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Introduction by the Organisers

There are many active areas in the theory of topological, smooth, and symplectic
4-manifolds, and the flurry of recent activity has led to many spectacular ad-
vances. Each flavor of 4-manifold topology has its own distinctive features, as first
evidenced in the early 1980s by Freedman and Donaldson’s results which exposed
a huge gap between the classification of topological 4-manifolds (up to homeo-
morphism) and that of smooth 4-manifolds (up to diffeomorphism). However, the
various strands of 4-manifold topology are in constant interaction with each other,
and they draw on each other for inspiration and methods, as evidenced by many
of the talks that were given in the workshop.

The workshop aimed to provide an overview of recent developments in the
field, and to bring together experts in various flavors of 4-manifolds. In order
to stimulate communication between the different groups of researchers, the talks
were held in an informal atmosphere, conducive to questions and discussions, and
their number was limited to four per day.

The following list attempts to capture the main themes developed in the talks
of the workshop, arranging them into a somewhat arbitrary classification.
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Topological 4-manifolds, surgery, and concordance invariants. The main
reason why the topology of manifolds is intrinsically more complicated in dimen-
sion 4 than in higher dimensions is the failure of the Whitney trick. However,
Freedman’s spectacular results from the early 1980s have shown that, in the cat-
egory of topological 4-manifolds, subtle considerations allow one to overcome this
obstacle and obtain classification results (e.g., in the simply connected case). The
applicability of Freedman’s program for more general fundamental groups is an
ongoing theme of investigation; see the talk by Slava Krushkal. In a somewhat
related direction, Rob Schneiderman’s talk describes new concordance invariants
for links, defined by considering the Whitney towers that they bound. Shelly
Harvey’s talk also focuses on concordance invariants and on new techniques for
showing that certain classes of knots are not topologically slice (i.e., they do not
bound a topological disk in the 4-ball).

Knot homologies and smooth concordance invariants. A lot of activity has
recently been devoted to the construction and study of knot invariants that “cate-
gorify” classical invariants, such as Khovanov and Khovanov-Rozansky homologies
on one hand, and the knot Floer homology of Ozsváth-Szabó and Rasmussen on
the other hand. Among other remarkable properties (e.g., recent results show that
knot Floer homology detects the genus of a knot and whether it is fibered), these
homology theories provide new concordance invariants and can be used to estimate
the smooth slice genus of a knot by purely combinatorial means. These invariants
and the comparison between them are the focus of the talks given by Jake Ras-
mussen and Matt Hedden. In related directions, Kevin Walker’s talk explores
the possibility of defining a 4+1-dimensional TQFT out of Khovanov homology,
while the talk by Tom Mark and Slaven Jabuka discusses torsion phenomena in
Heegaard-Floer homology.

Exotic smooth 4-manifolds and rational blowdowns. Another area of re-
search that is currently very active deals with the construction of new examples of
exotic smooth 4-manifolds. One approach, pioneered by Fintushel and Stern, relies
on Seiberg-Witten theory to distinguish manifolds obtained by surgery along tori;
see Ron Fintushel’s talk. Another approach is the rational blowdown construc-
tion, in which the tubular neighborhoods of certain configurations of spheres are
replaced by rational homology 4-balls. This can be used to construct interesting
examples of exotic smooth structures on blowups of CP

2, as discussed in the talks
of András Stipsicz and Jongil Park. A closely related question, discussed in Paolo
Lisca’s talk, is to determine which lens spaces bound rational homology balls. Fi-
nally, Dieter Kotschick’s talk deals with exotic smooth structures on parallelizable
4-manifolds.

Symplectic 4-manifolds. Symplectic topology has undergone a rapid develop-
ment in the past few years. For example, one important question is to determine
which smooth 4-manifolds carry a symplectic structure. Stefan Friedl and Stefano
Vidussi’s talk explores the question of which 4-manifolds of the form S1 ×N3 are
symplectic. In a different direction, Michael Usher’s talk discusses the minimality
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of symplectic sums of two symplectic 4-manifolds. However, the most important
aspect of modern symplectic topology is probably the theory of pseudoholomorphic
curves, which is at the heart of e.g. enumerative geometry problems and Gromov-
Witten invariants. In the presence of an antiholomorphic involution, one can also
try to enumerate real curves by defining suitable invariants; this is the topic of
Jean-Yves Welschinger’s talk. Another important direction in modern symplectic
topology is to understand the topology of contact 3-manifolds and their fillability;
in her talk, Gordana Matić explores the relation between the monodromy of an
open book decomposition and the fillability of the contact structure.

Near-symplectic structures and Lefschetz fibrations. Recently, a lot of at-
tention has been devoted to “near-symplectic” structures on 4-manifolds, i.e. sym-
plectic forms that degenerate on a union of circles. Such forms exist on every
oriented 4-manifold with b+ 6= 0, and suggest a method for extending symplec-
tic methods to more general smooth 4-manifolds, as evidenced by Taubes’ work
that aims to extend to the near-symplectic setting his celebrated results relat-
ing Seiberg-Witten invariants to enumerative geometry. Two of the talks in this
workshop focus on analogues of Lefschetz fibrations in the near-symplectic setting:
David Gay’s talk looks into a purely topological construction of such “broken fi-
brations”, while Tim Perutz discusses an invariant (conjecturally equivalent to
Seiberg-Witten) that counts pseudoholomorphic curves in such a setting.
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Abstracts

Exotic structures on rational surfaces and the rational blow–down

process

András I. Stipsicz

ABSTRACT: After reviewing the current state of art of existence of exotic smooth

structures on rational surfaces, we give a necessary combinatorial condition for a negative

definite plumbing tree suitable for rational blow–down and show new examples for which

the geometric construction works.

Let X,Y denote two closed, simply connected smooth 4–manifolds. We say that
Y is an exotic structure on X if X and Y are homeomorphic but not diffeomor-
phic. Many 4–manifolds are known to admit infinitely many distinct (i.e., pairwise
nondiffeomorphic) exotic smooth structures; in fact there is no known example of
a smooth 4–manifold for which we could prove that it admits at most finitely
many exotic structures. One of the most interesting questions in 4–dimensional
topology is to determine whether the 4–sphere S4 admits exotic smooth structures
(’the smooth 4–dimensional Poincaré conjecture’) and the same question for the

complex projective plane CP
2. By defining Xk as CP

2#kCP2 we have

Theorem 1. The rational surface Xk admits infinitely many exotic smooth struc-
tures for all k ≥ 5. �

This result is the combination of results of Donaldson, Friedman and Morgan,
Okonek and Van de Ven, Kotschick, Fintushel and Stern, and more recently Park,
Szabó and Stipsicz [2, P, 6, 7]. Recall that by celebrated results of Freedman
and Donaldson it is known that the simply connected, closed 4–manifold Y is
homeomorphic to Xk (for some k) if and only if χ(Y ) = χ(Xk) and σ(Y ) = σ(Xk),
and the (small perturbation) Seiberg–Witten invariant SWY : H2(Y ; Z) → Z is a
diffeomorphism invariant for smooth 4–manifolds homeomorhic to Xk with k ≤ 9,
moreover SWXk

≡ 0.
In the recent proofs of Theorem 1 for low values of k these facts were exploited

for 4–manifolds constructed by the application of the rational blow–down process,
which was first introduced by Fintushel and Stern in [1] and extended by J. Park
in [4].

In a joint project with Z. Szabó and J. Wahl [8] we initiated a systematic study
of plumbing trees which give rise to smooth 4–manifolds which can be blown down
in a similar fashion. We have showed the following

Theorem 2. The graphs given by Figures 1 – 3 can be rationally blown down.
In addition, if the minimal plumbing tree Γ gives rise to a 4–manifold which can
be rationally blown down in such a way that the canonical spinc structure from Γ
extends to the rational disk and gives a Seiberg–Witten moduli space with equal
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dimension, then Γ is either one of the graphs of Figures 1 – 3 (or certain degener-
ations of them for p = 0 and/or r = 0) or is constructed from one of the graphs of
Figure 4 by blowing up either (−1)–vertices or edges emanating from (−1)–vertices
and finally replacing the (−1) framing with (−4) in Case (a), (−3) in Case (b)
and (−2) in Case (c).

Examples of rational blow–downs of graphs from the family given by Figure 1
is given in [3].
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Figure 2. The graph ∆p,q,r for p ≥ 1 and q, r ≥ 0
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Figure 3. The graph Λp,q,r for p, r ≥ 1 and q ≥ 0
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Lagrangian matching invariants and isotropic blow-up

Tim Perutz

Lagrangian matching invariants [3]

LX,f : Spinc(X)admiss → Z[U ] ⊗ Λ∗H1(X)

are invariants of a smooth, closed, oriented 4–manifold X together with a ‘bro-
ken fibration’ f : X → S2. Here Spinc(X)admiss denotes the ‘admissible’ Spinc-
structures; admissibility is a techical condition depending on f which one could
hope to make redundant. The ring Z[U ]⊗ZΛ∗H1(X) becomes graded upon declar-
ing U to have degree 2 (and H1(X) degree 1), wherepon LX,f (s) becomes homo-
geneous of degree [c1(s)

2 − 2χ(X) − 3σ(X)]/4.
The construction of LX,f generalises Donaldson–Smith’s ‘standard surface count’

for Lefschetz fibrations [2].
When X is homology-oriented, and b+2 (X) > 1, the Seiberg-Witten invariants

of X can also be formulated as a map

SWX : Spinc(X) → Z[U ] ⊗ Λ∗H1(X).

I conjecture that (for one homology orientation) equality holds whenever s is ad-
missible, hence that LX,f is independent of f .
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Definition 1. A broken fibration is a proper map f : X → S from a 4-manifold
to a 2-manifold, injective on its critical set crit(f), such that crit(f) is the union
of isolated points and circles. Near an isolated critical point, the map must be
equivalent to ⊂2→⊂, (z1, z2) 7→ z2

1 + z2
2; near a critical point on a circle, to

R3 × R → R × R, (x, t) 7→ (x2
1 + x2

2 − x2
3,±t).

It is also required that there exists w ∈ H2(X) which evaluates positively on every
component of every fibre of X.

It follows from the work of Auroux–Donaldson–Katzarkov [1] that, for any X

with b+(X) > 0, sufficiently high blow-ups X#kCP
2

admit broken fibrations.

Example 1. f : X → S2 is built as follows. Write S2 = D+ ∪ D0 ∪ D−, where
D± are closed discs (the ‘polar’ regions) and D0 a closed annulus (the ‘equato-
rial’ region), and adjacent regions meet along their common boundary circles. Let
X+ := f−1(D+) be a product Σ × D+, and f a trivial Σ-bundle. Here Σ is a
surface of genus g > 0. Let X− := f−1(D−) be Σ̄ ×D−, where now Σ̄ has genus
g−1. Let X0 := f−1(D0) be S1 ×W 3, where W is the elementary cobordism from
Σ to Σ̄. The map f : S1 ×W → S1 × I = D0 is m× idS1 , where m : W → I is a
Morse function with only one critical point.

The three pieces X+, X0 and X− are glued together in the obvious way. One
can show that their union X is then diffeomorphic to (S1 × S3)#(Σ̄ × S2).

Example 2. f̂ : X̂ → S2 is built as follows. As before, there is a circle δ of critical
values in D0. However, there is also an isolated critical value c in D+. Fix an
arc γ ⊂ S2 connecting c to a point on δ. Over the complement of a neighbourhood

of γ, f̂ is just f . There is a 2-sphere E ⊂ X̂ lying over γ, such that f̂ |E : E → γ
is a Morse function attaining its extrema at c and a point on the circle of critical

points. One checks that [E]2 = −1. In fact, X̂ ∼= X#CP
2
.

The passage from 1 to 2 is an instance of a general procedure for blowing
up a broken fibration noticed by Auroux (see [1]). It is called ‘isotropic blow-up’,
because E can be made isotropic with respect to a near-symplectic form compatible
with the broken fibration.

In my talk, I claimed that the Lagrangian matching invariants are compatible
with the isotropic blow-up procedure, in the sense that there is a blow-up formula
as in Seiberg-Witten theory. Unfortunately, at present this formula is incomplete:
it applies to those Spinc-structures on the blow-up whose Chern class evaluates as
±1 on the exceptional sphere.

The proof involves an explicit analysis of moduli spaces underlying Lagrangian
matching invariants for the particular examples 1 and 2. In these examples the
moduli spaces (for a specific sequence of Spinc-structures relevant to the proof) are
in fact diffeomorphic to the corresponding moduli spaces of (perturbed) Seiberg-
Witten monopoles, though they are defined in a quite different way.

Idea of the construction. I cannot here describe the invariants in any detail, but
I will briefly indicate the idea. Suppose there is just one circle of critical points, as
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in (i) and (ii), and let D± be as in those examples. Replace the Lefschetz fibrations
X± → D± by auxiliary fibrations:

• Over the ‘high-genus’ side D+, we replace each fibre Xs by its nth sym-
metric product Symn(Xs), some n > 0. (When the fibre is singular, we

instead use the punctual Hilbert scheme Hilb[n](Xs).)
• Over the ‘low-genus’ side D−, we replace each fibre Xs by Symn−1(Xs).
• Call these auxiliary fibrations E+ → D+ and E− → D−. Give them

symplectic forms Ω± and compatible almost complex structures making
the fibrations pseudo-holomorphic. Note that ∂E+ and ∂E− both fibre
over S1.

• We relate them by constructing a Lagrangian matching condition: a fi-
brewise middle-dimensional sub-fibre bundle V ⊂ ∂E+ ×S1 ∂E− such that
(−Ω+) ⊕ Ω− vanishes on V.

• We then consider moduli spaces of pairs (u+, u−) of pseudo-holomorphic
sections of E+ → D+ and E− → D−, such that (u+(z), u−(z)) ∈ Vz for
each z ∈ S1.

Why is this sensible? Of course, the answer depends on the construction of V,
which I cannot squeeze into this report. Note, though, that the mechanism is (a)
symplectic; (b) not gauge-theoretic; (c) not ‘tautological’.

1. It gives a general procedure for obtaining a moduli space of pseudo-holo-
morphic curves, with reasonable compactness properties, from a broken fibration.
The auxiliary choices are from a path-connected space.

2. It fits heuristically with Seiberg-Witten theory. Think of Symn(Xs) as a
moduli space of solutions to the dimensionally-reduced Seiberg-Witten equations
on Xs. The parameter n is determined by a choice of Spinc-structure s as 2n+(2−
2g) = 〈c1(s), [Xs]〉 (the RHS is constant over s ∈ S2 but the genus is not, hence
neither is n). It is a well-documented phenomenon (e.g. [5]) that, in an ‘adiabatic
limit’ in which the metric on the base is expanded relative to those on the fibres,
Seiberg-Witten monopoles approach pseudo-holomorphic sections of the bundle of
symmetric products.

Why Lagrangian matching conditions? Consider the 3-dimensional Seiberg-
Witten equations over a 3-cobordism W as in Example 1. These determine a
correspondence between the Seiberg-Witten moduli spaces associated with its two
boundary components. This correspondence is Lagrangian with respect to canon-
ical symplectic forms.

3. It fits, still more heuristically, with Taubes’ programme in near-symplectic
geometry [4]. Taubes suggests we should study pseudo-holomorphic curves C in
X \Z, where Z is the union of the critical circles. Moreover, C should have homo-
logical boundary [δC] = [Z] ∈ H1(Z; Z). Such a curve C has positive intersections
with the fibres (themselves complex). By an adjuntion-formula argument C hits
each fibre over D+ n times, where n is determined by a Spinc-structure as above.
It hits each fibre over D− n− 1 times.
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Surgery on nullhomologous tori

Ronald Fintushel

(joint work with Ronald J. Stern)

The fact that surgery on nullhomologous tori can be an effective method for chang-
ing the smooth structure of a 4-manifold is demonstrated by the proof of the knot
surgery theorem [FS2]. This proof relates the Seiberg-Witten invariant of a knot-
surgered 4-manifold XK to the Seiberg-Witten invariant of X and the Alexander
polynomial of K by using the fact that a knot can be unknotted by crossing
changes, which in turn can be achieved by ±1-surgeries on loops λi which are
nullhomologous in the complement of the knot K. The manifold XK is the fiber
sum of X and S1× (0-surgery on K) and the nullhomologous tori we are alluding
to are S1 × λi.

We are interested in applying this surgery technique to produce new simply
connected 4-manifolds with b+ = 1. In E(1), consider the neighborhood NF ∼=
T 2 ×D2 of a smooth elliptic fiber F . View NF as S1 × (S1 ×D2) and consider
the Whitehead double λ of the core circle f = S1 × {0} as shown in Figure 1.

Figure 1 Figure 2

Then F = S1 × f , and s is the intersection of a section S of E(1) with ∂NF .
The torus Λ = S1 ×λ is a nullhomologous torus in E(1) — the Whitehead double
of F . We wish to calculate the result of surgery on Λ. Since we don’t wish
to change the homeomorphism type of E(1), we are interested in 1/n-surgery.
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This is S1× (1/n-surgery on λ). Denote the result by E(1)Λ,1/n. According to
the Morgan-Mrowka-Szabo formula [MMS], the resulting Seiberg-Witten invariant
depends only on the Seiberg-Witten invariants of E(1) and of E(1)Λ,0, the result
of 0-surgery. (One needs to be careful here since the formula of [MMS] depends
on some appropriate choices. See [FS4].) Since E(1) admits a metric of positive
scalar curvature, SWE(1) = 0.

The manifold E(1)Λ,0 has b1 = 1 and H2 = H2(E(1)) ⊕ H̃ where H̃ is a
hyperbolic pair generated by the core torus of the surgery and a dual torus which
is the union of a punctured torus bounded by λ in Figure 2 and the surgery disk.
Note that b+(E(1)Λ,0) = 2.
To obtain this figure, note that the Whitehead link is symmetric, and isotope
one of the components slightly. The component labelled ‘0’ is ‘s’ of Figure 1. It
is an unknot with meridian m. Perform knot surgery on (E(1), F ) by removing
NF and replacing it with S1 × (S3 \ s). The result is again E(1), and it can
be equally well described as the fiber sum of E(1) with S1×(the 3-manifold of
Figure 2) using F = S1 ×m. We now see that E(1)Λ,0 = E(1)#F=S1×mY where
Y is the result of 0-surgery on λ in Figure 2. Its Seiberg-Witten invariant was
calculated in the proof of the knot surgery theorem [FS2] by applying a theorem
of J. Hoste [H]: SWE(1)Λ,0

= t−1− t, where t corresponds to the homology class of
F . Then for 1/n-surgery on Λ in E(1), the Morgan-Mrowka-Szabo formula gives
SWE(1)Λ,1/n

= n(t−1 − t). Thus, surgery on the nullhomologous torus Λ provides

an infinite family of distinct 4-manifolds homeomorphic to E(1).

Since E(1) ∼= CP2#9CP
2
, we would like to blow down (perhaps even several

times) and find Λ in CP2#kCP
2

for k < 9. The dream is to obtain exotic struc-
tures by 1/n-surgery on Λ without using the many blowups and rational blowdowns
as in [P, SS, FS3, PSS]. The intersection number of Λ with an exceptional curve is
0, but intersection points of Λ and an exceptional curve cannot be removed. (For
example, see Figure 1, and recall that a section of E(1) is an exceptional curve.)

Instead, with a bit of work one can find ‘Λ’ in a manifold Rk homeomorphic

to CP2#kCP
2

for k = 5, . . . , 8 and with SWRk
= 0. (One hopes that in fact

Rk ∼= CP2#kCP
2
.) This is done as follows in the k = 8 case, and the other cases

are similar. Begin by applying the “double node trick” of [FS3] (to the manifold
of Figure 2) to represent the class of a section in E(1) by an immersed sphere Σ
with one positive double point. It is easy to find a −2-sphere which is otherwise
disjoint from this construction, and which intersects Σ in a single point. Now
blow up the double point of Σ to obtain the configuration of spheres {−5,−2} in

E(1)#CP
2
. This configuration can be rationally blown down [FS1] to obtain R8.

It is an easy exercise to find an embedded sphere of self-intersection +1 in R8;
hence SWR8

= 0.
Since Λ is disjoint from all these constructions, it descends to R8. As before,

in order to calculate SW(R8)Λ,1/n
, we need to find SW (R8)Λ,0

. Now (R8)Λ,0 is
obtained by:
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1. Double node surgery with K = the unknot, blowing up, then rationally
blowing down.

2. 0-surgery on Λ.

Since Λ is disjoint from all the constructions in (1), the order in which (1) and (2)
are performed is irrelevant. (As an aside, note that if we could exactly “see” Λ

embedded in CP2#8CP
2
, step (1) would be unnecessary, and we could then use

CP2#8CP
2

rather than R8.)
We already know that Step (2) gives E(1)Λ,0 whose Seiberg-Witten invariant

is t−1 − t. Now apply Step (1), the blowup formula and the rational blowdown
theorem [FS1] give SW(R8)Λ,0

= τ−1− τ . Then another application of [MMS] tells

us that SW(R8)Λ,1/n
= n(τ−1 − τ), and we see that we obtain an infinite family of

distinct 4-manifolds, all homeomorphic to CP2#8CP
2

(and also to R8, of course)
by surgeries on the nullhomologous torus Λ ⊂ R8.
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New Phenomena in Knot and Link Concordance

Shelly Harvey

(joint work with Tim Cochran, Constance Leidy)

We report the partial resolution of two long-standing questions about whether or
not certain natural families of classical knots and links contain slice links.

A link L = {K1, ...,Km} of m-components is an ordered collection of m oriented
circles disjointly embedded in S3. A knot is a link of one component. A slice
link is a link whose components bound a disjoint union of m 2-disks smoothly
embedded in B4. The question of which links are slice links lies at the heart of
the classification of 4-dimensional manifolds. The connected sum operation gives
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the set of all knots, modulo slice knots, the structure of an abelian group, called
the smooth knot concordance group. Using (locally flat) topological embeddings,
one gets the topological knot concordance group C which is a quotient of its smooth
partner. For general links one must consider string links to get a well-defined
group structure, and this operation is not commutative. This paper gives new
information about all of these groups, using techniques of noncommutative algebra
and analysis.

In the late 60’s Levine [9] defined an epimorphism from C to the algebraic
concordance group, which he showed was isomorphic to Z∞ ⊕Z∞

2 ⊕ Z∞
4 , given by

the Arf invariant, certain discriminants and twisted signatures associated to the
infinite cyclic cover of the knot complement. In the early 70’s Casson and Gordon
defined new invariants via dihedral covers; these were used to show that the kernel
of Levine’s map has infinite rank [1] [2]. Shortly after the work of Casson and
Gordon the self-referencing sequences of knots shown in Figure 1 were considered
by Casson, Gordon, Gilmer and others.

Jn+1 =
Jn Jn

Figure 1. The knot Jn+1, n ≥ 0

It was well known that if J0 is a slice knot then each Jn is also slice. On the
other hand, it was known that all of the knots Jn, n ≥ 1, are algebraically slice,
that is Levine’s obstructions vanish for them. It was known to Casson-Gordon and
Gilmer that if certain Levine signatures of J0 are not zero, then Casson-Gordon
invariants can be used to show that J1 is not a slice knot, but that the invariants
of both Levine and of Casson-Gordon-Gilmer vanish for Jn if n ≥ 2. It was asked
whether or not Jn is a slice knot assuming that some classical signature of J0 is
non-zero.

In [4], Cochran, Orr and Teichner used arbitrary solvable covers of the knot
complement to find non-slice knots that could not be detected by the invariants
of Levine or Casson-Gordon. However the status of the knots Jn above remained
open. In fact the techniques of [4], [5] and [6] were inherently limited to knots of
genus at least 2 (whereas the Jn all have genus 1). We prove:

Theorem 1. For any n ≥ 0 there is a constant Cn such that, if the absolute value
of the integral of the Levine-Tristram signatures of K is greater than Cn, then no
non-zero multiple of Jn(K) is a slice knot.
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There are other results about members of this family wherein even higher-order
signatures of J0 obstruct Jn from being a slice knot.

Parallel to this family of knots, similar natural families of links have been con-
sidered. In particular, if K is any knot then the Bing-Double of K, BD(K) is the
2-component link shown in Figure 2.

K = BD(K)

Figure 2. Bing Double of K

Again, if K is slice then it is easy to see that BD(K) is a slice link. It was asked
whether or not the converse was true. It had previously been shown by Harvey
that if the integral over the circle of the Levine signatures of K is non-zero then
BD(K) is not slice [7]. We have results that go beyond this and cover many cases
where the classical signatures of K are zero.

Theorem 2. Assume the classical Levine signatures of K are zero. There is a
constant C such that if certain higher-order signatures of K are greater than C
then BD(K) is not slice. For example, there is a constant C such that, if the
absolute value of the integral of the Levine-Tristram signatures of J0 is greater
than C, BD(J1) is not a slice link.

Furthermore recall that [4] exhibited a new geometrically significant filtration
of C

· · · ⊆ Fn ⊆ · · · ⊆ F1 ⊆ F0.5 ⊆ F0 ⊆ C.

It was shown that the filtration exhibits all of the previously known concordance
invariants in its associated graded quotients of low degree. It was also shown that
there is new information in the filtration. In particular, it was shown in [5] that
F2/F2.5 contains an infinite rank summand of concordance classes of knots not
detectable by previously known invariants.

Our second major result is a simplified proof of the following recent result of
Cochran and Teichner.

Theorem (Cochran-Teichner [6]). For any n ∈ N0, the quotient groups Fn/Fn.5
contain a subgroup isomorphic to Z.

In fact we show this using the family of knots Jn (for suitable chosen J0 depend-
ing on n). This family is also simpler than the families of Cochran and Teichner.
Moreover our examples are different enough that we can show
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Theorem 3. For any n ∈ N0, the quotient groups Fn/Fn.5 contain a subgroup
isomorphic to Z ⊕ Z.

We note that our construction of examples is all done in the smooth category so
that we actually also prove the corresponding statements about the smooth knot
concordance group.

Our new technique is to expand upon previous results of Constance Leidy about
higher-order Blanchfield forms without localizing the coefficient system [8]. This is
used to show that certain elements of π1 of a slice knot (or link) exterior cannot lie
in the kernel of the map into any slice disk(s) exterior. We also use recent results
of Harvey on the torsion-free derived series of groups [3, 7].
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Differentials on Khovanov-Rozansky homology

Jacob Rasmussen

The HOMFLY homology of Khovanov and Rozansky [6] is an invariant of knots
and links in S3. Let us normalize the HOMFLY polynomial P so that it satisfies
the skein relation

(0.1) a1/2P (L−) − a−1/2P (L+) = (q1/2 − q−1/2)P (L0)

and evaluates to 1 on the unknot. Then to a knotK ⊂ S3, the HOMFLY homology

assigns a triply-graded homology group H
i,j,k

whose graded Euler characteristic
is given by the HOMFLY polynomial:

(0.2) P (K) =
∑

i,j,k

(−1)k−jqiajdimH
i,j,k

(K).
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The aim of my talk was to describe certain spectral sequences relating H to an-
other family of homology theories HN (the sl(N) homologies) also introduced by
Khovanov and Rozansky [5].

As motivation for why this question might be relevant at a conference on four-
manifolds, I should remark that KR-homologies share some remarkable formal
similarities with the knot Floer homology [9], [12]. It is well known that the latter

group is the E1 term of a spectral sequence which converges to ĤF (S3) ∼= Z,
and the filtration grading of the surviving copy of Z in the sequence defines an
invariant τ(K). Ozsváth and Szabó showed that this invariant provides a lower
bound for the four-ball genus: |τ(K)| ≤ g∗(K) [10]. Interestingly, work of Lee [7],
Bar-Natan [1], and Turner [15] shows that the homology theory H2 (the original
Khovanov homology) also admits a spectral sequence converging to Z, and the
filtration grading of the surviving term is again a lower bound for g∗ [13].

In light of this, it seems worthwhile to understand the differential structure of
the KR-homologies. The first progress in this field was made by Gornik [3], who
defined a differential analogous to Lee’s on the sl(N) homology. Based on his
work and some comparisons with the knot Floer homology, it was conjectured in
[2] that the KR-homology can be equipped with a rich structure of differentials.

To explain what is known about this structure, we recall that the sl(N) poly-
nomial PN (K) is obtained by subsituting a = qN into P (K). The sl(N) homology

H
I,J

N (K) is a doubly-graded group whose graded Euler characteristic satisfies

(0.3)
∑

I,J

(−1)JqIdimH
I,J

(K) = PN (K).

Theorem 1. [14] For each N > 0, there’s a spectral sequence Ek(N) which starts
at H(K) and converges to HN (K). This sequence is an invariant of K.

The differentials in the sequence Ek(N) all preserve the quantity I = i + Nj,
which corresponds to the power of q we get by substituting a = qN in the term
qiaj. Moreover, the homological grading J onHN corresponds to the quantity k−j
which appears in equation (2). Thus the theorem is a homological generalization
of the relation PN (K) = P (K)|a=qN .

The theorem has a number of applications to understanding the structure of
KR-homology. Using it, it is not difficult to verify the first prediction of [2]:

Corollary 1. For N sufficiently large, H(K) ∼= HN (K).

Combining this with previous work on the sl(N) homology [11] gives

Corollary 2. If K is a two-bridge knot, H(K) is determined by the HOMFLY
polynomial and signature of K.

The theorem also provides a natural context in which to view the results of
Lee, Turner, and Gornik. In brief, their work shows that there is a spectral
sequence Ek(N, 1) starting at HN (K) and converging to Q. The same is true for
H . Indeed, H1(K) ≡ Q for any knot K, so Ek(1) is such a sequence. Moreover,
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it is the universal sequence of this form, in the sense that the sequence Ek(N, 1)
is induced by Ek(1) after passing from H to HN by Ek(N).

Although these results represent some progress towards the conjectures of [2],
much remains unknown. In particular, substituting a = 1 into the HOMFLY
polynomial gives the Alexander polynomial, so in analogy with Theorem 1, we
hope that there should be a spectral sequence Ek(0) relating H to the knot Floer
homology. More generally, the conjecture states that there should be spectral
sequence Ek(N) for each N ∈ Z, and a symmetry φ : H(K) → H(K) which
exchanges Ek(N) and Ek(−N). φ generalizes the well-known symmetry of the
HOMFLY polynomial: PK(a, q) = PK(a, q−1).

At present, we do not know any viable candidate for the spectral sequences
Ek(N) for N < 0, with the exception of N = −1. Recall that H1(K) ≡ Q for any
knot K. By symmetry, we expect that the sequence E−1(K) should converge to
Q as well. In [14] it is shown that

Theorem 2. There’s a spectral sequence Ek(−1) which starts at H(K) and con-
verges to Q.
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[10] P. Ozsváth and Z. Szabó. Knot Floer homology and the four-ball genus. Geom. Topol.,

7:615–639, 2003. math.GT/0301026.

[11] J. Rasmussen. Khovanov-Rozansky homology of two-bridge knots and links.
math.GT/0508510.

[12] J. Rasmussen. Floer homology and knot complements. math.GT/0306378, 2003.
[13] J. Rasmussen. Khovanov homology and the slice genus. math.GT/04020131, 2004.
[14] J. Rasmussen. Some differentials on Khovanov-Rozansky homology. math.GT/0607544,

2006.
[15] P. Turner. Calculating Bar-Natan’s characteristic two Khovanov homology.

math.GT/0411225, 2004.



2160 Oberwolfach Report 35/2006

Simply connected surfaces of general type with pg = 0 and K2 > 0

Jongil Park

(joint work with Yongnam Lee)

One of the fundamental problems in the classification of complex surfaces is to
find a new family of simply connected surfaces with pg = 0 and K2 > 0. Although
a large number of non-simply connected complex surfaces of general type with
pg = 0 and K2 > 0 have been known ([BHPV], Chapter VII), until now the only
previously known simply connected, minimal, complex surface of general type with
pg = 0 and K2 > 0 was Barlow surface [B]. Barlow surface has K2 = 1. The
natural question arises if there is a simply connected surface of general type with
pg = 0 and K2 ≥ 2.

Recently, I constructed new simply connected symplectic 4-manifolds with b+2 =
1 and 1 ≤ K2 ≤ 2 by using a rational blow-down surgery [P]. After this construc-
tion, it has been a very intriguing question whether such symplectic 4-manifolds
admit a complex structure.

The aim of this talk is to confirm an affirmative answer for the question above.
Precisely, we construct a new family of simply connected, minimal, complex sur-
faces of general type with pg = 0 and 1 ≤ K2 ≤ 2 by modifying Park’s symplectic
4-manifolds in [P]. Our main techniques are a Q-Gorenstein smoothing theory
[KSB, M] and a rational blow-down surgery [FS].

In this talk, I would like to review some basic facts about a rational blow-down
surgery and a Q-Gorenstein smoothing theory. And then I’ll sketch how to con-
struct a new family of simply connected symplectic 4-manifolds using a rational
blow-down surgery and how to show that such 4-manifolds admit a complex struc-
ture using a Q-Gorenstein smoothing theory. Finally we show that such surfaces
are in fact minimal surfaces of general type with pg = 0 and 1 ≤ K2 ≤ 2.
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Recent developments in the theory of smooth knot concordance

invariants

Matthew Hedden

In the past three years, several new invariants of smooth knot concordance have
been discovered [6, 9, 13]. This lecture focused on two of these invariants, denoted
τ(K) and s(K), respectively. Here K denotes a knot in the three-sphere. The
former invariant was discovered by Ozsváth and Szabó in [9] and independently
by Rasmussen [13], and is defined using the Floer homology theory for knots intro-
duced by the aforementioned authors [11, 13]. s(K) was introduced by Rasmussen
[14] and is defined in the context of Khovanov knot homology [4]. The invari-
ants share several formal properties and agree for many knots. In particular, each
invariant is a homomorphism from the smooth knot concordance group to the
integers, and each bounds the smooth four-genus, g4(K):

|τ(K)| ≤ g4(K)

|s(K)| ≤ 2g4(K).

Moreover, the above inequalities are sharp for the (p, q) torus knot, hence providing
new proofs of Milnor’s famous conjecture on the four-genus and unknotting number
of these knots. Indeed, it was conjectured by Rasmussen that 2τ and s agree for all
knots. If confirmed, this conjecture would point to a surprising connection between
the analytically defined Ozsváth-Szabó homology theory and the combinatorially
defined Khovanov homology. Moreover, it would seem to indicate a relationship
between the gauge theory of three and four-manifolds and the quantum framework
underlying the Jones polynomial.

The primary purpose of the lecture was to explore Rasmussen’s conjecture by
discussing evidence for its validity and then presenting the first counterexamples,
discovered by the lecturer and Ording [2]. The examples come from the Whitehead
double construction:

Theorem 1 [2] Let K denote the right-handed trefoil knot, and let D(K, t) de-
note the t-twisted, positive-clasped Whitehead double of K (see Figure 1). Then
2τ(D(K, 2)) 6= s(D(K, 2)).

A secondary aim was to discuss a relationship between τ(K) and algebraic
curves in C2:

Theorem 2 [3] Let K be a fibered knot in the three-sphere, and suppose that

τ(K) = g4(K) = g(K),

where g(K) denotes the Seifert genus of K. Then there exists a complex curve
V ⊂ C2 which intersects the three-sphere in a knot K ′ isotopic to K i.e. K ≃
K ′ = V ∩ {S3 = ∂B4 ⊂ C2}. Moreover, g(V ) = g(K).

This theorem should be viewed in the light cast by the various forms of the
Thom conjecture which, loosely speaking, say that holomorphic curves minimize
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Figure 1. The t-twisted positive Whitehead double of the right-
handed trefoil. The box indicates the number of full right-handed
twists to insert.

t − 3

genus in their homology class. Since there are now several gauge and Ozsváth-
Szabó theoretic proofs of the Thom conjecture, it was not surprising to see that
an even stronger version of the converse of Theorem 2 holds - namely, that if
K arises from the intersection of a complex curve V with the three-sphere, then
τ(K) = g(V ). Indeed, this result follows easily from work of Plamenevskaya [12],
Boileau and Orevkov [1], and Rudolph [15] and is explicitly spelled out in [3] (see
also [5] for the case where g(V ) = g(K)). In contrast we found Theorem 2 to be
quite unexpected.

Coupled with a theorem of Ozsváth and Szabó in [10] and recent work of Ni [7]
we also have the following corollary:

Corollary 3 [3] Let K be a knot in S3 and suppose that positive Dehn surgery on
K yields a lens space or, more generally, an L-space. Then there exists a complex
curve V which intersects the three-sphere transversely in a knot isotopic to K.
Furthermore, g(V ) = g(K).

In fact, both Theorem 2 and Corollary 3 are slightly stronger - in both cases
we showed that K is isotopic to the closure of a braid β ∈ Bn consisting of very
specific conjugates of the positive generators of Bn (here Bn is the n-stranded
braid group). In the language of Rudolph [15], such braids are called strongly
quasipositive. The theorem and corollary then follow from [15], which shows that
the closure of a strongly quasipositive braid arises from a complex curve as stated.

The final part of the lecture dealt with an extension of some of the above ideas
to other three-manifolds. We very roughly discussed how to use the knot Floer

homology filtration together with an invariant c(ξ) ∈ ĤF (−Y )/{±1} of a contact
structure, ξ, on Y to define an integer-valued invariant, denoted τξ(K), of the triple
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(Y,K, ξ). In the case of the standard contact structure on S3, ξstd, we recover the
original invariant, i.e. τξstd

(K) = τ(K). We then briefly mentioned how τξ(K)
serves as an upper bound for the Thurston-Bennequin and rotation numbers of
Legendrian realizations of (Y,K, ξ), generalizing [12]. In the case where (Y, ξ)
admits a symplectic filling, we expect τξ(K) to provide an obstruction for (Y,K)
to arise as the intersection of Y with a J-holomorphic curve in the symplectic
filling. We also speculated about an analogue of Theorem 2 for fibered knots in
specific families of three-manifolds admitting symplectic fillings.
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[10] P. S. Ozsváth and Z. Szabó. On knot Floer homology and lens space surgeries.
arxiv:math.GT/0303017.
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Khovanov homology as a 4+1-dimensional TQFT

Kevin Walker

(joint work with Scott Morrison)

We start by repairing some sign issues in the usual definition of Khovanov ho-
mology. To do this, we will follow the approach of Bar-Natan [1], but we will
replace unoriented (and/or oriented) links and surfaces with their “disoriented”
counterparts. Recall that a disoriented 1- or 2-manifold is a piecewise oriented
manifold in which each component of the codimension-1 submanifold separating
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oppositely oriented pieces is equipped with a preferred side (equivalently, equipped
with an oriented normal vector). In a surface, changing the oriented pieces by a
morse move changes the coefficient of the surface by ±i, where the sign depends
on the index of the Morse move and the direction of the preferred side. Plugging
the above disoriented manifolds into the machinery of [1], we obtain sign-corrected
versions of the results of Khovanov [3] and Jacobsson [2]:

Theorem 1. There is a well-defined functor Kh from the category of disoriented
links and (homotopy classes of) isotopies to the category of bigraded vector spaces
and linear isomorphisms.

Theorem 2. More generally, there is a well-defined functor Kh from the category
of disoriented links and isotopy classes of disoriented cobordisms in S3 × I to the
category of bigraded vector spaces and graded linear maps.

If L is an oriented link, then our Kh(L) is canonically-up-to-sign isomorphic to
the usual Kh(L).

The cobordisms in the theorem can be replaced by cobordisms modulo the neck
cutting relation of [1] and modulo the above disorientation relations.

Recall from [1] that we get different versions of Kh depending on the value α
of a closed genus 3 surface. We will let α be a free variable of q-degree -4, and
our bigraded vector spaces will become bigraded C[α]-modules. Setting α = 0
gives the original version of Khovanov homology. Setting α to a non-zero complex
number gives Lee homology, but we lose the q-grading in this case.

Now let W be a 4-manifold and L a disoriented link in ∂W . We will define
a graded C[α]-module AKh(W ;L). AKh(W ;L) will be defined as “pictures mod
relations” (i.e. as a 4-dimensional skein module) and satisfies the the type of
gluing law one expects for the Hilbert space of a 4+1-dimensional TQFT. (See [6]
for more details on this approach to TQFTs.)

Let PKh(W ;L) be the set of all Kh-pictures on (W,L), where a Kh-picture
consists of:

• a collection {Bi} of disjoint 4-balls in the interior of W ;
• a disoriented surface Σ properly embedded in W \

∐
Bi, with ∂Σ∩∂W = L

and ∂Σ ∩ ∂Bi = Li, where Li is a disoriented link in ∂Bi; and
• a label xi ∈ Kh(Li) for each Bi.

Define AKh(W ;L) to be the set of all finite C[α]-linear combinations of elements
of PKh(W ;L), modulo the following relations:

• If P ∈ PKh(W ;L) has xj = ay + z, for some a ∈ C[α] and y, z ∈ Kh(Lj),
then P ∼ aPy + Pz , where Py is the same as P except that the jth label
has been replaced by y, and Pz is defined similarly.

• If P ′ is obtained from P ∈ PKh(W ;L) by introducing an additional 4-ball,
disjoint from Σ, labeled by 1 ∈ Kh(∅) ∼= C, then P ′ ∼ P .

• Let P ∈ PKh(W ;L) and B′
j ⊃ Bj with B′

j disjoint from the other 4-

balls of P . Let Σ′ = Σ \ B′
j , Σ′′ = Σ ∩ B′

j , and L′
j = ∂B′

j ∩ Σ. Then

Σ′′ is a cobordism from Lj to L′
j and by Theorem 2 there is an element
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x′j = Kh(Σ′′)(xj) ∈ Kh(L′
j). Let P ′ be P with Σ, Bj and xj replaced by

Σ′, B′
j and x′j . Then P ′ ∼ P .

• Let P ∈ PKh(W ;L), Bj and Bk be two 4-balls of P , and let N ⊂W be a
neighborhood of an arc connecting Bj to Bk, disjointly from Σ. Let P ′ be
obtained from P by replacing Bj and Bk with the single 4-ball Bj∪N∪Bk,
labeled by xj ⊗ xk. (Σ meets Bj ∪N ∪Bk in the disjoint union of Lj and
Lk, and there is a natural isomorphism Kh(Lj

∐
Lk) ∼= Kh(Lj)⊗Kh(Lk).)

Then P ′ ∼ P .

One can show thatAKh(B4;L) ∼= Kh(L), soAKh is a generalization of Khovanov
homology to links in the boundary of arbitrary 4-manifolds. If one were to reduce
all dimensions by one in the above procedure, replacing Σ with a ribbon tangle
and replacing the xi with appropriate morphisms from a ribbon category, then
one could obtain the Witten-Chern-Simons invariants of a 3-manifold. Thus it
is reasonable to think of AKh as a categorification of the Witten-Chern-Simons
TQFT.

In order to state the gluing theorem for AKh(W 4;L) we need to introduce cate-
gories associated to 3-manifolds and representations of these categories associated
to 4-manifolds with boundary.

Let M be a 3-manifold and let c be a collection of oriented framed points
in ∂M , thought of as boundary conditions for disoriented tangles in M . Let
AKh(M ; c) be the category defined as follows. Objects are disoriented tangles
in M with boundary c. Morphisms from tangle T to tangle T ′ are elements
of AKh(M × I;T ∪ T ′). Composition is given by gluing the pictures representing
elements of AKh(M×I;T ∪T ′) and AKh(M×I;T ′∪T ′′). Note that AKh(−M ; c) is
naturally isomorphic to AKh(M ; c)op. If M is closed, we omit c from the notation.

Let W be a 4-manifold with boundary. Then the collection of C[α]-modules
{AKh(W ;L)}, indexed by links L ∈ ∂W , affords a right representation ofAKh(∂W )
(or a left representation of AKh(−∂W )). The action is again given by gluing
pictures. Denote this representation by AKh(W ; •).

We can now state the gluing theorem for the 4-dimensional invariants. Let
M = ∂W = −∂W ′. Then there is a natural isomorphism

AKh(W ∪M W ′) ∼= AKh(W ; •) ⊗AKh(M) AKh(W ′; •).

(There is a more general gluing (with corners) theorem for gluing a 4-manifold to
itself along a 3-manifold with boundary, but it would be too cumbersome to state
in this short abstract.)

It is too early to state with certainty that AKh is an interesting and/or com-
putable invariant. One indication that it might be interesting is that Rasmussen’s
result [5] on genus bounds for surfaces in B4 generalizes naturally to give genus
bounds for surfaces representing a given homology class in W 4.
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Symplectic S1 × N3 and subgroup separability

Stefan Friedl, Stefano Vidussi

LetN be a closed 3–manifold. Thurston [Th76] showed that ifN admits a fibration
over S1, then S1 × N is symplectic, i.e. it can be endowed with a closed, non–
degenerate 2–form ω.

It is natural to ask whether the converse of this statement holds true. We can
state this problem in the following form:

Conjecture 1. Let N be a closed 3–manifold. If S1 ×N is symplectic, then there
exists φ ∈ H1(N ; Z) such that (N,φ) fibers over S1.

Here we say that (N,φ) fibers over S1 if the homotopy class of maps N → S1

determined by φ ∈ H1(N ; Z) = [N,S1] contains a representative that is a fiber
bundle over S1.

Assuming the Geometrization Conjecture, it is possible to prove that the prob-
lem is reduced to the study of irreducible 3–manifolds, and we will henceforth
make that assumption for N .

In [FV06a] we related this problem to the study of twisted Alexander polyno-
mials of N , and in particular we proved the following, that is a weaker version of
the main result of [FV06a]:

Theorem 1. Let N be an irreducible 3–manifold such that S1 × N admits a
symplectic structure. Then there exists a primitive φ ∈ H1(N ; Z) such that for
any epimorphism α : π1(N) → G onto a finite group G the associated 1–variable
twisted Alexander polynomial ∆α

N,φ ∈ Z[t±1] is non–zero.

Recall that the 1–variable twisted Alexander polynomial ∆α
N,φ associated to

the pair (N,φ) is defined as the Z[t±1]–order of the twisted Alexander module
H1(N ; Z[G][t±1]). Note that ∆α

N,φ 6= 0 if and only if H1(N ; Z[G][t±1]) is Z[t±1]–
torsion.

Given α : π1(N) → G, denote the corresponding regular cover ofN cover byNG.
Note that, if S1 ×N is symplectic, so is S1 ×NG. The ingredients of the proof of
Theorem 1 are now the following: Taubes’ results on the Seiberg-Witten invariants
of symplectic 4–manifolds, the relation, proved by Meng and Taubes, between the
Seiberg–Witten invariants of NG and the ordinary ordinary Alexander polynomial
∆NG , and finally a relation obtained in [FV06a] between ∆NG and ∆α

N,φ.
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Theorem 1 says in particular that the following conjecture implies Conjecture
1 for irreducible manifolds.

Conjecture 2. Let φ ∈ H1(N ; Z) be a primitive class such that ∆α
N,φ 6= 0 for all

α : π1(N) → G, then (N,φ) fibers over S1.

To state our main theorem we need the following definition.

Definition 1. A subgroup A ⊂ π is separable if for all g ∈ π \A, there exists an
epimorphism α : π → G to a finite group G such that α(g) /∈ α(A).

We have the following result, proven in [FV06b]:

Theorem 2. Let N be an irreducible 3–manifold. Let φ ∈ H1(N ; Z) be a primitive
class such that ∆α

N,φ 6= 0 for all epimorphisms α : π1(N) → G to a finite group. Let

Σ ⊂ N be an embedded surface dual to φ having minimal genus. If π1(Σ) ⊂ π1(N)
is separable, then (N,φ) fibers.

The question of which subgroups of the fundamental group of a Haken manifold
are separable has been studied extensively. In particular, the fact that abelian
subgroups are separable (cf. [LN91] and [Ha01]) and that incompressible surfaces
in Seifert fibered spaces are classified leads to the following corollary.

Corollary 1. Conjecture 1 holds for irreducible manifolds with vanishing Thurston
norm and for graph manifolds.

This corollary in particular implies that if NK is the 0–surgery on a knot K of
genus g(K) = 1, and S1 × NK is symplectic, then K is a trefoil or the figure–8
knot. This answers a question of Kronheimer [Kr98].

Scott [Sc78] showed that any subgroup of a hyperbolic 2–manifolds is separa-
ble. It has been conjectured by Thurston [Th82] that all (surface) subgroups of
hyperbolic 3–manifolds are separable. Clearly a positive solution to Thurston’s
conjecture would imply Conjecture 1 for hyperbolic manifolds. Furthermore suit-
able subgroup separability properties of the hyperbolic pieces in the geometric
decomposition can be shown to imply Conjecture 1 for all irreducible manifolds.

We conclude with a short outline of the proof of Theorem 2. Let M = N \ νΣ.
We have two embeddings i± : Σ → ∂M . By Stallings’ theorem, (N,φ) fibers if
the inclusion induced maps i± : π1(Σ) → π1(M) are isomorphisms. Since Σ has
minimal genus we know that the maps i± : π1(Σ) → π1(M) are injective and that
π1(M) → π1(N) is injective.

Assume, by contradiction, that one of the i± is not an isomorphism. We use
the corresponding inclusion to view π1(Σ) and π1(M) as subgroups of π1(N).

Given an epimorphism α : π1(N) → G to any finite group G we have a long
exact Mayer–Vietoris sequence

H1(N ; Z[G][t±1]) → H0(Σ; Z[G]) ⊗ Z[t±1] →

H0(M ; Z[G]) ⊗ Z[t±1] → H0(N ; Z[G][t±1]).
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Now consider the ranks of the modules over Z[t±1]: we have

rankZ[t±1](H1(N ; Z[G][t±1])) = 0 since ∆α
N,φ 6= 0,

rankZ[t±1](H0(N ; Z[G][t±1])) = 0 since φ 6= 0,

rankZ[t±1](H0(Σ; Z[G]) ⊗ Z[t±1]) = rankZ(H0(Σ; Z[G])),

rankZ[t±1](H0(M ; Z[G]) ⊗ Z[t±1]) = rankZ(H0(M ; Z[G])).

Therefore

|G|

|α(π1(Σ))|
= rankZ(H0(Σ; Z[G])) = rankZ(H0(M ; Z[G])) =

|G|

|α(π1(M))|
.

In particular we get that α(π1(Σ)) = α(π1(M)) ⊂ G. On the other hand it follows
immediately from the assumption that π1(Σ) ⊂ π1(N) is separable, and from the
assumption that π1(Σ) → π1(M) is not an epimorphism, that there exists an
epimorphism α : π1(N) → G to a finite group with α(π1(Σ)) 6= α(π1(M)). This
contradiction concludes the proof of Theorem 2.
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Torsion in Heegaard Floer homology

Stanislav Jabuka, Thomas Mark

ABSTRACT: We study the Heegaard Floer homology groups of a genus g surface

times a circle. We exhibit that their HF+ groups carry 2-torsion (for g ≥ 3) and 3-

torsion (for g ≥ 5). These are the first known examples to contain any torsion in HF±,

ĤF or HF∞.
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1. Introduction

Heegaard Floer homology, as introduced by P. Ozsváth and Z. Szabó in [1, 2],
assigns to a spinc 3-manifold (Y, s) a collection of Abelian groups: HF±(Y, s),

ĤF (Y, s), HF∞(Y, s), of which this article will focus exclusively on HF+. Hee-
gaard Floer homology groups carry additional structure such as an action of
Z[U ] ⊗Z Λ∗(H1(Y ; Z)/Tor) and a Q-grading when c1(s) is torsion. In the lat-
ter case we write HF+

d (Y, s) for the degree d portion of HF+(Y, s).
Since their inception in 1999, the Heegaard Floer homology groups have been

calculated for many classes of 3-manifolds. These include, among others, lens
spaces, 3-manifolds obtained by negative definite plumbings, some mapping tori
of surfaces, surgeries and double branched covers of knots, etc. Yet, among all
these examples there is not one instance whose Heegaard Floer homology groups
contain torsion elements. It is therefore natural to ask:

Question Are there any 3-manifolds for which there is torsion in any of the
integer-coefficient Heegaard Floer groups?

The purpose of this note is to answer this question in the affirmative. Specifi-
cally we prove

Theorem 1.1. Let Σg be a surface of genus g. Then HF+(Σg × S1, s0) contains
2-torsion for all g ≥ 3 and 3-torsion for all g ≥ 5. Here s0 ∈ Spinc(Σg × S1) is
the unique spinc-structure with c1(s0) = 0.

2. The Heegaard Floer homology of a surface times a circle

Let us make the identification

Spinc(Σg × S1) ∼= H2(Σg × S1; Z) ∼= H2(Σg; Z) ⊕H1(Σg; Z)

With respect to this identification we shall denote by sk the unique spinc-structure
of the form (α, 0) with 〈c1(α), [Σg]〉 = 2k. It is easy to see (using the adjunction
inequality) that HF+(Σg × S1, s) = 0 unless s equals some sk with |k| ≤ g − 1.

2.1. The case of k 6= 0. The groups HF+(Σg×S1, sk) with 0 < |k| ≤ g− 1 have
been calculated by Ozsváth and Szabó [5] for all genera g ≥ 2, and are given by

HF+(Σg × S1, sk) ∼= H∗(Symm(Σg); Z) with m = g − 1 − |k|

In particular they are all free Abelian groups.

2.2. The case of k = 0 and g ≤ 2. The groups in these cases are also known
by work of Ozsváth and Szabó. As Z[U ]-modules they are given by HF+(Σg ×

S1, s0) ∼= ĤF (Σg × S1, s0) ⊗ Z[U,U−1]/U · Z[U ] where ĤF (Σg × S1, s0) are free
Abelian groups of total rank 2, 6 and 20 for the genera 0, 1 and 2 respectively
[1, 3, 4]. Once again, these groups are torsion free.
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2.3. The case of k = 0 and g ≥ 3. The groups in this collection were unknown
prior to the work of the authors. Our main tool for calculating them is the surgery
long exact sequence for Heegaard Floer homology [2]. To explain this, let K be a
nullhomologous knot in a 3-manifold Y and denote the result of n-framed surgery
along K by Yn = Yn(K). Then for all sufficiently large n, and with suitable choices
of spinc-structures (which we suppress from our notation), there is a long exact
sequence

...→ HF+(Yn)
F
−→ HF+(Y ) → HF+(Y0) → HF+(Yn) → ...(2.1)

Let B(0, 0) be the knot in (S1 × S2)#(S1 × S2) given by the third component
of the Borromean rings after performing 0-framed surgery on the first two compo-
nents. Taking Y = #2g(S1 ×S2) and K = #gB(0, 0) ⊂ Y , we have Y0 = Σg ×S1.
Thus (2.1) can be used to find HF+(Σg × S1) provided one can get a handle on
HF+(Y ), HF+(Yn) and the map F . All three of these can be computed quite ex-
plicitly from the knot Floer homology ofK which has been determined by Ozsváth
and Szabó, see [5].

2.3.1. The Z2-coefficients case. The form of the homomorphism F becomes par-
ticularly simple if one uses Z2-coefficients. Omitting details:

Theorem 2.1. For any g ≥ 0 and for all d sufficiently large one obtains

(2.2) dimZ2
HF+

d (Σg × S1, s0; Z2) = 22g−1 + 2g−1

2.3.2. The C-coefficients case. With C-coefficients the map F from (2.1) is more
intricate. Its kernel turns out to have a form familiar from Kähler geometry.
Namely, consider H1(Σg; C) together with the cup product pairing as a symplectic
vector space and let e1, e2, ..., e2g−1, e2g be a symplectic basis. Write ω = e1∧ e2 +
...+e2g−1∧e2g ∈ Λ2H1(Σg; C) for the symplectic form (here we identify H1(Σg,C)
with its dual using the symplectic pairing). Define the primitive forms of degree
j to be Pj = ΛjH1(Σg; C) ∩ Ker(ιω) where ιω denotes contraction with ω. It is

easily checked that dimCPj =
(
2g
j

)
−

(
2g
j−2

)
, j = 0, ..., g.

With this notation in place, the kernel of F in sufficiently high degrees can
be identified with the primitive forms P0 ⊕ P1 ⊕ ... ⊕ Pg and the cokernel of F
is isomorphic to Ker(F ) by elementary linear algebra. Putting the calculations
together one arrives at

Theorem 2.2. For any g ≥ 0 and all d sufficiently large one obtains

(2.3) dimCHF
+
d (Σg × S1, s0; C) =

(
2g + 1

g

)

Since (2.3) is strictly smaller than (2.2) as soon as g ≥ 3, we have that
HF+

d (Σg × S1,Z) must contain 2-torsion for all such g. A comparison of (2.2)
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and (2.3) is summarized in the table below.

g dimZ2
HF+

d (Σg × S1, s0; Z2) dimCHF
+
d (Σg × S1, s0; C) Torsion?

0 1 1 No
1 3 3 No
2 10 10 No
3 36 35 Y es
4 136 126 Y es
5 528 462 Y es
...

...
...

...

Using the explicit form of F in (2.1), one can calculate the groups HF+(Σg ×
S1, s0,Z) “by hand” for several low values of g. Doing so for genus 5 one finds
that

Lemma 2.3. HF+
d (Σ5×S1, s0; Z) has elements of order 3 for all sufficiently large

values of d.

On the other hand, an inductive argument on g yields

Lemma 2.4. If HF+(Σg×S1, s0; Z) contains p-torsion then so does HF+(Σg+1×
S1, s0; Z).

The results from theorem 1.1 are a combination of the above observations and
lemmas 2.3 and 2.4.
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Invariant count of holomorphic disks in the presence of a real structure

Jean-Yves Welschinger

Let (X,ω) be a symplectic four-manifold and L ⊂ X be a lagrangian surface. Fol-
lowing the spirit of Gromov-Witten invariants’ theory, one can count the number of
holomorphic disks sitting on L which realize a given relative homotopy class. This
count however almost always depends on the various choices made to get a finite
number (choice of an almost complex structure, incidence conditions...). When
the lagrangian surface is in the fixed locus of some antisymplectic involution, it is
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however possible to count these disks with respect to some sign in order to make
the result independent of any auxiliary choices and define a deformation invariant
of the symplectic manifold together with its involution. This sign is actually de-
termined by the parity of the number of transversal intersection points between
the interior of the disk and the lagrangian surface. The integer valued invariant
we thus obtain obviously bounds from below the number of pseudo-holomorphic
disks sitting on L (similar phenomena appear in higher dimensions as well, see
[2]). I did explain how techniques from symplectic field theory sometimes makes
it possible to prove the sharpness of these lower bounds, as well as to get some
computations and arithmetic properties of these invariants (divisibility by some
power of two linear with respect to the degree).
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A counterexample to the strong version of Freedman’s conjecture

Slava Krushkal

A conjecture due to Michael Freedman asserts that the 4-dimensional topo-
logical surgery conjecture fails for non-abelian free groups, or equivalently that a
family of canonical examples of links (the generalized Borromean rings) are not
A−B slice. A stronger version of the conjecture, that the Borromean rings are not
even weakly A− B slice, where one drops the equivariant aspect of the problem,
has been the main focus in search for an obstruction to surgery. We show that the
Borromean rings, and more generally all links with trivial linking numbers, are in
fact weakly A − B slice. This result shows the lack of a non-abelian extension of
Alexander duality in dimension 4, and of an analogue of Milnor’s theory of link
homotopy for general decompositions of the 4-ball.

The A − B slice problem is a reformulation of the 4−dimensional topological
surgery conjecture, introduced in [2]. The surgery conjecture is known to hold
for the class of good fundamental groups, including the groups of subexponential
growth [4], [5], [8]. It holds for all fundamental groups if and only if a certain
family of canonical examples of links (the generalized Borromean rings) are A−B
slice. Freedman’s conjecture asserts that the Borromean rings are not A−B slice,
cf [1].

The A − B slice problem may be roughly summarized as asking whether in
dimension 4 there exists a non-abelian extension of Alexander duality. It concerns
smooth codimension zero decompositions of the 4−ball. Here a decomposition of
D4, D4 = A∪B, is an extension of the standard genus one Heegaard decomposition
of the 3−sphere ∂D4 = S1×D2 ∪D2 ×S1. The attaching curves α ⊂ ∂A, β ⊂ ∂B
(the cores of the two solid tori) form the Hopf link in S3.
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Algebraic and geometric properties of the two parts A,B of a decomposition are
tightly correlated. Algebraically this is reflected, in particular, by Alexander du-
ality. A more precise geometric information is given by handle structures: under a
mild assumption on the handle decompositions which can be assumed without loss
of generality, there is a one-to-one correspondence between 1−handles of each side
and 2−handles of its complement. In general the interplay between the topologies
of the two sides is very subtle.

A link L = (l1, . . . , ln) in S3 is A − B slice if there exist decompositions
(A1, B1), . . . , (An, Bn) of D4 and disjoint embeddings of all manifolds Ai, Bi
into D4 so that the attaching curves α1, . . . , αn form the link L and the curves
β1, . . . , βn form an untwisted parallel copy of L. In addition, the complement of
the embedding of each Ai must be homeomorphic to Bi and the complement of
the embedding of each Bi is homeomorphic to Ai. The connection of the A − B
slice problem for the (generalized) Borromean rings to the surgery conjecture is
provided by considering the universal cover of the hypothetical solutions to the
canonical surgery problems, and the action of the free group by the covering trans-
formations [2].

We present two approaches to the A −B slice problem. The first one involves
a new invariant of 4−manifolds, link groups, introduced in [6]. These invariants
are defined using maps of certain special handlebodies into 4−manifolds, and we
apply them to model decompositions of D4, constructed in [3]:

Theorem 1. [7] Link groups provide an obstruction in the A−B slice problem,

restricted to model decompositions of D4, for any homotopically essential link.

A stronger version of Freedman’s conjecture was believed to be true, that the
Borromean rings are not even weakly A − B slice [3]. More precisely, a link L
is weakly A − B slice if in the definition above the manifolds {Ai, Bi} are still
embedded disjointly, but the complement of the embedding of Ai is not necessarily
homeomorphic to Bi and similarly the complement of the embedding of each Bi is
not necessarily homeomorphic to Ai. This stronger statement which disregards the
equivariant aspect of the problem, has been the focus in search for an obstruction
to surgery. In contrast, we prove

Theorem 2. Let L be the Borromean rings, or more generally any link is S3 with

trivial linking numbers. Then L is weakly A−B slice.

This result shows the lack of a non-abelian extension of Alexander duality in
dimension 4. In particular, if there is an obstruction in the A− B slice program,
it has to take into account the properties of not just the manifolds {Ai, Bi}, but
also of their embeddings into D4.
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Research Report: Right veering diffeomorphisms and the contact

class in Heegaard-Floer homology

Gordana Matić

ABSTRACT: We study the monoid of right-veeing diffeomorphisms on a compact

surface with boundary and its connection with questions of tightness and fillability of

the corresponding contact structure. In the case of the pseudo-Anosov diffeomorphism

we relate symplectic fillability to the work of R. Roberts. We then present an alternate

description of the Ozsváth-Szabó contact class in Heegaard Floer homology. Using our

version of the contact class, we prove that if a contact structure (M, ξ) has an adapted

open book decomposition whose page S is a once-punctured torus, then the monodromy

is right-veering if and only if the contact structure is tight.

This is a short report presenting joint work with Ko Honda and Will Kazez
done in [HKM1, HKM2, HKM3] .

Thurston and Winkelnkemper [TW] introduced open books into contact geom-
etry and showed that every open book defines an “adapted” contact structure. Let
Aut(S, ∂S) denote the set of isotopy classes of diffeomorphisms of a surface with
boundary S which restrict to the identity on the boundary. For h ∈ Aut(S, ∂S) we
will denote by (S, h) the open book with monodromy h and by ξ(S,h) the adapted
contact structure on the mapping torus of h. By the work of Giroux [Gi], there
is a 1-1 correspondence between isomorphism classes of open book decomposi-
tions modulo positive stabilization and isomorphism classes of contact structures
in dimension three.

Relying on the work of Loi and Piergallini on Stein structures [LP], Giroux
showed that the contact structure ξ is Stein fillable, i.e. the contact boundary of
a Stein domain, if and only if there exists an adapted open book (S, h) for which
the diffeomorphism h is a composition of right Dehn twists. Stein fillable contact
structures are tight, and since not all tight structures are Stein fillable it is an
interesting question to see if the difference can be described from the point of view
of the compatible open books.

We will say that a diffeomorphism h ∈ Aut(S, ∂S) is right-veering if for any
properly embedded arc α the image h(α) is “to the right” of α, i.e. if the tangent

vectors (β̇(0), α̇(0)) define the orientation on S at x (after α and h(α) have been
isotoped to intersect transversally and “efficiently”, i.e. with a minimal number
of intersections). The main result of [HKM1] is:
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Theorem 1. A contact 3-manifold (M, ξ) is tight if and only if all of its adapted
open book decompositions have right-veering monodromy.

This is an is improvement of the “sobering arc” criterion for overtwistedness
given by Goodman [Go]. It is important to note that, while existence of an open
book with monodromy which is a composition of right Dehn twists implies Stein
fillability, the right veering of the monodromy of a single open book does not imply
tightness. In fact, any open book can be positively stabilized to be right veering.
On the other hand, it is not known if every open book of a Stein fillable contact
structure is a product of positive Dehn twists, but it is enough to have one such
to conclude Stein fillability. If we denote by V eer(S, ∂S) the monoid of right-
veering diffeomorphisms and by Dehn+(S, ∂S) the monoid of diffeomorphisms
that are products of right Dehn twists, it is easy to see that Dehn+(S, ∂S) ⊂
V eer(S, ∂S). In order to understand the difference between, on the one hand,
right veering monodromies and tight open books and contact structures, and on
the other hand, tight and Stein fillable contact structures, we need to understand
the difference between V eer(S, ∂S) and Dehn+(S, ∂S). In [HKM2] we study the
monoid V eer(S, ∂S) of right-veering diffeomorphisms, concentrating on the case
when the surface S is a once punctured torus. We exhibit the difference between
V eer(S, ∂S) and Dehn+(S, ∂S) with the help of the Rademacher function.

In [HKM2] we also investigate the relationship of the right-veering property
of a diffeomorphism with symplectic fillability, especially in the case of pseudo-
Anosov monodromy. It turns out that it is important to understand the “amount”
of twisting that a diffeomorphism has near the boundary. This amount can be
described by the notion of a fractional Dehn twist. If the contact structure is
supported by (S, h) where h is isotopic to pseudo-Anosov diffeomorphism ψ for
which the stable foliation has n prongs at the boundary, the isotopy from h to
ψ moves the boundary by a fractional Dehn twist of c = k/n. A pseudo-Anosov
diffeomorphism is right veering if and only if c is positive.

Theorem 2. Let S be a bordered surface with connected boundary and h be pseudo-
Anosov with fractional Dehn twist coefficient c. If c ≥ 1, then the contact structure
ξ(S,h) supported by (S, h) is isotopic to a perturbation of a taut foliation. Hence
(S, h) is (weakly) symplectically fillable and universally tight if c ≥ 1.

The taut foliation that the contact structure is isotopic to is in fact the one
constructed on the mapping torus of the diffeomorphism by Rachel Roberts [Ro1,
Ro2].

Hence, when a contact structure is supported by an open book with “suffi-
ciently” right-veering monodromy, it is symplectically fillable and therefore tight
as a consequence of a theorem of Eliashberg and Gromov [El]. Unfortunately, as
we said, a right-veering diffeomorphism with a small amount of rotation does not
always correspond to a tight contact structure. We might optimistically conjec-
ture that a minimal (i.e., not destabilizable) right-veering open book defines a
tight contact structure. If we specialize to the case of a once-punctured torus, we
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can show that this is in fact true. The proof relies on use of the Ozsváth-Szabó
contact class in Heegard-Floer homology.

In the paper [OS], Ozsváth and Szabó associated an element in Heegaard-Floer
homology to an open book decomposition and showed that its homology class
is independent of the choice of the open book compatible with the given contact
structure. They also showed that this invariant c(ξ) is zero if the contact structure
is overtwisted, and that it is nonzero if the contact structure is symplectically
fillable. The contact class c(ξ) has proven to be extremely powerful at (i) proving
the tightness of various contact structures and (ii) distinguishing tight contact
structures, especially in the hands of Lisca-Stipsicz [LS1, LS2] and Ghiggini [Gh].

In [HKM3] we introduce an alternate, more hands-on, description of the contact
class in Heegaard-Floer homology. It is defined using a somewhat simpler Heegard
decomposition related than the one used by Ozsváth and Szabó. This approach
is more suitable for direct claculation of the contact class, without resorting to
surgery exact sequences. For example, it makes it absolutely obvious from the
definition that a contact structure with non-right veering open book has zero
contact invariant. The simplification enables us to prove directly that the contact
element of a right veering diffeomorphism on the once punctured torus is non-zero,
thus showing:

Theorem 3. Let (M, ξ) be a contact 3-manifold which is supported by an open
book decomposition (S, h), where S is a once-punctured torus. Then ξ is tight if
and only if h is right-veering.

Very recently John Baldwin [Ba] also obtained results similar to Theorem 3.
His method relies on standard exact sequence computations in Heegard-Floer ho-
mology.
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Lens spaces, rational balls and the ribbon conjecture

Paolo Lisca

ABSTRACT: We apply Donaldson’s theorem on the intersection forms of definite

4–manifolds to characterize the lens spaces which smoothly bound rational homology

4–dimensional balls. Our result implies, in particular, that every smoothly slice 2–bridge

knot is ribbon, proving the ribbon conjecture for 2–bridge knots.

It is a well–known fact that every ribbon knot is smoothly slice. The ribbon
conjecture states that, conversely, a smoothly slice knot is ribbon. We prove
that the ribbon conjecture holds for 2–bridge knots, deducing this result from a
characterization of the 3–dimensional lens spaces which smoothly bound rational
homology 4–dimensional balls (Theorem 1 below).

A link in S3 is called 2–bridge if it can be isotoped to have exactly two local
maxima with respect to a standard height function. Each pair of coprime integers
p > q > 0 determines a standard 2–bridge link K(p, q) in such a way that every
2–bridge link is isotopic to K(p, q) for some p and q [1]. When p is even, K(p, q)
is a 2–component link, when p is odd K(p, q) is a knot, and K(p, p− q) is isotopic
to the mirror image of K(p, q). The 2–fold cover of S3 branched along K(p, q) is
the lens space L(p, q). To state our main result we shall need the following:

Definition 1. Let Q>0 denote the set of positive rational numbers, and define
maps f, g : Q>0 → Q>0 by setting, for p

q ∈ Q>0, p > q > 0, (p, q) = 1,

f

(
p

q

)
=

p

p− q
, g

(
p

q

)
=
p

q′
,

where p > q′ > 0 and qq′ ≡ 1 (mod p). Define R ⊂ Q>0 to be the smallest subset
of Q>0 such that f(R) ⊆ R, g(R) ⊆ R and R contains the set of rational numbers
p
q such that p > q > 0, (p, q) = 1, p = m2 for some m ∈ N and q is of one of the

following types:

(1) mk ± 1 with m > k > 0 and (m, k) = 1;
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(2) d(m± 1), where d > 1 divides 2m∓ 1;
(3) d(m± 1), where d > 1 is odd and divides m± 1.

Casson, Gordon and Conway [3] showed that every knot of the form K(p, q)
with p

q ∈ R is ribbon. The interior of any ribbon disk can be radially pushed

inside the 4–ball B4 to obtain a smoothly embedded disk, and the 2–fold cover of
B4 branched along a slicing disk for K(p, q) is a smooth rational homology ball
with boundary the lens space L(p, q). Therefore if K(p, q) is a knot (i.e. if p is
odd) we have the implications:

(∗)
p

q
∈ R ⇒ K(p, q) ribbon ⇒ K(p, q) smoothly slice ⇒ L(p, q) = ∂W,

where W is a smooth 4–manifold with H∗(W ; Q) ∼= H∗(B
4; Q). Our main result

is the following.

Theorem 1. Let p > q > 0 be coprime integers. Then, the following statements
are equivalent:

(1) p
q belongs to R.

(2) There exist:
(a) A surface with boundary S, homeomorphic to a disk if p is odd and

to the disjoint union of a disk and a Möbius band if p is even;
(b) A ribbon immersion i : S # S3 with i(∂S) = K(p, q).

(3) The lens space L(p, q) smoothly bounds a rational homology ball.

Theorem 1 immediately implies the following result, which settles the ribbon
conjecture for 2–bridge knots.

Corollary 1. The implications in (∗) can all be reversed. In particular, the ribbon
conjecture holds for 2–bridge knots. �

Proof of Theorem 1 (outline): To show that (1) implies (2) we use explicit ribbon
moves to prove the existence of ribbon surfaces in all the required cases.

If (2) holds, an easy topological argument shows that that the 2–fold cover of B4

branched along a copy of Σ with interior pushed inside B4 is a rational homology
ball. Therefore (2) implies (3).

To prove that (3) implies (1) we use the following idea. If a lens space L(p, q)
smoothly bounds a rational homology ballW (p, q), one can form a smooth negative
definite 4–manifold X(p, q) by taking the union of −W (p, q) with a canonical 4–
dimensional plumbing P (p, q) bounding L(p, q). Since X(p, q) is negative definite,
Donaldson’s celebrated theorem [2] implies that the intersection form QX(p,q) of
X(p, q) is isomorphic to the standard diagonal form Dn, where n = b2(X(p, q)).
Therefore there is an embedding QP (p,q) →֒ Dn, and since −L(p, q) = L(p, p− q)
smoothly bounds the rational homology ball −W (p, q), there is an embedding
QP (p,p−q) →֒ Dm as well. The existence of both embeddings (it is easy to see
that a single embedding is not enough) gives constraints on the pair (p, q) which
eventually allow us to prove that (1) follows from (3). In contrast to the simplicity
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of this idea, the algebro–combinatorial machinery we must set up to work out such
constraints is fairly complex. Here is the gist of what we do. We can write

p

q
= a1 −

1

a2 −
1

. . . −
1

an

,
p

p− q
= b1 −

1

b2 −
1

. . . −
1

bm

,

for some integers ai, bj ≥ 2 for i = 1, . . . , n, j = 1, . . . ,m. It turns out that∑n
i=1(ai − 3) +

∑m
j=1(bj − 3) = −2, therefore up to replacing (p, q) with (p, p− q)

we may assume

(0.1) I :=

n∑

i=1

(ai − 3) < 0.

Choosing a suitable set of generators of H2(P (p, q); Z), the embedding
QP (p,q) →֒ Dn gives rise to a subset S = {v1, . . . , vn} ⊂ Dn with

vi · vj =





−ai if |i− j| = 0,

1 if |i− j| = 1,

0 if |i− j| > 1.

We call such subsets standard. The bulk of our work consists of analyzing the
standard subsets of Dn, n ≥ 3, satisfying Equation (0.1). For technical reasons,
in order to understand standard subsets we need to understand certain more gen-
eral subsets for which the intersection numbers vi · vj are allowed to vanish when
|i − j| = 1. We prove that such subsets are obtained from similar subsets of D3

via a finite sequence of operations we call expansions. In its turn, this requires
understanding the potential obstructions coming from the fact that during a se-
quence of expansions a subset might develop what we call bad components. At the
end of the day we show that for each standard subset S ⊂ Dn with I < 0, we have
I ∈ {−1,−2,−3} and S is obtained from a standard subset of D3 by expansions.
This allows us to describe explicitely the string of integers (a1, . . . , an) associated
to standard subsets with I < 0, and gives the constraints mentioned above. �

Acknowledgments: I am grateful to Andrew Casson for generous help, and
to Cameron Gordon for useful e–mail correspondence.
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Whitney towers and link concordance

Rob Schneiderman

(joint work with Peter Teichner)

Techniques of algebraic topology and surgery theory have provided a deep under-
standing of the structure of manifolds of dimension greater than or equal to 5,
essentially in terms of abelian invariants. The Whitney move is a procedure for re-
solving singularities which plays a critical role in the surgery program by providing
a key link between “algebraic cancellation” (the vanishing of homotopy-theoretic
obstructions) and “geometric cancellation” (the removal of pairs of intersections
among submanifolds by a homotopy). In dimension 4 the Whitney move fails in
general, since Whitney disks (which guide Whitney moves) will generically contain
intersection and self-intersection points, and this failure is intimately connected to
the emergence of a plethora of low-dimensional phenomena. The theory of Whit-
ney towers provides an obstruction theoretic approach to studying low-dimensional
problems by “measuring” the failure of the Whitney move. In particular, a main
goal of Whitney towers is to provide invariants of immersed spheres in 4-manifolds
which are obstructions to homotoping the spheres to disjoint embeddings.

A Whitney tower is a 2-complex of iterated Whitney disks that pair intersec-
tions between immersed surfaces (and intersections among Whitney disks) in a
4–manifold. Whitney towers are parameterized by unitrivalent trees, and the ba-
sic measure of complexity of a Whitney towers is its order, which corresponds to
the number of trivalent vertices in its associated tree. A Whitney tower of higher
order is in some sense a “better approximation” to a homotopy eliminating singu-
larities among the underlying immersed surfaces, and an order n Whitney tower
W has an order n intersection tree τn(W) representing a group element whose
vanishing is sufficient for the existence of an order n + 1 Whitney tower on the
underlying immersed surfaces. Thus, a certain degree of “algebraic cancellation
implies geometric cancellation” is recovered from the higher dimensional theory.
This obstruction element takes values in abelian groups Tn generated by decorated
trivalent trees modulo antisymmetry and Jacobi relations – essentially the same
groups that appear in the 3-dimensional finite-type theories. The univalent ver-
tices in the trees correspond to the underlying immersed surfaces, the trivalent
vertices correspond to Whitney disks, and the edges correspond to sheet-changing
paths between adjacent Whitney disks.

In the setting of Whitney towers on properly immersed disks in the 4-ball, the
intersection tree gives concordance invariants of the bounding link in S3, including
the Arf and Milnor invariants. For example, if a link L ⊂ S3 bounds an order n
Whitney tower W in the 4-ball, then τn(W) = Kn(L) ∈ Tn ⊗ Q, where Kn(L)
is the leading term of the tree part of the Kontsevich invariant of L. With the
same hypothesis, τn(W) is equal to the first non-vanishing Milnor invariant µn(L)
also in Tn ⊗Q. By restricting to non-repeating Whitney towers, whose trees have
univalent vertices corresponding to distinct immersed disks, one recovers Milnor’s



Four-dimensional Manifolds 2181

classification of link-homotopically trivial links: The components of L bound dis-
joint immersed disks in the 4-ball if and only if all non-repeating intersection trees
vanish in the corresponding (torsion-free) groups.

The (first order) intersection tree also detects the Arf invariants of the compo-
nents of L. If a component li of L bounds Di in B4, with all double points of Di

paired by (framed) Whitney disks, then each intersection between an interior of a
Whitney disk and Di corresponds to a Y -tree, and the Arf invariant of li is the
sum of such Y -trees modulo 2.

In fact, Whitney towers suggest a formulation of infinite families of “higher
order Arf invariants” which we conjecture are well-defined concordance invariants.
The first test case is the Bing-double of the Figure eight knot, which as far as we
know has not been shown not to be slice; this two component link L = l1

⋃
l2 ⊂ S3

bounds a Whitney tower in B4 consisting of two embedded disks Di bounded by
the li, with an immersed (order 1) Whitney disk W(1,2) pairing the intersections
between D1 and D2, and a Whitney disk W((1,2),(1,2)) pairing the self-intersections
ofW(1,2). This (order 3) Whitney diskW((1,2),(1,2)) has a single interior intersection
with W(1,2) which we conjecture represents a non-trivial concordance invariant
of L. The situation is quite subtle, since for instance the unpaired (order 4)
intersection can be “pushed up” to order 5, or W((1,2),(1,2)) can be embedded at
the cost of destroying its framing. It is also possible that this invariant corresponds
to the mod 2 reduction of an isotopy invariant contained in the loop part of the
Kontsevich integral of L.
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The topology of symplectic sums of four-manifolds

Michael Usher

Let (Xi, ωi) (i = 1, 2) be symplectic 4-manifolds containing embedded symplec-
tic surfaces Fi of equal area, equal positive genus, and opposite self-intersection.
Given an orientation-reversing identification ψ of the normal bundles to the Fi, a
construction of R. Gompf [2] yields a natural isotopy class of symplectic structures
on the normal connect sum

Z = X1#F1=F2
X2 = (X1 \ nd(F1)) ∪ψ (X2 \ nd(F2)) .
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Our aim is to make general statements about the topology of manifolds Z obtained
in this fashion under modest assumptions on the Fi. The main result is:

Theorem 1. 1) Provided that each Fi meets every embedded symplectic sphere of
square −1 in Xi and neither of the Xi is a ruled surface having Fi as a section,
the sum Z is minimal.
2) If neither of the Xi is a ruled surface having Fi as a section, the minimal model
of Z is neither rational nor ruled.

(Note that if, say, X2 is a ruled surface with section F2, then for at least one
choice of framing ψ X1#F1=F2

X2 will be diffeomorphic to X1, which explains the
necessity of one of the conditions.)

A corollary of this theorem is a conjecture of Stipsicz asserting that fiber sums
of nontrivial relatively minimal Lefschetz fibrations are minimal.

The theorem is readily implied by (indeed, is equivalent to) the following state-
ment, which directly speaking is what we prove: Under the conditions of Theorem
1, the genus-zero Gromov–Witten invariants of Z all vanish.

To prove this latter statement, we rely on the analysis carried out by E. Ionel
and T. Parker [3] of pseudoholomorphic curves in Z in terms of those in the Xi.
Their results imply that a nonvanishing genus-zero Gromov–Witten invariant for
Z (say in the homology class A) would give rise via “pinching the neck” to trees of
(potentially reducible and nonreduced) Ji-holomorphic curves in the Xi, where the
Ji are almost complex structures on Xi preserving the respective TFi. Moreover
the homology classes Ai ∈ H2(Xi; Z) satisfy the relation

〈κZ , A〉 = 〈κX1
+ PD(F1), A1〉 + 〈κX2

+ PD(F2), A2〉.

But considerations of virtual dimension force the left hand side above to be nega-
tive, and so the theorem follows from the following:

Lemma 1. Let F be an embedded symplectic surface of positive genus in a sym-
plectic 4-manifold (X,ω) which meets all embedded symplectic (−1)-spheres in X
and which, in case X is a ruled surface, is not a section. Then if J is an almost
complex structure making F pseudoholomorphic and A ∈ H2(X ; Z) is represented
by a J-holomorphic sphere, we have

〈κX + PD(F ), A〉 ≥ 0.

When the minimal model of X is neither rational nor ruled, the above inequality
is proven by appealing to results of C. Taubes [5] and (in case b+(X) = 1) A.K.
Liu [4] which arise from Seiberg–Witten theory and imply that the canonical class
of X enjoys certain positivity properties. Of course, when X is rational or ruled,
the canonical class is no longer positive; however, our inequality amounts to the
statement that a symplectic surface of positive genus which passes through all
(−1)-spheres and is not a section of a ruled surface is necessarily “large” enough
that the sum κX + PD(F ) does exhibit the desired positivity. In case X is an
irrational ruled surface, this can be seem by fairly direct calculations using the
adjunction formula. When X is rational, the story is more subtle due to the
large number of classes A that are represented by holomorphic spheres. Using the
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analysis of the chamber structure in the cohomology of X that was carried out
by R. Friedman and J. Morgan in their study [1] of the diffeomorphism types of
algebraic surfaces, however, it can be shown that the hypotheses of the lemma
ensure that κX +PD(F ) lies in the closure of the “forward time cone” of H2(X),
from which it follows fairly easily that κX + PD(F ) evaluates nonnegatively on
all holomorphic spheres. For full details of the proof of Lemma 1 see [6].
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Constructing broken Lefschetz fibrations and pencils

David T. Gay

(joint work with Robion Kirby)

Let X be a smooth, compact, oriented 4-manifold. We are interested in con-
structing smooth maps f from X to a surface Σ maintaining tight controls on
the types of singularities allowed. If X has nonempty boundary, one should also
impose some appropriate boundary conditions. If there are no singularities (and
appropriate boundary conditions are imposed) π is an honest fibration. Consider
the following types of singularities, described by local models (the local models
should respect orientations):

Definition 1. A critical point p ∈ X of f is a Lefschetz singularity if f is locally
modelled near p by the map g : (w, z) 7→ w2 − z2 from C2 to C. The point p is an
anti-Lefschetz singularity if f is locally modelled near p by (w, z) 7→ w2 − z2.

Definition 2. An embedded circle S ⊂ X of critical points of f is a round 1-
handle singularity if f is locally modelled near S by the map h : (θ, x, y, z) 7→
(θ,−x2 + y2 + z2) from S1 × R3 to S1 × R. Note that the genus of a fiber on one
side of f(S) is one higher than the genus on the other side.

Definition 3. If the critical set of a map f is precisely a disjoint union of Lefschetz
and anti-Lefschetz singularities and round 1-handle singularities, we say the map
is a broken achiral Lefschetz map. We omit the adjective “broken” if there are no
round 1-handle singularities and we omit the adjective “achiral” if there are no
anti-Lefschetz singularities.

Definition 4. A (broken) (achiral) Lefschetz map from a closed 4-manifold X to
S2 is called a (broken) (achiral) Lefschetz fibration on X.
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Definition 5. A (broken) (achiral) Lefschetz pencil on a closed 4-manifold X is a
nonempty finite set B ⊂ X (the base locus) and a (broken) (achiral) Lefschetz map
f : X \ B → S2 which is locally modelled near each point b ∈ B by the canonical
map π0 : C2 \ (0, 0) → CP 1.

Note that if we blow up each point in the base locus of a (broken) (achiral) Lef-
schetz pencil we get a (broken) (achiral) Lefschetz fibration. Algebraic geometers
might like us also to prepend the adjective “topological” to these definitions, to
distinguish from algebraic or holomorphic Lefschetz fibrations and pencils.

The relevant history of course goes back to Lefschetz and begins in the al-
gebraic world. However, we begin our account with Donaldson, who proved [2]
that every closed symplectic 4-manifold supports a Lefschetz pencil. Gompf and
Stipsicz [6] observed that there are topological obstructions to the existence of
achiral Lefschetz fibrations on a given closed 4-manifold, but Etnyre and Fuller [4]
proved that every closed 4-manifold, after surgery along some circle, does support
an achiral Lefschetz fibration. Using the fact that any closed 4-manifold X with
b+2 (X) > 0 has a near-symplectic form, Auroux, Donaldson and Katzarkov [1]
extended Donaldson’s techniques to show that any X with b+2 (X) > 0 supports a
broken Lefschetz pencil (and hence, after blowups, a broken Lefschetz fibration).
Note that Etnyre and Fuller’s result is essentially constructive, using handlebody
decompositions and open books, and relying on Giroux’s results relating contact
structures to open books and Eliashberg’s classification of overtwisted contact
structures. The Auroux-Donaldson-Katzarkov result is quite non-constructive,
being essentially an analytic result. We originally set out to reprove this result
constructively, in the spirit of Etnyre and Fuller.

As motivation for this program, note that Donaldson and Smith [3] defined
a way of counting sections and “multi-sections” of Lefschetz fibrations which
Usher [8] showed was equivalent to Taubes’ Gromov-Witten invariants, and hence
to the Seiberg-Witten invariants. Perutz [7] has initiated a program to extend
these results to the setting of broken Lefschetz fibrations. This program depends
strongly on symplectic and pseudo-holomorphic geometry and is thus not partic-
ularly tolerant of anti-Lefschetz singularities, so if we use this program as a moti-
vation for constructive results, we should try to avoid anti-Lefschetz singularities
as much as possible.

We have proved the following result:

Theorem 1. Given any closed 4-manifold X and any surface F ⊂ X with F ·F =
0, there exists a broken achiral Lefschetz fibration f : X → S2 with F as a fiber.

To give an idea of how this is proved, and to state some results that are in-
teresting in their own right, we now look at compact 4-manifolds with boundary.
Here we need to impose boundary conditions, which take the form of open book
decompositions. For us, an open book decomposition is a smooth map f from a
3-manifold M to a disk D such that f−1(∂D) is a compact 3-dimensional subman-
ifold on which f is a fibration over S1 and such that f−1(D \ ∂D) is a disjoint
union of open solid tori on each of which f is the projection S1×D2 → D2. Recall
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Giroux’s results [5] that an open book decomposition supports a unique contact
structure and that any two open books supporting the same contact structure are
related by “positive stabilizations” (Murasugi sums with left-handed Hopf bands).
We will also work with “negative stabilizations” (Murasugi sums with right-handed
Hopf bands) of open books; these change the contact structures and in particular
always produce overtwisted contact structures.

Definition 6. A convex (broken) (achiral) Lefschetz fibration is a (broken) (achi-
ral) Lefschetz map f from a compact 4-manifold X with nonempty boundary to
D2 which restricts to an open book on ∂X. A concave (broken) (achiral) Lefschetz
fibration is a (broken) (achiral) Lefschetz map f from a compact 4-manifold X
with nonempty boundary to S2 such that f(∂X) is the southern hemisphere D−

and such that f |∂X is an open book. If we allow a base locus, then we have concave
(broken) (achiral) Lefschetz pencils.

It should then be clear that if we split a closed 4-manifold X into pieces X−

and X+, and if we construct a convex (B)(A)LF on X− and a concave (B)(A)LF
on X+ inducing the same open book on ∂X− = −∂X+, then the two fibrations
can be glued together to yield a (B)(A)LF on X .

We have the following result:

Theorem 2. Given any compact 4-manifold X with a handlebody decomposition
involving only 0-, 1- and 2-handles, and given any open book decomposition on ∂X
supporting an overtwisted contact structure, there exists a convex broken Lefschetz
fibration on X restricting to a positive stabilization of the given open book on ∂X.

Note that here we have avoided anti-Lefschetz singularities, keeping the sym-
plectic geometers happy so far. The proof of this theorem begins with a given
handlebody decomposition and is completely explicit except when appealing to
Eliashberg’s classification of overtwisted contact structures and Giroux’s results.

On the other side we have:

Proposition 1. Given any surface F , there exists a concave broken Lefschetz
fibration on F ×D2.

Note that this is considerably less trivial than the statement that F ×D2 fibers
over D2; here we are constructing a map to S2 with constrained boundary behav-
ior. In fact this result generalizes part of a construction in [1] of a broken Lefschetz
fibration on S4.

Theorem 1 then follows from Theorem 2, the above proposition, and lemmas
to the effect that (1) if we add a 1-handle to a concave BLF, we can extend the
map to S2 across the 1-handle to produce a new concave BLF, and (2) we can
change the open book on the boundary of a concave BLF by positive or negative
stabilizations by changing the BLF (and not changing the manifold), except that
to achieve positive stabilizations we need to introduce anti-Lefschetz singularities.
This last point is when we could not avoid “achirality”.
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Parallelizable four-manifolds

D. Kotschick

In spite of our growing knowledge of smooth four-manifolds, we actually know
very little about closed parallelizable four-manifolds. For example, we still do not
know whether the four-torus admits an exotic smooth structure. In this talk I
presented examples of compact parallelizable four-manifolds with distinct smooth
structures, and gave some applications of their construction. I also discussed
geometric structures on parallelizable four-manifolds.

1. Exotic smooth structures

Here are the first examples of exotic smooth structures on closed parallelizable
four-manifolds:

Theorem 1. ([2]) If k is odd and large enough, then there are infinitely many pair-
wise non-diffeomorphic smooth manifolds Yk homeomorphic but not diffeomorphic
to

Xk = k(S2 × S2)#(1 + k)(S1 × S3) .

After a single stabilization with S2 × S2 all the Yk become standard.

The exotic Yk arise from exotic, in fact, symplectic, manifolds Zk homeomorphic
to k(S2×S2). These can be constructed in such a way as to dissolve after a single
stabilization. The Yk are then constructed from Zk by summation with copies of
S1×S3. After this summation the numerical Seiberg–Witten invariants vanish, but
the homological invariants corresponding to moduli spaces of positive dimension
still distinguish the Yk from each other, and from Xk. The Yk inherit the property
of dissolving after a single stabilization.
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Similar constructions can be made in other situations to produce exotic mani-
folds that are known to dissolve after a single stablization. There is still no example
of an exotic four-manifold known to need more than one stabilization with S2×S2

to become standard. Yang–Mills theory offers some potential tools to attack this
question, but these tools have no analog in Seiberg–Witten theory.

2. Geometry on parallelizable four-manifolds

2.1. Minimal volume and circle actions. The construction in the proof of
Theorem 1 arose from considerations of minimal volumes and entropies in [2].
On the one hand, the standard smooth structure on Xk was shown to admit a
smooth free circle action, implying that its minimal volume in the sense of Gromov
vanishes. On the other hand, the existence of generic monopole classes in the sense
of [1] on the Yk shows that these exotic manifolds do not collapse with bounded
scalar curvature, in particular their minimal volumes are strictly positive. Thus
one obtains:

Corollary 1. ([2]) The minimal volume is not invariant under homeomorphisms.
Even the vanishing or nonvanishing of the minimal volume is not preserved by
homeomorphisms.

To have vanishing minimal volume, one has to consider manifolds with vanish-
ing real characteristic numbers, so one is almost forced to look at parallelizable
manifolds.

These examples also show that the existence of smooth fixed-point-free circle
actions does depend on the smooth structure.

After the Oberwolfach meeting I realized that these considerations are very
much related to Perelman’s invariant of four-manifolds, cf. [3].

2.2. Engel structures. Most parallelizable four-manifolds do not have complex
or symplectic structures. However, there are interesting geometric structures that
do exist on parallelizable four-manifolds, and that might be useful in their in-
vestigation. These are the Engel structures. They are closely related to contact
structures on three-manifolds. For their definition we first have to define even
contact structures.

Definition 1. An even contact structure on a 2n-dimensional manifold M is a
maximally non-integrable smooth hyperplane field E.

In dimension four, that is for n = 2, every closed manifold with zero Euler
number admits an even contact structure by the h-principle (Gromov, McDuff).
For this and other reasons it seems that even contact structures may not be geo-
metrically interesting.

Definition 2. An Engel structure on a 4-dimensional manifold M is a smooth
rank 2 distribution D with the property that [D,D] is an even contact structure E.
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Every C2 small perturbation on an Engel structure is again an Engel structure,
moreover a generic rank 2 distribution on a four-manifold is Engel almost every-
where. In the classification of stable germs of distributions due to Montgomery,
Engel structures occupy a special place, in that they are the only sporadic entry
in the list, whose other entries are line fields, contact structures and even contact
structures. This is one of several motivations for the study Engel structures.

It is not hard to show that an orientable four-manifold admitting an orientable
Engel structure is parallelizable. Conversely, one has the following recent existence
theorem:

Theorem 2 (Vogel [4]). Every parallelizable four-manifold admits an orientable
Engel structure.

This can not be proved by applying convex integration or Gromov’s h-principle,
although the conclusion can of course be interpreted as an h-principle. Vogel’s
proof [4] is constructive, using round handle decompositions to build Engel struc-
tures. In this construction contact structures on the boundaries of round handles
arise, and here Vogel uses a lot of the modern machinary of contact topology. Per-
haps one of the reasons Engel structures have not been studied much before is that
there was a lack of interesting examples on closed manifolds. Now that we have
Vogel’s existence theorem, it remains to be seen what Engel structures can tell
us about four-dimensional topology. For example, we would like to know how the
(non-empty!) classification of Engel structures on a parallelizable four-manifold
depends on the underlying smooth structure.
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