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Introduction by the Organisers

The meeting continued the biannual conference series Differentialgeometrie im
Großen at the MFO which was established in the 60’s by Klingenberg and Chern.
While global Riemannian geometry with its connections to geometric analysis and
topology remained an important focus of the conference, this time special emphasis
was given to complex and symplectic geometry.

There were 50 participants from 8 countries, more specifically, 22 participants
from Germany, 9 from other European countries, 1 from China, 19 from North-
America. 10% of the participants were women. More than half of the participants
(about 29) were young researchers (less than 10 years after diploma or B.A.), both
on doctoral and postdoctoral level.

The official scientific program consisted of 22 one hour talks leaving plenty of
time for informal discussions.

The organizers would like to thank the institute staff for their great hospitality
and support before and during the conference.





Differentialgeometrie im Großen 1985

Workshop: Differentialgeometrie im Großen

Table of Contents

Robert L. Bryant
A flow for real hypersurfaces in unimodular complex surfaces . . . . . . . . . . . 1987

Grigory Mikhalkin
Tropical curves, surfaces and beyond . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1988

Ivan Smith (joint with Paul Seidel)
Contractible surfaces and Stein exotica . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1989

John Lott (joint with Cédric Villani)
Ricci curvature for metric-measure spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1992

Vitali Kapovitch (joint with Igor Belegradek)
Classification of negatively pinched manifolds with amenable fundamental
groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1995

Hartmut Weiß
Rigidity of cone-3-manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1998

Alexander Lytchak (joint with Thomas Foertsch)
Theorem of de Rham for metric spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2000

Gabriele Link
Geometry and dynamics of discrete subgroups of higher rank Lie groups . . 2001

Joachim Lohkamp (joint with Ulrich Christ)
Singular Minimal Hypersurfaces and Scalar Curvature . . . . . . . . . . . . . . . . . 2003

Bernhard Hanke
Positive scalar curvature with symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2003

Xiuxiong Chen (joint with Gang Tian)
Foliation by holomorphic discs and applications to Kähler geometry . . . . . . 2005

Ben Weinkove (joint with Jian Song)
Energy functionals and canonical Kähler metrics . . . . . . . . . . . . . . . . . . . . . . 2007

Joel Fine (joint with Simon K. Donaldson)
Toric anti-self-dual four manifolds via complex geometry . . . . . . . . . . . . . . . 2010

Ignasi Mundet-i-Riera (joint with Gang Tian)
Hamiltonian quantum product in equivariant cohomology . . . . . . . . . . . . . . . 2012

Ciprian Manolescu
Link homology theories from symplectic geometry . . . . . . . . . . . . . . . . . . . . . . 2015



1986 Oberwolfach Report 35/2005

Tim Perutz
Broken pencils and four-manifold invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 2017

Yuguang Shi (joint with Gang Tian, MIT)
Rigidity of Asymptotically Hyperbolic Manifolds . . . . . . . . . . . . . . . . . . . . . . . 2020

Jan Metzger
Foliations of asymptotically flat 3-manifolds by 2-surfaces prescribed
mean curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2022

John Loftin (joint with S.T. Yau, Eric Zaslow)
Singular semi-flat Calabi-Yau metrics on Sn . . . . . . . . . . . . . . . . . . . . . . . . . 2025

Guofang Wang
A fully nonlinear scalar curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2028

Burkhard Wilking (joint with Vitali Kapovitch)
Fundamental groups of manifolds with Ricci curvature bounded below . . . . 2031

Gregor Weingart
Rozansky–Witten Invariants for Quaternionic Kähler Manifolds . . . . . . . . . 2032

Thomas Vogel
Existence of Engel structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2034



Differentialgeometrie im Großen 1987

Abstracts

A flow for real hypersurfaces in unimodular complex surfaces

Robert L. Bryant

A unimodular complex surface (X,Υ) is a complex 2-manifold X endowed with a
holomorphic volume form Υ. A local coordinate chart (w, z) : U(⊆ X) → C2 is
unimodular if U∗Υ = dw∧dz.

Let M ⊂ X be a real hypersurface that is CR-nondegenerate (i.e., if D =
TM∩i(TM) = i(D), thenD is a contact 2-plane field onM). For any point p ∈M ,
there exist local unimodular coordinates (w, z) : U → C2 centered on p such that,
in U , the hypersurfaceM is defined by a relation of the form Im(w) = F

(
z,Re(w)

)

where F is a real function vanishing to order at least 2 at
(
z,Re(w)

)
= (0, 0) and

satisfying Fzz̄(0, 0) > 0.
I first show that there is a unique pair of 1-forms θ = θ̄ and η on M that

satisfy M∗Υ = θ∧η and dθ = i η∧η̄. This coframing (θ, η) depends on 3 derivatives
of a local defining function F . I also show that there exist functions a = ā and b
on M such that dη = 2i θ∧(a η + bη̄).

These functions a and b are the lowest order scalar invariants of M under the
unimodular biholomorphism group and depend on 4 derivatives of the defining
function F . In fact, given p ∈M , one can always find local unimodular coordinates
(w, z) : U → C2 centered on p such that, in U , the hypersurface M is defined by
a relation of the form

Im(w) = 1
2zz̄

(
1 + b(p) z2 + 3

2a(p) zz̄ + b(p) z̄2
)

+R5

(
z,Re(w)

)

where R5 is a real function vanishing to order at least 5 at
(
z,Re(w)

)
= (0, 0).

Finally, I remark that the quantities (θ, η, a, b) give a complete set (in Cartan’s
sense) of invariants of M under unimodular biholomorphisms. All other finite-
order smooth pointwise invariants are expressed in terms of a and b and their
derivatives with respect to the coframing (θ, η). For example, the condition for
CR-flatness of M is the vanishing of the 6th order expression s = aη̄η̄+2i bθ+6ab.

I give various interpretations of the invariants a and b. For example, the equa-
tion a = 0 is the Euler-Lagrange equation for variations of the integral of the
volume form θ∧dθ.

I discuss the locally homogeneous examples, i.e., the cases in which a and b are
constant, as well as the cohomogeneity 1 examples.

I then define a geometrically natural normal vector to M . Let R be the Reeb
vector field of θ, i.e., θ(R) = 1 and η(R) = 0. Then iR is a vector field along M
that is nowhere tangent to M . This canonical normal (which is not invariant under
the full biholomorphism pseudo-group) then allows one to define a third-order flow
for CR-nondegenerate hypersurfaces M .

I illustrate various properties of this flow, showing that it can collapse a hy-
persurface to a point or a surface in finite time by considering the homogeneous
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examples, and showing that it reduces to known flows for curves in the cohomo-
geneity one case. I also show that, after reparametrizing the flow in a noncanonical
way, one can replace the flow by a second order, weakly parabolic flow.

I point out that short time existence for the flow is not known, nor is it under-
stood what sorts of singularities can develop in finite time in general. Much work
remains to be done.

For details and references, see [1].

References

[1] R. Bryant, Real hypersurfaces in unimodular complex surfaces, eprint, July, 2004,
math.DG/0407472

Tropical curves, surfaces and beyond

Grigory Mikhalkin

The talk was devoted to the geometric structures on certain piecewise-linear poly-
hedral complexes that appear in tropical geometry. This structure can be thought
of as the extension of the so-called integer affine structure, however it can be
defined not only for smooth manifolds, but also for polyhedral complexes.

Recall that the integer affine structure on a smooth k-manifold X is the atlas
{Uj, φj : Uj → Rk}, such that {Uj} is an open covering of X , φj is an embedding

and each overlapping map φj ◦ φ−1
l is an integer affine map, i.e. is a restriction of

the composition of a linear map over Z and a translation in Rk.
A similar structure exists also in the case when X is a polyhedral complex of

pure dimension k. In this case the maps φj embed neighborhoods Uj to Rnj , with
nj ≥ k so that the image φj(Uj) is contained in the so-called balanced piecewise-
linear complex of pure dimension k in Rnj (see [3], [4], [5], [6] for a discussion of
balanced (or zero-tension) piecewise-linear polyhedral complexes).

In the case k = 1 (i.e. if X is a tropical curve) this structure can be reformulated
in much more familiar terms – it amounts to be the same as the inner metric on
a finite graph X provided that X has no 1-valent vertices.1 It is a much more
delicate structure in the case of higher dimension, see e.g. [1] or [2] for a discussion
of tropical K3-surfaces.2

One way to approach higher-dimensional tropical varieties is via the tropical
branched coverings of Rk, see Figure 1 for the case of quadric and cubic surfaces
presented as the double branched coverings of R2. The solid lines depict the
branching curves. The thin edges are of weight 1 and separate 1-sheeted and 2-
sheeted parts of the covering. The thick edges are of weight 2 and are projections
of two distinct edges on the surfaces (note that they have the same projection

1For simplicity in this abstract we do not consider the general “log-tropical” case when X is
allowed to have 1-valent vertices at “the boundary” and the polyhedral complexes have to be
considered in Tnj = (R ∪ {−∞})nj instead.

2Note that these papers consider the relevant singular tropical structure which allows X to
be still a manifold topologically.
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Figure 1. Tropical quadric and cubic surfaces as double
branched coverings of the plane.

image in R2). The covering is 2-sheeted both sides of the thick edges. The inverse
image of a point on a dotted edge contains a half-infinite ray. The right-hand
side of Figure 1 can be used to verify that a smooth tropical cubic surface has to
contain 27 distinct tropical lines.

References

[1] M. Gross, P. M. H. Wilson, Large complex structure limits of K3 surfaces, J. Differential
Geom. 55 (2000), no. 3, 475–546.

[2] M. Kontsevich, Y. Soibelman, Affine structures and non-archimedean analytic spaces,
math.AG/0406564.

[3] G. Mikhalkin, Decomposition into pairs-of-pants for complex algebraic hypersurfaces, Topol-
ogy 43 (2004), 1035–1065.

[4] G. Mikhalkin, Amoebas of algebraic varieties and tropical geometry, Different faces of Geom-
etry, 257–300, Int. Math. Ser. (N. Y.) Kluwer/Plenum, New York 2004.

[5] D. Speyer, Dissertation, UC Berkeley, 2005.
[6] B. Sturmfels, Solving systems of polynomial equations, CBMS Regional Conference Series

in Mathematics, 97 Providence, RI, 2002.

Contractible surfaces and Stein exotica

Ivan Smith

(joint work with Paul Seidel)

Introduction: This talk concerned the symplectic geometry of Stein manifolds, a
subject initiated by Eliashberg and Gromov in [3] and [4]. A finite type complete
Stein manifold is also an exact symplectic manifold, with the symplectic struc-
ture being canonically defined up to symplectomorphism; the natural deforma-
tion equivalences for such Stein manifolds are symplectomorphisms; and moreover
amongst non-compact symplectic manifolds this class is particularly well-behaved.
They are also ubiquitous; on the one hand Eliashberg has given an essentially
topological characterisation of which open manifolds are Stein, and on the other
the complements of ample divisors in closed Kähler manifolds give rise to Stein
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manifolds (which are finite type, and can be canonically completed). In particular,
there is an interesting circle of questions concerning the symplectic geometry of
affine algebraic varieties.

Our work is intended to illustrate this (largely unexplored) area by studying
from a symplectic viewpoint the first ever example of a contractible affine vari-
ety which is not complex isomorphic to Euclidean space. The example, due to
Ramanujam [7], is surprisingly simple. Inside CP2 take a singular curve given by
the union of a smooth conic C, and a cuspidal cubic C′, meeting at two points
(both smooth on the cubic), one a transverse intersection and the other a 5-fold
tangency. Blow up the transverse intersection point and remove from the resulting
surface F1 the union D̃ = C̃ ∪ C̃′ of the proper transforms of the conic and cubic;
Ramanujam showed that the complement M = F1\D̃ is contractible. Since the
surface has log general type, it cannot be algebraically isomorphic to C2; indeed,
it is not simply connected at infinity. The product Mm, with m > 1, is diffeomor-
phic to R4m but still of log general type, hence still as an affine algebraic variety
is distinct from Euclidean space. The main result of [8] is then:

Theorem: With its canonical symplectic structure, and for any m > 0, Mm

cannot be symplectically embedded in any subcritical Stein manifold.

A (complex) n-dimensional Stein manifold is subcritical if it admits a plurisub-
harmonic exhausting function with all critical points of index at most n − 1. In
particular, Mm does not embed in R4m, and hence we construct exotic symplectic
structures on Euclidean space (the first known examples which are conical at in-
finity). A consequence, answering a question of Eliashberg from [4], is that there
are Stein manifolds diffeomorphic to the ball but with no plurisubharmonic Morse
function having a single critical point.

Remarks on the proof: It is not hard to give a sketch of the proof of the the-
orem. The basic idea goes back to work of Biran and Cieliebak [1] together with
deep results of Chekanov [2]; the latter shows that if a Lagrangian submanifold
bounds no holomorphic discs, then it can’t be displaced from itself by any Hamil-
tonian isotopy, whilst the former showed that in a subcritical Stein manifold all
Lagrangian submanifolds can be displaced. It would therefore be sufficient to ex-
hibit a Lagrangian submanifold in M which bounds no holomorphic discs. In fact,
we prove something slightly weaker, and strengthen the results of Biran-Cieliebak
accordingly; we show that there is a Lagrangian submanifold L in M = M0 which,
for any real E > 0, can be deformed through an exact Lagrangian isotopy Lt ⊂Mt

inside a Stein deformation of M , so that at time t = 1 all non-constant holomor-
phic discs lying on L1 have energy at least E. Such a submanifold we call “Stein-
essential”. A series of technical lemmas shows that the presence of a Stein-essential
Lagrangian submanifold is indeed enough to show that M cannot be embedded
into a subcritical Stein manifold.

The key object is, therefore, a certain Lagrangian torus L ⊂M , which we take
to lie in a neighbourhood of the cusp point of the curve C̃′ at infinity. Recall that
a cusp singularity is the cone on a trefoil knot κ, and L is given by taking a tubular
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neighbourhood of this trefoil (so is made up of a meridian of the knot, together
with an arbitrary choice of longitude). This naturally lies inside M , and is in fact
Lagrangian. For later use, recall that Dehn’s Lemma asserts that the inclusion
of this torus into the knot complement S3\κ induces an injection on fundamental
groups. There is an obvious isotopy {Lt} of this torus which shrinks it back into
the cusp point itself (collapsing the torus to a point, so at time t = 1 the isotopy
becomes singular). Suppose that at all times t < 1 in this isotopy, we have some
non-trivial holomorphic disc ut : D → M with boundary on Lt, with the discs
having energy bounded by E. Then by Gromov compactness we would expect
that there is a limiting object (stable disc) u at time t = 1. Any closed component

of this u would be a curve in F1 lying in the complement of the ample curve C̃,
which is absurd, whilst if the limiting map is constant, then for t very close to 1
the disc ut(D) lies inside a neighbourhood of the cusp, which given Dehn’s Lemma
contradicts Stokes’ theorem (we would have a holomorphic disc with boundary a
contractible loop on L). With this contradiction in hand, we hope to conclude
that in fact L is Stein-essential, since no such family of discs could have existed.

The technical problem here is that since the total space of the isotopy
∪t∈[0,1]Lt ⊂ F1 × C is singular, Gromov compactness does not obviously apply.
This issue is avoided by exchanging the complication of the family of Lagrangians
inside the trivial degeneration F1 × C by a Lagrangian which is obviously smooth
but which lives inside a more complicated degeneration. By blowing up the cusp
and the 5-fold tangency point repeatedly, we obtain a different compactification F̂1

of M , with a normal crossing divisor ∆ = F̂1\M at infinity; the torus L now lies
near a crossing point p of ∆. We study the topologically non-trivial degeneration
X → C with generic fibre F̂1 but with special fibre at zero having an additional

component coming from blowing up F̂1 × C at (p, 0). For suitable Kähler forms,
this degeneration contains a Lagrangian L × [0, 1] which in the zero fibre meets
the exceptional component P2 in a Clifford torus (so on blowing everything back
down, we recover the naive situation studied above). Gromov compactness applies
to a family of holomorphic discs with boundary in this new Lagrangian, and with
suitable changes to take account of the new framework (for instance the ample

divisor C̃ is replaced by an appropriate nef divisor in F̂1), the previous argument
can still be applied to achieve the required contradiction.

Speculation: There are other directions in which one can develop even this ex-
ample, some of which are addressed in [9] (in progress). For instance, existence
of a Stein-essential Lagrangian submanifold already implies a nonvanishing result
for Viterbo’s symplectic cohomology as defined in [10], that is SH∗(Mn) 6= 0 (cf.
[6]). The full computation of SH∗ seems much harder, and indeed unpublished
work of Seidel indicates that such computations cannot in general be made al-
gorithmic. That SH∗(Mm) 6= 0 can in turn be used to show that the naturally
induced (homotopically standard) contact structure on S7 = ∂∞(M ×M) is ex-
otic; such examples were first constructed, by quite different means, by Geiges
[5]. It is tempting to believe that the boundary connect sums of Mn with itself
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are pairwise distinct, and that there are countably many finite type exotic Stein
structures on higher-dimensional balls (but this is still work in progress and beliefs
may change!). More generally, one might envisage in the symplectic study of Stein
manifolds a role for the contractible affine varieties somewhat analogous to the role
played by exotic spheres in the classical differential topology of closed manifolds.
Whether such an analogy is really helpful, of course, remains to be seen.

References

[1] P. Biran and K. Cieliebak, Lagrangian embeddings into subcritical Stein manifolds, Israel
J. Math. 127 (2002), 221-244.

[2] Yu. Chekanov, Lagrangian intersections, symplectic energy, and areas of holomorphic
curves, Duke Math. J. 95 (1998), 213-226.

[3] Ya. Eliashberg and M. Gromov, Convex symplectic manifolds, Several complex variables,
Proc. Symposia. Pure Math., vol. 52, Amer. Math. Soc. (1991), 135-162.

[4] Ya. Eliashberg, Symplectic geometry of plurisubharmonic functions, Gauge theory and sym-
plectic geometry, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol 488, Kluwer Acad. Publ.
(1997), 49-67.

[5] H. Geiges, Applications of contact surgery, Topology 36 (1997), 1193-1220.
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Ricci curvature for metric-measure spaces

John Lott

(joint work with Cédric Villani)

We describe results obtained with Cédric Villani [1, 2]. Related results were ob-
tained independently by Karl-Theodor Sturm [3].

We use optimal transport and displacement convexity in order to define a notion
of a measured length space (X, d, ν) having Ricci curvature bounded below. For
simplicity, we focus on the case of nonnegative Ricci curvature and assume that
the relevant length space X is compact. If N ∈ [1,∞] is a parameter (playing the
role of a dimension) then we will define a notion of (X, d, ν) having nonnegative
N -Ricci curvature.

Let P (X) denote the space of Borel probability measures on X , equipped with
the 2-Wasserstein metric. Then P (X) is also a length space.

Let U : [0,∞) → R be a continuous convex function with U(0) = 0. Given a
reference probability measure ν ∈ P (X), define the function Uν : P (X) → R∪{∞}
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by

Uν(µ) =

∫

X

U(ρ(x)) dν(x) + U ′(∞)µs(X),

where

µ = ρν + µs

is the Lebesgue decomposition of µ with respect to ν into an absolutely continuous
part ρν and a singular part µs.

If N ∈ [1,∞) then we define DCN to be the set of such functions U so that the
function

ψ(λ) = λNU(λ−N )

is convex on (0,∞). We further define DC∞ to be the set of such functions U so
that the function

ψ(λ) = eλU(e−λ)

is convex on (−∞,∞). A relevant example of an element of DCN is given by

UN(r) =

{
Nr(1 − r−1/N ) if N <∞,

r log r if N = ∞.

Definition 1. Given N ∈ [1,∞], we say that a compact measured length space
(X, d, ν) has nonnegative N -Ricci curvature if for all µ0, µ1 ∈ P (X) with
supp(µ0) ⊂ supp(ν) and supp(µ1) ⊂ supp(ν), there is some Wasserstein geodesic
{µt}t∈[0,1] from µ0 to µ1 so that for all U ∈ DCN and all t ∈ [0, 1],

Uν(µt) ≤ t Uν(µ1) + (1 − t) Uν(µ0).

Note that the inequality is only assumed to hold along some Wasserstein geo-
desic from µ0 to µ1, and not necessarily along all such geodesics. This is what we
call weak displacement convexity.

Naturally, one wants to know that in the case of a Riemannian manifold, our
definition is equivalent to the classical one. Let M be a smooth compact connected
n-dimensional manifold with Riemannian metric g. We let (M, g) denote the
corresponding metric space. Given Ψ ∈ C∞(M) with

∫
M
e−Ψ dvolM = 1, put

dν = e−Ψ dvolM .

Definition 2. For N ∈ [1,∞], let the N -Ricci tensor RicN of (M, g, ν) be defined
by

RicN =






Ric + Hess(Ψ) if N = ∞,

Ric + Hess(Ψ) − 1
N−n dΨ ⊗ dΨ if n < N < ∞,

Ric + Hess(Ψ) − ∞ (dΨ ⊗ dΨ) if N = n,

−∞ if N < n,

where by convention ∞ · 0 = 0.

Theorem 3. For N ∈ [1,∞], the measured length space (M, g, ν) has nonnegative
N -Ricci curvature if and only if RicN ≥ 0.
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In the special case when Ψ is constant, and so ν = dvolM
vol(M) , the theorem shows

that we recover the usual notion of a Ricci curvature bound from our length space
definition, as soon as N ≥ n.

The next theorem says that our notion of N -Ricci curvature has good behavior
under measured Gromov-Hausdorff limits.

Theorem 4. Let {(Xi, di, νi)}∞i=1 be a sequence of compact measured length spaces
with limi→∞(Xi, di, νi) = (X, d, ν) in the measured Gromov-Hausdorff topology.
For any N ∈ [1,∞), if each (Xi, di, νi) has nonnegative N -Ricci curvature then
(X, d, ν) has nonnegative N -Ricci curvature.

The above two theorems imply that measured Gromov-Hausdorff limits (X, d, ν)

of smooth manifolds
(
M, g, dvolMvol(M)

)
with nonnegative Ricci curvature fall under

our considerations. Additionally, we obtain the following new characterization of
such limits (X, d, ν) which happen to be smooth, meaning that (X, d) is a smooth
n-dimensional Riemannian manifold (B, gB) and dν = e−Ψ dvolB for some Ψ ∈
C∞(B).

Corollary 5. If (B, gB, ν) is a measured Gromov-Hausdorff limit of Riemann-
ian manifolds with nonnegative Ricci curvature and dimension at most N then
RicN(B) ≥ 0.

There is also a partial converse to the corollary 5.
Finally, if a measured length space has lower Ricci curvature bounds then there

are analytic consequences, such as local and global Poincaré inequalities. We define
the gradient norm of a Lipschitz function f on X by the formula

|∇f |(x) = lim sup
y→x

|f(y) − f(x)|
d(x, y)

.

Theorem 6. Suppose that a compact measured length space (X, d, ν) has nonneg-
ative N -Ricci curvature. Suppose in addition that for almost all (x0, x1) ∈ X×X,
there is a unique minimizing geodesic from x0 to x1. Then for all balls Br(x) and
all f ∈ Lip(X), we have

1

ν(Br(x))

∫

Br(x)

|f − f | dν ≤ 22N+1 r
1

ν(B2r(x))

∫

B2r(x)

|∇f | dν.

Theorem 7. Suppose that a compact measured length space (X, d, ν) has N -Ricci
curvature bounded below by K > 0. Then for all f ∈ Lip(X) with

∫
X
f dν = 0, we

have ∫

X

f2 dν ≤ N − 1

NK

∫

X

|∇f |2 dν.

In the case of Riemannian manifolds, one recovers the Lichnerowicz inequality
for the smallest positive eigenvalue of the Laplacian.
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[3] K.-T. Sturm, On the geometry of metric-measure spaces I, II, preprint.

Classification of negatively pinched manifolds with amenable

fundamental groups

Vitali Kapovitch

(joint work with Igor Belegradek)

We study manifolds of the form X/Γ, where X is a simply-connected complete
Riemannian manifold with sectional curvatures pinched between two negative con-
stants, and Γ is a discrete torsion free subgroup of the isometry group of X . Ac-
cording to [BS87], if Γ is amenable, then either Γ stabilizes a biinfinite geodesic, or
else Γ fixes a unique point z at infinity. In the former case the normal exponential
map to the Γ-invariant geodesic is a Γ-equivariant diffeomorphism, hence X/Γ is a
vector bundle over S1; there are only two such bundles each admitting a complete
hyperbolic metric.

If Γ fixes a unique point z at infinity (such groups are called parabolic), then
Γ stabilizes horospheres centered at z and permutes geodesics asymptotic to z, so
that given a horosphere H , the manifold X/Γ is diffeomorphic to the product of
H/Γ with R. We refer to H/Γ as a horosphere quotient. In this case a delicate
result of B. Bowditch [Bow93] shows that Γ must be finitely generated, which by
Margulis lemma [BGS85] implies that Γ is virtually nilpotent.

Our main result [BKa] is a diffeomorphism classification of horosphere quotients.

Theorem 1. For a smooth manifold N the following are equivalent:
(1) N is a horosphere quotient;
(2) N is diffeomorphic to an infranilmanifold;
(3) N is the total space of a flat Euclidean vector bundle over a compact in-

franilmanifold.

By an infranilmanifold we mean the quotient of a simply-connected nilpotent
Lie group G by the action of a torsion free discrete subgroup Γ of the semidirect
product of G with a compact subgroup of Aut(G).

The implication (3) ⇒ (2) is straightforward, (2) ⇒ (1) is proved by construct-
ing an explicit warped product metric of pinched negative curvature. The proof
of (1) ⇒ (3) is the hard part of Theorem 1, and depends on the collapsing theory
of J. Cheeger, K. Fukaya, and M. Gromov [CFG92].

If N is compact (in which case the conditions (2), (3) are identical), the impli-
cation (1) ⇒ (2) follows from Gromov’s classification of almost flat manifolds, as
improved by E. Ruh, while the implication (2) ⇒ (1) is new.

A direct algebraic proof of (2) ⇒ (3) was given in [Wil00b, Theorem 6], but the
case when N is a nilmanifold was already treated in [Mal49], where it is shown
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that any nilmanifold is diffeomorphic to the product of a compact nilmanifold and
a Euclidean space.

By [Wil00a] any flat Euclidean bundle with virtually abelian holonomy is iso-
morphic to a bundle with finite structure group, so the vector bundle in (3) be-
comes trivial in a finite cover. Thus any horosphere quotient is finitely covered by
the product of a compact nilmanifold and a Euclidean space.

Corollary 2. A smooth manifold M with amenable fundamental group admits a
complete metric of pinched negative curvature if and only if it is diffeomorphic to
the Möbius band, or to the product of a line and the total space a flat Euclidean
vector bundle over a compact infranilmanifold.

The pinched negative curvature assumption in Corollary 2 cannot be relaxed
to −1 ≤ sec ≤ 0 or sec ≤ −1, e.g. because these assumptions do not force the
fundamental group to be virtually nilpotent [Bow93, Section 6]. More delicate
examples come from the work of M. Anderson [And87] that the total space E of
any vector bundle over a torus admits a metric with −1 ≤ sec ≤ 0.

Also −1 ≤ sec(M) ≤ 0 can be turned into sec(M × R) ≤ −1 for the warped
product metric on M × R with warping function et [BO69], hence Anderson’s
examples carry metrics with sec ≤ −1 after taking product with R. On the other
hand, by Corollary 2, if E has a nontrivial Pontrjagin class, then E × Rl carries
no metric of pinched negative curvature. Anderson also showed that every vector
bundle over a closed negatively curved manifold admits a complete Riemannian
metric of pinched negative curvature, hence amenability of the fundamental group
is indispensable.

In [Bow95] Bowditch developed several equivalent definitions of geometrical
finiteness for pinched negatively curved manifolds, and conjectured the following
result.

Corollary 3. Any geometrically finite pinched negatively curved manifold X/Γ is
diffeomorphic to the interior of a compact manifold with boundary.

Given a smooth manifold M , we define pinchdiff(M) to be the infimum of a2 ≥ 1
such that M admits a complete Riemannian metric of −a2 ≤ sec(M) ≤ −1. If
M admits no complete metric of pinched negative curvature, it is convenient to
let pinchdiff(M) = +∞. We then define pinchtop(M) to be the infimum of all

pinchdiff(N) whereN is homeomorphic to M , and define pinchhom(M) to be the in-

fimum of pinchdiff(N)’s where N is manifold with dim(N) = dim(M) that is homo-

topy equivalent to M . Of course, pinchdiff(N) ≥ pinchtop(M) ≥ pinchhom(N) ≥ 1.
In general, the pinching invariants are hard to estimate and even harder to

compute (see [Gro91] and [Bel01, Section 5] for surveys).
If Γ = π1(M) is nilpotent parabolic acting cocompactly on horospheres then it

follows from the proof of Gromov’s theorem of almost flat manifolds (see [BK81,

Corollary 1.5.2]) that pinchhom(M) ≥ k2 where k is the nilpotency length of Γ.
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More recently, Gromov sketched in [Gro91, p.309] a proof of the more general
estimate

a ≥ k

r + 1
for r =

[
dim(M) − 1 − cd(Γ)

2

]
,

where [x] denotes the largest integer satisfying ≤ x. If k ≤ r + 1, the estimate
gives no information, so Gromov asked [Gro91, p.309] whether it can be improved
to an estimate that is nontrivial for all cd(Γ) < dim(M).

In [BKb] we prove

Theorem 4. If M be a pinched negatively curved manifold such that π1(M) has

a k-step nilpotent subgroup of finite index, then pinchdiff(M) = pinchtop(M) =

pinchhom(M) = k2.
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Rigidity of cone-3-manifolds

Hartmut Weiß

A cone-manifold of curvature κ ∈ {−1, 0, 1} is a metric space X , which is homeo-
morphic to a manifold and whose local geometry is modelled on the κ-cone over a
cone-manifold of curvature +1 and one dimension lower. The set of points whose
link (i.e. the cross-section of the model cone) is isometric to the standard round
sphere is called the smooth part of the cone-manifold, its complement is called the
singular locus and is usually denoted by Σ. In the following we will be concerned
with 2- and 3-dimensional cone-manifolds only.

In two dimensions the singular locus consists of isolated points. The link of
each cone point is isometric to the circle of a certain length, which we will refer to
as the cone angle associated to that point. In three dimensions the singular locus
is an embedded geodesic graph. The cone-angle associated to an edge will be the
cone-angle of a transverse disk.

If cone-angles are ≤ 2π, these spaces satisfy a lower curvature bound in the
triangle comparison sense. If cone-angles are ≤ π, the geometry is even more
restricted, for example the Dirichlet-polyhedron will be convex and the valency of
a vertex of the singular locus (in the 3-dimensional case) will be at most 3.

The concept of cone-3-manifold is a natural generalization of the concept of
geometric 3-orbifold, where the cone-angles are of the form 2π/n, n ∈ Z, n ≥ 2.
Cone-3-manifolds play a significant role in the proof of the Orbifold Theorem,
which has recently been accomplished by M. Boileau, B. Leeb and J. Porti, cf. [1].
The Orbifold Theorem states that a similar geometric decomposition as conjec-
tured for 3-manifolds holds true for 3-orbifolds with non-empty singular locus. It
was announced by W. Thurston around 1982.

In this talk I discussed the following global rigidity results for hyperbolic and
spherical cone-3-manifolds, cf. [7]:

Theorem 1. Let X,X ′ be hyperbolic cone-3-manifolds with cone-angles ≤ π. If
there exists a homeomorphism of pairs (X,Σ) ∼= (X ′,Σ′) such that the cone-angles
around corresponding edges coincide, then X and X ′ are isometric.

Theorem 1 generalizes the global rigidity result of S. Kojima, cf. [4], which states
the same rigidity property under the additional assumption that the singular locus
is a link, i.e. a union of embedded circles. In the statement of Theorem 2, following
[5], we call a cone-3-manifold X Seifert fibered, if X is Seifert fibered in the usual
sense and if in addition Σ is a union of fibers.

Theorem 2. Let X,X ′ be spherical cone-3-manifolds with cone-angles ≤ π, which
are not Seifert fibered. If there exists a homeomorphism of pairs (X,Σ) ∼= (X ′,Σ′)
such that the cone-angles around corresponding edges coincide, then X and X ′ are
isometric.

I indicated the proof of Theorem 1: We follow the same strategy as Kojima
in [4], namely we construct a continuous path of hyperbolic cone-manifold struc-
tures on X with singular locus Σ and decreasing cone angles, which starts at the
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given structure and terminates at a complete hyperbolic structure of finite volume,
possibly with totally geodesic boundary consisting of thrice-punctured spheres if
vertices are present. This reflects the fact that the geometry of links of vertices has
to change from spherical through horospherical to hyperspherical as we decrease
cone angles. Here the link of a vertex is called horospherical if it is the horospher-
ical cross-section of a singular cusp (i.e. a Euclidean turnover) and hyperspherical
if it is a totally geodesic boundary component (i.e. a hyperbolic turnover).

To be able to carry out this strategy, we need to know that we can always
deform cone-angles in an essentially unique way, furthermore we need to rule out
degenerations as we decrease cone-angles. The first issue is handled by a local
rigidity theorem for hyperbolic cone-manifold structures with singular cusps and
totally geodesic boundary as above. This generalizes the local rigidity theorem
for compact hyperbolic cone-3-manifolds in [6] and replaces the use of the local
rigidity theorem of C.D. Hodgson and S.P. Kerckhoff, cf. [3], in Kojima’s proof.
The proof uses analytic techniques developed by J. Brüning and R. Seeley in [2].
As in [6], the assumption that cone angles are ≤ π is essential.

To rule out degenerations, we use the geometric results of [1], which enter
the proof of the Orbifold Theorem. The description of thin parts of hyperbolic
cone-3-manifolds with lower diameter bound and cone-angles ≤ α < π, which is
achieved in [1], allows us to conclude that at most very mild degenerations can
occur, namely tubes around short closed (smooth or singular) geodesics opening
into rank-2 cusps. These in turn can be ruled out by a hyperbolic Dehn-surgery
theorem in the setting of cone-manifolds.

If we are now given hyperbolic cone-manifolds X and X ′ as in Theorem 1,
we can consider the corresponding paths of cone-manifold structures terminating
at the complete structures. By Mostow-Prasad rigidity, these will be isometric.
Using local rigidity along the paths, we conclude that X and X ′ are isometric.
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Theorem of de Rham for metric spaces

Alexander Lytchak

(joint work with Thomas Foertsch)

Theorem of de Rham ([deRham52]) states that if the holonomy group of a simply
connected complete Riemannian manifold acts in a reducible way on the tangent
space of a point, then the manifold must be a direct product of two other manifolds.
As a consequence this implies that each simply connected complete Riemannian
manifold M has a unique decomposition as a product M = M0 ×M1 × · · · ×Mk,
where M0 is a Euclidean space and Mi for i > 0 are irreducible Riemannian
manifolds, that are not equal to the real line.

The statement is that Mi are determined not only up to an abstract isometry,
but that the Mi-factor through a given point x is well defined (up to permutation
of isometric factors). Observe that the Euclidean space plays a special role, since
it has many different decompositions as a product of real lines.

In [EH98] the statement about the uniqueness of the decomposition M =
M0 × · · · ×Mk was generalized to non-simply connected Riemannian manifolds,
by studying the action of the fundamental group of M on the decomposition of
the universal covering.

Our main result is the following theorem, that shows that the uniqueness of the
decomposition holds true in a much greater generality

Theorem 1. Let X be a geodesic metric space of finite topological dimension.
Then X has a unique decomposition as X = X0 × X1 × · · · × Xk, where X0 is
a Euclidean space Rl and the other factors Xi are irreducible spaces that are not
equal to the real line.

The uniqueness should be understood in the same way as in the classical theorem
of de Rham. As a direct application we obtain:

Corollary 2. Let X,Y be geodesic metric spaces of finite topological dimension.
If X and Y have no isometric factors, then for the isometry groups we get Iso(X×
Y ) = Iso(X) × Iso(Y ).

The most striking part of our theorem is the following rigidity statement. Let
X be a geodesic metric space of finite dimension with decompositions X = Y × Ȳ
and X = Z × Z̄. Assume that at some point x ∈ X the fibers Yx, Ȳx, Zx, Z̄x
intersect pairwise only in x. Then X is isometric to a Euclidean space.

The proof of the main theorem goes along the following lines. We say that a
metric space is affine if it is isometric to a linear convex subset of a normed vector
space. The main technical observation is that if a subset C of a product Y × Ȳ
is affine then its projections onto the factors are affine too. As an immediate
consequence one obtains that if C is a maximal affine subset of a metric space
X then for each decomposition X = Y × Ȳ the subset C is the product of its
projection to Y resp. Ȳ .
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This allows us to find sufficiently many affine subsets of each geodesic metric
space X and to prove that if the result was wrong for X it must be wrong for one
of its affine subsets.

Finally we show that the theorem is true for finite dimensional affine spaces.
This finishes the proof.
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Geometry and dynamics of discrete subgroups of higher rank Lie

groups

Gabriele Link

Let X be a globally symmetric space of noncompact type, o ∈ X and G =
Isomo(X) the connected component of the identity. We will denote by ∂X the
geometric boundary of X endowed with the cone topology. In this talk we intend
to give more insight into the dynamics of certain individual isometries of X and
describe geometrically the structure of the limit set LΓ := Γ · o ∩ ∂X of discrete
isometry groups Γ ⊂ G. The main difficulties we face in the higher rank case
compared to the situation in manifolds with pinched negative curvature are due to
the more complicated structure of the geometric boundary. In fact, to each point
ξ ∈ ∂X we can associate a unique ”direction” in a fixed Weyl chamber of X . If the
direction of ξ is in the interior of the Weyl chamber, we say that ξ belongs to the
regular boundary ∂Xreg ⊆ ∂X . Every point in the G-orbit of ξ possesses the same
direction, in particular G does not act transitively on the geometric boundary if
the rank of X is greater than one.

Concerning the dynamics of parabolic isometries, there are only partial results
for example by P. Eberlein ([E, chapter 4.1]), A. Parreau ([P, chapter I.2]) and the
author ([L, chapter 4.4]). For axial (sometimes also called loxodromic) isometries,
however, we are able to describe precisely the action on the geometric boundary.
Namely, if γ+ ∈ ∂Xreg denotes the attractive fixed point of an axial isometry
γ ∈ G, then for any point ξ ∈ ∂Xreg which can be joined to γ+ by a geodesic we
have

lim
j→∞

γjξ = γ+ .

Similarly, a dense and open subset of the Furstenberg boundary is moved by γ
towards the asymptotic Weyl chamber containing γ+.

As an application of this result we describe a new geometric construction of
Schottky groups in higher rank symmetric spaces.

We then generalize appropriately the notion of “nonelementary” groups well-
known in the context of manifolds of pinched negative curvature to higher rank
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symmetric spaces. Our notion is weaker than Zariski density, which has been used
for discrete subgroups of real reductive linear Lie groups by Y. Benoist ([B]) and
Conze-Guivarc’h ([CG]). Also, the definition is more natural and easily under-
standable from a geometrical point of view.

Unfortunately, the incomplete picture we have about the dynamics of parabolic
isometries makes it difficult to describe the structure of the limit set of discrete
isometry groups which, in general, always contain parabolics. For the large class of
nonelementary groups, however, we can use a so-called “approximation argument”
in order to reduce the problem to understanding the action of sequences of axial
isometries. A direct consequence of this approximation argument is the fact that
for nonelementary groups Γ, the set of attractive fixed points of axial isometries is
dense in the geometric limit set LΓ. Together with a proposition concerning the
dynamics of sequences of axial isometries, it is one of the key ingredients in the
proof of our main

Theorem 1. Let Γ ⊂ G be a nonelementary discrete group. Then

(1) the limit set KΓ, considered as a subset of the Furstenberg boundary, is a
minimal closed set under the action of Γ,

(2) the regular limit set LregΓ splits as a product KΓ×P regΓ , where PΓ denotes
the set of directions of limit points, and P regΓ the set of directions of
regular limit points.

To each axial isometry of a higher rank symmetric space we can associate a so-
called “translation vector”, a notion introduced by A. Parreau ([P]) which general-
izes the translation length in rank one spaces. Let ℓΓ denote the set of translation
vectors of axial isometries in Γ. As a further result we have

Theorem 2. If Γ is a nonelementary group, then PΓ is equal to the closure of ℓΓ.

Although these results are already known in the context of Zariski dense sub-
groups of real reductive linear groups (see i.e. [B], [CG]), the advantage of our
approach is its purely geometric nature which allows to easily adapt the methods
to products of manifolds of pinched negative curvature (compare [DK]). Precise
statements and the proofs of the above-mentioned results can be found in [Li].
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Singular Minimal Hypersurfaces and Scalar Curvature

Joachim Lohkamp

(joint work with Ulrich Christ)

We present joint work with U. Christ on the resolving of hypersurface singularities
in the context of preserving positive scalar curvature. The main result is that
doubling the hypersurface after deleting a suitably chosen neighborhood of the
singular set leads to a manifold which admits positive scalar curvature. This
involves a detailed study of how the surface is approximated by tangent cones and
how the analysis of the conformal Laplacian transfers from the hypersurface to
such cones.

Positive scalar curvature with symmetry

Bernhard Hanke

We develop equivariant analogues of the construction techniques introduced by
Gromov-Lawson and Schoen-Yau for positive scalar curvature metrics. Part of the
nonequivariant discussion can be translated more or less directly to the equivariant
context. As shown in [1], this applies in particular to the surgery principle (cf. [2])
which states that the class of smooth manifolds admitting metrics of positive scalar
curvature is closed under surgery of codimension at least 3. However, the following
equivariant bordism principle requires a refined argument because it is based on
handle cancelation techniques that in general do not carry over to the equivariant
world (which is illustrated by the failure of equivariant analogous of the h- and
s-cobordism theorems):

Theorem A. Let G be a compact Lie group and let Z be a compact connected
oriented G-bordism (with an orientation preserving G-action) between the closed
G-manifolds X and Y . Assume the following:

(i) The cohomogeneity of Z is at least 6,
(ii) the inclusion of maximal orbits Ymax →֒ Zmax is a (nonequivariant) 2-

equivalence (i.e. a bijection on π0, an isomorphism on π1 and a surjection
on π2),

(iii) each singular stratum of codimension 2 in Z meets Y .

Then, if X admits a G-invariant metric of positive scalar curvature, the same is
true for Y .

We remark that by a classical result of Lawson-Yau [3], closed connected ef-
fective G-manifolds admit G-invariant metrics of positive scalar curvature if the
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identity component of G is non-abelian. Hence, Theorem A is useful mainly for
finite or for toral G.

Our Theorem A is almost a direct analogue of the corresponding nonequivariant
result (see [6], Theorem 3.3). In particular, the dimension restriction i. and the
connectivity restriction for the inclusion Ymax →֒ Zmax stated in point ii. translate
to analogous requirements in the nonequivariant setting if G = {1}. However, if G
is not trivial, we need an additional assumption on codimension-2 singular strata.

Theorem A is useful for constructing equivariant metrics of positive scalar cur-
vature only if it can be combined with powerful structure results for geometric
equivariant bordism groups implying that the manifold X in Theorem A can be
assumed to admit an equivariant positive scalar curvature metric under general
assumptions on the manifold Y . Two main difficulties occur at this point. Firstly,
explicit geometric generators of equivariant bordism groups are known only in a
very limited number of cases. Secondly, whereas conditions i. and ii. in Theo-
rem A can be achieved under fairly general assumptions on the manifold Y (by
performing appropriate surgeries on Zmax), it is a priori not clear under what
circumstances condition iii. holds.

We present a solution to the last mentioned problem if G = S1 and the G-action
on Z is fixed point free. The idea we use is to alter a given bordism Z by cutting
out equivariant tubes connecting Y with each of the codimension-2 singular strata
in Z that are disjoint from Y . This replaces the bordism Z and the manifold Y by
other manifolds Z ′ and Y ′ so that each codimension-2 singular stratum in Z ′ meets
Y ′. In particular, Theorem A can be applied to Z ′ (after some more manipulations
of Z ′, but we omit these details here). We must now understand how Y can be
recovered from Y ′. A closer inspection of the situation shows that Y ′ is obtained
from Y by adding certain codimension-2 singular strata with finite isotropies.
Conversely, Y can be reconstructed from Y ′ by a kind of codimension-2 surgery
process that removes these additional singular strata and puts back free ones
instead. We show by a somewhat involved geometric argument that this surgery
step preserves the existence of S1-invariant positive scalar curvature metrics under
fairly general assumptions. Roughly speaking, we replace the “bending outwards”
process in the surgery step due to Gromov-Lawson and Schoen-Yau by a “bending
inwards” process. We remark that this kind of positive scalar curvature preserving
codimension-2 surgery only works under the additional S1-symmetry on Z.

With the help of this surgery method, we conclude that the original manifold
Y admits an invariant metric of positive scalar curvature if the manipulated one
Y ′ admits such a metric. Arguing in this rather roundabout manner, assumption
iii. of Theorem A is no longer a true obstacle against the construction of equivariant
positive scalar curvature metrics on fixed point free S1-manifolds. This insight is
now combined with a classical theorem of Ossa [4], which states that fixed point
free S1-manifolds are S1-boundaries, to complete the proof of the following result,
an equivariant generalization of the well known existence result of positive scalar
curvature metrics on closed simply connected non-spin manifolds of dimension at
least 5 due to Gromov and Lawson [2]:
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Theorem B. Let M be a connected closed oriented fixed point free S1-manifold
so that all normal bundles around H-fixed components (H ⊂ S1 being a closed
subgroup) in M are complex S1-bundles. If the dimension of M is at least 6,
the union of maximal orbits of M is simply connected and does not admit a spin
structure, then M admits an S1-invariant metric of positive scalar curvature.

We remark that no additional assumption on codimension-2 singular strata in
M is needed. It is not clear at present to what extent Ossa’s theorem can be
generalized to the spin case so that we leave the discussion of a corresponding
S1-equivariant analogue of Stolz’ theorem [5] for later consideration.
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Foliation by holomorphic discs and applications to Kähler geometry

Xiuxiong Chen

(joint work with Gang Tian)

We study partial regularity of WZW Harmonic map from Σ (unit disc in C) to
H (the space of Kähler potentials in a compact manifold (M, [ω])). The equation
can be reduced to the following homogeneous complex MA equation
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ϕ|∂Σ = ψ|∂Σ : ∂Σ → H
The existence of C1,1 solutions was established by the first named author and we

(joint with Tian) prove essentially that the solution is almost everywhere smooth
(except at most a codimension 2 set) for generic boundary data. The main idea
is to transform this into a problem of smoothness of certain moduli space of holo-
morphic discs whose boundary lies in a totally submanifold

f : (Σ, ∂Σ) → (W , Λ̄ψ).

Let me explain here the notation appears in the above formula. First. W is
essentially T ∗M with a non-traditional gluing of sections of T ∗M. Suppose Uα, α ∈
I is a finite covering of M where I is an index set. For any α ∈ I, set ρα be the
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local Kähler potential for ωg in the coordinate chart Uα. For any pair of index
α, β ∈ I such that Uα

⋂
Uβ 6= ∅, the sections of T ∗Uα and T ∗Uβ can be identified

by

∀ (z, ξ) ∈ T ∗Uα, (w, η) ∈ T ∗Uβ ,

we identify these two element

(z, ξ) ≡ (w, η),

if and only if

z = w, and ξ + ρα = η + ρβ .

Under this gluing map, Θ = d z ∧ d ξ = dw ∧ d η is a global holomorphic 2-forms
in W at the expense of metric structure. For any Kähler potential ϕ ∈ H, denote
Λϕ as the graph of ∂ϕ in W . It is straightforward to see that Λϕ is a totally real
submanifold of W and Λ̄ψ =

⋃
s∈S1 Λψ(s) is a totally real submanifold in Σ×W .

The defomation problem (which includes the existence and regularity problem) of
holomphic discs in (Σ × W , Λ̄ψ) is well known as Riemann Hilbert problem and
there is a wealth of literatures on that subject. If, we have a smooth solution to the
geodesic equation above, then Σ ×M admits a smooth foliation by holomorphic
discs. Moreover, this smooth foliation of holomorphic can be lifted to the moduli
space holomophic discs in (W , Λ̄ψ) and the image of such a lifting is full and the
moduli space is regular in the sense of Fredholm. In fact, according to Donaldson,
the image is a super regular foliation in the sense it is lifted from a nowhere de-
generated foliation in Σ×M. The amazing story here is that the converse is also
true: Given a super regular moduli space of holomorphic discs in (W , Λ̄ψ), there
is a smooth solution to geodesic equation with boundary map ψ. To explain this
part of story, we need to Go back to this global holomorphic 2-forms Θ. It turns
out that Λϕ is a Lagrange-Sympletic submanifold in W . There is an important
correspondence between a Kähler metric in [ωg] and a Hamiltonian class of a given
Lagrange-Sympletic submanifold (with respect to Θ). According to S. Semmes,
further clarified by Donaldson later, a super regular moduli space of holomorphic
discs in (W , Λ̄ψ) corresponds to a smooth disc family of Lagrange-Sympltic sub-
manifolds in W . From here, one recover a smooth smooth solution to the HCMA
equation above with prescribed boundary map ψ : ∂Σ → H. In this correspon-
dence, it is important that solution is smooth and the moduli is super regular.
Donaldson use this correspondence, to establish a fact that any smooth solution
to geodesic equation can be perturbed by boundary data. The story looks nice
for setting up a continuous defomation theorem. Unfortunately, there is certain
boundary map where the corresponding moduli space can not be super regular. In
other words, the above geodesic equation can be solved smoothly for all boundary
datas.

In this work, we first devised a notion of almost smooth solution of geodesic
equation and almost regular moduli space of holomorphic discs and we established
an equivalence relation between the two. There are serious difficulty arised when
one moves from the equivalence observed by S. Semmes or S. K. Donaldson to
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this one. More importantly, we proved that almost regular moduli space is open
and close under generic peturbation of the boundary maps. We then established
partial regularity for geodesic equation for generic boundary data.

For application in Kähler geometry, the crucial observation is that the K-energy
functional (whose critical point is c.s.c. metric) is subharmonic when restricted to
this disc family of potentials. And this fact is used to prove the uniqueness of
extremel metric in all Kähler classes. As a consequence, c.s.c implies that K-
energy has a lower bound, which implies K-semistability.

Energy functionals and canonical Kähler metrics

Ben Weinkove

(joint work with Jian Song)

The problem of finding necessary and sufficient conditions for the existence of
extremal metrics, which include Kähler-Einstein metrics, on a compact Kähler
manifold M has been the subject of intense study over the last few decades and is
still largely open. If M has zero or negative first Chern class then it is known by
the work of Yau [Ya1] and Yau, Aubin [Ya1], [Au] that M has a Kähler-Einstein
metric. When c1(M) > 0, so that M is Fano, there is a well-known conjecture of
Yau [Ya2] that the manifold admits a Kähler-Einstein metric if and only if it is
stable in the sense of geometric invariant theory.

There are now several different notions of stability for manifolds. It is con-
jectured by Tian [Ti2] that the existence of a Kähler-Einstein metric should be
equivalent to his ‘K-stability’. This stability is defined in terms of the Futaki
invariant [Fu], [DiTi] of the central fiber of degenerations of the manifold.

The behavior of Mabuchi’s [Ma] energy functional is central to this problem. It
was shown by Bando and Mabuchi [BaMa], [Ba] that if a Fano manifold admits a
Kähler-Einstein metric then the Mabuchi energy is bounded below. Recently, it
has been shown by Chen and Tian [ChTi3] that if M admits an extremal metric
in a given class then the (modified) Mabuchi energy is bounded below in that
class. Moreover, if a lower bound on the Mabuchi energy is given then the class
is K-semistable [Ti1], [Ti2], [PaTi]. Conversely, Donaldson [Do1] showed that, for
toric surfaces, K-stability implies the lower boundedness of the Mabuchi energy.

In addition, the existence of a Kähler-Einstein metric on a Fano manifold has
been shown to be equivalent to the ‘properness’ of the Mabuchi energy [Ti2]. Tian
conjectured [Ti3] that the existence of a constant scalar curvature Kähler metric
be equivalent to this condition on the Mabuchi energy. This holds when the first
Chern class is a multiple of the Kähler class.

In this talk, we discuss a family of functionals Ek, for k = 0, . . . , n, which were
introduced by Chen and Tian [ChTi1]. They are generalizations of the Mabuchi
energy, with E0 being precisely Mabuchi’s functional.
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A critical metric ω of Ek is a solution of the equation

σk+1(ω) −△(σk(ω)) = constant,

where σk(ω) is the kth elementary symmetric polynomial in the eigenvalues of the
Ricci tensor of the metric ω. Notice that the critical metrics for E0 are precisely
the constant scalar curvature metrics. Kähler-Einstein metrics are solutions to the
above equation for all k.

The functionals Ek were used by Chen and Tian [ChTi1, ChTi2] to obtain
convergence of the normalized Kähler-Ricci flow on Kähler-Einstein manifolds with
positive bisectional curvature. The Mabuchi energy is decreasing along the flow.
The functional E1 is also decreasing, as long as the sum of the Ricci curvature and
the metric is nonnegative.

In a recent preprint, Chen [Ch1] has proved a stability result for E1 for Fano
manifolds in the sense of the Kähler-Ricci flow (shortly after this paper was first
posted we learned that, in an unpublished work [Ch2], Chen has proved the fol-
lowing: if there exists a Kähler-Einstein metric then E1 is bounded below along
the Kähler-Ricci flow.). In [Ch1], Chen asked whether E1 is bounded below or
proper on the full space of potentials (not just along the flow) if there exists a
Kähler-Einstein metric.

We now state our results. For φ in P (M,ω), let φt be a path in P (M,ω) with
φ0 = 0 and φ1 = φ. The functional Ek,ω for k = 0, . . . , n is defined by

Ek,ω(φ) =
k + 1

V

∫ 1

0

∫

M

(△φt
φ̇t)Rc(ωφt

)k ∧ ωn−kφt
dt

− n− k

V

∫ 1

0

∫

M

φ̇t (Rc(ωφt
)k+1 − µk ω

k+1
φt

) ∧ ωn−k−1
φt

dt,(1)

where µk is a constant depending only on the classes [ω] and c1(M). We will often
write Ek(ω, ωφ) instead of Ek,ω(φ).

Suppose now that M has positive first Chern class and denote by K the space
of Kähler metrics in 2πc1(M).

Theorem 1. Let (M,ωKE) be a Kähler-Einstein manifold with c1(M) > 0. Then,
for k = 0, . . . , n, and for all ω̃ ∈ K with Rc(ω̃) ≥ 0,

Ek(ωKE , ω̃) ≥ 0,

and equality is attained if and only if ω̃ is a Kähler-Einstein metric.

In the case of E1 we have:

Theorem 2. Let (M,ωKE) be a Kähler-Einstein manifold with c1(M) > 0 or
c1(M) = 0. Then for all Kähler metrics ω′ in the class [ωKE],

E1(ωKE , ω
′) ≥ 0,

and equality is attained if and only if ω′ is a Kähler-Einstein metric.

We have the following result on the properness of E1:
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Theorem 3. Let (M,ωKE) be a compact Kähler-Einstein manifold with c1(M) >
0. Then there exists δ depending only on n such that the following hold:

(i) If M admits no nontrivial holomorphic vector fields then there exist pos-
itive constants C and C′ depending only on ωKE such that for all θ in
P (M,ωKE),

E1,ωKE
(θ) ≥ CJωKE

(θ)δ − C′.

(ii) In general, let Λ1 be the space of eigenfunctions of the Laplacian for ωKE
with eigenvalue 1. Then for all θ in P (M,ωKE) satisfying

∫

M

θ ψ ωnKE = 0, for all ψ ∈ Λ1,

there exist constants C and C′ depending only on ωKE such that

E1,ωKE
(θ) ≥ CJωKE

(θ)δ − C′.

We also have a converse to Theorem 3.

Theorem 4. Let (M,ω) be a compact Kähler manifold with c1(M) > 0. Suppose
that ω ∈ 2πc1(M). Then the following hold:

(i) Suppose that (M,ω) admits no nontrivial holomorphic vector fields. Then
M admits a Kähler-Einstein metric if and only if E1 is proper on P (M,ω).

(ii) In general, let G be a maximal compact subgroup in Aut(M). Suppose that
ω is a G-invariant Kähler metric. Then M admits a G-invariant Kähler-
Einstein metric if and only if E1 is proper on PG(M,ω), the space of
G-invariant potentials for ω.
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(problem 65)

Toric anti-self-dual four manifolds via complex geometry

Joel Fine

(joint work with Simon K. Donaldson)

Review of twistor geometry. Twistor geometry was invented by Penrose in
the context of general relativity. For a description from this point of view see [1].
A thorough description in Riemannian signature is given in [2].

On an oriented Riemannian four-manifoldM , the two-forms split Λ2 = Λ+⊕Λ−

as the ±1-eigenspaces of the Hodge star operator. This induces an additional
decomposition of the curvature tensor not present in other dimensions: considered
as homomorphism Λ2 → Λ2, the curvature has a block decomposition

(
s+W+ Rc0

Rc∗0 s+W−

)

where s is (up to a constant factor) the scalar curvature, Rc0 is the trace-free Ricci
curvature and W± are the self-dual and anti-self-dual Weyl curvatures. A metric
is called anti-self-dual if W+ = 0. Both the whole Weyl curvature W = W+ +W−

and the splitting of Λ2 are conformally invariant, hence so is anti-self-duality.
The Weyl curvature vanishes if and only if conformally Euclidean coordinates

exist. It is natural then to ask for the integrability interpretation of anti-self-
duality. This is provided by Penrose’s famous twistor construction. The twistor
space of M is a six-manifold Z which fibres over M , the fibre over a point x being
the set of all almost complex structures on TxM which are compatible with both
the metric and the orientation. The fibres are symmetric spaces SO(4)/U(2), in
other words metric two-spheres. The Levi–Civita connection induces a connection
on Z and using this there is natural almost complex structure on Z: it is the
natural complex structure on S2 in the vertical directions and is tautological in
the horizontal directions. The metric on M is anti-self-dual if and only if the
almost complex structure on Z is integrable.

Assuming this to be the case, the fibres of Z — called twistor lines — are
rational curves whose normal bundles can be seen to be O(1) ⊕ O(1). Kodaira’s
theorem says such a curve moves in a four complex dimensional family N . The
antipodal map on S2 induces a fixed-point-free antiholomorphic involution on Z
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and hence an involution on N ; the original four-manifold M ⊂ N is recovered as
the fixed points.

Finally, the conformal structure can be recovered from Z. A tangent vector
in TLN is said to be null if the corresponding section of O(1) ⊕ O(1) has a zero.
This defines the null cone in TLN and hence a complex conformal structure on
N . Its restriction to M recovers the original Riemannian conformal structure.
This sets up a natural correspondence between anti-self-dual four-manifolds with
a fixed base point and complex three-folds with a fixed-point-free real involution
containing a real, rational curve with normal bundle O(1) ⊕O(1).

Twistor spaces of toric anti-self-dual metrics. Special cases of toric anti-
self-dual manifolds have been studied before. See, for example, [3, 4]

We consider the case where the anti-self-dual metric on M admits two linearly
independent commuting conformally Killing fields (the germ of a conformal R2-
action). The fields lift to holomorphic fields on Z where they define the germ of
C2-action. Let Σ denote the subset where this action fails to be free.

The case dimΣ = 2 can be shown to be equivalent to M being hypercomplex.
At least in the hyperkähler situation, such metrics are well understood via the
Gibbons–Hawking ansatz. This partially justifies the restriction from now on to
the case dimΣ < 2. When this holds, Σ does not meet the generic twistor line. In
other words, above the generic point of M , the induced C2-action on Z is free.

This free action can be used to define two holomorphic invariants which com-
pletely characterise the local geometry of Z. Let L denote a twistor line not
meeting Σ. Since its normal bundle is O(1) ⊕ O(1), there are two distinguished
points on L, 0 and ∞ say, at which the C2-orbits are tangential to order one;
elsewhere on L the orbits are transverse. Since the orbit through 0 is tangential
to order one, an orbit through a nearby point z meets L in a second nearby point
τ(z). This defines a holomorphic involution τ near 0. Moreover, since z and τ(z)
lie on the same orbit, there is a complex number φ(z) such that φ(z) · z = τ(z).
This defines a C2-valued holomorphic function near 0 which is odd with respect
to τ . There is a similar picture near ∞, but this is related to the picture near 0
by the real structure and so carries no more information.

The data (τ, φ) characterises Z. This is shown by explicitly reconstructing the
twistor space from (τ, φ). For example, the geometry near a point of tangency is
modeled on the quotient of D×C2 where (z, v) is identified with (τ(z), v + φ(z)).

In rebuilding Z, a point 0 is fixed in L and a choice of antipodal map is made.
This determines the coordinate on L up to rotations about the axis through 0. In
other words, there is a natural S1-action on the pairs (τ, φ) and two twistor spaces
are biholomorphic if and only if their pairs lie in the same S1-orbit. The twistor
correspondence now says that germs of toric anti-self-dual four-manifolds taken at
a generic point are in natural one-to-one correspondence with pairs (τ, φ) modulo
the S1-action.

To make use of this classification, it is useful to be able to describe the metric
explicitly. By the twistor correspondence, this amounts to describing lines near to
the central line L. If L′ is a nearby line, it has two tangential orbits just as L does.
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These meet L in four points, a, τ(a) near 0 and b, τ(b) near ∞. Well away from 0
and ∞, the C2-action identifies L and L′; that is L′ is the graph of a C2-valued
function f defined on the middle portion of L. To make f well defined near 0 and
∞ it is necessary to cut L from a to τ(a) and from b to τ(b). Then f extends to
the cut plane and jumps

f(z) 7→ f(τ(z)) + φ(z)

over the cuts. Explicitly describing the lines in Z near L amounts to describing
such functions with prescribed jumps.

It is possible to express this problem in terms of prescribing the Čech cobound-
ary of a 0-cochain on a certain elliptic curve. This is a classical problem and can
be solved via contour integrals. In favourable cases the integrals can be computed
explicitly yielding concrete metric formulae.
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Hamiltonian quantum product in equivariant cohomology

Ignasi Mundet-i-Riera

(joint work with Gang Tian)

1. Introduction

The Gromov–Witten (GW) invariants of a symplectic manifold can be used to
define a deformation of the usual ring structure of the singular cohomology of the
manifold tensored by Novikov’s ring. This deformed ring is associative, essentially
as a consequence of a gluing property of GW invariants.

We describe an analogue of this deformed ring structure in the setting of com-
pact symplectic manifolds endowed with a Hamiltonian circle action. GW invari-
ants are replaced by the so-called Hamiltonian Gromov–Witten (HGW) invariants
and the new ring structure is defined on the equivariant cohomology of the sym-
plectic manifold.

2. GW invariants and quantum cohomology

In this section we review the main ideas in the definition of GW invariants and
quantum cohomology (see for example [3] for details). Let (X,ω) be a a compact
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symplectic manifold and pick an almost complex structure I ∈ EndTX such that
ω(·, I·) is a Riemannian metric. Define for any A ∈ H2(X ; Q)

MA = {φ : CP 1 → X | φ∗[CP 1] = A, ∂Iφ = 0},

where ∂Iφ = dφ ◦ J − I ◦ dφ and J ∈ EndTCP 1 is the standard complex struc-
ture on the projective line. Take three different points x0, x1, x2 ∈ CP 1 and
define ej : MA → X as ej(φ) = φ(xj). Consider on MA the compact-open
topology. One of the main results in GW theory is the fact that MA admits a
compactification MA which (roughly speaking) carries a canonical homology class
[MA] ∈ H2(〈c1(TX),A〉+n)(MA) and such that the maps e0, e1, e2 can be extended

to maps from MA to X .
Pick cohomology classes α, β, γ ∈ H∗(X). The GW invariant is defined as

ΦA(α, β, γ) = 〈e∗0α ∪ e∗1β ∪ e∗2γ, [MA]〉. Write the Poincaré dual of the diagonal
in X × X using Künneth as PD[∆X ] =

∑
ui ⊗ vi ∈ H∗(X) ⊗ H∗(X). The

quantum product of two cohomology classes α, β ∈ H∗(X) is defined as α ∗ β =∑
A

∑
i ΦA(α, β, ui)viq

A. This takes values in QH∗(X) := H∗(X)[{qAi}], where
A1, . . . , Ar is a basis of H2(X ; Q). Extending the product ∗ so that it is qA linear,
we get the ring structure in quantum cohomology ∗ : QH∗(X) ⊗ QH∗(X) →
QH∗(X). Associativity is equivalent to

∑

A1+A2=A

∑

i

ΦA1
(α, β, ui)ΦA2

(vi, γ, δ) =
∑

A′

1
+A′

2
=A

∑

i

ΦA′

1
(γ, β, ui)ΦA′

2
(vi, α, δ)

holding for any α, β, γ, δ ∈ H∗(X). This equality is proved using a cobordism
argument which uses crucially Gromov’s compactness theorem for holomorphic
maps. One of the important features of this theorem is the following: suppose
that {Σk}k∈(n) is a sequence of stable curves which converges as k → ∞ to a
nodal curve Σ; if for each k there is a holomorphic map φk : Σk → X representing
a homology class independent of k, then passing to a subsequence there is a limit
map φki

→ φ, where φ : Σ → X is continuous and is holomorphic when pulled
back to the normalization of Σ. Continuity of the limit map is a consequence of the
following remarkable fact: there are constants K, ǫ such that if φ : [0, N ]×S1 → X
is a holomorphic map, where N is arbitrary and the energy of φ is less than ǫ,
then the diameter of the image of φ is less than K times the energy of φ.

3. Hamiltonian Gromov Witten invariants

Suppose that X carries a Hamiltonian action of the circle with moment map
µ : X → iR, and assume that I is invariant under the action. If P → CP 1 is a circle
bundle and φ is a continuous section of P ×S1 X , then combining the classifying
map of P with φ one gets a map ρ(P, φ) from CP 1 to the Borel construction

XS1 = ES1 ×S1 X . Given an equivariant homology class B ∈ HS1

2 (X ; Q) and
c ∈ iR consider the moduli space

MB,c = {(P,A, φ) | ρ(P, φ)∗[CP
1] = B, ∂Aφ = 0, ∗FA + µ(φ) = c}/ ∼,
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where ∂Aφ = dA ◦ J − I ◦ dA, dA is the covariant derivative, ∗ is the Hodge star
on CP 1 (we assume a volume form has been chosen), FA is the curvature of A
and ∼ denotes gauge equivalence. The objects parameterized by MB,c are called
twisted holomorphic maps. If c does not belong to a certain finite critical set
C ⊂ iR, then one can define a Poincaré bundle P → MB,c ×CP 1 and a universal
section Φ of P ×S1 X . Restricting both objects to MB,c × {xj} one gets a map
ej : MB,c → XS1 . The following is proved in [7]

Theorem 1. (-,Tian) If c /∈ C then one can define a compactification MB,c of

MB,c in such a way the maps ej extend to MB,c. Furthermore, there is a canonical

homology class [MB,c] ∈ H
2(〈cS1

1
(TX),B〉+n−1)

(MB,c; Q).

Given equivariant cohomology classes α, β, γ ∈ H∗
S1(X) one defines the HGW

invariant (see [1, 2, 4]) as ΨB,c(α, β, γ) = 〈e∗0α ∪ e∗1β ∪ e∗2γ, [MB,c]〉. To encode
the HGW invariants in an associative ring structure one cannot use the diagonal
class as in GW theory. This can be motivated geometrically by the following
(see [6]): if Σk → Σ is a sequence of smooth curves converging to a nodal curve,
and (Pk, Ak, φk) is a twisted holomorphic map on Σk such that ρ(Pk, φk)∗[Σk] is
independent of k, then passing to a subsequence one obtains a limit triple (P,A, φ)
defined on Σ, which becomes a twisted holomorphic map when pullbacked to the
normalization of Σ, but in which φ is not a continuous section when defined on
Σ. Instead, the images of φ on the two preimages of any node are in general
connected by a gradient line of −iµ. This happens because the uniform bound
on the diameter of holomorphic cylinders quoted above does not hold for twisted
holomorphic maps. Here is an example. Let f : R → X be a nonconstant gradient
line of −iµ and define for any l > 0 the renormalized map fl(t) = f(lt). The energy
‖f ′
l‖L2 converges to 0 as l → 0. Now take on the trivial circle bundle over R × S1

the connection A such that dA = d − ildθ and the section φ represented by the
map φ(t, θ) = fl(t). We then have ∂Aφ = 0, the energy ‖dAφ‖2

L2 = 2‖f ′
l‖2
L2 → 0

as l → 0, but the diameter of φ is always the same nonzero number. (We ignore
here the vortex equation ∗FA + µ(φ) = c, since it never poses a problem on long
cylinders taken as conformal models for neighborhoods of vanishing cycles, because
the volume form becomes nearly zero away from the boundary of the cylinder.)

4. The thick diagonal

Let ξt : X → X denote the gradient flow at time t ∈ R of the function −iµ. Define
the set ∆∗

C = {(x, y) ∈ X × X | ∃t such that ξt(x) ∈ S1 · y}. This is an open
submanifold of X ×X , but its closure is not in general a submanifold.

Theorem 2. (-) There exists a cohomology class [∆C ] ∈ H∗
S1×S1(X ×X) “repre-

senting the Poincaré dual of the closure of ∆∗
C”.

(See [5].) Since (X ×X)S1×S1 ∼ XS1 ×XS1 , we can write [∆C ] =
∑
ri ⊗ si ∈

H∗
S1(X) ⊗ H∗

S1(X). If c is a regular value of the moment map, Xc = µ−1(c)/S1

is the symplectic quotient, and κc : H∗
S1(X) → H∗(Xc) is the Kirwan map, then∑

i κ(ri) ⊗ κ(si) represents the diagonal in Xc. This implies that the map lc :
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H∗(µ−1(c)/S1) → H∗
S1(X) defined as lc(a) =

∑
i(

∫
Xc
a ∪ ri)si is a right inverse

of the Kirwan map. Define a new product in H∗
S1(X) as follows: for any α, β ∈

H∗
S1(X), α∪c β = lc(κc(α) ∪ κc(β)). Since κc ◦ lc = id, this product is associative.

5. Hamiltonian quantum product

Given classes α, β ∈ H∗
S1(X), define

α ∗c β =
∑

B

∑

i

ΨB,c(α, β, ri)siq
B ∈ QH∗

S1(X) = H∗
S1(X)[{qBi}],

where {Bi} is a basis of HS1

2 (X), and extend the product qB-linearly to get ∗c :
QH∗

S1(X) ⊗QH∗
S1(X) → QH∗

S1(X). We have:

Theorem 3. (-,Tian) The product ∗c is associative. Restricting to qB = 0 one
recovers the product ∪c defined above.

This is proven in [7] using the same cobordism argument as in GW theory and
the compactness theorem proven in [6].
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Link homology theories from symplectic geometry

Ciprian Manolescu

Khovanov and Rozansky [3] associated to every link κ ⊂ S3 a series of bigraded

cohomology theories KRi,j(n)(κ) for n > 0 and showed that they are link invariants.

Their theories can be interpreted as categorifications of the sl(n) quantum link
polynomial P(n), in the sense that

P(n)(κ) =
∑

i,j∈Z

(−1)iqj dimQKR
i,j
(n)(κ).

When n = 2, they recover the older categorification of the Jones polynomial due
to Khovanov [2].

Khovanov-Rozansky homology is particularly interesting because it is conjec-
tured to be related to the knot Floer homology of Ozsváth-Szabó and Rasmussen
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[5], [6]. Knot Floer homology is an invariant defined used Lagrangian Floer homol-
ogy, and an important question is to find a way to compute it algorithmically. Its
graded Euler characteristic is the Alexander polynomial P(0). On the other hand,
Khovanov-Rozansky homology is algorithmically computable by definition, and
the hope is to be able to extract the case n = 0 from the n > 0 theories. A precise
conjecture in this direction was made by Dunfield, Gukov and Rasmusen in [1],
and a potentially useful triply graded categorification of the HOMFLY polynomial
was constructed by Khovanov and Rozansky in the sequel [4].

In this talk we present the construction of a sequence of link invariants
KR∗

(n) symp using Lagrangian Floer theory. This was done by Seidel and Smith in

the case n = 2 [7], and our work is a generalization of theirs. We conjecture that
our invariants are related to Khovanov-Rozansky homology of the mirror link κ!

in the following way:

KRk(n) symp(κ) ⊗ Q =
⊕

i+j=k

KRi,j(n)(κ
!).

Our construction is inspired from that of Seidel and Smith. We start by pre-
senting the link κ as the closure of an m-stranded braid β ∈ Brm. The rough
idea is to find a symplectic manifold (M,ω) with an action of the braid group
by symplectomorphisms φ : Brm → Symp(M,ω), to take a specific Lagrangian
L ⊂M and to consider the Floer cohomology of L and φ(β)L in M. Our example
of a manifold M comes from Lie theory. Consider the adjoint action of the Lie
group SL(mn) on its Lie algebra. We define the bipartite configuration space

BConfm =
{(

{λ1, . . . , λm}, {µ1, . . . , µm}
)
| λi, µj ∈ C are all distinct

}
.

The elements in each of the two sets λ = {λ1, . . . , λm} and µ = {µ1, . . . , µm}
are not ordered, but the pair τ = (λ, µ) is ordered. The fundamental group of
BConfm is the colored braid group on two colorsBrm,m. This has a (noncanonical)
subgroup isomorphic to Brm, which corresponds to keeping the µ’s fixed.

Consider the diagonal matrix Dτ with entries λ1, . . . , λm (each with multiplicity
1) and µ1, . . . , µm (each with multiplicity n − 1), chosen so that the trace of Dτ

is zero. Let Oτ be the orbit of Dτ under the adjoint action. We define M to be
the intersection of Oτ with a transverse affine slice to the nilpotent made of n
Jordan blocks of size m. As we vary λ1, . . . , λm keeping their sum constant, the
respective manifolds M form a symplectic fibration, and that induces the desired
action φ by symplectomorphisms. Using an inductive procedure in m, we construct
a Lagrangian L ⊂M diffeomorphic to the product of m copies of CPn−1.

Our main result is that the shifted Floer cohomology groups

KR∗
(n) symp(κ) = HF ∗+(n−1)(m+w)(L, φ(β)L)

are link invariants. The proof of this involves checking invariance under the Markov
moves I and II which relate braids with the same closure.
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We managed to compute the groups KR(n) symp in a few cases. For the unknot

we have KR∗
(n) symp(unknot) = H∗+n−1(CPn−1), while for the unlink of p compo-

nents we get the tensor product of p copies of the same group. The first nontrivial
computation is for the trefoil T , for which we have the following result, consistent
with the formula in [1, Proposition 6.6]:

KR∗
(n) symp(T ) = H∗−n+1(CPn−1) ⊕H∗−n−1(UTCPn−1),

where UTCPn−1 is the unit tangent bundle to CPn−1.
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Broken pencils and four-manifold invariants

Tim Perutz

In this talk I outlined the construction of an invariant, the ‘Lagrangian match-
ing invariant’, attached to a pair (X,π) comprising a smooth, closed, oriented
four-manifold X and a broken fibration π—a smooth map onto a surface with
special requirements on its critical points. For any X with b+2 > 0, the blow-up

X#nCP 2 admits broken fibrations for n≫ 0. The invariant is constructed using
standard symplectic techniques—holomorphic curves with Lagrangian boundary
conditions—-and generalises the Donaldson-Smith invariant of Lefschetz fibrations
[2]. It can be arranged as a map

Spinc(X) ⊃ S LX,π−→ Z[U ] ⊗Z Λ∗H1(X),

where S is a certain subset of the set of Spinc-structures.1 The right-hand side is
a graded ring with deg(U) = 2; with respect to this grading,

deg(LX,π(s)) =
1

4

(
c1(s)

2 − 2e(X)− 3σ(X)
)
.

1In principle it should be possible to set S = Spinc(X), but at present there are technical
obstacles to doing so.
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The Seiberg-Witten invariant of X can be formulated as a map of the same kind
(defined on the whole of Spinc(X)), and I conjecture that

LX,π(s) = ±SWX(s), s ∈ S.

This has been verified in some cases, including ones where the Seiberg-Witten
invariant is highly non-trivial. The Lagrangian matching invariant arises from a
field theory for fibrations over 1-manifolds and singular fibrations over surfaces
with boundary, and this resembles a version of Seiberg-Witten monopole Floer
homology. Details are given in the author’s Ph.D. thesis [3].

Context. One of the strands of current 4-manifold research is the attempt to
understand non-symplectic four-manifolds from a symplectic point of view. The
hope is to extend the techniques which have had such success in elucidating sym-
plectic 4-manifolds—Taubes’ interpretation of the Seiberg-Witten invariant as a
Gromov invariant counting holomorphic curves, and Donaldson’s theorem on the
existence of Lefschetz pencils—to smooth but non-symplectic manifolds. This
is sensible because any closed, oriented, smooth four-manifold X with b+ > 0
admits a near-symplectic form in the sense of [1], that is a closed two-form ω
such that at any point x ∈ X , either ω2

x > 0, or else ωx = 0, and in the latter
case satisfying a transversality condition: the image of the (intrinsic) gradient
∇xω : TxX → Λ2T ∗

xX , which is a positive-definite subspace for the wedge-square
form, should be as as large as possible, i.e. 3-dimensional. A near symplectic-form
is symplectic off its zero-set Z = ω−1(0) (a 1-submanifold).

Two major results in near-symplectic geometry motivate our constructions:
1. Theorem of Taubes [4]. Let (X,ω) be closed and near-symplectic, with

ω self-dual for a metric g, so that on X \ Z one has a compatible almost complex
structure Jg. Then any sequence (An, ψn) of solutions to the Seiberg-Witten equa-
tions on (X, g), with a perturbation term nω, has a subsequence which concentrates
along a finite-area Jg-holomorphic curve in X \Z. This carries a fundamental class
in H2(X,Z) which maps to [Z] ∈ H1(Z)—thus, in a homological sense at least,
the curve bounds Z. Taubes has a programme to recover the Seiberg-Witten in-
variant by ‘counting’ such curves using methods from symplectic field theory. The
technical difficulties involved in establishing such a count are, however, formidable.

2. Theorem of Auroux, Donaldson and Katzarkov [1]. This states that
any closed near-symplectic 4-manifold (X,ω) admits a ‘singular Lefschetz pencil’
π : X \ {b1, . . . , bn} → S2 with critical points along its zero-set Z. I call these
objects broken pencils instead. Here are the defining conditions.

Near a ‘basepoint’ bi, the map is modelled, in local complex coordinates, on
the projectivisation map C2 \ {0} → CP 1. The fibres of π have compact closures
in X . The set of critical points of π is the union of a discrete set D and the
1-manifold Z. Each point p ∈ D has a neighbourhood U such that the map
U → π(U) is smoothly equivalent to (z1, z2) 7→ z1z2. Each point p ∈ Z has
a neighbourhood U such that U → π(U) is equivalent to one of the two maps
R4 → R2, (t, x1, x2, x3) 7→ (t,±(x2

1 − x2
2 − x2

3)). Furthermore, each component of
Z is mapped diffeomorphically to its image.
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In fact, a near-symplectic manifold (X,ω) admits a broken pencil such that
π(Z) consists of just one circle in S2.

When Z = ∅, π is, by definition, a topological Lefschetz pencil. A broken
fibration is a broken pencil for which the set of basepoints bi is empty. One converts
a broken pencil over S2 into a broken fibration by blowing up the basepoints.

Three-dimensional Morse theory gives another source of broken fibrations: let
f : Y 3 → S1 be a circle-valued Morse function without extrema; then

f × idS1 : Y × S1 → S1 × S1

is a broken fibration, with one circle of critical points for each critical point of f .
There are Lagrangian matching invariants in this situation (though not at present
for all Spinc-structures) and these coincide with the Seiberg-Witten invariants,
which are Turaev torsions of Y .

Idea of the construction. Consider, for simplicity, a broken fibration over S2

with just one circle Z of critical points, mapping to an ‘equator’ π(Z) lying in an
‘equatorial’ annulus A = S1× [−1, 1]. We suppose that none of the discrete critical

values lies in A. Thus S2 \A is the union of two discs D±, and over them we have
Lefschetz fibrations X± → D±. The topology of the smooth fibres changes as
one crosses the equator—on side, over D+ say, they are connected of genus g,
while on the other side, over D−, they are either connected of genus g − 1 or else
disconnected with components of genera h and g − h.

The restriction of π to ∂X+ is a bundle over its image S1. We fix r ∈ N

and consider its relative symmetric product Symr
S1(∂X+) → S1 (the quotient of

the r-fold fibre product by the symmetric group). Similarly we have a bundle
∂X− → S1, and we consider its symmetric product Symr−1

S1 (∂X−) → S1. The
construction of LX,π hinges on the existence of a sub-fibre bundle

L ⊂ Symr
S1(∂X+) ×S1 Symr−1

S1 (∂X−),

canonical up to isotopy, and fibrewise middle-dimensional.
Now, Symr

S1(∂X+) is the boundary of Symr
D+(D+). The latter is singular (be-

cause of the nodal fibres of X+ → D+) but it has a natural resolution
HilbrD+(X+) → Symr

D+(X+) relative to D+, the relative Hilbert scheme of r
points, which does not affect the non-singular fibres. Thus Symr

S1(∂X+) is also the
boundary of HilbrD+(X+). Likewise, Symr−1

S1 (∂X−) is the boundary of

Hilbr−1
D− (X−). These Hilbert schemes admit symplectic forms, Ω±, canonical up

to deformation, such that L is isotropic with respect to −Ω+⊕Ω−. After choosing
suitable almost complex structures on the two Hilbert schemes, making the pro-
jections to D± holomorphic, one has a Fredholm moduli space of pairs (u+, u−)
of holomorphic sections of the two Hilbert schemes, taking boundary values in L.
The invariant is derived from this moduli space. It has ‘topological sectors’ which
correspond to a certain subset of Spinc(X); one cuts down positive-dimensional
sectors to zero dimensions via certain cycles in fibres, and this procedure gives rise
to the group Z[U ] ⊗ Λ∗H1(X). Compactness can be established for many values
of r, though it is problematic in certain cases (assuming π has connected fibres,
the difficulties arise when r ∈ (g/2, g − 1)).
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What is L? Each of its fibres is a ‘vanishing cycle’ for the relative Hilbert
scheme of r points of an elementary Lefschetz fibration over a disc.
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Rigidity of Asymptotically Hyperbolic Manifolds

Yuguang Shi

(joint work with Gang Tian, MIT)

During these years, conformally compact manifolds are one of favorite manifolds
in mathematic physics.

Definition 1. A complete Riemannian (M, g) is conformally compact if:

• M is diffeomorphic to the interior of a compact manifold M̄ with non
empty boundary;

• There is a smooth function f on M̄ which is positive in interior of M̄
and is zero on ∂M̄ and |df |∂M̄ 6= 0 such that ḡ = f2g can be extended
smoothly on M̄ .

Example 2. Hyperbolic space Hn+1 = (Bn+1, 4dS2

(1−‖x‖2)2 ) is conformally compact

manifold, here Bn+1 is the unit ball in Rn+1, ‖.‖ is the standard Euclidean normal,
dS2 is the standard Euclidean metric.

In the above example, M = Bn+1, M̄ = B̄n+1, g = 4dS2

(1−‖x‖2)2 and f = 1−‖x‖2

2

In a conformally compact manifold, it is interesting to see that the conformal
structure at infinity of the manifold is completely determined by the conformal
structure of the manifold itself.

Conformally compact manifolds have deep relations with a kind of manifolds
so called asymptotically hyperbolic manifolds.

Definition 3. A complete Riemannian manifold (M, g) is called asymptotically
hyperbolic if:

• M \ K is diffeomorphic to Hn+1 \ K ′, here K and K ′ are compact sets
of M and Hn+1 respectively, in particular, there are global coordinates at
the infinity of M ;

• In the coordinates at the infinity of M , the metric matrix (gij) becomes
closer and closer to that of the standard hyperbolic metric at infinity of
M in a certain sense.
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In fact, many conformally compact manifolds are asymptotically hyperbolic, for
instance, one can show that conformally compact Einstein manifolds are asymp-
totically hyperbolic.

There are many results on rigidity of asymptotically hyperbolic manifolds. For
instance,

Theorem 4. (M. Min-Oo, 1989) Suppose (Xn+1, g) is a spin manifold and it is
asymptotically hyperbolic in stronger sense. If R ≥ −n(n + 1), then (Xn+1, g) is
isometric to Hn+1.

and

Theorem 5. (Qing, 2003) Suppose (Xn+1, g) is a conformally compact Einstein
manifold and 3 ≤ n ≤ 6. If the conformal structure at infinity of the manifold is
equivalent to that of the standard sphere, then (Xn+1, g) is isometric to Hn+1.

Remark: By the assumption of the theorem, one can prove that the manifold is
actually asymptotically hyperbolic.

In all the results above, one needs to assume that there are nice coordinates
at infinity and in such coordinates, the metrics tensor behaves well. In view of
geometry, it would be natural to ask:

Problem 6. Can we define conformally compact manifolds and asymptotically
hyperbolic manifolds in an intrinsic way? Is a rigidity theorem still true in such a
category?

One years ago, Tian and I gave a partial answer to this question. In order to
state the result, we have to introduce some notation first.

Let (Xn+1, g) be a complete noncompact Riemannian manifold, we call it an
asymptotically locally hyperbolic manifold, which we abbreviate as ALH in the
following, of order α if |K(x) + 1| = O(e−αρ(x)), where K(x) is the sectional
curvature of g at the point x in any direction and ρ(x) = distg(x, o).

Recall that a Riemannian manifold X has a pole o if the exponential map
expo : ToX → X is a diffeomorphism. Without loss of generality, in our case, we
may assume that the sectional curvature is negative outside a unit ball of (X, g).
We have:

Theorem 7. Suppose that (Xn+1, g) n ≥ 2 and n 6= 3 is an ALH manifold of
order α with a pole and there is a ρ > 1 such that the geodesic sphere with radius
ρ and center at the pole is convex. If we further have α > 2 and Ric(g) ≥ −ng,
then (Xn+1, g) is isometric to Hn+1.

As a corollary, we have:

Corollary 8. Suppose that (Xn+1, g) n ≥ 2 and n 6= 3 is a simply connected
ALH manifold of order α (α > 2), K ≤ 0 and Ric(g) ≥ −ng, then (Xn+1, g) is
isometric to Hn+1.
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Let Rm0 denotes the traceless part of the curvature tensor1, ‖Rm0‖ denote the
norm of the tensor for (X, g), then for n = 3, we have:

Theorem 9. Suppose that (X4, g) is an ALH manifold of order α > 2 with a
pole and there is a ρ > 1 such that the geodesic sphere with radius ρ and center
at the pole is convex. If we further have ‖Rm0‖ ∈ L1(X) and Ric(g) ≥ −3g, then
(X4, g) is isometric to H4.

Remark: The assumption α > 2 should be optimal, since there are many asymp-
totically hyperbolic Einstein metrics on B4 with α = 2. In the case of n = 3, in
order to show locally conformal flatness of the boundary (we need this fact in the
proof), one has to check that certain linear combinations of covariant derivatives
of the Schouten tensor vanish. For the time being, we do not know how to deduce
this from the assumption α > 2; this is the reason why we need the extra assump-
tion ‖Rm0‖g ∈ L1(X), we doubt its necessity. We also think that the assumption
on existence of a pole is unnecessary.
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New York, 1982.

[4] D. Gilbarg & N. S. Trudinger, Elliptic Partial Differential Equations of Second Order.
Springer, 1998.

[5] R. E. Green, H. Wu, Lipschitz Convergence of Riemannian Manifolds, Pacific J. Math.
131:1(1988), 119–141.
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Foliations of asymptotically flat 3-manifolds by 2-surfaces prescribed

mean curvature

Jan Metzger

Surfaces with prescribed mean curvature play an important role for example in the
field of general relativity. In our paper [2], which is presented here, we consider

1The metric g is of constant sectional curvature iff Rm0 vanishes. This property determines
Rm0 uniquely.
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the subsequent slicing of a three dimensional spacelike slice by two dimensional
spheres with prescribed mean curvature in the three geometry.

To be more precise, let (M, g,K) be a set of initial data. That is, (M, g) is a
three dimensional Riemannian manifold and K is a symmetric bilinear form on
M . This can be interpreted as the extrinsic curvature of M in the surrounding
four dimensional space time. We consider 2-surfaces Σ satisfying the quasilinear
degenerate elliptic equations H + P = const where H is the mean curvature of Σ
in (M, g) and P = trΣK is the two dimensional trace of K.

In the case where K ≡ 0 this equation particularizes to H = const, which
is the Euler-Lagrange equation of the isoperimetric problem. This means that
surfaces satisfying H = const are stationary points of the area functional with
respect to volume preserving variations. Yau suggested to use such surfaces to
describe physical information in terms of geometrically defined objects. Indeed
Huisken and Yau [1] have shown that the asymptotic end of an asymptotically flat
manifold, with appropriate decay conditions on the metric, is uniquely foliated
by such surfaces which are stable with respect to the isoperimetric problem. The
Hawking mass

mH(Σ) =
|Σ|1/2

(16π)3/2

(
16π −

∫

Σ

H2dµ

)

of such a surface Σ is monotone on this foliation and converges to the ADM-
mass. This foliation can also be used to define the center of mass of an isolated
system since for growing radius, the surfaces approach Euclidean spheres with a
converging center. Therefore the static physics of an isolated system considered
as point mass is contained in the geometry of the H = const foliation. However,
these surfaces are defined independently of K, such that no dynamical physics can
be found in their geometry. A different proof of the existence of CMC surfaces is
due to Ye [4].

Our result generalizes the CMC foliations to include the dynamical information
into the definition of the foliation. The equation H + P = const was chosen
since apparent horizons satisfying H = 0 in the case K ≡ 0 generalize to surfaces
satisfying H + P = 0 when K does not necessarily vanish.

We consider asymptotically flat data describing isolated gravitating systems.
For constants m > 0, σ ≥ 0, and η ≥ 0 data (M, g,K) will be called (m,σ, η)-
asymptotically flat if there exists a compact set B ⊂ M and a diffeomorphism
x : M \ B → R3 \ Bσ(0) such that in these coordinates g is asymptotic to the
conformally flat spatial Schwarzschild metric gS representing a static black hole
of mass m. Here, gS = φ4ge, where φ = 1 + m

2r , g
e is the Euclidean metric, and r

is the Euclidean radius. The asymptotics we require for g and K are

sup
R3\Bσ(0)

(
r|g − gS | + r2|∇ −∇S | + r3|Ric − RicS |

)
< ηm ,

sup
R3\Bσ(0)

(
r2|K| + r3|∇gK|

)
< ηm .

Here ∇ and ∇S denote the Levi-Civita connections of g and gS on TM , such that
∇−∇S is a (1, 2)-tensor. Furthermore Ric and RicS denote the respective Ricci
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tensors of g and gS . That is, we consider data arising from a perturbation of the
Schwarzschild data (gS , 0).

The main theorem will be proved for small η > 0. These conditions are optimal
in the sense that we only impose conditions on geometric quantities, not on partial
derivatives. They include far more general data than similar results. Huisken
and Yau [1] for example demand that g − gS decays like r−2 with corresponding
conditions on the decay of the derivatives up to fourth order, while we only need
derivatives up to second order. In particular we allow data with nonzero ADM-
momentum. For such data we can prove the following:

Theorem 1. There exists η0 > 0, such that if the data (M, g,K) are (m,σ, η0)-
asymptotically flat for some σ > 0, there is h0 = h0(m,σ) and a differentiable
map

F : (0, h0) × S2 →M : (h, p) 7→ F (h, p)

satisfying the following statements.

(i) The map F (h, ·) : S2 → M is an embedding. The surface Σh = F (h, S2)
satisfies H + P = h with respect to (g,K). Each Σh is convex, that is it
satisfies |A|2 ≤ C(m,σ) detA. Here A denotes the second fundamental
form of Σh.

(ii) There is a compact set B̄ ⊂M , such that F
(
(0, h0), S

2
)

= M \ B̄.

(iii) The surfaces F (h, S2) form a regular foliation.
(iv) Every convex surface Σ with H + P = h and |A|2 ≤ C′ detA, contained

in R3 \ B(ch)−1(0) equals Σh, provided 0 < h < h1 = h1(σ,C
′) . Hence

the foliation is unique in the class of convex foliations.

Remarks. (i) This theorem does not need that (M, g,K) satisfy the constraint
equations. It can be generalized to give the existence of a foliation satisfying
H +P0(ν) = const, where P0 : SM → R3 is a function on the sphere bundle of M
with the same decay as K.
(ii) By methods of Quing and Tian [3], the uniqueness part can be improved to
hold for Σh ⊂ R3 \ Bh−γ (0), for any γ > 0, provided the fall-off of g and K are
better by a factor r−δ. Then the h1 in the statement also depends on γ.
(iii) Our result includes the existence results from Huisken and Yau [1] for CMC
foliations. In this setting convexity can be replaced by stability.

The relation to linear momentum in general relativity is given by the next theorem.
To state it we introduce the tensor

KY
ij = 3

2r2

(
Piρj + ρiPj + Pkρ

k(δij − ρiρj)
)
,

where ρi = xi/r is the radial direction and Pi ∈ R3 is a fixed vector representing
the ADM-momentum of Kij . This tensor was proposed by York [5] as a model
for the highest order term in K, representing linear momentum. We then consider



Differentialgeometrie im Großen 2025

data (g,K) with the asymptotics

sup
R3\B̄σ(0)

{
r1+δ|g − gS | + r2+δ|∇ −∇S | + r3+δ |Ric − RicS |

}
<∞ ,

sup
R3\B̄σ(0)

{
r2+δ|K −KY | + r3+δ|∇(K −KY )|

}
<∞ ,

for some δ > 0. Then we can prove the following position estimate. We denote by
dµe the volume form of the Euclidean background and by |Σ|e the area of Σ with
respect to the Euclidean metric.

Theorem 2. Let Σh be the surface with H + P = h from the existence theorem.
Let

R(h) =

√
|Σh|e
4π

and a(h) =
1

4πR2

∫

Σh

idΣh
dµe .

Then the center a(h) satisfies the estimate
∣∣∣∣
a(h)

R(h)
− τ

( |P |
m

)
P̄

∣∣∣∣ ≤
C

R(h)δ
with τ(s) =

1 −
√

1 − s2

s
and P̄ =

P

|P | .

The momentum therefore governs the translation of a(h) as R(h) → ∞.
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Singular semi-flat Calabi-Yau metrics on Sn

John Loftin

(joint work with S.T. Yau, Eric Zaslow)

The famous conjecture of Strominger-Yau-Zaslow [7] predicts the geometry of
Calabi-Yau manifolds near or at a large complex structure limit point at the bound-
ary of the moduli space. In particular, such a Calabi-Yau space M should be the
total space of a fibration over a base B̄ of real half-dimension, and the generic fiber
should be a special Lagrangian torus. Over a singular locus S ⊂ B̄ of codimension
two, the fibers degenerate. B̄ is expected to be a topological sphere.

The Calabi-Yau structure on M (at least over the nonsingular locus B =
B̄ \ S) is determined by the data of an integral affine structure and a semi-flat
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Calabi-Yau metric on B. An affine structure on a manifold is a maximal atlas of
affine coordinate charts with gluing maps consisting of locally constant maps in
GL(n,R) ⋉ Rn. An affine structure is integral if the maps are further restricted
to lie in SL(n,Z) ⋉ Rn. An affine Kähler structure is a Riemannian metric locally
given by the real Hessian of a potential function φ with respect to local affine
coordinates. Note that the restricted gluing maps ensure that the affine Kähler
metric φijdx

idxj is a tensor. As first discussed by Cheng-Yau [2], the structure of
an affine Kähler manifold is the natural notion of a real slice of a Kähler metric. In
particular, the tangent bundle TB of an affine Kähler manifold B naturally carries
a Kähler metric φīdz

idzj for zi = xi +
√
−1yi, the y variables represent the fiber

tangent spaces, and φ is locally extended to the tangent bundle by making it con-
stant in y. The metric on TB is Calabi-Yau if φ satisfies the real Monge-Ampère
equation

det
∂2φ

∂xi∂xj
= 1.

In this case, the affine Kähler metric on B is called semi-flat Calabi-Yau (since
the Kähler metric on TB is flat along the fibers). Moreover, if the affine structure
is integral, then it is possible to define a lattice bundle Λ ⊂ TB which is locally
constant. The fiberwise quotient TB/Λ is then a Calabi-Yau manifold which is
the total space of a fibration by special Lagrangian tori.

We are concerned with constructing semi-flat Calabi-Yau metrics on appro-
priate base spaces B. In dimension n = 2, the degeneration question has been
satisfactorially answered by Gross-Wilson [3], who study limits of elliptic K3 sur-
faces. The smooth bases of the limits constructed are S2 minus 24 points. In [4],
we produce many more singular semi-flat Calabi-Yau metrics on S2, though the
vast majority of these will not come from limits of K3 surfaces.

Much less in known in dimension 3. The singular set should be a graph in S3,
which generically should have only vertices of valence 3. One of the main sticking
points has been the lack of a good model for the semi-flat Calabi-Yau structure on
a 3-ball minus such a “Y” vertex of a graph. In [5], we construct such an example
by indirect means.

The techniques we use come from affine differential geometry. The graph of a
solution φ to the real Monge-Ampère equation is a parabolic affine sphere in Rn+1.
Such hypersurfaces have been well studied, going back to the work of Blaschke in
the 1920s. In particular, there are structure equations for such hypersurfaces.
When n = 2, Simon-Wang can integrate these equations by using the affine metric
to find a complex structure on the surface [6] as long as a certain integrability
condition is satisfied. The integrability condition is a semilinear elliptic PDE in
the conformal factor eψ of the metric:

ψzz̄ + |U |2e−2ψ = 0,

where U is a holomorphic cubic differential. We solve this equation for any U
on CP1 with poles of order 1 allowed [4]. This provides a semi-flat Calabi-Yau

structure on CP
1 minus the pole set.
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The case n = 3 proceeds in much the same way [5]. By a result of Baues-Cortés
[1], a convex solution of the real Monge-Ampère equation φ which is homogeneous
of order 2 has level sets which are elliptic affine spheres of dimension 2. In par-
ticular, we use Simon-Wang’s developing map and a similar semilinear PDE to
construct an elliptic affine sphere structure on CP

1 minus 3 points. A homothetic
expansion then gives a solution on R3 minus the “Y” vertex of a graph.

Many questions remain about the examples constructed. In both cases, we
construct an affine structure, but whether these structures are integral is hard
to determine. This problem is an artifact of our method of proof: In passing
from affine coordinates to the conformal coordinates determined by the metric, we
forget the affine structure. The good thing about this approach is that we produce
an affine structure along with the metric from purely holomorphic data. On the
other hand, at least away from the singular points, we lose control of the affine
holonomy. Not all information is lost, as the affine structure is determined by
integrating the structure equations. To do this, however, depends on the solution
to the semilinear PDE, which we only hope to control near the singular set. A
possible way around this problem is to show that for all affine structures in a given
large class which include the integral ones, that we may find a cubic differential U
whose semi-flat Calabi-Yau structure has any given structure. (We may be able
to say much more in the n = 2 case, as the equations involved are completely
integrable.)

In n = 3, the Baues-Cortés elliptic affine sphere model may be too restrictive.
In particular, the use of homogeneous solutions to the Monge-Ampère equation
implies that the singular local at the “Y” vertex consists of straight lines with
respect to the affine flat coordinates. The singular locus may consist of curved
lines, as suggested in Zharkov [8]. New models should be found to address this
case. Then solutions near the “Y” vertex must be patched together on all of the
base B = S3 minus a graph, and the metric should be “fattened” to one on a
nearby Calabi-Yau manifold.
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A fully nonlinear scalar curvature

Guofang Wang

In this talk, we address some geometric and analytic aspects of k-scalar curvature,
which was recently introduced by Viaclovsky in [18]. Since then there have been
a lot of work related to this k-scalar curvature. See for instance [2, 3, 5, 6, 7, 9,
10, 11, 12, 13, 14, 15, 17, 19, 20]. In this detailed abstract, I will only mention my
work (joint with, Pengfei Guan, J. Viaclovsky, C. -S. Lin and Yuxin Ge).

Let (M, g0) be a compact, oriented Riemannian manifold with metric g0 and
[g0] the conformal class of g0. Let Ricg and Rg be the Ricci tensor and scalar
curvature of a metric g respectively. And let Sg be the Schouten tensor of the
metric g defined by

Sg =
1

n− 2

(
Ricg −

Rg
2(n− 1)

· g
)
.

Define σk(g) be the σk-scalar curvatures or k-scalar curvature by

σk(g) := σk(g
−1 · Sg),

where g−1 · Sg is locally defined by (g−1 · Sg)ij =
∑

k g
ik(Sg)kj and σk is the kth

elementary symmetric function. Here for an n× n symmetric matrix A we define
σk(A) = σk(Λ), where Λ = (λ1, · · · , λn) is the set of eigenvalues of A. It is clear
that σ1(g) is a constant multiple of the scalar curvature Rg. The k-scalar curvature
is a quite natural generalization of the scalar curvature.

Let

Γ+
k = {Λ = (λ1, λ2, · · · , λn) ∈ Rn |σj(Λ) > 0, ∀j ≤ k}

be Garding’s cone. A metric g is said to be k-positive or simply g ∈ Γ+
k if g−1 ·Sg ∈

Γ+
k for every point x ∈ M . We call u is k-admissible if e−2ug0 ∈ Γ+

k . A metric is
1-positive is equivalent to that the metric has positive scalar curvature.

To this new scalar curvature function, one may ask the following questions:

1. Which manifolds admit a metric of k-positive?
2. Are there topological obstructions for the existence of such a metric?
3. Is there a metric in a given conformal class with constant σk-scalar cur-

vature?
4. Any interesting applications?

We try to answer such questions.

Theorem 1 ([9]). Let 2 ≤ k < n/2, and let Mn
1 and Mn

2 be two compact ma-
nifolds (not necessary locally conformally flat) of positive Γk-curvature. Then the
connected sum M1#M2 also admits a metric of positive Γk-curvature. If in ad-
dition, M1 and M2 are locally conformally flat, then M1#M2 admits a locally
conformally flat structure with positive Γk-curvature.
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This implies that on

(Sn−1 × S)#Sn−1 × S)# · · ·#(Sn−1 × S)

admits a metric of k-positive for k < n/2. Hence, any free product of finitely
many copies of Z with finite many copies of the fundamental group of spherical
space forms is the fundamental group of a manifold of positive Γk-curvature, for
k < n/2. When k = 1, this is a result of Gromov-Lawson [8] and Schoen-Yau [16].

Theorem 2 ([9]). Let (Mn, g) be a compact, locally conformally flat manifold with
σ1(g) > 0.

(i). If g ∈ Γ
+

k for some 2 ≤ k < n/2, then the q-th Betti number bq = 0 for
[
n+ 1

2

]
+ 1 − k ≤ q ≤ n−

([
n+ 1

2

]
+ 1 − k

)
.

(ii). Suppose g ∈ Γ+
2 , then bq = 0 for

[
n−√

n
2

]
≤ q ≤

[
n+

√
n

2

]
. If g ∈ Γ

+

2 ,

p = n−√
n

2 and bp 6= 0, then (M, g) is a quotient of Sn−p ×Hp.

(iii). If k ≥ n−√
n

2 and g ∈ Γ+
k , then bq = 0 for any 2 ≤ q ≤ n−2. If k = n−√

n
2 ,

g ∈ Γ
+

k , and b2 6= 0, then (M, g) is a quotient of Sn−2 ×H2.

Here Sn−p is the standard sphere of sectional curvature 1 and Hp is a hyperbolic
plane of sectional curvature −1.

When k = 1, it was obtained by Bourguignon in [1].

Question 3 is the so-called the σk Yamabe problem. The corresponding equation
is

(1) σ
1/k
k

(
∇2u+ du ⊗ du− |∇u|2

2
g0 + Sg0

)
= e−2u.

When g0 ∈ Γ+
k , equation (1) is elliptic. For this equation, we first have a local

estimate for solutions.

Theorem 3 ([10]). Let u ∈ C4 be an admissible solution of (1) in Br, the geodesic
ball of radius r in a Riemannian manifold (M, g0). Then, there exists a constant
c > 0 depending only on r, ‖g0‖C4(Br) and ‖f‖C2(Br) (independent of inf f), such
that

|∇u|2 + |∇2| ≤ c(1 + e−2 infBr u).

This gives a first example of a fully nonlinear equation, which has local estimates
and becomes an analytic foundation for the σk-Yamabe problem. Now we mention
all existence results for the σk-Yamabe problem.

Theorem 4. Let g0 ∈ Γ+
k . The σk-Yamabe is solvable in the following cases:

(i) k = n, there is a sufficient condition given in [20].
(ii) n = 4 = 2k ([3])
(iii) (M, g) is locally conformally flat ([11], [15])
(iv) k > n/2 ([12], [14])
(v) k = 2 ([6] for n > 8 and [17] for n > 4)
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The problem remains open for 2 < k ≤ n/2 and M is not locally conformally
flat.

The analysis developed for equation (1) has a nice application in [4]. Very
recently, I have an application in estimating eigenvalue of the Dirac operator ([21]).
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Fundamental groups of manifolds with Ricci curvature bounded below

Burkhard Wilking

(joint work with Vitali Kapovitch)

In general the class of compact manifolds with given lower sectional bound is much
more rigid than the class of compact manifolds with a lower Ricci curvature bound.
However there is a general belief that the same structure theorems for fundamental
groups should hold. We present several results which confirm this philosophy.

First we give an analogue of Gromov’s bound on the number of generators of
the fundamental group. Recall that Gromov showed that for a compact manifold
(M, g) with sectional curvature K ≥ −1 and diameter diam(M) ≤ D there is a
constant such that the fundamental group is generated by at most C elements,
where C only depends on D and dim(M). Gromov actually was able to give
effective estimates for C.

Our first result asserts that the same conclusions holds if one replaces K ≥ −1
by the corresponding Ricci curvature condition Ric ≥ −(n − 1). However our
estimate for C is highly ineffective. There is another difference: Gromov was able
to bound the length of a short generator system at every point in M . We can only
show that for same points in M there is an an a-priori bound on the number of
short generators. As a corollary we mention.

Corollary 1. For each n there is a constant C such that the following holds. Let
(M, g) be a n-dimensional complete manifold with nonnegative Ricci curvature. If
π1(M) is finitely generated, then it is generated by at most C elements.

However, the Milnor conjecture whether the fundamental group of an open
Riemannian manifold of nonnegative Ricci curvature is finitely generated remains
open. We also show the following

Theorem 2. In each dimension n there are positive constants C(n) and ε(n) such
that each compact n-manifold (M, g) with diam(M, g)2 · Ric ≥ −ε(n) satisfies the
following. There is a nilpotent normal subgroup N ⊂ π1(M) of index at most C
Furthermore there is a chain of subgroups 1 = N1 ⊂ · · · ⊂ Nh = N with cyclic
factor groups and with h ≤ n.

We should mention that in the case of sectional curvature the same result was
only established recently by Kapovitch, Petrunin and Tuschmann improving the
fundamental work of Fukaya and Yamaguchi. The prove of the main theorem relies
on the foundational work of Cheeger and Colding on limit spaces of manifolds with
Ricci curvature bounded below.
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Rozansky–Witten Invariants for Quaternionic Kähler Manifolds

Gregor Weingart

In a sense the theory of characteristic classes culminating in the construction of
the Chern–Weil homomorphism tells us that a rather small subring of the ring
of invariant polynomials in the curvature tensor of Riemannian manifolds is pre-
ferred by topology. The preferred polynomials lead to characteristic numbers, all
other polynomials only lead to topologically uninteresting numerical invariants.
This monopoly was broken a couple of years ago for compact hyperkähler mani-
folds, when Rozansky–Witten showed that the Chern–Weil homomorphism can
be extended to an apparently larger ring of polynomials, which still enjoy many
properties of the polynomials resulting in characteristic numbers.

In his thesis J. Sawon studied the Rozansky–Witten invariants of hyperkähler
manifolds in more detail and calculated many of them for the known low-dimen-
sional, compact examples. In particular he noticed a numerical relation in these
examples between the value of a specific Rozansky–Witten invariant given by a
suitable power of the L2-norm of the curvature tensor Rhyper and a well-known
characteristic number:

Theorem (Hitchin–Sawon [1]). On an irreducible, compact hyperkähler manifold
M of quaternionic dimension n the L2-norm of the curvature tensor Rhyper raised
to the power 2n is proportional to the characteristic number

〈 Â(EhyperM ), [M ] 〉 =
1

vol(M)n−1

( ||Rhyper||2L2

192 π2n

)n

where EhyperM ∼= T 1,0M is by definition the holomorphic tangent bundle of M .

The proof given by Hitchin–Sawon involves three key ingredients:

• A graphical calculus for invariant polynomials on representations of the
symplectic group specifically on Sym3E. In the original work of Rozansky–
Witten [2] this graphical calculus was interpreted as the set of Feynman
rules associated to a suitable quantum field theory.

• A powerful relation in this graphical calculus called the IHX-relation al-
lowing us to modify graphs without changing the resulting invariant of
compact hyperkähler manifolds. The IHX-relation links the Rozansky–
Witten invariants to the theory of Vasiliev invariants of knots.



Differentialgeometrie im Großen 2033

• A particular instance of the IHX-relation, which relates the sequence of

graphs with associated Rozansky–Witten invariant 〈Â(EhyperM), [M ]〉 to
the powers of the graph describing ||Rhyper||2L2 . Hitchin–Sawon show that
this IHX-relation is a special case of the so-called wheeling theorem.

Two of these three ingredients are more or less combinatorial in nature independent
of the specific hyperkähler geometry. Hence ever since I first heard about this
result I had been asking myself, whether it is possible to fix the crucial IHX-
relation, which is no longer valid for quaternionic Kähler manifolds, in order to
prove similar relations between characteristic numbers and the hyperkähler part
Rhyper of the curvature tensor.

It is definitely tempting to pursue this idea, because quaternionic Kähler ma-
nifolds of scalar curvature κ 6= 0 are always irreducible and moreover possess a
specific characteristic class u, the first Pontrjagin class of HM , which allows us
to use graphs of arbitrary even degree in the definition of Rozansky–Witten type
numerical invariants instead of graphs of degree 2n only. On the other hand it is
easily seen that the IHX-relation is broken on quaternionic Kähler manifolds by
error terms proportional to the scalar curvature κ and associated to graphs with
an odd number of vertices, which can impossibly result in characteristic numbers
as associated Rozansky–Witten invariants.

There is at least one interesting graph with three vertices however, which gov-
erns the L2-norm of the covariant derivative ∇Rhyper (sic!) of the hyperkähler part
of the curvature tensor in the sense that its associated Rozansky–Witten invariant
reads (Rhyper ⋆ Rhyper, Rhyper )L2 with some bilinear multiplication ⋆ appearing
prominently in the Weitzenböck formula:

− ∇∗∇Rhyper = Rhyper ⋆ Rhyper +
κ

2n
Rhyper

It turns out that this specific graph with three vertices is exactly the lowest order
summand of the error term breaking the IHX-relation responsible for the Hitchin–
Sawon identity on hyperkähler manifolds. Working out the combinatorial details
of this interesting twist of nature proves the following theorem:

Theorem. The L2-Norm of the covariant derivative ∇Rhyper of the hyperkähler
part of the curvature tensor R of a quaternionic Kähler manifold M of quaternionic
dimension n and positive scalar curvature κ > 0 is given by

1

4π3

(
κ

16πn(n+ 2)

)2n−3

||∇Rhyper||2L2 − 2

3

n+ 2

(2n− 1)!
〈u1u

n−1, [M ] 〉

=
1

(2n− 2)!
〈 (7u2

1 − 4u2)u
n−2, [M ] 〉 − 5

2n+ 1

(2n− 1)!

〈u1u
n−1, [M ] 〉2

〈un, [M ] 〉
where u is the first Pontrjagin class of HM and u1 and u2 are the first and second
Pontrjagin class of EhyperM := HM ⊕ EM − C2n+2M respectively.

The left hand side of this formula is proportional to (Rhyper ⋆ Rhyper, Rhyper )L2

and thus to the error term breaking the IHX-relation leading to the Hitchin–Sawon
identity. Answering a question of I. Smith from the talk I can add that the right
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hand side vanishes on compact hyperkähler manifolds, because the IHX-relation
is strictly valid in this case, provided u is interpreted as an arbitrary non-zero
multiple of the Kraines form.

Actually I have to admit that the formula I wrote down in the talk in Oberwol-
fach differed somewhat in the numerical constants, evidently I had some trouble
fixing the combinatorial problems. In the meantime however I have checked the
corrected version of this formula for a couple of cases, say the values of the relevant
characteristic numbers on the exceptional Wolf spaces are

n 〈un, [M ] 〉 〈un−1u1, [M ] 〉 〈un−2u2, [M ] 〉 〈un−2u2
1, [M ]〉

G2 2 9
16 − 21

16 − 21
16

49
16

F4 7 39
256 − 156

256
174
256

624
256

E6 10 37791
524288 − 188955

524288
328185
524288

944775
524288

E7 16 17678835
1073741824 − 123751845

1073741824
351295560
1073741824

866262915
1073741824

E8 28 7933594805325
9007199254740992 − 87269542858575

9007199254740992
428414119487550
9007199254740992

959964971444325
9007199254740992

and all lead to ||∇Rhyper||2L2 = 0, after all the Wolf spaces are symmetric spaces.
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Existence of Engel structures

Thomas Vogel

Engel structures form a class of non-integrable distributions on manifolds which
is closely related to contact structures. By definition, an Engel structure is a
smooth distribution D of rank 2 on a manifold M of dimension 4 which satisfies
the non-integrability conditions

rank[D,D] = 3 rank[D, [D,D]] = 4 .

Similarly to contact structures and symplectic structures, all Engel structures
are locally isomorphic: Every point of an Engel manifold has a neighborhood with
local coordinates x, y, z, w such that the Engel structure is the intersection of the
kernels of the 1-forms

α = dz − xdy β = dx− w dy .

This normal form was obtained first by F. Engel in [2]. Together with the fact
that a C2-small perturbation of an Engel structure is again an Engel structure,
this implies that Engel structures are stable in the sense of singularity theory. In
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[5] R. Montgomery classified all distribution types with this stability property as
follows

• foliations of rank one on manifolds of arbitrary dimension
• contact structures on manifolds of odd dimension
• even contact structures on manifolds of even dimension
• Engel structures on manifolds of dimension 4.

Thus Engel structures are special among general distributions and even among the
stable distribution types they seem to be exceptional since they are a peculiarity
of dimension 4.

Important examples can be obtained from contact structures on 3-manifolds.

Example 1. Let C be a contact structure on the 3-manifold N . On the total space
of the fibration π : PC −→ N (where PC is the space of Legendrian lines in C) the
distribution

DC = {v ∈ TλPC | π∗v ∈ λ}
is an Engel structure.

The existence of an Engel structure leads to restrictions on the topology of the
underlying manifold: The existence of a non-singular plane field on a 4-manifold
already imposes topological conditions, cf. [3].

By its definition, an Engel structure D induces a distribution of hyperplanes
E = [D,D] which is an even contact structure, i.e. [E , E ] = TM . An even contact
structure E contains a distinguished line field W characterized by the property
[W , E ] ⊂ E . It is easy to show that if E = [D,D] is associated to an Engel structure,
then W ⊂ D. Thus an Engel structure D on M induces a flag of distributions

(1) W ⊂ D ⊂ E = [D,D] ⊂ TM

such that each distribution has corank one in the next one. From the properties
of W and E it follows that hypersurfaces transverse to W carry a contact struc-
ture together with a Legendrian line field. We will refer to this line field as the
intersection line field.

Using relations between orientations of the distributions appearing in (1) one
obtains the following result.

Proposition 2. If an orientable 4-manifold admits an orientable Engel structure,
then it has trivial tangent bundle.

A proof can be found in [4] where it is attributed to V. Gershkovich. We
develop a construction of Engel manifolds allowing us to prove the converse of
Proposition 2.

Theorem 3. Every parallelizable 4-manifold admits an orientable Engel structure.

Proof. We give only a brief outline. A detailed exposition can be found in [6],
see also [7]. The construction is based on decompositions of manifolds into round
handles and we first recall the relevant definitions and theorems.

A round handle of dimension n and index k ∈ {0, . . . , n − 1} is defined to be
Rk = Dk×Dn−k−1×S1. Round handles are attached to manifolds with boundary
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using embeddings of ∂−Rk = ∂Dk×Dn−k−1 ×S1 into the boundary. We say that
M admits a round handle decomposition if M can be obtained from the disjoint
union of several round handles of index 0 by successively attaching round handles.

Theorem 4 (Asimov [1]). A closed connected manifold of dimension n 6= 3 admits
a decomposition into round handles if and only if its Euler characteristic vanishes.

One can assume that the round handles are ordered according to their index.
We fix a set of model Engel structures on round handles such that the charac-

teristic foliation is transverse to ∂−Rl and ∂+Rl = ∂Rl \∂−Rl. These model Engel
structures are constructed using a perturbation of the Engel structures from Ex-
ample 1. The contact structure on each ∂−Rl depends essentially only on l while
the intersection line field and the orientation of the contact structure are different
for different model Engel structures on Rl.

When we attach a round handle Rl with a model Engel structure to an Engel
manifold M ′ with transverse boundary we have to ensure that the attaching map
preserves the oriented contact structures and the intersection line field if we want
to extend the Engel structure from M ′ to M ′ ∪Rl by the model Engel structure.
In order to satisfy these conditions we isotope the attaching map and we choose
a model Engel structure suitably. For this we use several constructions of contact
topology. It turns out that it is convenient to ensure that the contact structures
on boundaries transverse to the characteristic foliation are overtwisted throughout
the construction.

Since M ′ ∪ Rl is again an Engel manifold with transverse boundary we can
iterate this construction. For the construction of an Engel structure on a manifold
M with trivial tangent bundle we fix a round handle decomposition of M and
we use the model Engel structures to extend the Engel structure when the round
handles are attached successively. The condition that M has trivial tangent bundle
is be used to show that there is a model Engel structure with the desired properties
in our collection of model Engel structures on Rl for l = 1, 2, 3. �
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