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Abstract. The development of reliable numerical methods for the simul a-
tion of real life problems requires both a fundamental knowl edge in the eld
of numerical analysis and a proper experience in practical a pplications as well
as their mathematical modeling.

Thus, the purpose of the workshop was to bring together exper ts not only
from the eld of applied mathematics but also from civil and m  echanical
engineering working in the area of modern high order methods for the solution
of partial di erential equations or even approximation the  ory necessary to
improve the accuracy as well as robustness of numerical algo rithms.

Mathematics Subject Classi cation (2010):  34-99, 35F25, 35L65, 41A10, 76-99.

Introduction by the Organisers

The workshopRecent Developments in the Numerics of Nonlinear Hyperbati Con-
servation Laws organised by Remi Abgrall (Zdarich), Willem Hundsdorfer (Ams-
terdam), Andreas Meister (Kassel) and Thomas Sonar (Braunsciveig) was held
September 14th{September 19th, 2015. This meeting was well a¢nded with over
50 participants with broad geographic representation from all coinents.

Since modern numerical methods like Discontinuous Galerkin or Speral Ele-
ment Finite Di erence methods are based on orthogonal polynomialson simplices
and use modal lters as well as methods for edge detection and mgmore math-
ematical devices from di erent areas of research we decided to ime renowned
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researchers from numerical methods for partial di erential equations and approxi-
mation theory. Furthermore, to couple mathematical precision with a large range
of applicability we also invited scientist from engineering departmentsworking in

the eld of numerical schemes.

The talks ranged from new Runge-Kutta solvers, new lters and edje detection
algorithms, Discontinuous Galerkin methods, Spectral Di erence nethods, Finite
Di erence operators, implicit solvers, and nite volume methods to the modeling
of shallow water ow, viscous as well as inviscid uid ow and solid mechanics.
Discussions were lively and many di erent research areas met for t rst time
resulting in interesting talks and contacts.

The workshop was a tremendous success and we are looking forwao repeat
this kind of conference in Oberwolfach again in a few years.

Acknowledgement:The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, \US Junior Oberwolfad Fellows".
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Abstracts

Remove the mass matrix from nite element calculations of co vection
dominated transport equations

Remi Abgrall
(joint work with P. Bacigaluppi, S. Tokareva)

We are interested in the numerical approximation of problems of thetype: nd

the solution u : R* | RP, where is a regular open set ofRY, d=1;2;3 and
p2 N of:

%t+ div f(u)=0
1) u(x;0) = up(x) in x 2

u=gon@

Let us give a more precise meaning to this. In order to impose a conddn
u = g on the in ow boundary, we assume, for any reala and b, and any vector n,
the existence ofr ,f(a;b) such that

ruf(a;a) = r yf(a) n and,

f(h n f(b) n=r f(a;b(b a):
This is a reminscence of the Roe average. As soon figs C!, such average exists
and is unique. Then the boundary conditions are set such that

(2) max O;r wf(u;g) n(u g=0on = @
We introduce the ux F de ned by:

F(a;b):% f(a) n+f(b) n+ r f (a;b

Solutions of (1) should be understood in the weak sense. We introde the
space

Coe( R")=f"2C* R")such that there exists T,for which for any
X2 ;u(x;t)=0whent>T g

The weak form of (1) is: nd u 2 L( R*)\ Li, R*) such that for any
' 2Ci( RY)
@) Z Z
r' f(u)dxdt+ ' (x;0)up(x)dx Y(x;t) f(u)ynF (u;g;n) d =0

R* RI+

Typical examples of (1) are the Burgers equation wherep = 1, d = 2 and
f(u) = %;u , the Kurganov-Petrov-Petrova system wherep = 1, d = 2 and
f(u) = cosu;sinu , the Euler equations of uid dynamics whered = 1;2;3,

p =2+ din the simplest case,u = ( ; ¥;E )T where is the density, ¥ the
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velocity eld and E the total energy, i.e. the sum of the internal energye and the
kinetic energy. The ux is then

1
X
f(uy@v v+ pldA:
E+ pwv

The system is closed by the equation of statep = p(e; ) which has itself to satisfy
convexity assumptions [7]. In what follows, for ease of exposition, & are only
interested in scalar solutions, i.ep = 1, but the extension to the general case is
straightforward.

When one is interested in solving the unsteady problem (1) using a nie el-
ement method, several choices need to be made. First, one has te ne the
approximation spaceV" in which we are looking for the approximate solution. In
order to de ne it, one rst need to consider a tessellation T, of , i.e. a set of
elements (typically simplices or more complicated geometrical objes such that
the intersection of two elements has empty interior when they are ot identical,
and such that they cover  1.0Once this choice is met,V" is usually de ned as:

V" = f for any K;u} is polynomial of degreekg:

Here again we assume that the polynomial degree is the same on anement, but
this assumption might not be essential. The next step is to decide whéer we are
interested in globally continuous function, and in that caseV" must be replaced
by

V" = f for any K;uj is polynomial of degreekg\ C°() ;
or if the global continuity requirement is not required.

In order to approximate the weak form (2), discretization choicesneed to be
made according to the structure of V". In the discontinuous case,a typical ex-
ample is the Discontinuous galerkin method, see [6, 5]. In the continugs case,
a typical example is the stabilized Galerkin methods, i.e. either the steam-line
di usion method [8, 9], or [4] where di erent stabilisation technique are used or
the purely nonlinear method [3, 1, 2] which is is original design to compte steady
discontinuous solutions.

In most cases, one arrives to solving problems of the type

du

4) M gt +F =0
where U is the vector of unknowns,F is the approximation of the divergence term
and M is a mass matrix. When the Discontinuous Galerkin method is employed,
M is block diagonal, so computingM ! is not a big deal. This is not the case in
the continuous setting whereM is only sparse. After that, one can use standard
ODE solvers.

The purpose of the talk was to show how to avoid to invert the mass matrix,
extending the work of [10]. More precisely, instead of considering (4 we introduce
a slight modi cation of it which does not need any inversion of mass matix, and

IHere we implicitely make the assumption that is polygonal, but this is not essential.
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this modi cation has the property that the original accuracy is kept, as well as the
conservation properties of the method. With respect to a standad approximation,
one has to slightly change the approximation representation: the hsis functions
' associated to any degree of freedom must be such that for any K contained
in the support of * , we must have

4

" dx >0
K

This condition is not met in general for PX simpli es elements , except fork = 1,
but in the casek > 0 one can replace them, without modifyingV", by Bezier basis
functions. In the case ofQ¥ elements, the degree of free

We have show several examples, in the linear (station case) and thaon linear
case (KPP problem), that the method is e ective and lead to the expected accuracy
(for linear problems).

References

[1] R. Abgrall and D. de Santis. High-order preserving resid ual distribution schemes for
advection-di usion scalar problems on arbitrary grids.  SIAM |. Sci. Comput. , 36(3):A955{
A983, 2014.

[2] R. Abgrall and D. de Santis. Linear and non-linear high or  der accurate residual distribution
schemes for the discretization of the steady compressible n avier-stokes equations. J. Comput.
Phys., 283:329{359, 2015.

[3] R. Abgrall, A. Larat, and M. Ricchiuto. Construction of v ery high order residual distribution
schemes for steady inviscid ow problems on hybrid unstruct ured meshes.J. Comput. Phys. ,
230(11):4103{4136, 2011.

[4] E. Burman and P. Hansbo. Edge stabilisation for Galerkin  approximantion of convection-
di usion-reaction problems. Computer methods in applied mechanics and engineering ,
193:1437{1453, 2004.

[5] B. Cockburn, S. Hou, and C.-W. Shu. TVB Runge-Kutta local projection discontinuous
nite element method for conservation laws IV: the multidim ensional case. Math. Comp. ,
54:545{581, 1990.

[6] B. Cockburn and C.-W. Shu. TVB Runge-Kutta local project ion discontinuous Galerkin
nite element method for conservation laws Il: General fram ework. Math. Comp. , 52:411{
435, 1989.

[7] E. Godlewski and P.-A. Raviart. Numerical approximation of hyperbolic systems of conser-
vation laws. New York, NY: Springer, 1996.

[8] T.J.R. Hughes, L.P. Franca, and M. Mallet. A new nite ele  ment formulation for CFD: I.
symmetric forms of the compressible Euler and Navier-Stoke s equations and the second law
of thermodynamics. Comp. Meth. Appl. Mech. Engrg. , 54:223{234, 1986.

[9] C. Johnson, U. Navert, and J. Pitlaranta. Finite eleme nt methods for linear hyperbolic
problems. Computer methods in applied mechanics and engineering , 45:285{312, 1985.

[10] Mario Ricchiuto and Remi Abgrall. Explicit Runge-Kut ta residual-distribution schemes for
time dependent problems. Journal of Computational Physics , 229(16):5653{5691, 2010.



2408 Oberwolfach Report 41/2015

E cient Time Integration of IMEX Type using Exponential
Integrators for Compressible, Viscous Flow Simulation

Veronika Diba
(joint work with Andreas Meister, Sigrun Ortleb, Philipp Birken)

The simulation of unsteady compressible, viscous ow in real applicabns such as
the ow around a windturbine or gas quenching is still a challenging tak due to
the geometrical complexity and the size of the resulting systems [@B]. The spatial
discretization of the compressible Navier-Stokes equations usingie Discontinuous
Galerkin method leads to a large system of ordinary di erential equdions (ODES)

(1) %U(t):F(U(t)); U:R! RV; F:RV 1 RN:t2[to;TI:

That system su ers from the so-called geometry-induced sti nes due to the dras-
tically varying scales of the grid elements. Accordingly, explicit time integration
methods become ine cient, since their time step size is determined bythe smallest
grid element to ensure stability [1]. Implicit time integration allows much greater
time step sizes but at a crucial increase of the computational cosand memory
requirement per step. As shown by Kanevsky et. al. [2] the key to a e cient time
integration scheme in that scope promises to be the domain-based plicit-explicit
(IMEX) idea, which suggests to split the computational domain into a sti region
associated with an implicit time integration scheme and a nonsti regionlinked to
explicit time stepping, see gure 1. The sti region consists of the snallest grid
elements and the nonsti of the bigger ones.

Explicit
scheme
A- and } . with
! At satisfying
CFL-stable the CFL condition
scheme for the explicit
region
IMplicit EXplicit
region region
Figure 1. IMEX idea Figure 2. Wind turbine

Our goal is the construction of an IMEX type method, which is e cien t even
without preconditioning and thus allowing for good parallelization. The recently
developed EPIRK schemes by Tokman [6] seem to be suited for the @pcation
on the implicit region. They belong to the class of exponential integraors while
applying Krylov subspace projections and other strategies to gaire ciency. Their
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advantages are that they are theoretically unconditionally A-stable, do not need
a preconditioner, can be implemented in a Jacobian-free mode, and@ shown to
be more e cient than cassical schemes like explicit Runge-Kutta (RK), BDF or
Rosenbrock methods for su ciently sti problems [3].

An EPIRK scheme of stages with a set of coe cients b;a; ;g ;psj fori;j 2
f1,2;:::;sg can be written as

x3
(2) Un+1 =Un + bt s1(gstAnh)hFy + h b sk(gskAnh) (k l)Rn(Un)
k=2

X .
(3) Yi=yn+ a1 i1(G1Anh)hFy + h @ (g Anh) U YR, (Up);
=2

i =1;:10s 1, where Ry (Y) = F(Y) Fn  An(Y U,), h denotes the time
step size,A, :=F%qU,) and 1R,(U,) is the j-th forward di erence through the

nodesUy,;Yq;:::; Y. Atlast, the functions j for ;k =1;:::;s are de ned by
x X ZK _
ik (2) = . Pki " i(z) and 'i(z):= . m; i =0;1;:::5s:

Of great importance for applying those schemes in an IMEX contextare the
Courant-Friedrichs-Lewy (CFL-) stability, the conservativity, a nd the stability in
practice, which have been examined by us.

As for the A-stability, we gured out that it is not given in practice an y more,
since we are approximating the' -functions by a Krylov projection Py, into the
Krylov subspaceK

X t(hAn) _

"k(Anh)Fn Pm(" «(Ah)Fp) = m ns

i=0

k=0;1;:::;s. Consequently, the stability function consists of the Krylov projec-
tion P, of el :

Un+1 = Pm (eh )Un:
The stability region can be determined by computing the rootsz 2 C of

i € ; 2[0;2):
=0 *
Obviously, the stability region depends on the dimensiorm of the Krylov subspace
and increases with increasingm.

The CFL-stability also depends on m, which was shown by us for the one-
dimensional advection-di usion equation discretized by Finite Di ere nces. The
CFL-condition for a linear advection with speed a discretized on an equidistant
grid with mesh width  x was shown to be given byh ”‘jajx. Unconditional

CFL-stability is givenfor m N 1, if N is the size of the resulting ODE system.
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Now let's have a look at the conservativity. We call a time stepping scleme
conservative if

X X
(4) (Un+1)j = (Un)] 8n2No
j=1 j=1

holds for a system (1) with a right-hand side satisfying

X
F(U) =0 8U2RN:
j=1

We showed that the EPIRK schemes ful ll that property (4).
Now we can apply those schemes in an IMEX-context, what means tht we rst
split the right-hand side of the ODE system (1) in the following way:

FU)=F EU)+F ' (U):

In FE we put all the terms connected to the nonsti region, i.e. all integrals over
the larger grid elements and the other terms will be collected in the imficit part
F'.

Our rst idea was to apply an explicit Runge-Kutta method to the vec tor FE
and an EPIRK scheme to F . That IMEX-EPIRK scheme turned out to be of at
most rst order of convergence and can be written as

(5) Uns1 =Un + h(FE + ' ((hA]F]):

It is conservative, if the so-called ux-splitting strategy [5] is applied to F. On the
implicit region it is CFL-stable for su ciently high Krylov subspace dimen sionm
and is theoretically A-stable. In practice the stability region for the implicit part
corresponds to that of the underlying EPIRK scheme resulting fran FE = 0.

To construct methods of higher order than one in our IMEX context utilizing
exponential integrators, consider the splitEPIRK schemes [4]: Giva a split system
of ODEs of the form

%U(t):F(U)= LU(t) +N(U(t)); L2RY N;

the splitEPIRK schemes are given as in equations (2),(3) with the di erence that
the matrix L is used instead ofA and the function N replaces R. To apply those
methods in the domain-based IMEX-manner, rst split F into two par ts F(U) =
FE (U)+F ' (U) as before using the ux splitting strategy to ensure conservdivity.
Now de ne

L, = (FHYUL); NU)=FU) L,U;

so that the application of the splitEPIRK method to F(U) = L,U + N(U) is
feasible. Those IMEX-splitEPIRK schemes have similar properties ashe IMEX-
EPIRK schemes on the implicit region and can be written as an RK schera on
the explicit region. Therefore, the CFL-condition for the underlying RK scheme
determines the global time step size.
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First numerical experiments for the ow around a wind turbine pro le in two
dimensions (see gure 2) were carried out showing the experimentarder of con-
vergence two for the IMEX-EPIRK scheme (5) in that test case. The reason for
that is that the underlying EPIRK scheme is already of second orderand is applied
to the implicit region, where the main changes of the numerical solutio seem to
be located. Extensive numerical experiments and comparison withther schemes
is subject of our current and future work as well as the task of nding criteria for
deviding the domain into an explicit and an implicit region.
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Space-time discontinuous Galerkin method for nonlinear hy perbolic
conservation laws: residual error estimates

V tDolej s
(joint work with Filip Roskovec, Miloslav Viasak)

We deal with the numerical solution of nonlinear hyperbolic problems wth the
aid of the fully implicit space-time discontinuous Galerkin methodSTDGM). This
technique is based on piecewise polynomial but discontinuous approration which
provides su cient accurate and stable numerical solutions, see [3].Moreover, it
o ers a great exibility in mesh adaptation, namely it simply treats die rent grids
on di erent time levels.

The numerical solution of nonlinear partial di erential equations (P DES) by the
space-time discontinuous Galerkin method (STDG) is in uenced by three types of
errors:
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space(or spatial) error resulting from the space semi-discretization of the
given PDEs by the DG method,

time (or temporal) error resulting from the discretization of the arising
ODEs system with the aid of the time DG scheme,

algebraic error (including rounding errors) resulting from the inexact so-
lution of the corresponding nonlinear algebraic systems at each timstep.

In order to ensure the accuracy as well as the e ciency of the nunerical method,
these errors should be balanced.

In [4], we developed a residual based error estimation technique, wth is able
to identify the spatial, temporal and algebraic errors for convecton-di usion prob-
lems. Here, we present its extension to purely hyperbolic problemsThese esti-
mates are based on supremum

An(Wh ; )
1 = su _—;
@) P 0 K kx
where Ay, is the form representing the STDG discretization of the given problen,
wy, IS the approximate solution and is the test function. By a suitable choice
of the ( nite-dimensional) space X, we de ne

space-time-algebraic error,
space-algebraic error,
time-algebraic error,
algebraic error.

The delicate is the choice of the nornk kx in (1). Based on theoretical considera
tions and numerical experiments, we use the brokemd 1(0; T; H())-norm which
leads to the estimate of the error in the L?(0; T;L?())-norm. The presented
numerical experiments verify that these estimates identify the ceoresponding in-
gredients of the total error.

Moreover, we developed an e cient algorithm which

stops an iterative algorithm, which solves the arising nonlinear algehaic
system at each time step, when the computational error is not esntially
in uenced by the algebraic error,

chooses the size of the time step such that the computational eor is not
essentially in uenced by the temporal error,

adapts the given triangular grid such that the error estimate is under the
given tolerance.

DGM can simply handle with di erent polynomial approximation degree and
also with anisotropic grids. The use of the so-calledanisotropic hp-adaptation
can considerably decrease the number of degrees of freedom oamg hyperbolic
problems, where the exact solution is typically piecewise regular but scontinuous.

In [1], we developed the anisotropichp-adaptation approach for the solution of
boundary value problems. This technique is based on the optimizatiorof a given
hp-grid such that the interpolation error measured in the L9()-norm ( q 1)
is under a given tolerance. This techniqgue was extended in [2] to theumerical
solution of non-stationary problems, where a sequence dfp-meshes is generated
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such that the interpolation error in the discrete L* (0; T;L9())-norm is limited.

If an \unsuccessful time step" is detected, then a re-meshing h&ato be carry out.
Here it is advantageous to use STDGM which couples two time slaps in a @ak
sense. The preliminary numerical example is presented.
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Skew-Symmetric Entropy-Stable Discontinuous Galerkin Me thods for
Hyperbolic Problems with Source Terms

Gregor Gassner
(joint work with Niklas Wintermeyer, Andrew Winters, David Kopriva)

Fluid ows in lakes, rivers, and near coastlines are of interest in oceaography and
climate modelling. For such ows the vertical scales of motion are mub smaller
than the horizontal scales. From this and the assumption of hydratatic balance,
the Euler equations can be simpli ed to the shallow water equations. t the uid
OWS over a hon-constant bottom topography the shallow water equations may be
written as a hyperbolic system of balance laws

(1) @Qu+ @f + @g=s:

For problems with non-constant bottom topographiess 6 O the preservation of
non-trivial steady-state solutions is an important feature of a numerical approx-
imation. Such preservation is particularly troublesome for discontiruous bottom
topographies. One important steady-state for the shallow waterequations is the
so-called \lake at rest" solution, where a non-moving at surface says at for all
times. Discretisations which exactly preserve such steady-stateolutions are said
to be \well balanced". This is an important property when simulating p roblems,
where the solution is a small perturbation of such a steady-statelf the method is
not well balanced, this may result in numerically generated perturbdions that are
larger in magnitude the the actual perturbations of the solution, i.e. a so-called
\numerical storm".

Besides the speci c steady-state preservation, a general aspieof a numerical
method is its robustness and hence the ability to produce accurateand stable
results, even in the presence of non-linear discontinuities. While rolbstness is
often relative straight forward for low order approximations such as e.g. rst or
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second order nite volume discretisations, it still remains an open clallenge for
many so-called high order methods, such as e.g. the nodal discontious Galerkin
method. Due to variational crimes, Galerkin discretisations with high polynomial
degree approximations su er from aliasing errors. They su er, beause a positive
bene t of high order polynomial approximations is a resulting low inherent nu-
merical dissipation. Thus, while low numerical dissipation is certainly desired for
accuracy reasons it is at the same time the reason that errors dut® variational
crimes are not masked and hence have an impact on the stability of # resulting
discretisation. In a Galerkin type discretisation, aliasing errors typically occur
when non-linear functions are approximated by polynomial interpoldion and not
by polynomial L »-projection. If the number of interpolation (or quadrature) poin ts
are not su ciently high to resolve the function, parts of higher mod es of the func-
tion are transferred to lower modes, see [1]. This issue gets magndan situations
where the approximation is unresolved, e.g. shocks or vortical drien ows (turbu-
lence). Without proper de-aliasing techniques, aliasing errors theraccumulate in
every time step and can even drive non-linear instabilities, i.e. causeirmulations
to crash, e.g. [1, 2].

A clean de-aliasing technique is the proper projection of non-linearunctions
onto the polynomial space by choosing the number of interpolation quadrature)
points su ciently large to recover the analytical projection. This s o-called poly-
nomial de-aliasing is quite common in spectral methods and was rst poposed in
the context of discontinuous Galerkin methods by Kirby and Karniadakis in 2003.
At rst glance, this technique is quite simple (to implement) and the cleanest de-
aliasing technigue as it removes the source of aliasing, i.e. the variati@l crimes.
It is consequently quite e ective in stabilising computations e.g. show in [2]. A
practical issue for this type of de-aliasing is the actual choice of nmber of sample
points to remove the interpolation errors. The right number deperds on the type
of function that is projected and on the polynomial approximation space. Due to
computational e ciency, it is desired that the number of evaluation points is as
small as possible. A strategy where the number of points are chosearbitrarily
\high enough" to be on the safe side is obviously not recommended. &ivever,
the task to determine the minimum amount of evaluation points to guarantee sta-
bility is in the general case very di cult, and in some cases even imposble. If
we consider for instance the compressible Euler equations, the Galen Ansatz
is a piecewise polynomial for all conservative quantities. The Galerkirdiscretisa-
tion needs to project the non-linear ux function onto the space d polynomials.
However, the ux function of the compressible Euler equations arerational poly-
nomials with respect to the conservative quantities. Thus, indepedent of the
number of interpolation (quadrature) points, the projection is never analytically
exact. As we are dealing with computers anyway, one can relax thexactness
of the projection to achieving machine round-o errors. However it is clear in
this case that then the number of necessary evaluation points hidly depend on
the actual solution. For very smooth and well resolved parts of tke solution it
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is expected that the number is much smaller in comparison to parts othe solu-
tion containing e.g. shocks. Thus, ideally, an automatic and adaptiveapproach
would be required to rigorously satisfy the \machine round-o " req uirement. It is
clear that such an approach would substantially complicate the discetisation (for
instance load balancing in a parallel computation). Thus, up to now, the most
common approach in the community is to choose the number of evaluan points
in a pre-processor step of the simulation by an educated guess (avith trial and

error, i.e. user experience) and hope for the best during the simuten. It can

then be observed that in certain cases one can get away with a mudower num-
ber of evaluation points while retaining highly accurate results, e.g. [2 While
polynomial de-aliasing seems to be the natural and cleanest way ofedaliasing
for discontinuous Galerkin methods, there are still many open quesons left and
further research is necessary.

Recently, another de-aliasing technique was introduced for (noda discontinu-
ous Galerkin discretisations. The starting point is to accept that the projection
is not a proper L ,-projection but rather an interpolation. We get highly e ective
nodal discontinuous Galerkin methods for smooth problems, if we docate the
polynomial Ansatz and the interpolation operator. Thus, the number of interpo-
lation points are chosen assuming that the non-linear ux is of same plynomial
degree as the polynomial Ansatz. As discussed above, this obvidysntroduces
aliasing errors and for strongly non-linear problems the stability isses are severe.
However, by restricting the discontinuous Galerkin discretisation to this specic
case, it is possible to show the summation-by-parts property of tle resulting oper-
ator [3]. This enables the construction of nodal collocated discontinous Galerkin
discretisation based onskew-symmetricformulations of the underlying partial dif-
ferential equations, e.g. [3, 4]. These new skew-symmetric nodalistontinuous
Galerkin discretisations are provably entropy/energy stable without the assump-
tion of an exact evaluation of the projection.

In case of hyperbolic balance laws, i.e the shallow water equations, it ipos-
sible to derive speci c skew-symmetric formulations that are not ory provable
entropy stable, but also compatible with the well balanced property [5]. It can
be shown that for numerical robustness, both properties of thediscretisation are
desirable [6]. By augmenting the skew-symmetric formulation with suiable sur-
face discretisations of the uxes and the sources, it is possible toxtend the novel
skew-symmetric discontinuous Galerkin method to handle bottom tgographies
with (grid aligned) discontinuities on unstructured curvilinear quadr ilateral grids

[7].
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Mimetic discretization of the Lie derivative
Marc Gerritsma
(joint work with Jeroen Kunnen)

The Lie derivative Lx ! (¥) of a di erential k-form ! () on a manifold M represents
convective transport along the ow generated by the vector eld X 2 X(M ). Using
Cartan's magic formula we have

Lx! ® = ydt ®+d 10

where x is the interior product { contraction of the vector eld with the k-form
{ and d represents the exterior derivative.

A discrete representation of the exterior derivative is given by thecoboundary
operator, , see [1, 2]. This fully discrete representation is possible because the
exterior derivative is an intrinsic operator, i.e. coordinate indepencent and metric
free. One therefore hopes that a similar construction is possible fahe Lie deriv-
ative, because the Lie derivative is also an intrinsic operator. By impaing that
the discrete Lie derivative is linear in the di erential forms, linear in th e vector
elds and satis es a Leibniz rule

Ly (! (k) A (I)): Lx (! (k))/\ (O (k)/\LX( (I)) :

we present a discrete Lie derivativeLx which commutes with reduction operator
R

kMy 15 kM)

g

RY YR

ck 1 & Cck
This reuiqgres that also the reduction operator R need to be rede ned. For a

0-form f © the reduction consisted of sampling the function values at discrete
points. In the new reduction operator we sample the function valus of f © with
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all its partial derivatives g = @f{p)=@% Where the old reduction mapped onto
real-valued 0-cochains, the new reduction produces vector-va&d 0-cochains which
are essentially jet spaces. By a suitable choice of multiplication of surcvector-
valued cochains the Leibniz rule is satis ed at the purely discrete leve In the 1
dimensional case, this construction can be extended to 1-forms.

Preliminary results of this approach were shown during the workshp.
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Challenges and Opportunities in Long-Time Simulations of P DEs on
Modern Parallel Computing Platforms

Matthias K. Gobbert

(joint work with Jonathan S. Graf, Samuel Khuvis, Bradford E. Pe ercy, Stefan
Kopecz, Andreas Meister)

Advection-di usion-reaction equations occur in a wide variety of applications, for
instance uid ow, heat transfer, spread of pollutants, and tran sport-chemistry
problems. We consider a very general framework of this problem aa testbed to
investigate the choices of numerical methods in the face of Dirac dia distributions
among the source terms. We also demonstrate the ability of memorg cient
parallel implementations of these methods to solve the problem on dreemely ne
meshes e ciently using a cluster with state-of-the-art CPU nodes and cutting-
edge hybrid CPU/GPU nodes. Our consideration of this problem is inspred by
the need to simulate Calcium Induced Calcium Release (CICR) in a heartcell
[4]. CICR describes a physiological process within a cell where calcium able to
activate calcium release from the sarcoplasmic reticulum into the cywsol, which
is crucial for excitation-contraction coupling in the cardiac muscle.

As a testbed, we consider the system of coupled, non-linear, timdependent
advection-di usion-reaction equations

(1) u) DOru® + O ¢y =g j=1;::11ng;

with functions u® = u(x;t), i = 1;:::;ng, of spacex 2 R3 and time
0 't tn representing the concentrations of thens species. The di usivity
matrices D) = diag(D'};D{);D{)) 2 R® 3 consists of positive entries and are
assumed to dominate the advection velocity vectors () 2 R3, so that numerical
methods for parabolic problems are always justi ed. The right-hard side g in
(2) is written in a way that distinguishes the di erent dependencies and e ects as

2) gD @ um) ) = sSOWWex; )+ rO@® ;0 us):
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functions of all species and couple the reaction equations in the sign (1). The
terms stV (u();x;t) in (2) contain many thousands of point sources modeled by
Dirac delta distributions on a large lattice throughout the cell. This cr ucial fea-
ture of the model is responsible for many of the challenges, includinghe need
to discretize the domain of the cell with a very ne mesh to accommoate the
large number of point sources, since they are the crucial driver ahe physiological
e ects.

In [4], a nite volume method for advection-di usion-reaction systems with
smooth and non-smooth sources was introduced. E cient parallelcomputing is
necessary to enable long-time simulations of complex nonlinear modet:n high-
resolution meshes, such as for calcium induced calcium release in a hieeell mod-
eled by a system of advection-di usion-reaction equations in threespace dimen-
sions. A method of line approach with sophisticated time-stepping ad matrix-free
Newton-Krylov methods is well suited for parallel computing. With demands to
push performance further, we need to use modern parallel hardave with hierar-
chical memory access, data transmission via In niBand, and morewhose optimal
use is inherently challenging.

The UMBC High Performance Computing Facility has a cluster with over
300 nodes. The newest 72 nodes include hybrid nodes with high-endWDIA
GPUs as well as with cutting-edge 60-core Intel Phi acceleratorsvhich o er great
research opportunities and potentially signi cant speedup of the @mputational
kernels in simulation tools such as PDE solver for time-dependent prolems.

Table 1 shows a historical comparison of observed wall clock run tingefor the
application problem on clusters purchased in years ranging from 2@ to 2013.
For context, the ODE solver NDFk, 1 k 5, uses 73,123 time steps, and
the linear solver is BICGSTAB. The timings of the CPU runs show dramatic
improvement over time for the serial run as well as by using up to 32 ndes
with up to 16 computational cores per node. However, the applicabn demands
a longer nal time than the 1,000 ms here as well as demands more tmthe
3 chemical species modeled here. Therefore, yet better, more eient, parallel
code is needed. Specically, it is an interesting research opportunyt to study
sophisticated numerical methods and parallelization that take full advantage of
available state-of-the-art architectures!

Table 2 shows the complete CPU performance study up to 32 nodesnothe
2013 portion of the cluster, from which the summary data in the previous table
are taken. We see here that the needed run times for a ner meshdcome excessive,
namely more than the maximum allowed run time of 5 days on the cluster The
power of parallel computing is visible when the run time can be reducedo about
27 hours by using all cores on 1 node or even to about 1:40 hour on 3@des (all
16 cores per node).

Table 3 in turn shows the power of using hybrid CPU/GPU nodes for the same
meshes as in the previous table. Speci cally, focusing on the nest msh, the rst
row in the table starts with the run time of about 27 hours using all 16 CPU
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Table 1. Historical comparison of observed wall clock times
in HH:MM:SS for parabolic nonlinear three-species application
problems: CPU only results. Mesh resolutionNy Ny N, =
64 64 256, system dimension 3,257,475 [2]. Asterisk indicates
use of 8 processes per node to enable run.

Cluster, method serial (1 node) 32 node 32 node
1 core all cores 1 core per node all cores
time time (speedup) time (speedup) time (speedup)

tara (2009), FEM 67:04:28 09:17:32 (7.22)  02:15:03 (29.80) 00:29:06 (138.29)
tara (2009), FVM 47:46:46 07:31:51 (6.34) 01:41:46 (28.17)  00:25:54 (110.68)
maya (2009), FVYM 32:02:14 05:49:56 (5.49)  01:05:40 (29.27) 00:17:57 (107.09)
maya (2010), FVM 30:51:54 05:46:48 (5.34)  01:04:22 (28.77)  00:20:37 (89.83)

maya (2013), FVYM 25:02:01 02:25:55 (10.29) 00:53:17 (28.19) 00:18:33 (80.97)*

Table 2. Observed wall clock times in HH:MM:SS for parabolic
nonlinear three-species application problems on maya 2013 on
CPU nodes by number of nodes [2]. ET indicates \excessive time
required” (more than 5 days), N/A indicates that the case is not
feasible.

(a) Mesh resolution Nx Ny N; =32 32 128, DOF = 421,443

1node 2nodes 4nodes 8nodes 16 nodes 32 nodes
1 proc. per node  02:22:19 01:10:46 00:36:09 00:19:17 00:1®4 00:06:37
2 proc. per node  01:11:43 00:35:48 00:19:13 00:10:45 00:0647 00:04:48
4 proc. per node 00:37:52 00:19:27 00:11:07 00:06:59 00:05t8 00:04:41
8 proc. per node 00:21:35 00:11:28 00:07:24 00:05:41 00:0536 N/A
16 proc. per node 00:12:58 00:07:24 00:06:30 00:07:26 N/A N/ A

(b) Mesh resolution Nx Ny N; =64 64 256, DOF = 3,257,475

1 node 2nodes 4nodes 8nodes 16 nodes 32 nodes
1 proc. per node  25:02:01 12:25:01 06:10:14 03:07:33 01:3/B6 00:53:17
2 proc. per node 12:25:07 06:11:38 03:08:20 01:37:41 00:527 00:30:36
4 proc. per node 06:32:39 03:16:02 01:41:55 00:55:03 00:3150 00:21:03
8 proc. per node 03:52:48 01:53:44 01:00:20 00:34:24 00:2280 00:18:33
16 proc. per node 02:25:55 01:10:26 00:39:04 00:25:46 00:2129 N/A

(c) Mesh resolution Nx Ny Nz =128 128 512, DOF = 25,610,499

1 node 2nodes 4nodes 8nodes 16 nodes 32 nodes
1 proc. per node ET ET 69:15:37 34:51:02 17:31:44 08:59:06
2 proc. per node ET 69:46:29 35:16:03 17:45:06 09:00:47 04:47:14
4 proc. per node  72:31:51 36:34:34 18:36:29 09:32:04 05:044 02:50:34
8 proc. per node  42:01:27 26:23:03 11:03:41 05:46:44 03:0®3 01:56:47
16 proc. per node 26:53:37 13:56:38 07:21:17 03:54:47 02:1748 01:40:35

cores on 1 node. Using instead one GPU reduces this time to about I3 hours,
showing the advantage possible with this state-of-the-art accelator. The numbers
in parentheses show speedup over the 1 node/16 processes rimé, and it becomes
apparent that using two GPUs in the hybrid node is even more advanageous. On
the one hand, continuing to look at the speedups over the 1 nodeM processes
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Table 3. Observed wall clock times in HH:MM:SS for parabolic
nonlinear three-species application problem on maya 2013 with
CPU and hybrid CPU/GPU nodes. Wall clock time (speedup)
against one 16-core node using the nite volume method with
BiCG-STAB [1]. CPU-only on 128 128 512: 01:40:35 on 32
nodes (16 cores).

nodes (GPU/node) 32 32 129
1 node (16 cores) 00:12:58

64 64 256
02:25:55

128 128 512
26:53:37

1 node (1 GPU)
1 node (2 GPUSs)

00:16:47 (0.77)
00:11:47 (1.10)

01:44:13 (1.40)
00:59:53 (2.44)

15:32:34 (1.73)
08:18:18 (3.24)

2 nodes (16 cores)

2 nodes (1 GPU)

2 nodes (2 GPUSs)

00:07:24
00:12:20 (1.05)
00:09:27 (1.37)

01:10:26
00:58:12 (2.51)
00:35:31 (4.11)

13:56:38
08:14:26 (3.26)
04:25:55 (6.07)

4 nodes (16 cores)

4 nodes (1 GPU)

4 nodes (2 GPUs)

00:06:30
00:09:46 (1.33)
00:08:25 (1.54)

00:39:04
00:34:36 (4.22)
00:24:21 (5.99)

07:21:17
04:20:56 (6.18)
02:28:00 (10.90)

8 nodes (16 cores)

8 nodes (1 GPU)

8 nodes (2 GPUs)

00:07:26
00:08:32 (1.52)
00:08:10 (1.59)

00:25:46
00:24:58 (5.84)
00:20:27 (7.14)

03:54:47
02:24:46 (11.15)

01:31:22 (17.66)
02:17:48

01:30:06 (17.91)
01:06:17 (24.34)

N/A
00:08:19 (1.56)
00:08:11 (1.58)

16 nodes (16 cores)
16 nodes (1 GPU)
16 nodes (2 GPUs)

00:21:29
00:20:45 (7.03)
00:19:57 (7.31)

run shows that it pays to use all available 16 hybrid nodes with two GPUs each.
On the other hand, also comparing run times with and without GPUs on the
same number of nodes shows a clear advantage of combing CPUs aG®Us over
just using CPUs. In fact, the nal number of about 1:06 hour using 16 hybrid
CPU/GPU nodes is faster than the time of about 1:40 hours using 32 ®U nodes!

[1]

[2]

3]

[4]
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Invariant domains and rst-order continuous nite element
approximation for hyperbolic systems

Jean-Luc Guermond
(joint work with Bojan Popov)

1. Introduction

We propose a numerical method to solve general hyperbolic systesrin any space
dimension using forward Euler time stepping and continuous nite elenents on
non-uniform grids. The properties of the method are based on thentroduction of

an arti cial dissipation that is de ned so that any convex invariant s ets containing
the initial data is an invariant domain for the method. Our technique extends to

continuous nite elements the work of [Ho (1979), Ho (1985)], an d [Frid(2001)].

The invariant domain property is proved for any hyperbolic system provided a
CFL condition holds. The solution is also proved to satisfy a discrete stropy

inequality for every admissible entropy of the system. The method isformally

rst-order accurate in space and can be made high-order in time byusing any
Strong Stability Preserving technique.

1.1. The problem. Consider the following hyperbolic system

@u+r f(u)=0; for(x;t)2RY R,:

) u(x;0) = ug(x); forx 2 RY:

where the dependent variableu takes values inR™ and the ux f takes values in

(RM)9. Hereu is considered as a column vectou = (uq;:::;um)’. The uxis
a matrix with entries b (u,1 i m,1 j dandr f isa column vector
with entries (r f)i =, , 4@ fj. Flgr any n =(ng:::;ng)"T 2 RY, we denote

f (u) n the column vector with entries , | 4nif;(u), wherei 2f 1:mg.

To simplify questions regarding boundary conditions, we assume thaeither
periodic boundary conditions are enforced, or the initial data is conpactly sup-
ported. In both cases we denote byD the spatial domain where the approximation
is constructed. In the case of periodic boundary conditionsD is the d-torus. In
the case of the Cauchy problemD is a compact, polygonal portion of RY large
enough so that the domain of in uence ofug is always included in D over the
entire duration of the simulation.

1.2. Assumptions and de nitions. We assume that (1) is such that there is
a clear notion for the solution of the Riemann problem. That is to say there
exists an (nonempty) admissible setA R™ such that for any pair of states
(u_;ur) 2 AA and any unit vector n in RY, the following one-dimensional
Riemann problem (

(2) @+ @fu)n)=0; (Xt)2R R.s;  u(x0)= E; ::zig
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has a unique (physical) solution, which we henceforth denotei(n;u_;ur). We
make the following assumption:

The unique solution of (2) has a nite speed of propagation for anyn,
ie., there(is max (N; UL ;UR) such that

3)

ug; ifx  t max(n;uL;uR)

u X;t = .
(it) Ur; IfX t max(n;uL;uR):

We now introduce the notions of invariant sets and invariant domains Our
de nitions are slightly di erent from those in [Chueh et al.(1977)], [Ho (1985)],
[Smoller(1983)], [Frid(2001)]. We will associate invariant sets only withsolutions
of Riemann problems and de ne invariant domains only for an approximation
process of (1).

De nition 1 (Invariant set). We say that a setA A R™ is invariant for
(1) if for any pair (u_;ugr) 2 A A, any unit vector n 2 RY, and anyt> 0, the
average of the_entropy solution of the Riemann problenf2) over the Riemann fan,

say, ﬁ l’“tt u(n;ug;ur)(x;t)dx, remains in A.

Note that, the above de nition imgles that given t> 0 and any interval | such
that ( ,t ;mt) |,wehavethati  u(n;uL;ur)(xt)dx 2 A.

We now introduce the notion of invariant domain for an approximation process.
Let X, LYRY;R™) be a nite-dimensional approximation space and letSy :
Xh3up 7! Sh(up) 2 X1, be a discrete process oveX ,,. Henceforth we abuse
the language by saying that a member ofX j,, sayuy,, is in the set A R™ when
actually we mean thatfun(x) jx 2 Rg A.

De nition 2 (Invariant domain) . A convex invariant setA A R™ is said to
be an invariant domain for the processSy, if and only if for any state uy, in A, the
state S, (up) is also in A.

For scalar conservation equations the notions of invariant sets ath invariant
domains are closely related to the maximum principle. In the case of mdinear
systems, the notion of maximum principle does not apply and must be eplaced
by the notion of invariant domain. To the best of our knowledge, the de nition of
invariant sets for the Riemann problem was introduced in [Nishida(19®)], and the
general theory of positively invariant regions was developed in [Chue et al.(1977)].
Applications and extensions to humerical methods were developed ifHo (1979),
Ho (1985)] and [Frid(2001)].

2. The method

2.1. The nite element space. We want to approximate the solution of (1)
with continuous nite elements. Let ( Th)n> 0 be a shape-regular sequence of a ne
matching meshes. The elements in the mesh sequence are assumedé¢ generated

the meshT, could be composed of a combination of triangles and parallelograms
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in two space dimensions $ = 2 in this case); it could also be composed of a
combination of tetrahedra, parallelepipeds, and triangular prisms inthree space
dimensions ¢ = 3 in this case). The a ne di eomorphism mapping ©, to an
arbitrary element K 2 Ty is denoted T : Ibr ! K and its Jacobian matrix
is denotedJx, 1 r $. We now introduce a set of reference Lagrange nite
elementsf(}br;Fbr; br)gl r ¢ (the index r 2 f1:$ g will be omitted from now
on to alleviate the notation). Then we de ne the scalar-valued and \ector-valued
Lagrange nite element spaces

(4) P(Th)= fv2CD;R)jvik Tk 2P; 8K 2Thg, P (Th) =[P(Tn)]™:

where P is the reference polynomial space de ned orte (note that the index r
has been omitted). Denoting ng, := dim B and denoting by f8igis 1.n,4 the

Lagrange nodes o, we assume that the spaceib is such that

(5)  min b)) b(k) max b(a); 82 D:8h 2 K

Denoting by P; and Q; the set of multivariate polynomials of total and partial
degree at most 1, respectively; the above assumption holds f#® = P, whenK is
a simplex and b= Q1 when K is a parallelogram or a cuboid. This assumption
holds also for rst-order prismatic elements in three space dimensios.

Let faigior 1.14 be the collection of all the Lagrange nodes in the meshy,,
and let f' jgixr 1.14 be the corresponding global shape functions. Recall that
f' igi2f 1.1 forms a basis ofP(T,) and ' i(a;) = . The Lagrange interpola-
fion operator in P(T,) is denoted  : C(D) ! P (Th). Recall that n(v) =

1 i 1 V(ai)'i. We denote byS; the support of' ; and by jS;j the measure ofS;,
i2f1:1g. We alsodeneS; := S\ § the intersection of the two supportsS; and
S;. Let E be a union of cells inT,; we dene | (E) := fj 2f1:19gjjS\ Ej&0g
the set that contains the indices of all the shape functions whoseupport on E is
of nonzero measure. R

Let M2 R' ! be the consistent mass matrix with entries S, "i(x)'(x)dx,

and let M - be the diagonal lumped mass matrix with entries
VA
(6) m; = . "i(x)dx:
. : N P R .
The partition of unity property implies that m; = 21 () i(x)i(x)dx, ie.,
the entries of M - are obtained by summing the rows ofM .

2.2. The scheme. Let ung 2 P(Ty) be a reasonable approximation ofugy (we
shall be more precise in the following sections). Leh 2 N, Ige the time step, t"

be the current time, and let us sett"*l = t" + . Let up = ::1 u™; 2P(Th)

be the space approximation ofu at time t". We propose to computeuﬂ+1 =
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P
i|=1 Un+1| i by

n+l n YA X
m O Y ) d UM =0;
b j21 (si)

(7)

where the lumped mass matrix is used for the approximation of the tine derivative.
The coe cient dj is an arti cial viscosity de ned as follows for i 6 j:
(8) dij = max( max (nij (Ui Uj )kCij k‘z; max(nji ; Uj ; Ui)iji k‘z);

}yhere recall that max(njj ;Ui;U;) is de ned in the assumption (3), and d; :=

i=j21 (s Ui- The vector-valued goe cient ¢j 2 RY is de ned by

9) cjy = ir'jdx
D

P
Bemark 1 (Conservation). The de nition d; := &ip (S) d;i imlglies that
Ri2 (S) di =0, which in turn implies conservation, i.e., jup*™ dx = _ ufl dx+
o ( nf(up))dx sinced; = d; .
2.3. Stability results. Upon de ning hk := diam( K), the global maximum mesh
size is denotedh = maxk 21, hk . The local minimum mesh size,hy, , for any
K 2 Ty is de ned as follows:

1

maXiej21 (k) Kr " ik (s; )’

(10) hy =

and the global minimum mesh size ish := mink 27, hx . Due to the shape regu-
larity assumption, the quantities h, and hx are uniformly equivalent, but it will
turn out that using hy instead ofhk gives a sharper estimate of the CFL number.

Let ng, :=card(1 (K)) and let us de ne #x = nshl 7- Note that
(1) O<#mn =Mn min #x < +1;

(Th)h> 0 K2Th

since there are at most$ reference elements de ning the mesh sequence. We also
introduce the mesh-dependent quantities

(12) 7 7
in := Min_min ! "i(x)dx; ‘= max max ! "i(x)dx:
T K220 (K) K ok C M ot (K) K '
Note that min = max = % = oL for meshes uniquely composed of simplices

and min = max = 2 9 for meshes uniquely composed of parallelograms and
cuboids. The main result is as follows:

Theorem 1. Let A A be an invariant set for (1) in the sense of De nition 1.
Assume that max(A) = MaXpose 1(0;1) MaXu, jug2a max(N;UL;UR) < 1 and

A is convex. Assume thatuno 2 A and is such that2 —m=(A)__mx 9 then

LR min #min
(i) A is an invariant domain for the solution processuy 7! uﬂ*l foralln 0.
(i) Given n Oandi 2f1l:lg, let B A be a convex invariant set such that
Ul 2B forall |21 (S;), then UM 2 B.
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(i) The following discrete entropy inequality holds for any admissible entropy
pair (; g),anyn O anZd anyi 2f1:lqg:
. X
m + .
—((U™) U+ 1 (ag(up)idx+ d (U) o
D 621 (Si)
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Asymptotic theory of reduced MHD models for fusion plasmas
Herv e Guillard

Magnetohydrodynamics (MHD) is a macroscopic theory describing kectrically
conducting uids. An important application of MHD is the study of the sta-
bility of fusion plasmas in tokamak machines. A tokamak is a toroidal device in
which hydrogen isotopes in the form of a plasma reaching a temperate of the
order of the hundred of millions of Kelvins is con ned thanks to a very strong
applied magnetic eld.

In its simplest form (ideal MHD and barotropic uid) the hyperbolic MH D system
writes :

(p)%u +r(p+B?%=2) (Br)B =0 (1:1)

D

— ; + : = :
DtB (Birr)u+Br :u 0 (1:2
1D

N — + . - .
0 Dtp r:u 0 (1:4

In these equation,u the velocity, B the magnetic eld and p is the pressure and
Is the density that, thanks to the barotropic assumption is only a function of

pressure. The notation D:=Dt stands for the material derivative that is de ned

byD =Dt=@ +(uir).

Instead of the system (1) the plasma fusion community has introdeed the so-called



2426 Oberwolfach Report 41/2015

reduced MHD systems. A prototypical example of these models is #h following
one introduced by Strauss in [1].

@uU_ . . @. _ .
GVl 131 53=0 @)
@ . @' _ .
—@t+[ D] —@Z_ 0 (2:2)

Here, s the electric potential, the magnetic ux and U and J are de ned by :
U=r3" andJ=r3

The notation [:;:] is a poisson bracket de ned by {f;g] = e,ir »f r -, gwheree;

denote the unit vector in the toroidal direction while r » andr 3 are respectively
the gradient and Laplace operator in the poloidal direction (the term poloidal

denotes the plane perpendicular toe, i.e the plane generated by the unit vectors
ex and ey).

Using the theory of singular limit of hyperbolic PDE with a large parameter
introduced in [2], | show that (2) is a rigorous approximation of the full system
(1) when the magnetic eld is high. More precisely, | prove the following result :
Theorem 2 : Let " be the ratio of the poloidal magnetic eld over the toroidal
magnetic eld and assume that the initial velocity, magnetic eld and p ressure are
de ned by :

< u(0;x)=Va = "(vO(x)+ "vi("; x))
B (0;x)=Bo = e, + "(B%(x) + "B*("; X))
P0;x)=po = p+ "(a°(x) + "a*("; X))
where p is a constant, the functions v?; B%; ® and v!;B*; ' are bounded inHS$
and where the g-th order initial data veri es :
< r,wox)=0 (3:1)
r »:B3(x)=0 (3:2)
of (z) such that Bo(x) = f(z) d°(x) (3:3)

then the solution of the full MHD system (1) exists for a time T independent of"
and this solution converges inH® 1 to the solution of the reduced system. Details
can be found in [3]
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Thermo-mechanically coupled systems using high-order sch emes
Stefan Hartmann

Constitutive models in solid mechanics frequently are formulated by neans of or-
dinary di erential equations or di erential-algebraic equations, wh ich determine
the evolution of so-called internal variable. Some of these internalariables are
embedded in the stress-strain relation, where the stress has toebinserted into the
balance of linear momentum (partial di erential equation determinin g the defor-
mation of the material body). In quasi-static formulations the weak form of the
balance of linear momentum is used for drawing on nite elements. Thisconcept
of applying the principle of virtual displacements and a time-integration step of
Backward-Euler type is mainly attributed to [1]. In the theses of [2, 3] this concept
is interpreted as the application of the method of vertical lines, whee in the rst

step the spatial discretization is carried out, followed by the time-dscretization
drawn on the internal variable of the constitutive equations of evdutionary-type.

The classi cation and the relation to models of small strains is propogd in [4].
There, the resulting system of di erential-algebraic equations (DAE-system) is
solved using sti y accurate, diagonally-implicit Runge-Kutta method s, where the
resulting coupled system of equations is solved using the Multilevel-Neton algo-
rithm, see [5, 6].

In temperature-dependent problems, the constitutive equatiors additionally de-
pend on the temperature, which is connected to the balance of engy resulting in
the transient heat equation. Here, it is exemplarily referred to [7]. The extension to
the interpretation of applying the method of vertical lines is, for example, applied
in [8], where the weak form of the heat equation de nes a system oficrential
equations of rst order as Véle” yielding

< g(tu; ;a) =
1) F(Ey(); () = . Cp(tu; ;q) «(t) r (tuw ;q). =0

' a(t) rq(tu; ;a) '
g de nes the discretized equilibrium conditions, u the unknown nodal displace-
ments, the nodal temperatures,q the internal variables at all spatial integration
points, C, the heat capacity matrix and t denotes the time.

In the second step of the method of vertical lines, the time-discrézation has
to be exploited, i.e. an appropriate method to solve the DAE-system(1) has to
be looked for. In [8] SDIRK-methods are applied combined with the pversion
of nite elements, where high-order polynomial approach in the sp#éial domain
is performed. Of course, further methods can be investigated. BF-methods are
discussed in [9], see the literature cited therein as well. In [10] a compaon
between DIRK, Rosenbrock and half-explicit Runge-Kutta methods is carried out
indicating that a DIRK-method of 2nd order combined with time-adap tivity is an
appropriate scheme for a huge number of applications (in this respe see [11] as
well). All these investigations have been carried out using a monolithicapproach
using one code, i.e. nodal displacements and temperatures are setl/in the same
step. The question, whether there is a connection to staggeredotution schemes
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(partitioned approach), is treated in [12]. There, accelerating tetiniques of Gauss-
Seidel schemes solving the resulting coupled non-linear system is dissed.
In the case of considering inertia e ects, Eq.(1) must be written in the form

(2) Mua(t) g(tu; ;q)= 0;

i.e. the problem under consideration changes to a coupled system @DEs of
1st and 2nd order. In the presentation two approaches are dis@sed. First, the
transformation of 2nd order ODEs into a system of 1st order ODE,to which a
DIRK-method is applied, and, second, a modi cation of the generalizd- method
proposed in [13] is considered, see [14]. Both methods work for specproblems
well.
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Development of an industrial simulation tool based on the
discontinuous Galerkin Method in view of LES of turbomachin ery.

Koen Hillewaert

(joint work with Corentin Carton de Wiart, Jean-Sbhastien Cagnone, Michel
Rasquin)

Skin friction on the blade of the T106C cascade at Re=110.000,
computed by 4th order accurate DGM using Argo

The present contribution details key aspects in the development ofa simulation
platform, Argo, based on the discontinuous Galerkin method (DGM), in view of
Large Eddy Simulation (LES) of turbulent ows in turbomachinery. The aim is
to exploit the capacity of DGM to guarantee high precision, requiredfor reliable
LES, on unstructured meshes, needed for representing the cqitex geometry of
the machine. The algorithmic compacity and structured nature of the DGM can
furthermore be exploited to provide excellent serial and parallel e ciency, a very
important issue considering the computational resource requirerants of LES. The
industrial interest for the LES of turbomachinery ows stems from the need for
predicting o -design regimes, transitional ow, instabilities and noise but also
from the decreased reliability of the Reynolds Averaged Navier Stokes (RANS)
turbulence models due to high increases in blade loading.

An important part of the research is focused on computational e ciency. Anim-
plicit time integration is used, in combination with Jacobian-free Newton-GMRES,
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preconditioned with block Jacobi or block ILU. By freezing the preconditioner over
several Newton iterations or even time steps, the computationatost is mainly de-
termined by residual assembly and the application of the preconditioer.

Optimal data structures that exploit the underlying structured n ature of DGM
are then explained. During residual assembly, the storage of theodution in the
form of matrices allows to use matrix-matrix products to provide highly e cient
parametric operations. A simple reinterpretation of these matrices subsequently
results in excellent data alignment for the element specic operatios and the
evaluation of the constitutive laws. A dedicated matrix format has been devel-
oped which is much more e cient for the block-sparse matrices with \ery large
entries, characteristic for the residual Jacobian of DGM, than o -the-shelve pack-
ages. Finally by hiding ghost cell communication behind the volume opeations,
high parallel strong scaling is obtained, allowing to use the largest aviéable ma-
chines.

An equally important part concerns turbulence modeling. Heuristic aguments
are presented to indicate the need for high precision discretizatiom for LES in
order to minimize interaction between the discretization and the Subgrid Scale
(SGS) turbulence model. This interaction is unavoidable - even for non-disgpative
schemes - since LES are by de nition severely underresolved. Furermore an ex-
planation for the success ofmplicit LES (ILES) modeling strategies - in which the
discretisation replaces an explicit SGS model - for DGM is provided. Tle accu-
racy of the DGM/ILES approach is then illustrated on canonical test cases, both
on high and low quality meshes, indicating similar accuracy as tailored agdemic
codes. Finally some practical turbomachinery applications are show.

To conclude important topics of future numerical research are otlined. These
include the study of the interaction between shock capturing strdegies and turbu-
lence modeling, the development of wall-modeling strategies in combiri@n with
ILES and nally the elaboration of adaptation criteria for statistica | data resulting
from LES computations, where due to the underresolution, classal error estimates
can not be used.

References

[1] C. Carton de Wiart, K. Hillewaert, L. Bricteux and G. Winc kelmans, Implicit LES of free
and wall bounded turbulent ows based on the discontinuous G alerkin/symmetric interior
penalty method, International Journal of Numerical Methods in Fluids 78 (2015) 335{354

[2] K. Hillewaert and C. Carton de Wiart, = The discontinuous Galerkin method as an enabling
technology for DNS and LES of industrial aeronautical appli cations (invited lecture) , In
\Advances in Simulation of Wing and Nacelle Stall - Results o f the Closing Symposium of
the DFG Research Unit FOR 1066, December 1-2, 2014, Braunsch weig, Germany", Notes
on Numerical Fluid Mechanics and Multidisciplinary Design , 131, Springer, 2016.



Numerics of Nonlinear Hyperbolic Conservation Laws 2431

Strong stability preserving linear multistep methods with variable
step size

David |. Ketcheson
(joint work with Yiannis Hadjimichael, Adrian Nemeth, & Lajos locz i)

A linear multistep method (LMM) provides an approximate numerical solution to
the initial value problem

1) ut) = f (u(t) u(to) = Uo:
With a xed step size, the method takes the form
I 1
(2) Un = (jUn k+j+h jf(un «+j)) n k

j=0

Strong Many authors have studied and developed strong stability peserving (SSP)
LMMs. These LMMs are high order methods that guarantee the prservation of
properties like positivity, contractivity, or monotonicity (relative t o any convex
functional), provided that the same property is satis ed under a forward Euler
step. The SSP method provides this guarantee under the step sizestriction

(3) h C ho;

where C is the SSP coe cient of the method and hg is the step size for strong
stability when using the forward Euler method.

In practical numerical integration, it is often useful to adapt the step size based
on local (in time) accuracy or stability considerations. This is true in particular for
SSP methods, since the valudn, typically depends on the solutionu. A variable
step size LMM takes the form

5(1
4) Uun = ( jn Un k+j t hn j;nf(un k+j)):
i =0

In the present work we generalize some existing optimal SSP LMMs tallow for
variation of the step size while maintaining the SSP property. This is challenging
since the SSP coe cient depends on the method coe cients ; , the method
coe cients depend on the step size sequence, and the step sizegsence depends
on the SSP coe cient. Nevertheless, we are able to develop methadof second
and third order that are provably convergent, optimal in a greedy sense (they
maximize the size of allowed SSP step at each step), and for which thiategration
is guaranteed to terminate in a nite number of steps. The last resut is non-
trivial due to the nonlinear feedback between the previous step si sequence and
the permissible size of the next step.

Details of this work can be found in the preprint [1].
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Quanti cation of spurious mixing and dissipation and the e ect of
vertically adaptive meshes

Knut Klingbeil
(joint work with Mahdi Mohammadi-Aragh, Ulf Grawe, Hans Burcha rd)

Truncation errors in numerical models can cause the violation of bas conserva-
tion properties of the continuous solution. The discretisation in terms of Finite-
Volumes (FVs) o ers the straightforward implementation of advection schemes
conserving global rst moments (momentum and tracer). But, usually for mono-
tonicity reasons, these schemes do not conserve the associa@dbal second mo-
ments (kinetic energy and tracer variance). The local quanti cation of spurious
variance decay is essential for detecting hotspots of spurious digation and mix-
ing as well as the comparison with their physically induced counterpats. For
the rst-order upstream (FOU) scheme Morales Maqueda and Hollavay (2006)
guanti ed the local variance decay as the variance destroyed byhe nal recombi-
nation of advected subvolumes inside one FV-cell. Burchard and Rerau (2008)
generalised an alternative derivation for the variance decay of thd D FOU scheme
and proposed a diagnostic method (hereafter BR08) for arbitray 3D advection
schemes. The application of this method to quantify spurious dissipgon in 1D
was demonstrated by Burchard (2012).

Klingbeil et. al. (2014) argued for a general analysis method (heragter K14)
of discrete variance decay (DVD) that can be used for the quantication of both,
spurious and physically induced variance decay. It was shown that he BROS8
approach does not recover a physically sound de nition of discreteariance within
a FV-cell. In contrast, the K14 method extends the idea of MoralesMaqueda and
Holloway to arbitrary transport schemes by considering also the pssible variance
growth during the decomposition of a FV-cell into subvolumes (see K. 1).

Considering the discrete second moments associated with the subwimes, it is

possible to calculate the DVD rate i(“+1) (" ) within a single FV-cell,
(1)
(n+1) ., (n+1) 2 (n) . (n) 2
v i v

T
+ Ajo J > i0 =i = Vi(n+1) i(n+1) (. );

0= 1=

41

with the discrete (for brevity here only advective) uxes of secord moments
J-2 ., dened directly in terms of the associated uxes of rst moments

i+ 1=

'Ji+ 1= (I ):
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Figure 1. Advection in a FV-framework (taken from Klingbeil
et. al. (2014)): The schema shows the exemplary decomposition
of FV-cells into subvolumes, to be advected, and their recombi-
nation on a xed grid for uniform 1D ow. V, A, u,' and'~y i
denote the volumes and interfacial areas of the FV-cells, the ve-
locity, the prognostic quantity and its approximated interfacial
values.

. . . 2
(2) J. 2 = ~i+1:2‘]i+1=2( ): U+1= T+1= :

i+ 1=

Based on this new analysis method Klingbeil et. al. (2014) also presésd, how
the spurious dissipation of kinetic energy on 3D staggered grids cabe diagnosed
from the individual DVD rates of the single velocity components.

The analysis methods have been implemented into the coastal oceamodel
GETM (Burchard and Bolding, 2002; Hofmeister et. al. 2010; Klingbel and
Burchard, 2013). By providing valuable insight into the local strength and origin of
spurious dissipation and mixing in realistic ocean modelling applications (Rnnau
and Burchard, 2009; Hofmeister et. al. 2011; Grawe et. al. 201,5Mohammadi-
Aragh et al. 2015), the analysis methods promote the assessmenf advection
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schemes and subgrid-scale closures as well as the development efvnnumerical
techniques reducing spurious variance decay.

For example, Hofmeister et. al. (2010) developed vertically adaptie meshes

that increase the resolution in the vicinity of vertical density gradients (thereby re-

ducing truncation errors during the vertical advection) and also consider the lateral
evolution of the density eld. The latter o ers a tendency to isopyc nal coordinates
(model layers aligned with levels of constant density), which decrese the spurious
mixing during the advection along the layers (ideally no density gradiens) and

during the vertical advection (ideally no grid-related vertical tran sport).

Direct feedback of the diagnosed DVD rates to the transport scemes and mesh

adaptation is planned to be investigated in the future.
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(2]
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[4]
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Provably Stable Nodal Discontinuous Galerkin Methods on Cu rved
Elements

David A. Kopriva
(joint work with Andrew R. Winters, Gregor J. Gassner)

To get accurate solutions to uid ow problems one can usehigh order approxi-
mations (e.g. 4 Order . 20). High order methods have great promise, among
the most important being the potential for greatly improved computational e -
ciency when compared to low order methods. Unfortunately, the psitive features
of high order discretizations, like low dissipation, mean they often lak the robust-
ness needed for industrial level computations. For this reason,htere is a need for
provably stable variants.

We are developing arbitrary order provably stable discontinuous Géerkin spec-
tral element methods for curved elements on both static and movig domains. The
starting point is the system of conservation laws

X @
+ = + - =

1) qe+r T=a . @x 0

on a three dimensional domain with moving boundaries, (x;t), where x =
(X1;X2;X3) = (X;y;Z) = xR + y¢ + z2. Here we denote the solution and ux
vector components by bold face and spatial vectors by overbardn this work, we
consider linear uxes of the formf; = Ajq 1 =1;2;3. The domain, which may
have moving boundaries is subdivided into hexahedral elements eaatf which is
mapped to the reference elemenE =[ 1;1]°. On the reference element,

@q X @ i
2 —_—+ — A =0
(2) @ @ q
where
(3) Al T = A Jd %1,
_ DS
(4) A= Ajkj;

i=1
J is the Jacobian of the transformation, @ is the contravariant basis vector and
% Is the change due to the motion of the mesh.

The key is to rewrite the system of equations in skew symmetric formwhich on
the reference element is the average of the conservative and ncomservative form

(
x3 : x3 .
1@q+@q+J@ +} QA‘q"'l gAlq+
2 @ @ @ 2._ @ 2 ., @

A weak form is then created by multiplying by a test function ~ 2 L? and
integrating over the reference element. Finally, a polynomial ansat is made where
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the solution, ux, metric terms and Jacobian are approximated by polynomials of
degreeN. All terms with derivatives of the solution are integrated by parts and
the boundary uxes that appear are replaced by a numerical ux. The resulting
weak formulation for the solution is

1009, ,@ . |, - "o R
2 @ @’ @EN 2o e
(6) 1x3 0 @N |N Ai ~ 1
- @ . _ A =0
2. ? @' >
N

whereF is the numerical ux, and the discrete inner products are Gauss-lobatto
guadratures.

The main result is that the approximation is stable, and satis es the discrete
L2 energy bound

)] 8 9
) Z1 X < N q q_— 1 2=
kQ(T)kyy + ) WrWs  jAjn (rs )Qm (rs ) 1Alm (s ) A NENCEL
0 boundary " s =0 ’
faces

8 9
2 z T X < N T 2 =
6 kQ(O) kyny + . WrWsQ; A . Q1 dt
0 poundary s =0 m (rs ) ’
faces

so that when Q; =0, the approximation is stable

®) KQ(T)ky 6 kQ(O)Kyy

Additional properties are that the skew symmetric approximation remains conser-
vative and preserves constant states for constant coe cient poblems.

Enhancements of numerical schemes with tetrahedral-based
mesh adaptation

Adrien Loseille

Metric-based mesh adaptation has been used to capture accurally anisotropic
physical phenomena while optimizing the ratio between accuracy andCPU time.
A lot of 3D successful examples on real-life problems have already gved its
e ciency [1, 2, 6]. However, one question remains: are the adaptiveomputations
really anisotropic or optimal ? Apart from its simplicity, this question r aises,
as we will see, many other capital issues: assessment of the nunoal solution,
convergence of the computation at the theoretical order, autmatic detection and
capturing of all the scales of the solution, ...Consequently, ansering positively
to these questions is not straightforward as we face both theotecal and practical
di culties. In the sequel, we review the main problematics and how we aldress
them with the continuous mesh framework.
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The report is organized as follows. In the rst section, we motivate the use of
a continuous mesh model and state the main result to derive the opmal mesh
minimizing the interpolation error. In the second section, this framework is applied
to the case of numerical solutions, and the enhancements of mestdaptation are
illustrated on two numerical examples.

1. Controlling the interpolation error: an ill-posed problem

In its more general form, the problem of mesh adaptation consistsn nding the
meshH of that minimizes a given error for a given function u. We consider here
the linear interpolation error u ru controlled in LP norm so that the problem
reads:

(1) Find Hopt having N nodes such thatE (Hopt) = an ku hUKL» ()

As it, (1) is a global combinatorial problem which turns out to be intra ctable
practically. Indeed, both topology and vertices location need to beoptimized.
Consequently, simpler problems are considered to approximate thesolution. All
these strategies have in common the resolution of a local problem. @dhisequently,
such error minimizations are equivalent to a steepest descent alginm that con-
verges only to a local minimum. This drawback arises because of cadgring
directly the minimization on a discrete mesh. To overcome this issue, & de ne a
continuous mesh model and continuous interpolation. From a theoetical point of
view, (1) is then recast as a continuous problem solvable thanks to &alculus of
variations. From a practical point of view, the optimal solution is a metric-tensor
that is directly used by any adaptive mesh generator to generate @omputational
adapted mesh.

A continuous mesh [3, 4] of a domain is a Riemannian metric spaceM =
(M (X))x2 , where at each pointM (x) is a de nite positive matrix. To emphasize
the analogy with a discrete mesh, we rewriteM as :

0 2
ry ¥(x)
M (x) = d5(x) R(x) @ ',

1

w|N

(x) K 'R (0);

s %(X)
where R (x) is the eigenvectors matrix and ( )i=1 :3 the eigenvalues ofM (x), the
density d is equal to: d = (hihohg) "= ( 1 » 3)%, the anisotropic quotients r;

are equal to: ri = h? (hihzhs) 1 The following result is then used to recast (1)
in a continuous setting:

Theorem 1.1. For any tetrahedron K such all its edges have a length one M ,
i.e., 'e; M g =1, the interpolation error of a twice di erentiable function u on K
is bounded by:

°3
2) k' huKiik) 50 det(M Z)trace(M zHy M z);

where H,, is the Hessian ofu.
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We note that the right hand side of (2) depends only on the local metic and
Hessian of the solution. It is then possible to use this bound to set a all-posed
global optimization problem v%here the unknown becomes the continaus mesh:

(3) Find M s = min trace(M () H ()M #(x)) * dx

under the constraint: Z
M) = d= N:

The constraint on the complexity is added to avoid the trivial solution where
all h; are zero which provides a null error. The constant and term deti %)
of (2) are dropped o the functional as they only account for the density and are
taken into account in the constraint directly. Contrary to the disc rete analysis,
this problem can be solved globally by using a calculus of variations. In [ it
is proved that (3) admits a unique solution. Deriving practically a discrete mesh
from the optimal continuous one consists in generating a unit-meshoy using an
adaptive mesh generator [5]. In addition, the following properties hdd:

Theorem 1.2. Let u be a twice continuously di erentiable function de ned on
R3, the optimal continuous meshM _» (u) minimizing (3) reads locally:
Z

(4) M s = Dip det(jHyj)z% jHyj; with Dy p = N ¥ det(jHyj)z

w[N

It veri es the following properties:
M L »(u) is unique
M (u) is locally aligned with the eigenvectors basis dfl, and has the
same anisotropic quotients asH
M L»(u) provides an optimal explicit bound of the interpolation eror in
LP norm:
Z 2p+3
2 . NP sp
(5) ku hUkie(y =3 N 3 det (jHj) 203

For a sequence of continuous meshes having an increasing cplaxity with
the same orientation and anisotropic quotients(M N, (U))n=1::1 , the as-
ymptotic order of convergence veri es:

Cst

(6) ku hUkLp() W:

2. Enhancements for the numerical schemes

When a numerical solver is used to solve a partial di erential equation, the contin-
uous solutionu is not known and only the numerical approximation uy, is provided.
It is then impossible to apply directly the previous error estimate onuy which is
only piecewise linear. Instead, we recover a solutiomRy (uy) which is a better
approximation of un in a given norm k:k:

ku Rpupk ku upk where 0 < 1:
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Figure 1. lllustration of the second order of convergence and
early capturing on a supersonic ow inside a scramijet.

Various recovery operators exist, see [7]. Then, from the trianglenequality we
deduce: L

ku Uhk 1—thUh Uth
If the reconstruction operator Ry, has the property: wRn n = 1 for all piecewise
linear function 1, we can then bound the approximation error of the solution by
the interpolation error of the reconstructed function Rpup:

1 6N § L e
ku upk 1—thUh hRhunk = T det(jHR,u, J) 27

In Figures 1 and 2, we verify that the properties of Theorem (1.2) lold for numeri-

cal solutions issued from Computational Fluid Dynamics. In Figure 1,a supersonic
ow is considered inside a scramjet geometry while in Figure 2, a supsonic ow

is computed around a F15 geometry equipped with a lowboom quiet-sge. We

observe that a second order of convergence is obtained on a seqoe of adapted
meshes whereas only a convergence of order one is obtained on guance of uni-
form meshes due the discontinuities (shocks) in the ow eld. In addtion, using

adaptive meshes allows us to early capture the smallest scales of tlselution, by

reducing the solver dissipation, see Figure 2.

References

[1] J. Bruchon, H. Digonnet, T. Coupez, Using a signed distance function for the simulation
of metal forming process: formulation of the contact condit ion and mesh adaptation. From
Lagrangian approach to an Eulerian approach , Int. J. Numer. Meth. Engng 78 (8) (2009)
980{1008.

[2] C. Dobrzynski, P. Frey, Anisotropic Delaunay Mesh Adaptation for Unsteady Simulat ions,
In Proceedings of thel7th International Meshing Roundtabl e, Springer, 177{194, 2008.

[3] A. Loseille, F. Alauzet, Continuous mesh framework. Partl: well-posed continuous i nterpo-
lation error , SIAM J. Numer. Anal. 49(1)(2011) 38-60.

[4] A. Loseille, F. Alauzet, Continuous mesh framework. Part Il: validations and applica tions,
SIAM J. Numer. Anal. 49(1)(2011)61{86.

[5] A. Loseille, R. Lehner, Adaptive anisotropic simulations in aerodynamics , In 48th AIAA
Aerospace Sciences Meeting, 2010{169, Orlando, FL, USA, 20 10.



2440 Oberwolfach Report 41/2015

0.15

T T
R=20m

0.1

005 +

-005 -

0.1 1 L L 1 I I
0 10 20 30 40 50 60

003

T T
R=120m

002 +

001 +

Figure 2.  lllustration of the reduction of the numerical solver
dissipation during the propagation of small scales shock waves.
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Measure valued and Statistical solutions of systems of cons ervation
laws.

Siddhartha Mishra

We consider nonlinear systems of conservation laws, such as theropressible Eu-
ler equations of gas dynamics, in several space dimensions. It is wé&hown that
discontinuities, such as shock waves, can form even when the initiglata is smooth.
Hence, the solutions are sought in a weak (distributional) sense. Heever, weak
solutions are not unique and need to be supplemented by additional @missibil-
ity criteria, the so-called entropy conditions. Entropy solutions are shown to be
well posed for systems of conservation laws in one space dimensiat, least for
initial data with su ciently small total variation. However, there ar e no global
existence results in several space dimensions. Furthermore, i@ work has shown
that in nitely many entropy solutions may exist for multi-dimensional systems of
conservation laws.

A variety of numerical methods have been developed to discretizeystems of
conservation laws e ciently. These include nite volume (dierence) schemes,
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based on Riemann solvers, non-oscillatory reconstruction procenles such as TVD,
ENO, WENO and strong stability preserving Runge-Kutta time stepping as well
as Discontinuous Galerkin nite element methods. However, very fev rigorous
convergence results for these numerical methods are available.

In fact, in a recent paper [2], the authors showed that several stte of the art
numerical methods may not even converge to any function as the esh is re ned.
Oscillations on ner and ner scales are observed and they impede aovergence
under mesh re nement. Based on these observations, it was pagiated in [2]
that entropy measure valued solutionsare an appropriate solution framework for
systems of conservation laws, particularly in several space dimeims. Entropy
measure valued solutions are young measures i.e, parametrized fability mea-
sures, and were introduced by DiPerna in the mid 80s as a solution caept for
conservation laws.

The main contribution of [2] lay in the design of an e cient algorithm to ¢ om-
pute entropy measure valued solutions. This algorithm was based oexploiting
the equivalence between Random elds and Young measures and ondvite Carlo
type ensemble averaging. A set of criteria were proposed and it washown that if
the underlying numerical discretizations satis ed these criteria, the resulting ap-
proximate young measures generated by the algorithm, convergketo an entropy
measure valued solution as the mesh was re ned. The arbitrary higkorder ENO
based schemes of [1] and entropy stable shock capturing schemafs[4] were ex-
amples of schemes that satis ed these criteria. Hence, the reswdtof [2] provide a
convergence framework for generic systems of conservation lawn several space
dimensions.

A large number of numerical experiments were presented in [2]. Thesexperi-
ments validated the convergence framework by showing that stastical quanti es
of interest, such as moments and one-point pdfs, converged ued mesh re nement
even when individual realizations of the approximation did not convege. Further-
more, non-atomic measure valued solutions were observed for atoc initial data.
Hence, this spreading out of the measure by the solution operatamplies that one
might not be able to close the well-posedness of solutions of systerokconservation
laws within integrable functions.

However, entropy measure valued solutions are not unique. It is aued in a
recent paper [3] that the lack of information about spatial correlaions in mea-
sure valued solutions allows non-unigueness. Instead, the authsrin [3] propose
a much narrower concept, that of Statistical solutions, as solution frameworks for
systems of conservation laws. Statistical solutions are time-panmaetrized probabil-
ity measures onLP. It was shown in [3] that this measure on in nite dimensional
function spaces is equivalent to an in nite hierarchical family of correlation mea-
sures. Thus, the statistical solution embeds all possible correlatio structures in
the ow. The well-posedness of statistical solutions for scalar coservation laws
was shown in [3]. Furthermore, it is shown that the ensemble based atgithm of
[2] actually converges to a statistical solution, with the underlying measure val-
ued solution being the rst correlation marginal of the statistical solutions. As



2442 Oberwolfach Report 41/2015

moments, 1-point pdfs, two-structure functions, power specta, increment pdfs,
multi-point correlators are all admissible observables in the sense @8], statistical
solutions promises to be an appropriate framework for describingurbulent ows.
Further properties of statistical solutions, including their well-posedness and long
time behavior, are the subject of future work.
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Well Posed Problems and Boundary Conditions in Computation al
Fluid Dynamics

Jan Nordstr om

All numerical calculations will fail to provide a reliable answer unless the contin-
uous problem under consideration is well posed. Well-posedness damls in most
cases only on the choice of boundary conditions. In this paper we wilighlight
this fact by discussing well-posedness of the most important equans in uid
dynamics: the time-dependent compressible Navier-Stokes equanhs.

In particular, we will discuss i) how many boundary conditions are required,
ii) where to impose them andiii ) which form they should have. The procedure is
based on the energy method and generalizes the characteristic bodary procedure
for the Euler equations to the compressible Navier-Stokes equatits.

Once the boundary conditions in terms ofi-iii ) are known, one issue remains;
they can be imposed weakly or strongly. The weak and strong imposibn is
discussed for the continuous case. It will be shown that the weakrad strong
boundary procedures produce identical solutions and that the bandary conditions
are satis ed exactly also in the weak procedure.

We conclude by relating the well-posedness results to energy-stdity of the
numerical approximation. It is shown that the results obtained for weak boundary
conditions in the well-posedness analysis lead directly to correspomty stability
results for the discrete problem.
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Orthogonal Polynomials and their Application in Spectral D i erence
Methods

Philipp Offner
(joint work with Thomas Sonar)

We are interested in numerical methods to solve hyperbolic conseation laws in
two space dimensions

ug(x;t)+ r F (u(x;t)=0; X 2 R%:t2 R":

We consider here the Spectral Dierence Method described in [1] bythe gen-
eral classical orthogonal polynomials on triangles and their speci anodal lIters.
The SD method is a very powerful and nowadays often used methotb solve hy-
perbolic conservation laws. It combines the basic ideas of nite di erence and
spectral methods and the simple formulation and the possibility to reach spec-
tral accuracy in the approximation renders it so attractive. The classical ap-
proach in the SD method uses Lagrange polynomials, but in [1] the adiors em-
ploy Proriol-Koornwinder-Dubiner polynomials. We extend the method by using
Appell-Proriol-Koornwinder polynomials, which are the general clasgal orthogo-
nal polynomials on triangles.

These polynomials are de ned on the unit triangle T := f(x;y) 2 R?jx 0Oy

O;x+y 1gandh(x;y):=x 1y (1 x vy (:; 2N; > + 1
and N = f1;2; q) is the weight function, given in this domain. Note that we
only consider ; ; 2 N for simplicity. In principle, ;; 2 Rj is possible. The

P, are the classic Jacobi polynomials.
De nition 1 The polynomials Am (X;y), m;| 2 Np, de ned as

: : 2
Ami (y) = P, 125 (1 20pP 1 1—y 1@ x

on T are called Appell-Proriol-Koornwinder polynomials (APK polynomi-
als).

In the rst step we present two theoretical results. We prove spectral conver-
gence for the APK series coe cients ux of a C! -function u. Spectral convergence
or spectral accuracy means that theur decay faster than any powerk ! for all
j 2 N. Furthermore we also show spectral accuracy for the truncatia error in a
weighted L2-norm and in the pointwise sense. This behaviour is the justi cation to
utilize the APK polynomials in a spectral method as the SD method. Theproofs
can be found in [2].

Theorem 1 Let u be a function in the spaceH ?¢(T;h);k 2 N where h(x;y) =

x ly @ x vy is the weight with ; ; 2 N.
The APK expansion of u is given by
Py U(Xy) = bt Ay (GY); by = oo am L)

C (Ami Ami ety

I+m N
Ibm 2Ng
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The following estimates hold:
(Am;l ;Am;l )EZ(T;h) ju'm;lj = O( m;lT); (m + l) '
jju  PnujjiLzerny = O(N ) N!1

Theorem 2 Let u be a function in the spaceH?*(T;h)\ C(T);k 2 N where
hix;y)=x 1ty 11 x ) the weight with ; ; 2 N. Pyu(x;y) is the
APK expansion of u.

We have following pointwise estimate of the truncation erra

(@ for2 1< and1+ — 32+ 3 + — <k:
jueGy) Pnugy)i= O(N %2 % *2); 8(xy)2T;
(b) for2 1< and 2+ 2 + —; 1+ —— <k:
jueGy)  Pnu(y)j= O(N 2% *2); 8(xy) 2T,
(c) for 2 landl+ — 1+2 +5<k:
jueGy) Pnu(Gy)i= O(N %2 % 2); 8(xy)2T;
(d) for 2 landi+ 32 +5 1+ — <k:

juxy) Panu(gy)j= O(N 2K 3y 8(xy)2T:

We extend the SD method by the APK polynomials but have to consideranother
fact in the numerical calculation. In hyperbolic conservation laws digontinuities
may arise in the solution even for smooth initial data. In spectral mehods this
means that the high-frequency coe cients decay slowly and lead tospurious oscil-
lations (Gibbs phenomenon). These oscillations lead to stability issue# the SD
method.

To stabilize the SD Methods we add a small viscosity term to the equabn, which
depends on the di erential operator of the APK polynomials. Using a splitting

approach to solve the viscosity formulation of the conservation lawin every time
step shows the equivalence to applying the extended SD Method, lat each time
step the numerical solution is Itered by the exponential Iter

(1) (£ M N () ()

N
The reader nds the details in [3]. Finally we mention that this Iter (1) d epends
on the variable . Hence every APK polynomial family has its speci ¢ modal
Iter (1).

In two well-known test cases, one for the Burgers equation and anfor the Euler
equation, we demonstrate that the selection of the APK polynomialsand their
speci ¢ lter (1) may have some positive in uence on the accuracy and stability

of the method. These numerical tests can be seen in [4].

In the last section we motivate why discrete orthogonal polynomialsmay be a good
approach to improve spectral methods. With the discrete scalar poduct we don't

make numerical errors in the calculation of the coe cients. We start to investigate



Numerics of Nonlinear Hyperbolic Conservation Laws 2445

the Hahn polynomials as an example of classic discrete orthogonal fymomial and
show spectral accuracy of the coe cients.
Theorem 3 Let 1< ; 2 R:Qn(x;; ;N ) are the normalized Hahn polyno-
mials in [0; N]. The Hahn expansion of the functionu until degreem N is given
by

X

Pmu(x) = 0n Qn (X):

n=0

letu2 C! ([ 1;1+ NJ). We get

S 1

for all k 2 Np. Cyk is a constant depending onu and k.
The idea of proof is partial summation and using the di erence operaor, for details
see [3].
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The Triangular Grid DG Scheme in SBP Framework and the
Construction of Special Purpose RK Time Integrators

Sigrun Ortleb

In this talk, we deal with the SBP framework of numerical methods for hyperbolic
conservation laws on the one hand and the construction of specigime integration
methods for certain applications on the other hand.

SBP Schemes. The framework of SBP operators yields several advantages for
the numerical approximation of nonlinear hyperbolic equations. Fird of all, SBP
schemes are linearly stable when combined with suitable boundary anthterface
treatments, second, they lead to conservative discretizations fosplit form conser-
vation laws and in addition they can be related to quadrature rules saisfying the
discrete divergence theorem. In this talk, popular high order schmes for nonlin-
ear hyperbolic conservation laws are revisited in the summation-byparts(SBP)
framework. More precisely, it is shown that both the classical discatinuous
Galerkin(DG) method based on Gauss nodes and the energy stableux recon-
struction(FR) schemes by Vincent et al. [7] can be regarded as gemalized SBP
schemes using the SBP de nition of Del Rey Ferrandez et al. in [2]. Inthe 1D
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case of a scalar conservation Iavgtu + g(f (u) = 0, both schemes can be put in
the form

ug+Df =M Y[(fn ) J3in

on each cell kj;Xj+1], with dierent mass matrices M for DG or FR scheme.
Herein, a set of Lagrange basis functions i is used and collected in the vector

=( 1;::5; p)T, whereasu and f represent the corresponding nodal values of
the approximate solution and the ux function, respectively. Furt hermore,f}, is a
suitable interpolation of f andf denotes the values of a numerical ux function.
The matrices M ; D in this formulation then ful Il the requirements of generalized
SBP schemes, i.e.

M is symmetric positive de nite,
D approximates &,
S := MD is almost skew-symmetric, i.e.

S+ ST =B with (x )TBx =(xj+1) * (xi) * .

In addition, a generalized SBP formulation for a discontinuous Galerkn method
on triangular grids with non-diagonal norm matrix is given based on the de nition
of generalized SBP schemes on triangular grids in [4]. An SBP formulatio can
also be devised for the energy stable FR schemes on triangular gridenstructed in
[1]. Furthermore, as discussed with P. Vincent during the Oberwolfah Workshop,
the the extended range of energy stable FR schemes given in [8] cae put in SBP
framework as well. It may hence be conjectured that the SBP proprty is in fact
a prerequisite in order to obtain high order energy stable schemes.

Time Integrators for Speci ¢ Applications.

Shallow water equations.In the majority of previous work on DG schemes for
shallow water ows, explicit time stepping is implemented to deal with wetting
and drying. Linear stability then usually requires rather small time steps. Espe-
cially for locally re ned grids, the sti system resulting from space discretization
makes implicit or partially implicit time stepping absolutely necessary. Asimplicit
schemes require a lot of computational time solving large systems afonlinear
equations, a much larger time step is necessary to beat explicit timetspping in
terms of CPU time. However, for stability purposes, the DG schemepplied to the
shallow water equations also has to guarantee non-negativity of ta water height,
accordant with the true physical solution. At wet/dry interfaces , this requirement
also leads to restrictive time step constraints in case of implicit time inegration.
In this talk, a novel approach to positivity preservation is hence based on the so-
called Patankar trick and guarantees non-negativity of the water height for any
time step size while still preserving conservativity. In the DG conteX, consistency
of the discretization as well as a truncation error of third order away from the
wet-dry transition can be proven, see [5].

Mechanical uid structure interaction. The simulation of uid structure interac-
tion(FSI) often necessitates the choice of dierent time step size for the time
integration of the uid equations on the one hand and structure equations on the
other hand. For mechanical uid structure interaction, Piperno d evised a special
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volume-discontinuous staggered scheme to enhance the stabilityf subcycling pro-
cedures with large implicit structural time step and several smaller uid steps, see
[6]. This scheme, as well as the more classical volume-continuous sthe can be
put in a multirate Runge-Kutta framework. Thereby, di erent split tings of the
right hand sides as well as di erent ordering of uid and structure solves re ect
the dierences of these schemes. In this talk, we apply the third oder multi-
rate method of Ganther et al. [3] to the classical piston test caseof mechanical
FSI. Here, a slight increase in combined uid and structural energyoccurs due to
the non-symplectic implicit part of the time integrator. While for mono lithic FSI
schemes, energy stability is possible, it is an open question if higher der energy
stable partitioned schemes can be found within the class of multiratepartitioned
Runge-Kutta methods. One approach could be the construction ba predictor-
corrector scheme with a corrector speci cally designed for stabiliy. In addition,
adapted boundary procedures at the uid structure interface oould be necessary
for this purpose.
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High-Order Methods for Turbulent Flow Simulations on Defor ming
Domains

Per-Olof Persson
(joint work with Luming Wang)

Introduction. A challenging problem in the numerical solution of PDEs is how
to obtain high-order accuracy in the presence of moving domains wit large de-
formations. The popular Arbitrary Lagrangian-Eulerian (ALE) met hod [1] can
be viewed as a mapping-based approach which, together with apppoiate treat-
ment of the Geometric Conservation Law (GCL), allows for arbitrarily high or-
ders of accuracy in both space and time. However, the method regres smooth
mappings between the initial (or reference) frame and the actuaphysical con g-
uration. These can be generated for domains undergoing moderatdeformations,
such as pitching and heaving airfoils, or structures with small defomations. But
many other applications require topological changes to maintain a wishaped
mesh/transformation, e.g. rotating machinery or con gurations involving multi-
ple moving objects.

In our work [2, 3], we proposed a framework for solving systems ofoniservation
laws on moving meshes to an arbitrary degree of accuracy in both sige and time.
The method is based on the assumption that the unstructured moing meshes can
be produced by a sequence of entirely local operations [4]. This prodes high-
guality meshes throughout the simulation, and provides a simple desgotion of
the mesh changes between each timestep. Using this information wean construct
e cient numerical schemes based on high-order discontinuous Gal&in formula-
tions, and we consider both space-time and ALE/projection-basd methods in 2D
and 3D.

The DistMesh mesh generator. The so-called DistMesh method [4] is based on
driven by spring-based forced~; for each edge adjacent to noden, of the form:

X
() p"*t = pM+
( i
: _ k(I o) if I lop;
2 Fi(Dj =
@ F= it 1<1o:
Here, is a pseudo-timestepk is the spring constant, |l is the desired edge length,
and | is the actual edge length. In addition, the mesh generator employsocal
element topology modi cations, such as the simple edge ipping in 2D ormore
complex operations in 3D. Here, we assume that each element can bpped once
during each sweep, but multiple rounds during each time step.
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3to2
>
2to3

Space-Time mesh generation. Noting that our moving meshes are de ned by
entirely local operations (node movements and element ips), we a& able to de ne
provably good space-time meshes. These are based on fully unsttured simplex
elements, that is, tetrahedra in 2D+time and 4D simplices in 3D+time. W e restrict
our method to slab-based space-time meshing, that is, all elementsave uniform
size in the temporal direction. However, extending this to adaptivity in time using
local re nement should be straight-forward, even for the 4D elenents.

The method for choosing appropriate space-time elements is mostlgombina-
torial, and uses node data only to allow for choosing the highest qualyt con gu-
rations. For details, see [3].

Space-Time discontinuous Galerkin discretization. Using our space-time

meshes, we de ne a high-order accurate discontinuous Galerkin (@) method as

follows. The scheme is based on a fully consistent discretization in batspace and

time, and allows for arbitrary mesh deformations and topology chames.
Consider a system of conservation laws of the form

(3) @+rx F™(u)=ryx FYS(u;r x u)

@t
with appropriate initial and boundary conditions. We write this in a spa ce-time
form and use the standard technique of splitting into a rst-order system:

(4) rxr F™(u)=rx FY(u;q);
(5) rxu=aq:
Next, we de ne the broken DG spaces/! and ! associated with a triangulation
T[Q;T] = fK g of the space-time domain [0;T] as:
(6) Vi = fv 2 [L2([0 ;TP vik 2 [Pp(K)]® 8K 2T 0;
(7) T 20T Pk 2 [Pe(K)P® 2 8K 2 Tgrg;

Now, discretize the rst-order system using a standard DG formdation on the
space-time domain [ty;t>]:

F™W):rxr vidx+  (F™ n) v'ds
K d @K |
(8) = FYS@;q"y:rxvidx+  (FYs ng) vhds; 8vM2vh
K @K

(%), z |
q": "dx= u (rx  Mdx+ (6" ng): Mds; g "2 M.
K K @K
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For more details, including the details on how to assemble and solve theesulting
nonlinear systems of equations, see [2,3].

Results. To demonstrate the accuracy of our proposed methods, we comer the

standard test problem of an isentropic Euler vortex. We use polynmial degrees
p of 1, 2, and 3, and obtain numerically the expected optimal orders baccuracy
p+ 1. See [2,3] for demonstrations on more complex problems, includingow

problems in both 2D and 3D which show the ability of our method to deal with

complex domain motions.

5 .
10 : — © —Fixed Mesh |3
—— Moving mesh
i i T
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References

[1] P.-O. Persson, J. Bonet, and J. Peraire, Discontinuous Galerkin solution of the Navier-
Stokes equations on deformable domains, Comput. Methods Appl. Mech. Engrg., 198(17-
20):1585{1595, 2009.

[2] L. Wang, P.-O. Persson, A high-order discontinuous Galerkin method with unstructu red
space-time meshes for two-dimensional compressible ows o n domains with large deforma-
tions, Comput. & Fluids, Vol. 118, pp. 53-68, September 2015.

[3] L. Wang, Discontinuous Galerkin Methods on Moving Domains with Larg e Deformations ,
Ph.D. thesis, University of California, Berkeley, May 2015

[4] P.-O. Persson and G. Strang, A simple mesh generator in Matlab , SIAM Rev., 46(2):329{
345, 2004.

A robust high-order Lagrange-projection like scheme with | arge time
steps for the isentropic Euler equations

Florent Renac
(joint work with Frederic Coquel, Christophe Chalons)

Introduction.  We present an extension to high-order of a rst-order Lagrange
projection like method for the approximation of the Euler equations introduced

in Coquel et al. [2]. The method is based on a decomposition between acoustic
and transport operators associated to an implicit-explicit time integration, thus
relaxing the constraint of acoustic waves on the time step. Besidesthe work
in [2] circumvents the di culties in the treatment of nonlinearities ass ociated to
the equation of state by using relaxation approximation [1]. The latter method
approximates the nonlinear system with a linear or a quasi-linear enlaged system
with sti relaxation source terms.
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The method in [2] is based on a rst-order nite volume approximation. We
propose here to use a discontinuous Galerkin (DG) method for theace discretiza-
tion. These are particular aspects that make the DG method well suted. First,
it is possible to use the numerical uxes derived in [2] and therefore he present
method may be viewed as a natural extension to high-order of the rst-order
method. Then, the e ect of the numerical ux on the quality of the approxima-
tion is known to decrease as the polynomial degrep in the DG method increases
[3, 4]. This avoids the use of local numerical parameters tuned at eh interface
of the mesh in order to lower the numerical di usion induced by the r st-order
approximation [2]. This aspect is essential in our analysis to restorelte PDE prop-
erties at the discrete level and to derivea priori conditions to preserve invariant
domains and satisfy an entropy inequality by the present Lagrangeprojection DG
(LPDG) scheme.

Isentropic Euler equations. The discussion here focuses on the Euler equations
for an isentropic gas in one space dimension. Let =R be the space domain and
consider the following problem

1 @Qu+ @f(u)=0; in 0;1);
@) u(;0)=uo(); in ;

whereu =( ; u )> andf(u) = ( u; u 2+p)” represent the conservative variables
and the nonlinear uxes, with  the density and u the velocity. Equations (1) are
supplemented with an equation of state for the pressure of the fon p = p( ),
with = 1= the specic volume. Assuming that pX ) < 0 and p°{ ) > 0 for
all > 0, the system in (1) is strictly hyperbolic with eigenvalues associatedo
nonlinear elds. Note that the total energy E (u) = e(1=)+( u)?=2 , with
eX )= p( ) the speci c internal energy, is a strictly convex function. Physically
relevant solutions to (1) must hence satisfy an inequality of the fom

(2) @E + @Q(Eu +pu) O

Space-time discretization. The DG method consists in de ning a discrete
weak formulation of problem (1). The domain is discretized with a unifam grid

h=[j2z j withcells j =[X; 1=0;Xj+1=2], Xj+1=20 = (] + %)h and h > 0 the
space step. The approximate solution to (1) is sought under the fon

NG
©) Un(x;t) = LUl () 8x2 ;2 nit O
=0

whereU| =( |; U/)” constitute the degrees of freedom in the element;. The

function space is spanned by using Lagrange interpolation polynomia JO ' Plin
each element ; of the mesh.

Using a one-step rst-order implicit-explicit time discretization for t he acoustic
and transport operators in (1), we introduce the following consevative approxi-
mation consistent in time aﬂd space with the Euler equations: _

|

kin+1 _ k;n n+1 . k P n+1 n+1 .
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with =2=l, = t=h, U}‘;” = UK(n t),and t> O the time step. The
numerical uxes are de ned by
|
7 1N '
(5) hj,1= Jo+7 z ? ,
J+2 J+%0j+%+ ]+%

where a star symbol indicates the solution at interfaces of the Rierann problem
associated to the relaxation approximation of the acoustic operatr, while a hat
symbol indicates an upwind ux. The time t("*1 ) corresponds to a ctious time
where the splitting between acoustic and transport operators is pplied within the
interval (t(");t("*1)). The volume integrals in the discrete variational formulation
are approximated by using a collocated Gaus-Lobatto quadratureule of the form
£ o hX

f(x)g(x)dx ' h f;gif := 5 Lt gk

j 1=0
with g | > 0andxo | p the weights and nodes of the quadrature.

The main results of the present work are as follows. Assume thatjoz'z‘ P> 0,
then under some CFL condition on the time step, evaluated from thetransport
terms only, and one condition on the numerical parameter of the doeme, the
LPDG scheme guaranties positivity of the mean value in cell of densityof the
numerical solution:

(6) T >0

and satis es the following discrete entropy inequality

—n+ly E 2 n+l 2 2 n+l 2 .
(7 E@U™) E;+ uj+%(Ej+% o)y %(Ej L+ ) O

The above results allow to design linear limiting procedures to restorehese
properties at nodal values within elements [6]. Numerical experimert (see g-
ure), obtained by using explicit SSP Runge-Kutta integration in time, support the
conclusions of the analysis and highlight stability and robustness of e present
LPDG scheme, though it allows the use of large time steps [5].
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Figure 1. Riemann problem with two shock waves: numerical
solution for density (left) and velocity (right) at time t =0:3 for
polynomial degrees 1 p 3 from top to bottom, h = ﬁ.
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Coupling Parallel Lattice Boltzmann Methods and Granular
Dynamics for Complex Flows

Ulrich R wde

(joint work with Regina Ammer, Dominik Bartuschat, Martin Bauer, S imon
Bogner, Ehsan Fattahi, Christian Godenschwager, Harald Kestlea, Kristina
Pickl, Tobias Preclik, Christoph Rettinger, Florian Schornbaum)

We present new parallel algorithms for coupling the dynamics of multibody sys-
tems and hydrodynamics with the goal of developing computationalmodels for
two phase ows in 3D that have a uid carrier phase and a suspendedsolid phase.
Di ererent from other work, we study here a fully resolved approach where each
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particle is represented as an individual geometric entity. Moving paticles are rep-
resented with a Lagrangian approach and are treated as rigid obs that can

interact through frictional collisions. The uid is simulated by the Lat tice Boltz-

mann method (LBM) and interacts with the particulate phase throu gh specic

uid-structure interaction techniques. Such fully resolved simulations can become
extremely compute intensive and thus all research relies critically orsuitable par-

allel algorithms and their e cient implementation on advanced supercomputer

architectures.

For the massively parallel granular dynamics simulations on distributed mem-
ory architectures [31, 25] a domain partitioning approach is proposd [39, 40].
Special algorithms for massively parallel granular dynamics simulatios [3, 22, 23]
with fully resolved rigid particles on distributed memory architecture s are devel-
oped, where collisions are geometrically detected [8, 12] and the phigal response
is modelled with hard contacts [30] using the paradigm of measure di eential
inclusions.

The global frictional multi-contact problem leads to a complementarity problem
[3, 35] that is solved using a parallel non-linear block Gauss-Seidel rted [37].
The algorithms employ a sophisticated communication protocol betveen proces-
sors that delegates algorithmic tasks such as contact treatmenand position inte-
gration uniquely and robustly to the processors [36]. Communicationoverhead is
minimized through aggressive message aggregation, leading to eXeat strong and
weak scaling [23]. The robustness and scalability is assessed on petzale super-
computers with up to 458752 processor cores. Such granular medsimulations
can reach an unprecedented resolution of up to ten billion (1&) non-spherical
particles and contacts [37].

For ow simulation, the LBM has gained popularity as an alternative to classical
Navier-Stokes solvers for computational uid dynamics (CFD) [20, 7, 28, 13, 1].
With the LBM, the simulation domain is discretized with a uniform Cartes ian
grid. If the resolution of a three-dimensional simulation must be increased in
space and time, then the total number of cells and the computatiomal cost increase
quickly. Many implementations of the LBM [19, 32, 21, 27, 17] are theefore
designed for parallel computers. Going beyond scalability alone, a cafully crafted
architecture-aware implementation of the LBM, as realized in the waLBerla
framework [14, 10], can achieve excellent absolute performance érnhus reduce
the time to solution to reach a given computational objective. The walLBerla
framework can discretize a complex ow geometry with in excess of #illion (10 1?)
lattice cells on current petascale supercomputers [18].

Coupled simulations with particles embedded in the uid become even mee
compute intensive. To limit the computational e ort, many previous simulations
were performed either with only few particles or in only two dimensions or with
simplied models for the uid-particle interaction. Our new simulation m odel
and its implementation, as presented here, extends these approhes and allows
uid simulations in 3D with millions of interacting particles [15, 16] suspended in
the ow. Furthermore, our simulation framework can model partic les of arbitrary
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shape [5], includes the so-called lubrication correction [26, 9] and cape extended
to include electrostatic e ects [4]. Simulations of such complexity inevtably re-
guire the e ective use of supercomputers. A thorough analysis d@onstrates that
our techniques achieve excellent computational performance [18, 11].

An increasing number of real-life applications illustrate the generality and the
power of the approach. These include the development of closureslations for
macroscopic multiphase models [6], the study of self-propelled swimme[33, 34],
processing metal foams [24], patient speci c blood ow [18], food telanology [2],
and additive manufacturing [29].

,@uf, .
‘\‘Vw ‘M‘ ‘[‘ N\ﬂ | . h : |

Simulated model uidized bed with thin rectangular cross se ction.
208 spherical particles driven by in ow from below. LBM reso lution 100 30 200
computed with 25000 time steps using 64 MPI threads.
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Third-Order Limiter Functions in Finite Volume Methods
Birte Schmidtmann
(joint work with Manuel Torrilhon, Remi Abgrall, Benjamin Seibold)

We are interested in the numerical solution of hyperbolic conservabn laws on the
most local compact stencil consisting of only nearest neighbors.nithe Finite Vol-
ume setting, the main challenge is the reconstruction of the interfae valuesu; -,
which are crucial for the de nition of the numerical ux functions a nd thus, for
the order of accuracy of the resulting scheme.
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Often, the functions of interest contain smooth parts as well as lage gradients,
discontinuities, or shocks. Treating such functions with high-orde schemes may
lead to undesired e ects such as oscillations. However, what is regred is a solu-
tion with sharp discontinuities while maintaining high-order accuracy in smooth
regions. One possible way of achieving this is the use of limiter functia) which
switch the reconstruction to lower order when necessary. In thisvork, we restrict
ourselves to reconstructions based on three cells, which is the mosompact sten-

cil possible for higher-order r«]-;‘?constructions The three input vdues are the cell
averages of celi, u;(t") = = Xi' w2 u(x t")dx and its direct neighborsu; ;.

Ui’1/2|Uiy2 Uit1/2|Uit1/2
i-1 | i | i+1

The left and right limits of the interface values u; -, are computed by

1

(1a) |(+1)2:Ui+§ (i) i1
1

(1b) U= w5 G

where i+l = Uisn Ui 1= U Uiogp 0= 1T and is a univariate
limiter function depending on the local smoothness measure;. For example, the
Minmod limiter reads ( i) = max(0;min(1; ;)) and the full-third-order recon-

struction is given by

(2) s(i)=(@2+ )=3

In this work, we develop a new limiter function based on the function irtro-
duced by Cada and Torrilhon [2]. This function was inspired by the local double
logarithmic reconstruction function of Artebrant and Schroll [1].
The new limiter function, denoted by 3, is third-order accurate in smooth parts
of the solution. It reads

I\J|I—‘

) 2+ . 2+
(3) 3L (i) =max 0;min T;max i;min 2 i;T;l:S
It is easy to see that it recovers the unlimited third-order reconstuction 3( ;)
for certain values of i, namely for ; 1 and ; 1. Note that the function is

non-zero in part of the ; < 0 region, which means that it is not total variation
diminishing (TVD). This non-zero part is kept intentionally, to avoid th e so-called
extrema clipping. Consider an extrema, this means 1, which corresponds
to t1, the green curve in Fig. 1. TVD limiters on the one hand, return O in this
case, which means that the reconstructions Eqg. (1) are rst orer accurate and
the extremum is not captured correctly. The limiter 3 ( i), on the other hand,
returns (2+ ;)=3, which means that it resolves extrema with third-order accuracy
The only issue concerning extrema-clipping, which 3 ( ;) does not fully resolve,
isthat 3 () = const:.for j =0or 1 , cf. ty, the blue curve in Fig. 1. In
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i- 1 i P+ X,

Figure 1. Two phenomena of extrema clipping of a smooth pro le.

this case, the reconstruction is rst order accurate. These vales of ; occur when
one of the slopes; -, is zero and the other one is non-zero. This is the case for
discontinuities or large gradients but can also appear when extremare not well-
resolved. The only di erence is the value of the non-zero slope. It idarge, when
discontinuities are present, however, it is small close to extrema. fus, instead of
relying on their ratio ;, we should explicitly consider both normalized slopes and
especially the size of the vector (j 1=2; i+1=2)-
In a rst step, we introduce the two-parameter framework, which makes the use of
i = i 1=2= i+1 =2 Unnecessary. This has the advantage, that is does not include
divisions by 1 anymore. In this new framework, the limiter functions are now
de ned as

(4a) HCi 15 v0)= (i) s
(4b) H(i+%;i %) (il)i 1l

2
E.g. the third-order reconstruction, Eq. (2) now reads Hz( | 1=2; j+1=2) =
(2 is1=2*+ i 1=2)=3 in the two-parameter framework.

N

Having written the limiter functions and thus, the reconstructions Eq. (1), in
the two-parameter setting now allows us to de ne an indicator fundion  which
measures the magnitude of the vector ( 1-»; i+1=2). In this manner, it is possi-
ble to distinguish between the case of a large gradient with one zerdape and the

case of an extrema with one zero slope. The indicator function is daned as
q

2 + 2 r—
i 1=2 7 j+1=2 , 5 00
(5) = with = =+ 0O( x) max jud{x)j;
2 X2 n g

X2
where is the compu