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On Weakly Complete Universal Enveloping Algebras
of pro-Lie algebras

Karl Heinrich Hofmann and Linus Kramer∗

Abstract. Let K denote the real field R or the complex field C . A topological
vector space over K is weakly complete if it is isomorphic to a power KJ . The
appropriate category is W . For each topological Lie algebra g there is a weakly
complete topological universal enveloping Hopf algebra U(g) over K , which is de-
fined by its universal property as follows:

If A is a weakly complete unital algebra, then A is known to be a projective
limit of finite-dimensional quotient algebras (see e.g. K.H.Hofmann and S.A.Morris,
The Structure of Compact Groups, 4th Ed., De Gruyter, 2020, Theorem A7.34).
This implies that the weakly complete Lie algebra ALie obtained from A by
considering the Lie bracket [a, b] = ab − ba on A is a profinite-dimensional Lie
algebra, that is, a projective limit of finite-dimensional quotient algebras. If f : g→
ALie is a morphism of topological Lie algebras, then there is a unique morphism of
weakly complete unital algebras f ′ : U(g)→ A such that for the natural morphism
λg : g → U(g)Lie coming along with U(g) we have f = U(f ′) ◦ λg : g → ALie .
So the functor g 7→ U(g) from the category of pro-finite dimensional Lie algebras
to the category of weakly complete unital algebras is left adjoint to the functor
A 7→ ALie . The following facts are shown: (i) λg is an embedding and so g may
be considered as a closed subalgebra of U(g)Lie . (ii) The subalgebra 〈g〉 generated
by g inside the abstract algebra |U(g)| underlying U(g) is naturally isomorphic
to the classical enveloping algebra U(|g|) of the abstract Lie algebra |g| underlying
the profinite-dimensional Lie algebra g . (iii) 〈g〉 is dense in U(g). In short

g ⊆ U(|g|) = 〈g〉 ⊆ U(g) = U(|g|).

If g = limj∈J gj , the projective limit representation of g by its finite dimensional
quotient algebras, then

U(lim
j∈J

gj) = U(g) ∼= lim
j∈J

U(gj).

As in the case of the classical enveloping algebra U(L), the weakly complete
enveloping algebra U(g) is in fact a symmetric Hopf algebra with a comultiplication
c : U(g) → U(g) ⊗W U(g). Grouplike and primitive elements are definied in this
Hopf algebra as usual. In the case of an abelian g and its vector space dual g′

we establish a surjective morphism of symmetric Hopf-algebras qg : U(g) → Kg′

whose kernel is the radical of U(g). Here Kg′
has componentwise addition and

∗Both authors were supported by Mathematisches Forschungsinstitut Oberwolfach in the pro-
gram RiP (Research in Pairs). Linus Kramer is funded by the Deutsche Forschungsgemeinschaft
under Germany’s Excellence Strategy EXC 2044-390685587, Mathematics Münster: Dynamics-
Geometry-Structure.



2 Hofmann and Kramer

multiplication and has a comultiplication c : Kg′ → Kg′×g′
(∼= Kg′ ⊗W Kg′

) such
that ϕ ∈ Kg′

and ω1, ω2 ∈ g′ implies

c(ϕ)(ω1, ω2) = ϕ(ω1 + ω2).

While λg(g) is always contained in P(U(g)) it is shown that P(Kg′
) is larger by

far than qg(λg(g)) ∼= g . Various open questions are stated explicitly.
Mathematics Subject Classification 2010: 22E15, 22E65, 22E99.
Key Words and Phrases: Weakly complete vector space, weakly complete algebra,
group algebra, Hopf algebra, pro-Lie algebra, universal enveloping algebra.

1. The Weakly Complete Enveloping Algebra
of a Profinite-Dimensional Lie Algebra

In [5] we have initiated the theory of weakly complete universal enveloping algebras
over K perhaps in some fashion that would resemble the universal enveloping algebra
of a Lie algebra such as it is presented in the famous Poincaré-Birkhoff-Witt-
Theorem (see e.g. [1], §2, no 7, Théorème 1., p.30). This is not exactly the case, but
exactly how close we come is discussed in this section.

So we let K again denote one of the topological fields R or C . For a topological
Lie algebra g over K we let I(g) denote the filter basis of all closed ideals I ⊆ g
such that dim g/I <∞ .

Definition 1.1. A topological Lie algebra g over K is called profinite-dimensional
if g = limI∈I(g) g/I . Let WL denote the category of profinite-dimensional Lie
algebras (over K) and continuous Lie algebra morphisms between them.

Notice that by its definition every profinite-dimensional Lie algebra is a pro-
Lie algebra and is therefore weakly complete. A comment following Theorem 3.12 of
[2] exhibits an example of a weakly complete K-Lie algebra which is not a profinite-
dimensional Lie algebra.

Let WA denote the category of weakly complete associative unital algebras
over K . However, instead of considering the full category of weakly complete Lie
algebras over K , in the following we consider WL . The reason for this restriction
is Theorem A7.34 of [7] stating that every weakly complete unital K-algebra is the
projective limit of its finite-dimensional quotient algebras. This implies at once the
following

Lemma 1.2. Let A be a weakly complete unital K-algebra. Then the weakly
complete Lie algebra ALie obtained by considering on the weakly complete vector
space A the Lie algebra obtained with respect to the Lie bracket [x, y] = xy − yx is
profinite-dimensional.

The functor which associates with a weakly complete associative algebra A
the profinite-dimensional Lie algebra ALie is called the underlying Lie algebra functor.
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Theorem 1.3. (The Existence Theorem of U) The underlying Lie algebra functor
A 7→ ALie from WA to WL has a left adjoint U : WL →WA.

Proof. The category WL is complete. (Exercise. Cf. Theorem A3.48 of [7],
p. 819.) The “Solution Set Condition” (of Definition A3.58 in [7], p. 824) holds.
(Exercise: Cf. the proof Lemma 3.58 of [7].) Hence U exists by the Adjoint Functor
Existence Theorem (i.e., Theorem A3.60 of [7], p. 825).

In other words, for each weakly complete Lie algebra L there is a natural
morphism λg : g → U(g) with the property that for each continuous Lie algebra
morphism f : g→ ALie for some weakly complete associative unital algebra A there
is a unique WA-morphism f ′ : U(g)→ A such that f = (f ′)Lie ◦ λg .

WL WA

g
λg−−−−−→ U(g)Lie U(g)

∀f
y y(f ′)Lie

y∃!f ′
ALie −−−−−→

id
ALie A.

If necessary we shall write UK instead of U whenever the ground field should be
emphasized.

Definition 1.4. For each profinite-dimensional K-Lie algebra, we shall call UK(g)
the weakly complete enveloping algebra of g (over K).

From Propositions A3.36 and A3.38 in [7] we derive immediately the following
corollary, representing equivalent formulation for the fact that the universal envelop-
ing functor U is left adjoint to L 7→ LLie :

Corollary 1.5. (i) For each weakly complete unital K-algebra A there is a natural
WA-morphism νA :U(ALie)→A such that for every WA-morphism α :U(g)→ A for
some profinite-dimensional Lie algebra g there is a unique WL-morphism α′ : g →
ALie such that α = νA ◦U(α′).

(ii) For each g in WL, the category of profinite-dimensional Lie algebras,
the composition

U(g)
U(λg)−−−−−→U

(
U(g)Lie

) νU(g)−−−−−→U(g)

is the identity of U(g) and, likewise, for each A in WA, the category of weakly
complete algebras, the composition

ALie

λALie−−−−−→U(ALie)Lie
(νA)Lie−−−−−→ALie

is the identity of ALie .

The following Lemma will be useful.
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Lemma 1.6. Assume that V : WL → WA is a functor endowed with a natural
WL-morphism νg : g→ V(g)Lie such that for each WL-morphism f : g→ F into a
finite-dimensional unital associative algebra there is a unique continuous morphism
f ′ : V(g) → F such that f = (f ′)Lie ◦ νg . Then for each profinite-dimensional Lie
algebra g, the morphism νg is an embedding into V(g) with a closed image.

Proof. Since each finite-dimensional quotient Lie algebra of g has a faithful
representation by the Theorem of Ado, and since the finite-dimensional quotients
separate the points of g , the morphism νg is injective. However, injective morphisms
of weakly complete vector spaces are open onto their images, and their images are
closed.

After this lemma it is no loss of generality if henceforth we assume that νg
satisfying the hypotheses of the lemma is an inclusion map. Accordingly, in the
circumstances of Lemma 1.6 we simply say that

the profinite-dimensional Lie algebra g is a closed Lie subalgebra of the weakly
complete unital algebra V(g)Lie such that every morphism of profinite-dimensional
Lie algebras f : g → ALie for a finite-dimensional unital algebra A “extends” to a
morphism of weakly complete algebras f ′ : V(g)→ A .

In particular we have the following

Proposition 1.7. For any profinite-dimensional Lie algebra g the morphism
λg : g→ U(g)Lie is an embeddding of profinite-dimensional Lie algebras with a closed
image, and we may in fact assume that g is a closed Lie subalgebra of U(g)Lie such
that every morphism of profinite-dimensional Lie algebras f : g → ALie for some
weakly complete unital algebra A extends uniquely to a continuous algebra morphism
f ′ : U(g)→ A.

Corollary 1.8. For any profinite-dimensional Lie algebra g, the unital associative
subalgebra 〈g〉 generated in U(g) by g is dense in U(g).

Proof. Let f : g → ALie be a WL-morphism for a weakly complete algebra A .
By the universal property of U(g) there is a unique WA-morphism f ′ : U(g) → A
extending f . Then f ′|〈g〉 : 〈g〉 → A is a unique extension of f to a WA-morphism.
Hence 〈g〉 has the universal property of the weakly complete universal enveloping
algebra U(g) of g and thus, by uniquenes, agrees with it. Therefore 〈g〉 = U(g).

Since every weakly complete unital algebra is a strict projective limit of all
finite-dimensional quotient algebras, it will now turn out to be sufficient to test the
universal property of the functor U for finite-dimensional unital associative algebras:

Proposition 1.9. Assume that the profinite-dimensional Lie algebra g is con-
tained functorially in a weakly complete unital algebra V(g) such that for each finite-
dimensional unital algebra A and each morphism of profinite-dimensional Lie alge-
bras f : g → ALie there is a unique morphism of weakly complete unital algebras
f ′ : V(g)→ A extending f . Then V(g) ∼= U(g) naturally.
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Proof. We must test the universal property for arbitrary weakly complete unital
algebras A in place of just finite-dimensional ones. So let A be one of the former
and let I(A) be the filter basis of all closed ideals I such that dimA/I < ∞ . For
J ⊆ I , I, J ∈ I(A) we have the natural quotient morphism qIJ : A/J → A/I and
so A and lim{A/K, qIJ : I, J,K ∈ I(A), J ⊆ I} are naturally isomorphic. For the
remainder of the proof we identify A and limI∈I(A) A/I .

Now let f : g → ALie be a morphism of profinite-dimensional Lie algebras.
We must show that f extends to a morphism f : V(g) → A of weakly complete
algebras. For each I ∈ I(A), there is a morphism of profinite-dimensional algebras
fI : g → (A/I)Lie , namely, fI = (qI)Lie ◦ fLie with the quotient morphism qI : A →
A/I of weakly complete algebras. By hypothesis on V(g) there is a unique extension
f ′I : V(g)→ A/I of fI to a morphism of weakly complete algebras. Now let J ⊆ I
in I(A). Then we have two morphisms of weakly complete Algebras

(1) f ′I , qIJ ◦ f ′J : V(g)→ A/I.

By the definitions of f ′I and f ′J , their restrictions to g ⊆ V(g) are fI and qIJ ◦ fJ .
Since qI = qIJ ◦ qJ and fI = qI ◦ f and fJ = qJ ◦ f as morphisms of complete vector
spaces we conclude

(2) (fI)Lie = (qIJ ◦ fJ)Lie.

According to the uniqueness assertion in the property of V(g) applied to (1) and
(2), we obtain

(3) (∀J ⊆ I in I(A)) f ′I = qIJ ◦ f ′J .

Then, by the universal property of the limit A , we obtain a unique morphism of
weakly complete algebras f ′ : V(g)→ A such that

(∀I ∈ I(A)) qI ◦ f ′ = f ′I : V(g)→ A/I

with the quotient morphism qI : A → A/I . Furthermore for all I ∈ I(A) we have
(qJ)Lie ◦ (f ′)Lie|g = (f ′I)Lie|g = fI |g = (qI)Lie ◦ f , and since the qI separate the points
of A , we get f ′Lie|g = f .

As a left-adjoint functor, U preserves colimits. That does not exclude the
possibility that it preserves certain limits. The following is a relevant example. Let
g be a profinite-dimensional Lie algebra. Let again denote I(g) the filter basis of
closed ideals I of g such that g/I is a finite-dimensional Lie algebra. Accordingly, the
natural morphism g → limI∈I(g) g/I is an isomorphism of profinite-dimensional Lie
algebras. Let pI : g → g/I and pIJ : g/J → g/I for J ⊆ I in I(g) be the natural
quotient morphisms in the complete category of weakly complete unital algebras
WA . Then {U(g/K),U(pI,J) : I, J,K ∈ I(g), I ⊆ J} is an inverse system in WA .
Define V(g) = limJ∈I(g) U(g/J) and let ω : U(g)→ V(g) be the natural morphism
attached to the limit in such a fashion that

U(g)
ω−−−−−→ V(g)

U(pJ )

y yπJ
U(g/J) −−−−−→

id
U(g/J)
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is commutative for all J ∈ I(g), where the πJ : V(g)→ U(g/J) are the limit maps
satisfying πI = U(pIJ) ◦ πJ for J ⊆ I in I(g).

Theorem 1.10. (U preserves some projective limits) The natural WA-morphism
ωg : U(g)→ V(g) is an isomorphism. In short:

For a profinite-dimensional Lie algebra g with its filter basis I(g) of cofinite-
dimensional ideals I we have

g ∼= lim
I∈I(g)

g/I in WL and U(g) ∼= lim
I∈I(g)

U(g/I) in WA.

Proof. By Corollary 1.9 it suffices when we show that for each morphism f : g→
FLie of profinite-dimensional Lie groups for any finite-dimensional algebra F there
is a unique morphism of weakly complete algebras f ′ : V(g) → F such that f =
(f ′)Lie ◦ ωg : g→ FLie .

Now, since dimF <∞ , there is an I0 ∈ I(g) such that I0 ⊆ ker f . Then the
filterbasis I0 := {I ∈ I(g) : I ⊆ I0} is cofinal in I , so that the natural morphism

lim
I∈I0

U(g/I)
α−−−−−→ lim

I∈I(g)
U(g/I) = V(g)

is an isomorphism. We henceforth identify V(g) and limI∈I0 U(g/I). Then for each
J ∈ I0 let πJ : V(g) = limI∈I0 U(g/I) → U(g/J) denote the limit morphism in
WA . The WL morphism f : g→ FLie factors uniquely through the quotient g/J as

f = (g
quotJ−−−−−→g/J

fJ−−−−−→FLie)

for suitable WL-morphisms fJ : g/J → FLie By the universal property of U we find
WA-morphisms f ′J : U(g/J) → F extending fJ . If J2 ⊆ J1 inside I0 we have an
WL morphism pJ1J2 : g/J2 → g/J1 such that

pJ1 = pJ1J2 ◦ pJ2 ,

and since U is a functor, it responds with

U(pJ1) = U(pJ1J2) ◦U(pJ2)

in WA . Now, by the universal property of the limit, there is a unique WA-morphism
λ∗ : g→ (V(g))Lie = (limI∈I0 U(g/J))Lie such that the following diagrams commute
for all J ∈ I0 :

g
λ∗−−−−−→ V(g)Lie, V(g)

pJ

y y(πJ )Lie

yπJ
g/J

λg/J (=incl)
−−−−−→ U(g/J)Lie, U(g/J).

For J ⊆ I in I , we consider the following commutative diagram

V(g)
=−−−−−→ V(g)

πJ

y yπI
U(g/J)

U(pIJ )−−−−−→ U(g/I)

f ′J

y yf ′I
F −−−−−→

=
F
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and conclude that
(∀J ⊆ I in I) f ′J ◦ πJ = f ′I ◦ πI .

Therefore we have a unique WA-morphism f ′ : V(g)→ F such that

(∀I ∈ I0) f ′ = (V(g)
U(πI)−−−−−→U(g/I)

f ′J−−−−−→F ).

The commutative diagram

g
λ∗−−−−−→ (V(g))Lie V(g)

pJ0

y y(πJ0 )Lie

yπJ0
g/J0

(λJ0 )Lie−−−−−→ (U(g/J0))Lie U(g/J0)

fJ0

y y(f ′J0
)Lie

yf ′J0
FLie

=−−−−−→ FLie F

commutes where f = fJ0 ◦ pJ0 and f ′ = f ′J0 ◦U(πJ0) shows that f = (f ′)Lie ◦ λ∗ ,
that is f ′ extends f .

2. The Abstract Enveloping Algebra U(L) of a Lie Algebra L

We briefly recall that the functor which assigns to a unital K-algebra X the under-
lying Lie algebra XLie (with the underlying K vector space of X as vector space
structure endowed with the bracket operation (x, y) 7→ [x, y] := xy − yx as Lie
bracket) has a left adjoint functor U which assigns to a Lie algebra L a unital as-
sociative algebra U(L) and a natural Lie algebra morphism ρL : L → U(L)Lie such
that for each Lie algebra morphim f : L → XLie for a unital algebra X there is a
unique morphism of unital algebras f ′ : U(L) → X such that f = f ′Lie ◦ ρL . The
algebra U(L) is called the universal enveloping algebra of L . A large body of text
book literature is available on it. A prominent result is the Poincaré-Birkhoff-Witt
Theorem on the structure of U(L) which implies in particular that ρL : L→ U(L)Lie

is injective.

From the Theorem of Poincaré, Birkhoff and Witt it is known that ρ is
injective. One may therefore assume that L ⊆ U(L) such that ρ is the inclusion
function. (See [1] or [3].) In this parlance the universal property reads as follows:

For each unital algebra A, each Lie algebra morphism f : L→ ALie extends uniquely
to an algebra morphism f ′ : U(L)→ A.

Also from the Theorem of Poincaré, Birkhoff and Witt we know that

U(L) is the unital algebra generated by L, i.e., U(L) = 〈L〉.

The main result of the present section will be a complete clarification of the
relation of the weakly complete enveloping algebra U(g) of a profinite-dimensional
Lie algebra g and the universal enveloping algebra U(|g|) of the (abstract) Lie
algebra |g| underlying g .

Lemma 2.1. For a profinite-dimensional Lie algebra g there is a natural mor-
phism εg : U(|g|)→ |U(g)| of unital algebras such that
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(i) the following diagram is commutative:

|g| incl−−−−−→ U(|g|)
id|g|

y yεg
|g| −−−−−→

| incl |
|U(g)|.

(ii) The image of εg is dense in U(g).

(iii) The morphism εg is injective if g is finite-dimensional.

Proof. (i) The claim is a direct consequence of the universal property of the
functor U .

(ii) We have im(εg) = εg(U(|g|)) = εg(〈|g|〉 = 〈εg(g)〉 = 〈|g|〉 in |U(g)| . From
Corollary 1.8 we know that 〈|g|〉 is dense in U(g).

(iii) If g is finite-dimensional, then every finite-dimensional Lie algebra repre-
sentation ρ : g→ ALie = End(V )Lie for a finite-dimensional vector space V extends
to an associative representation ρ′ : U(g)→ End(V ) . Then ρ ◦ εg : U(g)→ End(V )
is an extension to an associative representation of U(g) which is unique. By Harish-
Chandra’s Lemma (see Dixmier [3], 2.5.7), the extensions to representations to as-
sociative representations of U(g) of finite-dimensional Lie algebra representations of
g separate the points of U(g) and so the claim follows.

The remainder of this section now is devoted to remove the restriction to
finite-dimensionality in Lemma 2.2(iii). That is, we want to show

Lemma 2.2. For a profinite-dimensional Lie algebra g, the algebra morphism
εg : U(|g|)→ |U(g)| is injective.

The proof will occupy the remainder of this section. We shall resort to the
existing literature on U(L) such as [1] or [3]. We are given the profinite-dimensional
Lie algebra g and we write L := |g| for the underlying Lie algebra. So L ⊆ U(L)Lie .
For any basis B of the vector space L and any total order on B , the set of finite
products b1 · · · bn for finite increasing sequences b1 ≤ · · · ≤ bn form a basis B∗ of
U(L) by [1], Corollary 3 of Section 7 of §2.

Accordingly, if u ∈ U(L) is an arbitrary nonzero element, there is a a finite
subset F ⊆ B such that there is are finite set Fu ⊆ B∗ for which each b ∈ Fu is
of the form b1 · · · bn with bj ∈ F for j = 1, . . . , n , and that the following lemma
applies:

Lemma 2.3. There is a finite-dimensional vector space H of L and there is a
closed Lie ideal J of g such that

(i) u ∈ spanFu .

(ii) F ⊆ H .

(iii) L = H ⊕ J
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Proof. The vector space V = spanF is finite-dimensional. Let C be the bound-
ary of a compact 0-neighborhood in V . Then V = K·C . Since g is profinite-
dimensional, there is a filterbasis I of closed ideals I of g such that dim g/I < ∞
for I ∈ I such that g ∼= limI∈I g/I . In particular,

⋂
I = {0} . Therefore⋂

I∈I(C∩I) = C∩{0} = ∅ . Since C is compact, the filter basis {C∩I : I ∈ I} with
empty intersection consists of compact sets and therefore must contain the empty
set. Thus there is a J ∈ I such that C ∩ J = ∅ . Suppose there were a nonzero
t ∈ K and a c ∈ C such that t·c ∈ J , then c = t−1·(t·c) ∈ t−1·J = J which is
impossible. Thus V ∩ J = K·C ∩ J = {0} . Since L/J is finite-dimensional there is
some finite-dimensional vector subspace H of L such that V ⊆ H , H + J = L and
H ∩ J = {0} .

Now we choose a new totally ordered basis Bu of L as follows: From the
algebraic theory of enveloping algebras we firstly derive the following background
informaton: If J is a Lie ideal in L , then the kernel of the natural morphism
U(L)→ U(L/J) is the linear span of U(L)·J , that is, the U(L)-submodule generated
in the U(L)-module U(L) by the vector subspace J of U(L). This ideal of U(L)
is commonly written U(L)J . (See [1], Proposition 3, Section 3 of §2, and [3],
Proposition 2.2.14.)

Then we find a finite set F ′ that complements F to a totally ordered basis
F ∪̇F ′ of H such that F precedes F ′ . Then choose a totally ordered basis F ′′ of J
and define Bu = F ∪̇F ′∪̇F ′′ with the total order such that F ′ precedes F ′′ .

For any increasing finite sequence S of elements a1 ≤ · · · ≤ am from F ∪ F ′
we write aS = a1 · · · am , and for the empty sequence S write aS = 1 in U(L).
Similarly we define bT for finite increasing sequences b1 ≤ · · · ≤ bn from F ′′ with
b∅ = 1. Then the set B∗u of all aSbT , as S ranges through the set of finite increasing
sequences of elements from F ∪F ′ and T through the set of all increasing sequences
of elements from X ′′ , is a basis of U(L).

Lemma 2.4. Let x = aSbT = x1 · · ·xp with xk ∈ B be a basis element in Bu .
Then the following statements are equivalent:

(i) T 6= ∅.

(ii) xp ∈ J .

(iii) x ∈ U(L)J .

Proof. The equivalence of (i) and (ii) and the implication of (iii) from (ii) follow
immediately from the definitions. So we have to show that (iii) implies (ii). By (iii),
x is a linear combination of products yb with y ∈ U(L) and b ∈ J . So y is a linear
combination of basis elements aSbT ∈ B . Thus x is a linear combination of elements
aSbT b with b ∈ J . We claim that bT b is a linear combination of basis elements bT” .
But any element of the form aSbT” then is a basis element and so must necessarily
agree with aSbT = x .

For a proof of our claim we now assume that R = {b1, . . . , bn} is a sequence
of elements from B . For m < n we call R to be (n,m)-adjusted if (b1 ≤ · · · ≤ bm ≤
bm+2 ≤ · · · ≤ bn . It is to be understood that “(n, 0) adjusted” means“increasing”
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and that (n − 1, n)-adjusted means that {b1, . . . , bn−1} is increasing. Let R be
(n,m) adjusted. If R is increasing, we are done. Otherwise bm+1 < bm . Then
we observe that {b1, . . . , bm+1, bm, . . . , bn} is increasing and that bR = b1 · · · bn =
b1 · · · (bmbm+1) · · · bn = b1 · · · (bm+1bm) · · · bn + b1 · · · [bm, bm+1] · · · bn . By hypothesis,
J is a Lie subalgebra of U(L)Lie , and thus there are elements b′1, · · · , b′q ∈ B and
scalars tk , k = 1, . . . , q such that [bm, bm+1] = t1·b′1 + · · · + tq·b′q . The elements
b1 · · · bm−1b

′
jbm + 2 · · · bn are (m− 1, n− 1) adjusted. Thus

(a) for each (n,m)-adjusted R there exists, firstly, an (n,m− 1) adjusted sequence
R′ and there exist, secondly, (n− 1,m− 1)-adjusted sequences Rj, j = 1, . . . , q such
that

bR = bR′ + a linear combination of the elements bRj
.

Let us order {(n,m) : n ∈ N,m < n} lexicographically. Then (a) implies

(b) For each (n,m)-adjusted R with m > 0 the element bR is a linear combination
of elements bR′ with (n′,m′)-adjusted sequences R′ with (n′,m′) < (n,m).

Now for an increasing T the element bT b with b ∈ B is (n, n−1)-adjusted. Applying
(b) recursively we find that bT b is a linear combination of elements bT ′′ where the
T ′′ is (n′, 0) adjusted with n′ ≤ n . Any such element bT ′′ is basis element in B .
This is what we had to show.

Lemma 2.5. u /∈ U(L)J

Proof. By Lemma 2.3, the set B
(2)
u of basis elements aSbT ∈ Bu which span

U(L)J is exactly those for which bT 6= 1. Set B
(1)
u = BU \B(2)

u and W = spanB
(1)
u .

Then U(L) = W ⊕ U(L)J . But u ∈ span(Fu) ⊆ W . The assertion follows.

Now let |pJ | : L→ L/J ⊆ U(L/J) with pJ : g→ g/J being the quotient map
extending uniquely to an algebra morphism U(|pJ |) : U(L) → U(L/J) with kernel
U(L)J . Then by Lemma 2.5 we know that U(|pJ |)(u) is nonzero in U(L/J) and
from Lemma 2.1 we infer that εg/J is injective. The commutative diagram

|g| incl−−−−−→ U(|g|) εg−−−−−→ |U(g)|
|pJ |
y U(|pJ |)

y y|U(pJ )|

|g/J | incl−−−−−→ U(|g/J |)
εg/J−−−−−→ |U(g/J)|

then shows that εg(u) 6= 0. Therefore, since u ∈ U(L) \ {0} was arbitrary, εg
is injective, leaving the elements of L = |g| fixed. This completes the proof of
Lemma 2.2. Thus U(|g|) may be considered as a subalgebra of |U(g)| , containing
|g| ⊆ |U(g)| .

This may be rephrased in the following Theorem which summarizes our efforts
to elucidate the close relation between U(|g|) and U(g):

Theorem 2.6. (The Relation of U(−) and U(−)) For any profinite-dimensional
real or complex Lie algebra g considered as a closed Lie subalgebra of U(g)Lie , the
associative unital subalgebra 〈g〉 generated algebraically by g in U(g) is naturally
isomorphic to U(|g|) (under an isomorphism fixing the elements of g) and is dense
in U(G).
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In a slightly careless sense we may memorize this as saying:

For a profinite-dimensional Lie algebra g we have

(∗) g ⊆ 〈g〉 = U(g) ⊆ U(g) = U(g).

3. The Weakly Complete Universal Enveloping Algebra
as a Hopf Algebra

For some of the proofs we refer to [5].

Proposition 3.1. The universal enveloping functor U is multiplicative, that is,
there is a natural isomorphism αg1g2 : U(g1 × g2)→ U(g1)⊗W U(g2).

For a proof see [5], Proposition 6.3.

Lemma 3.2. For any weakly complete unital algebra A, the vector space mor-
phism ∆A : A→ A⊗W A, ∆A(a) = a⊗ 1 + 1⊗ a is a morphism of weakly complete
Lie algebras ALie → (A⊗W A)Lie .

Cf. [5], Lemma 64.

Recall the natural morphism λg : g → U(g)Lie which we consider as an inclusion
morphism. By Lemma 3.2,

pg = ∆U(g) ◦ λg : g→ (U(g)⊗U(g))Lie

is a morphism of weakly complete Lie algebras. The universal property of U , pg
yields a unique natural morphism of weakly complete associative unital algebras
γg : U(g) → U(g) ⊗W U(g) such that pg = (γg)Lie ◦ λg . Let kg : g → {0} denote
the constant morphism. Together with the identity eg : {0}tog we get the constant
morphism eg ◦ kg : g→ g . Now we have

Proposition 3.3. (U(g) as a Hopf algebra) Each weakly complete enveloping
algebra U(g) is a weakly complete symmetric Hopf algebra with the comultiplication
γg and the coidentity U(kg) : U(g)→ K.

See [5], Corollary 6.5.

The significance of the aspect expressed in this proposition is the fact that
an essential portion of the noteworthy theory of weakly complete symmetric Hopf
algebras has meanwhile entered the textbook literature as is exemplified by [7]. (See
[7], Appendix A3, Appendix A7, Chapter 3–Part 3.)

Definition 3.4. Let A be a weakly complete symmetric Hopf algebra, i.e. a group
object in the monoidal category (W ,⊗W ) of weakly complete vector spaces (see
[7], Appendix 7 and Definition A3.62), with comultiplication c : A → A ⊗ A and
coidentity k : A→ K .

An element a ∈ A is called grouplike if c(a) = a ⊗ a and k(a) = 1. The
subgroup of grouplike elements in the group of units A−1 will be denoted G(A).
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An element a ∈ A is called primitive, if c(a) = a⊗ 1 + 1⊗ a . The Lie algebra
of primitive elements of ALie will be denoted P(A).

Proposition 3.5. Any weakly complete unital algebra A has an everywhere de-
fined exponential function exp: A → A−1 into the pro-Lie group A−1 of invertible
elements defined as expx = 1+x+ 1

2!
·x2+ 1

3!
·x3+· · · . As a function exp: ALie → A−1

it is the exponential function of the pro-Lie group A−1 in the sense of pro-Lie groups.

If A is in fact a weakly complete symmeric Hopf algebra then the set G(A) of
grouplike elements is a closed pro-lie subgroup of the pro-Lie group A−1 , and the set
P(A) of primitive elements is a closed Lie subalgebra of the pro-finite dimensional
Lie algebra ALie and exp(P(A)) ⊆ G(A) in such a fashion that the restriction and
corestriction of exp is the exponential function expG(A) : P(A)→ G(A) of the pro-Lie
group G(A).

(See e.g. [2], [7], [8].)

Theorem 3.6. (The Weakly Complete Enveloping Hopf Algebra) Let g be a
weakly complete Lie algebra and U(g) its weakly complete enveloping algebra comn-
taining g according to Theorem 2.6. Then the following statements hold:

(i) The weakly complete algebra U(g) is a strict projective limit of finite-dimensio-
nal associative unital algebras and the group of units U(g)−1 is dense in U(g).
It is an almost connected pro-Lie group, connected in the case of K = C. The
algebra U(g) has an exponential function exp: U(g)Lie → U(g)−1 , The Lie
algebra L(U(g)) of U(g)−1 is U(g))Lie .

(ii) The pro-Lie algebra P(U(g)) is the Lie algebra of the pro-Lie group G(U(g))
of grouplike elements.

(iii) The pro-Lie algebra P(U(g)) of primitive elements of U(g) contains g.

(See [5] Theorem 3.4. Cf. also [7], Theorem A3.102 and its proof for K ∈ {R,C} .)

Corollary 3.7. The weakly complete enveloping algebra U(g) of a nondegener-
ate profinite-dimensional weakly complete Lie algebra g has nontrivial grouplike ele-
ments.

The universal enveloping Hopf algebra U(L) of a Lie algebra L contains no
nontrivial grouplike elements.

There remains the question under which circumstances we then have in fact g =
P(U(g)). In the classical setting of the discrete enveloping Hopf algebra in charac-
teristic 0 this is the case: see e.g. [9], Theorem 5.4 on p. LA 3.10. In the next section
we shall see that this is not the case in general.
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4. The Abelian Case

In [5] the weakly complete group algebras were lucidly illustrated in the abelian case
due to Pontryagin duality. We propose that a similar procedure helps illustrating
the construction of a quotient algebra U(g) which is defined by a weaker universal
property if the Lie algebra g is abelian. In that case, in reality, g is just a weakly
complete vector space.

Definition 4.1. We shall call a complex weakly complete abelian unital K-algebra
semisimple if the set Spec(A) = AlgK(A,C) of morphisms A→ C of weakly complete
unital K-algebras separates the points.

Note that the R-algebra A = C fails to be semisimple while the C-algebra
A = C is semisimple. Therefore we shall use due caution in the use of this concept
of semisimplicity used here.

Typically, any power KJ for any set J is a weakly complete semisimple K -
algebra. Now we let g be a weakly complete K-vector space and discuss what
will appear to be the weakly complete symmetric K-Hopf algebra Kg′ , where g′ =
W(g,K) is the K-dual of g . We shall write ω for the elements of g′ . The pairing
between g′ and g we write 〈ω, x〉 = ω(x). By the duality of weakly complete vector
spaces (see [7],Theorem A7.9) we may identify canonically g and the algebraic dual
g′∗ of the K-vector space g′ :

(∗) g ∼= g′∗ = VK(g′,K).

For describing a comultiplication γg : Kg′ → Kg′⊗W Kg′ we identify Kg′⊗W Kg′ with
Kg′×g′ according to Proposition 3.1. Then γg : Kg′ → Kg′×g′ is given as follows

(∀ϕ ∈ Kg′ , ω1, ω2 ∈ g′) γg(ϕ)(ω1, ω2) = ϕ(ω1 + ω2).

The function kg : Kg′ → K , kgϕ = ϕ(0) is a coidentity, and the function σg : Kg′ →
Kg′ , σg(ϕ)(ω) = −ω a symmetry. The function const : Kg′ → Kg′ is the constant
morphism given by constϕ(ω) = 0 for all ω ∈ g′ .

Lemma 4.2. The semisimple abelian weakly complete unital algebra V(g) := Kg′

is a symmetric K-Hopf algebra in W with respect to the comultiplication γg , the
coidentity kg and the symmetry σg .

Proof. The assignment g 7→ V(g) : W → WA is clearly a functor V from
the category of weakly complete vector spaces to the category of weakly complete
commutative unital algebras. The function γg : Kg′ → K(g′) ⊗W K(g′) is, up to
natural isomorphism, the result of applying V to the diagonal morphism x 7→ (x, x) :
g→ g× g and is, therefore, a morphism of WA . The coassociativity of the diagonal
morphism implies the coassociativity of γg . Applying V to the g → {0} yields
the coidentity kg : V(g) → K . Finally, applying V to the inversion x 7→ −x of W
yields the symmetry σg : V(g)→ V(g). All in all we obtain the desired commutative
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diagram
V(g)⊗W V(g) −−−−−→

σg⊗W id
V(g)⊗W V(g)

γg

x ymult

V(g) −−−−−→
const

V(g).

Lemma 4.3. There is a natural W -embedding νg : g → V(g) such that for any
W -morphism f : g → A into the underlying vector space of a semisimple abelian
weakly complete K-algebra A there is a unique morphism f# : V(g)→ A such that
f = f# ◦ νg .

Proof. For all x ∈ g and all ω ∈ g′ we define νg(x)(ω) = 〈ω, x〉 . Because of
g′∗ ∼= g we know that νg is an isomorphism onto its image.

Now let f : g → A be a W -morphism into a weakly complete semisimple
abelian algebra. We must show that there is a WA-morphism f# : V(g)→ A such
that f = f# ◦ νg . We now apply the method of the proof of Proposition 1.9 to
conclude that without loss of generality we may assume that A is finite dimensional.
But then, since A is semisimple, it is a product of simple subalgebras each one of
which is isomorphic to K . Then, by the universal property of a product, we may
assume that A = K . Then f ∈ g′ . Then we have f# = prf : Kg′ → K : Indeed, for
x ∈ g′ we have (f# ◦ νg)(x) = prf (νg(x)) = νg(x)(f) = f(x), and the uniqueness of
f# = prf is clear from this calculation.

Proposition 4.4. (Semisimple Weakly Complete Abelian Universal Enveloping
Algebras) The semisimple weakly complete symmetric K-Hopf-algebra V(g) = Kg′

over the field K ∈ {R,C} has the following properties

(i) The addition and multiplication in the K-algebra V(g) is clculated pointwise.
The exponential function of V(g) = Kg′ is computed componentwise.

(ii) An element ϕ ∈ V(g) is primitive, that is, satisfies γg(ϕ) = ϕ⊗ 1 + 1⊗ ϕ iff

(∀ω1, ω2 ∈ g)ϕ(ω1 + ω2) = ϕ(ω1) + ϕ(ω2).

(iii) The weakly complete vector space P(V(g)) = AB(g′, (K,+)) is a closed K-
vector subspace of Kg′ where AB is the category of abelian groups.

(iv) For ϕ ∈ Kg′ the element ϕ ⊗ ϕ ∈ Kg′×g′ is given by (ϕ ⊗ ϕ)(ω1, ω2) =
ϕ(ω1)ϕ(ω2).

Accordingly, a ϕ ∈ V(g) is grouplike, that is, satisfies γg(ϕ) = ϕ⊗ ϕ iff

(∀ω1, ω2 ∈ g), ϕ(ω1 + ω2) = ϕ(ω1)ϕ(ω2).

(v) G(V(g)) = AB(g′,K×) with K× = (K \ {0}, ·), and this pro-Lie group is
a closed subgroup of (Kg′)−1 = (K×)g

′
. Its Lie algebra is P(V(g)). If we

abbreviate G(V(g)) by G, then the exponential function of G is expG : L(G) =
AB(g′, (K,+))→ AB(g′,K×) = G and is calculated componentwise.
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Proof. (i) We know that the bidual g′∗ is naturally isomorphic to g , and this
bidual g′∗ = VK(g′,K) is obviously a vector subspace of Kg′ . By Lemma 4.3 the
morphism νg has the isomorphism g → g′∗ as corestriction to the image. Thus
νg(x)(ω) = 〈ω, x〉 for x ∈ g and ω ∈ g′ . If view of the definition, the assertions in
(i) are clear.

(ii) First we note, observing the isomorphism Kg′ ⊗W Kg′ ∼= Kg′×g′ , that for
ϕ ∈ Kg′ and ω1, ω2 ∈ g′ we have the following properties:

(a) (ϕ⊗ 1)(ω1, ω2) = ϕ(ω1),

(b) (1⊗ ϕ)(ω1, ω2) = ϕ(ω2)

(c) (ϕ⊗ 1 + 1⊗ ϕ)(ω1, ω2) = ϕ(ω1) + ϕ(ω2).

(d) (ϕ⊗ ϕ)(ω1, ω2) = ϕ(ω1)ϕ(ω2).

(e) (∀x ∈ g) (νg(x)⊗ 1)(ω1, ω2) = 〈ω1, x〉 ,

(f) (∀x ∈ g) (1⊗ νg(x))(ω1, ω2) = 〈ω2, x〉 ,

(g) (∀x ∈ g) (1⊗ νg(x) + νg(x)⊗ 1)(ω1, ω2) = 〈ω1 + ω2, x〉 .

Now, the comultiplication γg : Kg′ → Kg′×g′ is the unique algebra morphism such
that γg ◦ νg : g → Kg′×g′ is precisely x 7→ νg(x) ⊗ 1 + 1 ⊗ νg(x), i.e., for ω1, ω2 ∈ g′

we have

(νg(x)⊗ 1 + 1⊗ νg(x))(ω1, ω2) = νg(x)(ω1 + ω2) = 〈ω1 + ω2, x〉.

This uniquely defines the algebra morphism γg : Kg′ → Kg′×g′ via γg(ϕ)(ω1, ω2) =
ϕ(ω1 + ω2).

(iii) follows from (ii)

(iv) In view of the definition of P(Kg′), statement (iv) is statement (iii)
reformulated.

(v) In (d) above we observed (ϕ⊗ϕ)(ω1, ω2) = ϕ(ω1)ϕ(ω2). Then (v) follows
from (ii).

(vi) The first assertion is a reformulation of (v). For the second one we refer
to Proposition 3.5 and our item (i) where we observed that the exponential function
is calculated pointwise in Kg′ .

Corollary 4.5. If g is a nonzero weakly complete vector space then we have a
commutative diagram

P(V(g))
∼=−−−−−→ AB(g′, (K,+))

inc

x xinc

g
∼=−−−−−→ V(g′,K).

The inclusion g
inc−−−−−→P(V(g)) is proper.
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Proof. The commuting diagram is a consequence of Proposition 4.4. The inclu-
sion of V(g′,K), the vector space of K-linear functions g′ → K is strictly smaller
than the abelian group of abelian group homomorphisms g→ (K,+).

Exercise 4.6. The torsion free ranks of the abelian groups underlying g and
AB(g′, (K,+)) agree.

The class of weakly complete abelian K-Hopf algebras V(g) with generating
vector subspace g introduced in this section supplies us with readily accessible
examples for which the natural inclusion g 7→ P(V(g)) is proper. This fact has
consequences for the group G(V(g)) of group like elements. It is now important
to illustrate that the Hopf algebras V(g) are not completely satisfactory in their
universal properties in as much as they are short off the universal Hopf algebras
U(g).

Example 4.7. We let A2 = K2 with componentwise addition and scalar multi-
plication and a multiplication defined by

(1) (∀x1, x2, y1, y2 ∈ K) (x1, y1)(x2, y2) = (y1x2 + y2x1, y1y2).

Then A2 is a 2-dimensional abelian algebra with identity 1 = (0, 1) and the following
properties:

(i) There is a faithful representation

(2) (x, y) 7→
(
y x
0 y

)
: A2 →M2(K)

by 2× 2 matrices.

(ii) The group of units A−1
2 is (K×)2 with K× = K \ {0} .

(iii) An element c = (x, y) satisfies c2 = 0 iff y = 0. The radical R(A2) of A2 is
K× {0} .

(iv) For each morphism F : V(g) = Kg′ → A2 of weakly complete unital algebras,
F−1(R(A)) ⊆ kerF .

Proof. Statements (i), (ii) and (iii) are straightforward. Proof of (iv): Let ϕ : g′ →
K be an element of Kg′ such that F (ϕ) ∈ R(A). Then F (ϕ2) = F (ϕ)2 = 0 by (iii).
Thus ϕ2 ∈ kerF . Any ideal of Kg′ is a partial product ∼= KX with X ⊆ g′ . But
then ϕ2 ∈ KX implies ϕ ∈ KX , and so ϕ ∈ kerF .

This example serves the purpose of showing that g 7→ V(g) is not suitable
to serve as universal enveloping algebra functor in the abelian case. Indeed, let
g = R(A), a 1-dimensional K-vector space and g→ g′∗ ⊆ Kg′ giving the embedding
νg : g → Kg′ . Suppose that F : Kg′ → A2 is a morphism of weakly complete unital
algebras such that F ◦νg : g→ A is the inclusion. Then F (g′∗) = R(A). By Example
4.7 (iv) this implies F (g′∗) = {0} . Thus R(A) = {0} , which is a contradiction that
shows that F cannot exist as supposed.
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4.1. The relation of U(g) and V(g) However, if we identify νg(g) ⊆ V(g) with
g we may assume g ⊆ V(g) just as we assumed that g ⊆ U(g). So for each weakly
complete vector space g , the universal property of U(g) according to Theorem 1.3
yields a unique WA-morphism qg : U(g)→ V(g) inducing the identity map on g as
contained in both U(g) and V(g).

Proposition 4.8. The function

(∗) qg : U(g)→ V(g)

is a surjective morphism of weakly complete symmetric Hopf-algebras over K whose
kernel is the radical R(U(g)) of U(g).

Proof. The Corollary 1.8 shows that the image of qg is dense in V(g). Since the
images of morphisms of weakly complete vector spaces are closed (see [7], Theorem
A7.12(b)), the morphism qg is surjective.

Since V(g) = Kg′ is semisimple, the radical R := R(U(g)) is contained in
ker qg . Conversely, every W -morphism f : g → A into a semisimple commutative
WA-algebra extends uniquely to a WA-morphism f ′ : U(g)→ A by Proposition 1.7,
which, by semisimplicity of A , vanishes on the radical R and thus factors through
a WA-morphism f# : U(g)/R → A . Thus the quotient U(g)/R containing the
isomorphic copy (g + R)/R of g shares the universal property of V(g) of Lemma
4.3. This implies that ker qg = R .

While it is clear that qg(P(U(g))) ⊆ P(V(g)), it is an open question, whether
equality holds.

Problem 1. Does the quotient morphism qg : U(g) → V(g) induce a quotient
morphism P(U(g))→ P(V(g)) of profinite dimensional Lie algebras for abelian Lie
algebras g?

A positive answer to this Problem would yield a negative answer to the
question whether g = P(U(g)) for all profinite-dimensional Lie algebras g .

Note in passing that the Example 4.7 above is just the simplest occurrence of
the construction of a weakly complete unital K-algebra g = v×K for an arbitrary
weakly complete vector space v , componentwise addition and scalar multiplication,
and the multiplication (x, s)(y, t) = (t·x+ s·y, st), yielding the radical v×{0} with
0-multipliction.

5. Enveloping Algebras Versus Group Algebras

Enveloping algbras and group algebras share the common festure that both are
symmetric Hopf algebras. We point out a concrete relationship. Recall that for
a compact group we naturally identify G with the group of grouplike elements of
R[G] (cf. [2], Theorems 8.7, 8.9 and 8.12), and that L(G) may be identified with the
pro-Lie algebra P(R[G]) of primitive elements. (Cf. also Theorem 3.5 above.) We
may also assume that L(G) is contained the set P(U(L(G))) of primitive elements
of UR(L(G)).
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Theorem 5.1. (i) Let G be a compact group. Then there is a natural morphism
of weakly complete algebras ωG : UR(L(G)) → R[G] fixing the elements of L(G)
elementwise.

(ii) The image of ωG is the closed subalgebra R[G0] of R[G].

(iii) The pro-Lie group G(UR(L(G))) is mapped onto G0 = G(R[G0]) ⊆
R[G]. The connected pro-Lie group G(UR(L(G)))0 maps surjectively onto G0 and
P(UR(L(G))) onto P(R[G]).

Proof. (i) follows at once from the universal property of U .

(ii) As a morphism of weakly complete Hopf algebras, ωG has a closed image
which is generated as a weakly complete subalgebra by L(G) which is R[G0] by
Corollary 3.3 (ii) of [5].

(iii) The morphism ωG of weakly complete Hopf algebras maps grouplike
elements to grouplike elements, whence we have the commutative diagram

L(G) ⊆ P(UR(L(G)))
P(ωG)−−−−−→ P(R(G))=L(G)

expG(UR(L(G)))

y yexpG

G(UR(L(G))) −−−−−→
G(ωG)

G(R[G]) = G.

Since P(ω) is a retraction and the image of expG topologically generates G0 , the
image of G(ωG) ◦ expUR(L(G)) topologically generates G0 . Since the image of the
exponential function of the pro-Lie group G(UR(L(G))) generates topologically its
identity component, G(ωG) maps this identity component onto G0 .

Since L(G) ⊆ P(UR(L(G)), and since also any morphism of Hopf algebras
maps a primitive element onto a primitive element we know ωG(P(UR(L(G)))) =
P(R[G]).

Problem 2. Is G(UR(L(G))) connected?

An overview of the situation is helpful.
Let us write g = L(G):

(D)

R[G]∣∣∣
UR(g)

ωG,onto−−−−−→ R[G0] |∣∣∣ ∣∣∣ ∣∣∣
G(UR(G)) −−−−−→

∣∣ −−−−−→ G(R[G]) = G∣∣∣ ∣∣∣ ∣∣∣
G(UR(g))0

onto−−−−−→ G(R[G0])=G0 = G0

expUR(g)

x xexpR[G] =
xexpG

g⊆P(UR(g)) −−−−−→
retract

P(R[G0])=P(R[G]) = g.

5.1. Lie’s Third Fundamental Theorem for profinite-dimensional Lie alge-
bras In the light of these relations of the weakly complete enveloping algebra U(g)
and the weakly complete group algebra K[G] as weakly complete K-Hopf algebras
it may be illuminating to review the basic relationship between pro-Lie groups G
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and their Lie algebras L(G). Let us therefore recall in compact form what we know
about the relationship providing a profinite dimensional Lie algebra g to any pro-Lie
group G and its reversal. The reversal g→ G is historically known as Sophus Lie’s
Third Fundamental Theorem. As soon as one leaves the classical domain of finite
dimensional real or complex Lie groups, there emerge several aspects of this theorem
in the Literature:

Theorem 5.2. (Sophus Lie’s Third Principal Theorem) For every profinite-di-
mensional real Lie algebra g there is a simply connected pro-Lie group Γ(g) whose
Lie algebra L(Γ(g)) is (isomorphic to) g .

For a systematic proof see [6], or e.g. [8]. Theorem 5.2 is also cited in
[7], Theorem A7.29. For the definition of simple connectivity see [7], Definition
A2.6. Let us recall here that for an abelian g (that is, a weakly complete real
vector space), the underlying vector space of g ∼= L(Γ(g)) is isomorphic to Γ(g) via
expL(Γ(g) : L(Γ(g))→ Γ(g).

Recall that a real Lie algebra g is called “compact” if it is isomorphic to the
Lie algebra of a compact group (apologetically defined in [7] Definition 6.1 in that
fashion). We know a real Lie algebra to be compact if and only if there exists a
set X and a family S of compact simple simply connected Lie groups S such that
g = RX ×

∏
S , where we wrote

∏
S for

∏
S∈S S . Now from [7], Theorem 9.76 we

obtain the following statement:

Theorem 5.3. (Sophus Lie’s Third Principal Theorem for Compact Lie Algebras)
For every compact real Lie algebra g there is a projective connected compact group
P(g) whose Lie algebra L(P(g)) is (isomorphic to) g .

Every compact connected group G with L(G) ∼= g is a quotient of P(g).
modulo some central 0-dimensional subgroup. For details see [7], discussion following
Lemma 9.72, notably Theorem 9.76 and Theorem 9.76bis. For the abelian case see [7],
Theorem 8.78ff. Notice that for a compact real Lie algebra g the projective compact
connected group P(g) is simply connected if and only if g is semisimple. By contrast,

if g = RX for some set then P(g) = (Q̂)X (see [7], Proposition 8.81), a compact
connected abelian group that fails to be simply connected while π1(P(g)) = {0} (see
[7], Theorem 8.62).

Let us contemplate how the present concept of weakly complete enveloping
algebras belongs to the circle of ideas of Lie’s Third Fundamental Theorem.

Let g be a profinite-dimensional Lie algebra over R and write G for the
group G(U(g)) of grouplike elements and P for the Lie algebra P(U(g)) of prim-
itive elements of U(g). By Theorem 3.6 above, G is a pro-Lie group and P its
profinite-dimensional Lie algebra L(G) containing g and the exponential function
exp: U(g)Lie → U(g)−1 of U(g) induces the exponential function expG : L(G) =
P → G . Now g is a closed Lie subalgebra of U(g)Lie by Proposition 1.7, and is
contained in P by Theorem 3.6(iii). Inside G we can form the closed connected
pro-Lie subgroup G∗ = 〈expG(g)〉 . Clearly g ⊆ L(G∗).
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Problem 3. Is g = L(G∗)?

Example 5.4. Let g be a compact semisimple Lie algebra. Then g = L(G) for
the compact projective group G = P(g). In this case, G = Γ(g), and we have a
commutative diagram

(D1)

U(g)
ωG,onto−−−−−→ R[G]∣∣∣ ∣∣∣

G0
retract−−−−−→ G = G(R[G])

expG

x xexpG

g ⊆ P retract−−−−−→ g.

We do not know what G = G(U(g)) and P = P(U(g)) are even if g = so(3)
in which case G = SU(2). Still, in this case expΓ(g) : g → Γ(g) is surjective (cf.

[7], Theorems 6.30, 9.19(ii) and Theorem 9.32(ii)). Therefore, G∗ = 〈expG(g)〉 =
expG(g) ∼= G and therefore the answer to Problem 1 is positive. The group G of
grouplike elements of U(g) is a semidirect product of some unknown closed normal
subgroup N by G . From the content of Diagram (D1) we do not know anything
about N .

Problem 4. Is N = {1}?

The following example is the opposite to the preceding one:

Example 5.5. Let g = RX for some set X . Then G = P(g) = (Q̂)X and
Γ(g) = RX .

Here we invoke the information we collected in Section 4 and incorporate it
into the following diagram:

(D2)

U(g)
qg−−−−−→ V(g) = RR(X) −−−−−→ R[G]∣∣∣ ∣∣∣ ∣∣∣

G0 −−−−−→ G(V(g)) ∼= AB(R(X),R) −−−−−→ G = (Q̂)X

expG

x xexpP(V(g))

xexpG

g ⊆ P −−−−−→ P(V(g)) ∼= AB(R(X),R) −−−−−→ g.

We recall that qg is the quotient morphism of U(g) modulo its radical.

Problem 5. Does qg induce surjective morphisms between the groups of grouplike
elements and the Lie subalgebra of primitive elements?

Recall that in the isomorphism in the last line of diagram (D2) the subspace
of AB(R(X),R) corresponding to g is WR(R(X),R) ∼= RX .

5.2. The relation of enveloping algebras and group algebras in the abelian
case. In [5] we gave an explicit description of the weakly complete complex group
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algebra C[G] of a compact abelian group G which resembles the description we gave
in Proposition 4.4 for V(g) ∼= U(g)/R(U(g)). Indeed we showed that for a compact
abelian group G we have a natural isomorphism

C[G] ∼= CĜ.

In the case of the real field we pointed out that R[G] is the fixed point set of an

involution of C[G] , namely, the involution σ given by σ(p)(χ) = p(−χ) for p ∈ CĜ

and χ ∈ Ĝ .

In [7] Theorem A7.10 we showed that real weakly complete vector topological
spaces have Pontryagin duality. This was shown via the fact that for any weakly
complete real vector space g the natural morphism g′ = Hom(g,R)→ Hom(g,T) = ĝ
is an isomorphism, where ĝ is the Pontryagin dual of the topological abelian group
g . Hence we have the natural isomorphisms

Kg′ ∼= Kĝ.

However, for K = C , the last group was recognized in [5], Theorem 5.1 as the Group
Hopf algebra C[g] .

Problem 6. For a weakly complete K-vector space g , considered as a weakly
complete abelian K-Lie algebra, what is the precise relation between VK(g) = Kg′

and K[g] , K = R and K = C?
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