. But also, in case of transience, they can
be used to determine the almost closed set structure of the walk, introduced by Blackwell.
It is intuitively obvious that if no fluid path contains a cycle, then the state space consists
of finitely many almost closed atoms. If the latter holds, then we conjecture that to each
atom corresponds precisely one fluid path escaping to infinity. The conjecture has been
checked for some low-dimensional examples.
The collection of cyclic fluid paths are conjectured to correspond to a completely nonatomic almost closed set. In this case, considering the fluid limit has no meaning at all,
since this limit cannot exist for a fixed initial state. Intuitively, this is due to the fact that
almost closed sets are not invariant under scaling. The right object to consider, should be
the scattering probabilities over the cyclic paths, which stand in one-one correspondence
to the almost closed sets. This conjecture has been partially proved for a simplest version
of a face-homogeneous random walk with cyclic fluid paths.

A new method for structural analysis of spatial networks
Evgueni Spodarev
(joint work with Simone Klenk and Volker Schmidt)
In applications, one often tackles the problem to distinguish automatically between two
images with similar structure. Examples range from testing the structure of road networks,
via coverage properties of mobile communication networks to automatic cancer diagnostics
in medicine. In this talk, a new method for such analysis is discussed using tools of
convex and stochastic geometry. The core of the method is the statistical estimation of
morphological image characteristics.
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First, a binary image in Rd is interpreted as a realization of a spatially homogeneous
random closed set belonging to the extended convex ring. Second, the vector of all specific Minkowski functionals comprising the volume fraction, the specific surface area and
the Euler–Poincaré characteristic (porosity) is computed and its asymptotic properties are
studied. This vector is a solution of a system of linear equations resulting from the generalized Steiner formula on the convex ring. Then, a central limit theorem is proved that
enables us to construct asymptotic Gauss tests of the vector of Minkowski functionals.
Finally, efficient computer algorithms implementing the above method are touched upon.
Simulation results are presented illustrating the accuracy of the method.

Point-stationarity
Hermann Thorisson
Let N o be the Palm version of a stationary Poisson process N in Rd , that is, N o has the
same distribution as N + δ0 . Consider the following problem: when d > 1, is there some
non-randomized way of shifting the origin of N o from the point at the origin to another
point T so that the distribution of N o does not change?
This is clearly possible when d = 1, since then the intervals between points are i.i.d.
exponential and remain so when the origin is shifted to the nth point on the right (or on
the left) of the point at the origin. But what about d > 1?
The answer is yes. According to [1] we only need to find a bijective point-shift. But
this is not so easy. Olle Häggström provided the first example of such a point-shift in
1999: shift to the closest point if that point has the point at the origin as its closest point,
otherwise stay where you are. But is there a strictly non-zero point-shift?
In [2] it is shown that if the points of the process can be joined in a shift-invariant way
into a single one-ended tree, then shifting along the succession line would yield a class of
non-zero bijective point-shifts. Moreover, in [2] a tree-construction is given which yields a
single tree when d = 2 and 3, but the construction yields only a forest when d > 3. In
[3] a tree-construction is given which yields a single tree in any dimensions for the Poisson
process, and [4] does the same for processes with isometry-invariant distributions.
If we go further beyond the Poisson case, a more general problem concerns the concept
of ,,point-stationarity”. Intuitively, point-stationarity means that the behaviour of a point
process N o relative to a given point of the process is independent of the point selected
as origin. Formally, this concept is defined in [1] to be distributional invariance under
bijective point-shifts ,,against any independent stationary background” and shown to be
the characterizing property of the Palm version N o of any stationary point process N in
Rd . A natural question is whether the definition of ,,point-stationarity” can be reduced to
distributional invariance under non-randomized bijective point-shifts. An approach to this
problem will be outlined.
References
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Some (challenging) open problems in queueing and Markovian control
Henk Tijms
In queueing applications one has sometimes to compute the state probabilities of the
finite-capacity model for several values of the finite buffer. In fact one faces the computation
of the equilibrium distribution of a natural truncation of a denumerable Markov chain with
state space 0, 1, . . .. This raises the question under which conditions there is some integer
K with 0 < K < N such that the first K state probabilities of the finite-state truncated
Markov chain with state space 0, 1, . . . , N are proportional to the corresponding state
probabilities in the infinite-state Markov chain. This property holds amongst others for
the M/G/1/s + C queue with s = 1 and finite waiting room C and the M/M/s/s + C
queue with s > 1 and finite waiting room C when K is taken equal to s + C − 1. Also
this property holds for some queues with batch-Poisson input when the batch size satisfies
some regularity conditions.
Another interesting problem arises in controlled queueing systems. For example, consider
a Erlang-loss type of queueing model in which two types of customers arrive according to
independent Poisson processes. Any customer finding upon arrival no free server is lost.
In case one wishes to minimize a weighted sum of the loss rates of the two customers
types, one can use Markovian control to find an optimal rule when the service times are
exponential. It appears that the optimal rule is of the Li type: accept a customer of
type 1 (say) always when there is a free server and accept a customer of type 2 finding
upon arrival i customers of priority type 1 present only if a server is free and less than Li
customers of type 2 are present. Simulation experiments reveal that the weighted loss rate
of this optimal control rule is nearly-insensitive to the form of the underlying service-time
distributions. This finding raises interesting theoretical questions.

Edited by Volker Schmidt
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