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Introduction by the Organizers

We roughly kept the format of the last workshops with 21 talks of 50 min each.
For the first time, we included an after-dinner ‘gong show’ of 6 min presentations
plus 3 min questions in order to give all early career researchers visiting the MFO
for the first time the chance to present themselves and their work. This new
feature was widely appreciated and has led to more interactions and interesting
discussions during the rest of the week. One of the presenters at the gong show
was subsequently asked to give a full talk later.

For the 2022 installment 13 female algebraic geometers accepted the invitation
(compared to only 9 in 2017). Unfortunately, for various mostly Covid related
reasons, not all could attend in the end. Our target of 20-25% female partici-
pants was reached, but it needs further effort to stabilize and possibly increase
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this percentage. Despite the ongoing effects of the corona pandemic, most of the
participants could come to Oberwolfach (even from Japan!) and a few followed
the talks online. The hybrid format worked well, but the general feeling among
the participants certainly was that the full ‘Oberwolfach experience’ includes the
formal and informal discussions during the breaks and after dinner, the meals, the
hikes and the music. Only in this in person format the workshop is likely to lead
to stimulating exchanges and possibly to new collaborations.

The mix of people worked well. The topics represented by the participants
were quite broad but still sufficiently close to make an immediate interaction pos-
sible. Although not intended by the organizers originally, it was remarked by the
participants that something of a generation shift has taken place over the last
few installments. The percentage of early and middle career researchers was no-
tably higher, which probably was one further reason for the open and stimulating
atmosphere.

The variety of subjects covered by the talks was very much appreciated. Some
talks served well as general introductions (for example, Popa’s talk on various con-
jectures concerning the Kodaira dimension, in particular the Iitaka conjecture) and
others treated specific and concrete problems (for example, Fu’s talk on algebraic
cycles on GM varieties). The majority of talks (Gross, Liu, Castravet, DeVleming,
Blum, Belmans) were related to moduli spaces in a broad sense in one way or the
other, e.g. moduli spaces of K3 surfaces, Fano varieties, (log)Calabi–Yau varieties,
bundles, complexes, curves. Other topics included foliations (Druel), rationality
of hypersurfaces (Ottem), Chow and Brauer groups (Charles), non-archimedean
geometry (Mazzon), and quotient singularities (Martin, Tevelev).



Moduli Spaces, Birational Geometry and Derived Aspects 1807

Workshop: Algebraic Geometry: Moduli Spaces, Birational
Geometry and Derived Aspects

Table of Contents

Mark Gross (joint with Paul Hacking, Sean Keel, Bernd Siebert)
Compactifications of moduli spaces of K3 surfaces inspired by
mirror symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1809

Yuchen Liu (joint with Kenneth Ascher, Dori Bejleri, Harold Blum, Kristin
DeVleming, Giovanni Inchiostro, Xiaowei Wang)
Moduli of log Calabi-Yau pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1810

Ana-Maria Castravet (joint with Jenia Tevelev)
Exceptional collections on moduli spaces of stable rational curves . . . . . . 1812

Georg Oberdieck (joint with Maximilian Schimpf)
Stable pairs on elliptically fibered threefolds . . . . . . . . . . . . . . . . . . . . . . . . . 1814

Yukinobu Toda (joint with Tudor Pădurariu)
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Abstracts

Compactifications of moduli spaces of K3 surfaces inspired by

mirror symmetry

Mark Gross

(joint work with Paul Hacking, Sean Keel, Bernd Siebert)

This talk constituted an update on the paper [1]. The motivation for this work
goes back to a paper of David Morrison [4], which suggested, based on arguments
from mirror symmetry, that given a mirror pair Y,X of Calabi-Yau manifolds,
one should be able to describe toroidal compactifications of the moduli space of
complex structures onX via decompositions of the Kähler cone of Y into a rational
polyhedral fan invariant under the action of the automorphism group of Y . This
should at least give compactification data in a neighbourhood of the large complex
structure limit point of the moduli space of X corresponding to the mirror Y .

In [1], we wish to apply this philosophy and build (partial) compactifications of
Fg, the moduli space of polarized K3 surfaces with hyperplane sections genus g,
and hence degree 2n with n = g − 1. We consider the case that n is square-free,
because in this case there is, up to equivalence, a unique choice of “large complex
structure limit” in the mirror moduli space, hence a unique choice of the basic
data needed in our construction. The mirror moduli space is one-dimensional,
and this basic data is a one-parameter simple normal crossings family Y → D of
degenerating K3 surfaces in this mirror moduli space. Here D is a disk centered
at this large complex structure limit point. In particular, Y → D is a type III
degeneration, i.e., Y0 is a union of rational surfaces with dual intersection complex
a two-sphere. Further, the generic fibre is a K3 surface with a rank 19 Picard
group.

Given a choice σ of rational polyhedral cone contained in the relatively nef cone
NEF(Y/D), the general mirror construction of [2, 3] yields a mirror family X →
X̂(σ), where X̂(σ) denotes the completion of the toric variety X(σ) corresponding
to the cone σ at the zero-dimensional toric stratum of X(σ).

The first task is to prove the birational invariance of the construction, which is
phrased as follows. There are many possible choices of relatively minimal models
of Y → D, and, roughly speaking, their nef cones fit together to create the Mori
fan Mori(Y/D). This yields a toric variety X(Mori(Y/D)), and cones in this fan
contained in two different maximal cones corresponding to relatively minimal mod-
els Y1,Y2 → D describe the flopping contraction which passes between these two
models. A priori, the construction of [2, 3] only gives mirror families over formal
neighbourhoods of the zero dimensional strata of X(Mori(Y/D)). We show that
these mirror constructions extend in a compatible way over formal neighbourhoods
of strata corresponding to such cones. Thus we obtain a well-defined mirror family
over a formal neighbourhood of a union of strata of X(Mori(Y/D)).

The second task is to reduce the dimension of the family. In fact the toric variety
X(Mori(Y/D)) is 19 + g dimensional, whereas Fg is 19 dimenisional. We use the
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birational geometry of Y → D and the Mori fan to obtain the data necessary to
describe a toroidal compactification of Fg, and then, using the family built in the
first step, obtain a family over a formal completion of (part of) the boundary of
the corresponding toroidal compactification of Fg.

The third and final task is to show that the family constructed over this formal
completion then glues to the universal family over Fg (viewed as a stack). This
involves a calculation of the periods of our family, which is accomplished using [5].

References

[1] M. Gross, P. Hacking, S. Keel, B. Siebert, Theta functions for K3 surfaces, in preparation.
[2] M. Gross, B. Siebert, Intrinsic mirror symmetry, preprint, 2019.
[3] M. Gross, B. Siebert, The canonical wall structure and intrinsic mirror symmetry, Invent.

math. (2022). https://doi.org/10.1007/s00222-022-01126-9
[4] D.R. Morrison, Comactifications of moduli spaces inspired by mirror symmetry, Journées
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Moduli of log Calabi-Yau pairs

Yuchen Liu

(joint work with Kenneth Ascher, Dori Bejleri, Harold Blum, Kristin DeVleming,
Giovanni Inchiostro, Xiaowei Wang)

This talk is a report on an ongoing work joint with K. Ascher, D. Bejleri, H. Blum,
K. DeVleming, G. Inchiostro, and X. Wang.

According to the Minimal Model Program, there are three classes of building
blocks for all varieties: canonically polarized varieties, Fano varieties, and Calabi-
Yau varieties1. Thus constructing and studying moduli spaces for each of these
three classes of varieties are important problems. For canonically polarized va-
rieties and Fano varieties, the theories of Kollár-Shepherd-Barron stability and
K-stability have been successful in constructing their projective moduli spaces, re-
spectively. However, the case of moduli for Calabi-Yau varieties remains less well
understood.

Instead of studying moduli of Calabi-Yau varieties directly, we focus on moduli
of log Calabi-Yau pairs that are Fano varieties with complements, i.e. pairs (X,D)
consisting of a Fano variety X and an effective Q-divisor D ∼Q −KX with mild
singularities. Many Calabi-Yau varieties are naturally associated to log Calabi-
Yau pairs. For instance, an elliptic curve and a general quartic K3 surface are
anti-canonical divisors in P2 and P3 respectively; a general degree 2 K3 surface
is a double cover of the log Calabi-Yau pair (P2, 12C6) where the branch divisor
C6 is a smooth plane sextic curve. Thus studying the moduli problem for log
Calabi-Yau pairs has direct applications to moduli of Calabi-Yau varieties.

1Here we mean K-trivial varieties, including abelian varieties and hyperkähler varieties.
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In this report, we discuss a new approach for the moduli compactification of
log Calabi-Yau pairs (P2, 3dCd) where Cd is a plane curve of degree d ≥ 3. For 0 <

ǫ≪ 1, let PH
d be the KSBA moduli space that compactifies (P2, ( 3d +ǫ)Cd) studied

by Hacking in [5]. Let PK
d be the K-moduli space compactifies (P2, ( 3d − ǫ)Cd)

studied in [3]. Let PH
d and PK

d be the moduli stacks corresponding to PH
d and PK

d

respectively. We want to construct a moduli space of log Calabi-Yau pairs that
bridges the KSBA-moduli space and the K-moduli space.

Definition 1. We define the moduli stack PCY
d whose C-points correspond to

pairs (X,D) such that

• (X,D) is a log Calabi-Yau pair, i.e. KX +D ∼Q 0;
• X is a Fano variety, i.e. −KX is an ample Q-Cartier divisor;
• (X,D) has semi-log-canonial (slc) singularities;
• (X,D) admits a Q-Gorenstein smoothing to (P2, 3dCd).

It is not hard to show that PCY
d is an Artin stack locally of finite type with

affine diagonal over C. Moreover, as both KSBA stability and K-semistability
imply slc singularities, there are open immersions of stacks

PH
d →֒ PCY

d ←֓ PK
d .

In order to construct the moduli space PCY
d , we need to identify points in the

stack PCY
d by S-equivalence. Here two log Calabi-Yau pairs (X1, D1) and (X2, D2)

are called S-equivalent if they admit a common degeneration in the sense of test
configurations.

Theorem 2. There exists a projective scheme PCY
d that parametrizes S-equivalence

classes of PCY
d . Moreover, we have a diagram

PH
d → PCY

d ← PK
d ,

and the Hodge line bundle on PCY
d is ample.

Here the Hodge line bundle of a log Calabi-Yau fibration π : (X ,X )→ B is the
Q-line bundle λ on B such that KX/B +X = π∗λ. One can show that the Hodge

line bundle on the stack PCY
d for its universal family descends to PCY

d .
The idea of proving the existence of PCY

d goes as follows. First of all, we
prove that the stack PCY

d satisfies Θ-reductivity and S-completeness, two valuative
criteria over surfaces introduced in [1]. Next, we show that PCY

d is bounded if 3
does not divide d. This implies the existence of PCY

d as the good moduli space of
PCY
d by [1]. The difficult case is when 3 | d, where PCY

d is never bounded as it
contains (P(a2, b2, c2), (xyz = 0)) for all (infinitely many) Markov triples (a, b, c).
To resolve this issue, we consider the bounded open substack

PCY,m
d := {(X,D) ∈ PCY

d | the Cartier index of KX is at most m}.
Then we show that PCY,m

d admits a good moduli space for every m. Moreover,
these good moduli spaces stablize as m→∞, which implies the existence of PCY

d .
The ampleness of the Hodge line bundle follows from a detailed analysis of S-

equivalence classes in PCY
d and a positivity result of Ambro [2]. Finally we remark
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that Theorem 2 together with [4] confirms the b-semiampleness Conjecture of
Prokhorov-Shokurov when the geometric generic fiber is a rational surface.
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Exceptional collections on moduli spaces of stable rational curves

Ana-Maria Castravet

(joint work with Jenia Tevelev)

LetM0,n be the Deligne-Mumford-Knudsen moduli space of stable, genus 0 curves

with n ordered, marked points. The symmetric group Sn acts on M0,n by per-
muting the marked points. The main result is the following:

Theorem. [3, 4, 5] The derived category of the moduli space M0,n, of stable,
rational curves with n marked points, admits a full, exceptional collection which is
invariant under the action of the symmetric group Sn.

This answers affirmatively a question of Orlov and Manin. Here is an example:

Example. The derived category of M0,5 admits the following full, exceptional
collection which is invariant under the action of the symmetric group S5:

O, {π∗
iO(1)}i=1,2,3,4,5, ΩM0,5

(log).

Here ΩM0,5
(log) is the sheaf of log-differentials with poles along boundary, while

πi :M0,5 →M0,4 = P1

is the map that forgets the i-th marked point. The 5 line bundles {π∗
iO(1)}i=1,2,3,4,5

are permuted by S5, while ΩM0,5
(log) is a rank 2 vector bundle which is invariant

under the action of S5.

A consequence of the Theorem is the following:

Corollary. The Grothendieck group K(M0,n) is an Sn-permutation lattice. In

particular, the cohomology H∗(M0,n) has a basis which is permuted by Sn.

The character of the Sn-representation given by the cohomology H∗(M0,n;Q)
has been previously studied by Getzler [6] and Bergstrom-Minabe [1]. The re-
sult on the cohomology H∗(M0,n;Q) being a permutation representation was not
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known previously. A very recent article of Choi, Kiem and Lee [2] gives a new
proof using different ideas.

An ordered sequence of objects E1, . . . , Er in the bounded derived category
Db(X) of a smooth projective variety X over the complex numbers, is called
exceptional if RHom(Ei, Ei) = C for all i and RHom(Ei, Ej) = 0 for all i > j.
An exceptional collection is called full if the smallest full triangulated subcategory
containing all Ei is equivalent to Db(X). If a full, exceptional collection exists,
then the K-group of X with integer coefficients is freely generated by the classes
of E1, . . . , Er. A classical result of Beillinson is that O, O(1), O(2), . . . , O(n) is
a full, exceptional collection on Pn.

By a theorem of Kapranov, for each i ∈ {1, . . . , n}, the tautological line bundles
ψi

1 induce birational morphismsM0,n → Pn−3 that are iterated blow-ups of (n−1)
points in linearly general position, proper transforms of all

(
n−1
2

)
lines spanned by

any two points, all
(
n−1
3

)
planes spanned by any three points, etc. For example,

for M0,5, the Kapranov maps give all the different ways of identifying a del Pezzo
surface of degree 5 as a blow-up of P2 at four points.

A theorem of Orlov gives explicit full exceptional collections on smooth blow-
ups, if one has full exceptional collections on the base and the center of the blow-
up. Hence, Kapranov’s blow-up description of M0,n – combined with Orlov and

Beilinson’s theorems – gives full, exceptional collections on M0,n. However, the
Kapranov blow-up map is not Sn-equivariant (only Sn−1-equivariant) and there-
fore, the exceptional collections obtained in this way are not Sn-invariant.

An alternative approach is inspired by the work of Bergrstrom-Minabe [1].
There exists a tower of Sn-equivariant, birational morphisms between moduli
spaces of weighted, stable, rational curves with n markings:

M0,n =M (1,...,1) →M ( 1
2 ,...,

1
2 )
→ . . .→M ( 1

r
,..., 1

r
)

Here for A = (a1, . . . , an), with ai ∈ Q,
∑
ai > 2, we denote byMA the moduli

space of A-stable rational curves [7], parametrizing data (C, p1, . . . , pn) such that

• C is a tree of projective lines, p1, . . . , pn smooth points on C,
• The log-canonical Q-line bundle ωC(a1p1 + . . .+ anpn) is ample, and
• If {pi}i∈I coincide, then

∑
i∈I ai ≤ 1.

At each step in the tower, we blow-up loci isomorphic to the moduli spaces
M (1,...,1,b...,b) (with p ≥ 2 weights of 1 and q ≥ 0 weights of b, for some 0 < b < 1).
The blown-up loci intersect transversely. The group Sp × Sq acts on the moduli

spacesM (1,...,1,b...,b) by permuting the two sets of markings of equal weight. Using
an enhanced version of Orlov’s theorem, we first prove that it suffices to find full,
invariant, exceptional collections on the following types of Hassett moduli spaces:

(A) Losev-Manin moduli spacesM (1,1,ǫ...,ǫ), where there arem weights 0 < ǫ≪
1 (for all m ≥ 2, construct S2×Sm-invariant full, exceptional collections),

(B) The spacesMp,q :=M (a+ǫ,...,a+ǫ,η...,η), where there are p weights a+ǫ and
q weights η, subject to the condition that pa + qη = 2 and 0 < ǫ, η ≪ 1

1The fiber of ψi at (C, p1, . . . , pn) ∈M0,n is the cotangent bundle (TpiC)∨.
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(for all p ≥ 2, all q ≥ 0, construct Sp × Sq-invariant full, exceptional
collections).

The difficult part is to construct these collections; for (A) we did this in [3] and
for (B) in [4, 5]. In the talk I discussed how do the exceptional collections on the
spaces Mp,q look like, which is the most involved part in the whole project.
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1995.

[7] B. Hassett, Moduli spaces of weighted pointed stable curves, Adv. Math. 173 (2) (2003),
316–352.

Stable pairs on elliptically fibered threefolds

Georg Oberdieck

(joint work with Maximilian Schimpf)

1. Pandharipande-Thomas theory

Let X be a smooth projective threefold. A stable pair (F, s) on X consists of

• a pure 1-dimensional sheaf F ,
• a section s ∈ H0(X,F ) with zero-dimensional cokernel.

Let Pn,β(X) be the fine projective moduli space of stable pairs with numerical
data

ch2(F ) = β ∈ H2(X,Z), χ(F ) = n ∈ Z.

The moduli space carries naturally the descendent classes

chk(γ) = πP∗(chk(O − F) ∪ π∗
X(γ)), k ≥ 0, γ ∈ H∗(S,Q),

where πP , πX are the projections of Pn,β(X) × X to the factors and O → F is
the universal stable pair. Pandharipande-Thomas invariants of X are defined by
integrating these classes over the virtual fundamental class of the moduli space:

〈chk1(γ1) · · · chkn
(γn)〉Xn,β =

∫

[Pn,β(X)]vir

∏

i

chki
(γi).

The invariants reflect the rich enumerative geometry of algebraic curves on the
threefolds and have relationships to Donaldson-Thomas invariants, Gromov-Witten
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invariants. We refer to [5] for an introduction to these invariants, and an overview
over the central role they play in the field of enumerative geometry.

2. Elliptic threefolds

Let B be a smooth projective surface. We assume that the threefold X admits an
elliptic fibration

π : X → B,

by which we mean a a flat morphism with ωπ trivial on all fibers, such that:

• π is equipped with a section ι : B → X ,
• π : X → B is a Weierstraß model.

In this talk we are interested in understanding how the Pandharipande-Thomas
invariants of X are constrained by the existence of this elliptic fibrations. For
example, can we find connections to modular forms in the invariants, which reflect
the existence of non-trivial derived auto-equivalences coming from the relative
Poincaré bundle of the fibration π : X → B? For elliptic Calabi-Yau threefold
this has been intensively studied in the physics literature and culminated in a
precise conjecture by Huang-Katz-Klemm that the natural generating series of
Pandharipande-Thomas invariants of X are meromorphic Jacobi forms, see [1].
On the mathematical side this has been studied and partially proven in [3, 4]. In
particular, in [3] the connection to derived auto-equivalences was made.

In this talk I have described recent joint work with Maximilian Schimpf in which
we go beyond the Calabi-Yau case, and allow the total space X to be non-Calabi-
Yau. Before stating the main conjectures we need to define the relevant generating
series: Consider the divisor class

W = [ι(B)] − 1

2
π∗(c1(NB/X)) ∈ H2(X).

For any fixed class β ∈ H2(B,Z) we define the generating series:

〈chk1(γ1) · · · chkn
(γn)〉Xβ =

∑
β̃∈H2(X,Z)

π∗β̃=β

∑
m∈ 1

2Z
i2mpmqW ·β̃ 〈chk1(γ1) · · · chkn

(γn)〉Xm+ 1
2dβ̃

,β̃

where i =
√
−1 and dβ =

∫
β̃
c1(TX).

Let QJac be the algebra of quasi-Jacobi forms, see for example [2]. It is bigraded,
QJac = ⊕k,mQJack,m, by weight k and index m with finite-dimensional summands
QJack,m. The algebra QJac admits an embedding into the free polynomial ring of
two generators A and G2 over the algebra of Jacobi forms,

QJac ⊂ Jac[A,G2].

Our main conjectures are the following:

Conjecture 1 (O.-Schimpf). We have

〈1〉X0 =
∏

m≥1

(1− qm)−e(B)−c1(N)·(c1(TB)+c1(N))
∏

ℓ,m≥1

(1− pℓqm)−ℓ·c3(TX⊗ωX)

where N = NB/X is the normal bundle of the section.
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Define the normalized series

Zβ (chk1(γ1) · · · chkn
(γn)) :=

〈chk1(γ1) · · · chkn
(γn)〉Xβ

〈1〉X0
Conjecture 2 (O.-Schimpf). Assume that c3(TX⊗ωX) = 0. Then the normalized

series Zβ(c̃hk1(γ1) · · · c̃hkn
(γn)) is a meromorphic quasi-Jacobi form of

weight KX · ι∗β +
n∑

i=1

(ki − 1 + wt(γi))

index
1

2
β · (β + c1(NB/X)).

It is of the form

Zβ (chk1(γ1) · · · chkn
(γn)) = ∆(q)

1
2 c1(N)·β

∑

α=(β1,...,βℓ)

ϕα(p, q)∏ℓ
i=1 Θ(pdiv(βi), q

)2

where α runs over all decompositions β = β1 + . . . βk into effective classes βi ∈
H2(B,Z) which are of divisibility div(βi) in H2(B,Z), and ϕα ∈ QJac. Moreover,

• c̃hk(γ) = chk(γ) +
1
24chk−2(γ · c2(TX))

• wt = grading by eigenvalues of [W,π∗π∗] : H
∗(X)→ H∗(X),

• ∆(q) = q
∏

n≥1(1− qn)24.

Conjecture 3 (O.-Schimpf). Assume again c3(TX ⊗ ωX) = 0 and the previous
conjecture. Then we have the holomorphic anomaly equations:

d

dA
Zβ

(
c̃hk1(γ1) · · · c̃hkn

(γn)
)
=

n∑

i=1

Zβ

(
· · · c̃hki−1(γi∆B,1)c̃h2(∆B,2) · · ·

)

+

n∑

i=1

Zβ

(
· · · c̃hki+1(π

∗π∗(γi)) · · ·
)
.

d

dG2

Zβ

(
c̃hk1 (γ1) · · · c̃hkn (γn)

〉

β
=

− 2
∑

i<j

Zβ

(
· · · c̃hki−1(γi∆B,1) · · · c̃hkj−1(γj∆B,2) · · ·

)
−

n∑

i=1

Zβ

(
· · · c̃hki−2(γi · c2(B)) · · ·

)

+
∑

i=1,...,n
m1+m2=ki

Zβ

(
..
(−1)(1+wtL)(1+wtR)(m1 − 1 + wtL)!(m2 − 1 + wtR)!

(ki − 2 + wt(γi))!
c̃hm1 c̃hm2(E(KXγi))..

)

− 2
∑

i<j

σij

( ki + kj − 4 + wt(γi) + wt(γj)

ki − 2 + wt(γi), kj − 2 + wt(γj)

)
Zβ



c̃hki+kj−2(E(γi ⊠ γj))
∏

ℓ 6=i,j

c̃hkℓ (γℓ)





where σij is the sign obtained by permuting the i-th and j-th entry of (γ1, . . . , γn)
to the left-most position, and E ∈ H∗(X ×X ×X) is defined by

E := ∆X,12 · π∗∆B,13 +∆X,13 · π∗∆B,12 +∆X,23 · π∗∆B,12

− π∗∆B,123

(
pr∗1W + pr∗2W + pr∗3W

)
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For elliptic Calabi-Yau threefolds these conjectures specialize precisely to the
predictions made by Huang-Katz-Klemm using physics methods [1]. We also re-
cover some known cases in non-Calabi-Yau situations. For once, a relative version
of the above conjectures in the case K3×P1 relative to fibers was first studied and
proven in [2]. Further evidence was found for P2×E in [6]. Our conjectures serve
also as a (so far conjecturally) powerful tool to compute Pandharipande-Thomas
invariants in elliptic geometries. In particular, this will lead to new explicit conjec-
tures about Pandharipande-Thomas invariants for K3 geometries in forthcoming
work.
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Categorical MacMahon formula

Yukinobu Toda

(joint work with Tudor Pădurariu)

For a variety X , the Hilbert scheme of points Hilb(X, d) parametrizes zero-dimen-
sional closed subschemes in X with length d. The derived category of Hilb(X, d)
has been also extensively studied when dimX ≤ 2. In the case of X = C3,
the Hilbert schemes Hilb(C3, d) define DT invariants DT(d) ∈ Z counting zero-
dimensional closed subschemes in C3. It is well-known that the generating series
of DT(d) is equal to M(−q), where M(q) is the series

M(q) =
∏

k≥1

1

(1− qk)k = 1 + q + 3q2 + 6q3 + 13q4 + 24q5 + · · · .

The series M(q) is called MacMahon function, whose coefficient p3(d) of q
d is the

number of 3D partitions of d. The purpose of this talk is to give a categorical and
K-theoretic analogue of the MacMahon formula for Hilb(C3, d), based on the joint
work with Tudor Pădurariu [1].

In general Hilb(C3, d) is highly singular and the usual derived categories are not
well-behaved. Instead we use the following critical locus description of Hilb(C3, d).



1818 Oberwolfach Report 32/2022

Let NHilb(d) be the non-singular quasi-projective variety, called the non-commu-
tative Hilbert scheme, defined by

NHilb(d) :=
(
V ⊕Hom(V, V )⊕3

)ss
/GL(V ),

where V is a d-dimensional vector space and (−)ss is the GIT semistable locus con-
sisting of (v,X, Y, Z) such that V is generated by v under the action of (X,Y, Z).
Then Hilb(C3, d) is the critical locus of the regular function

W : NHilb(d)→ C, (v,X, Y, Z) 7→ Tr(Z[X,Y ]).

The DT category is defined by

DT (d) := MF(NHilb(d),W ),

where the right hand side is the category of matrix factorizations on NHilb(d) with
respect to the function W . A dg-enhancement of the DT category recovers the
DT invariant DT(d) up to sign by taking the Euler characteristic of its periodic
cyclic homology.

The first main result is the existence of semi-orthogonal decompositions on DT
categories of the form:

DT (d) =
〈
⊗k

i=1S(di)wi
: 0 ≤ v1

d1
< · · · < vk

dk
< 1

〉
,(1)

where the right hand side consists of tuplets A = (di, wi)
k
i=1 satisfying d1+Xots+

dk = d, and vi is defined by

vi = wi + di


∑

j>i

dj −
∑

j<i

dj


 .

For (d, w) ∈ N × Z, the category S(d)w is defined to be a certain triangulated
subcategory

S(d)w ⊂ MF(X (d),W ), X (d) =
[
Hom(V, V )⊕3/GL(V )

]

consisting of matrix factorizations with factors coherent sheaves on X (d) whose
weights with respect to the maximal torus of GL(d) are contained in a certain poly-
tope in the weight lattice. The subcategory similar to S(d)w first appeared in the
work of Špenko-Van den Bergh in their construction of non-commutative crepant
resolutions. The semi-orthogonal decomposition in (1) is regarded as a categorifi-
cation of wall-crossing formula of DT invariants, and the category S(d)w may be
regarded as a categorification of BPS sheaves by Davison-Meinhardt (though not
precise). So we call S(d)w as quasi-BPS category.

The second main result is a construction of objects in quasi-BPS categories
which, together with (1), give a basis of torus localized K-theory of the DT cate-
gory. Here the torus T is the subtorus of (C∗)3

T = {(t1, t2, t3) ∈ (C∗)×3 | t1t2t3 = 1}.
It acts on NHilb(d) in a natural way which preserves the function W . Let C(d)
be the derived stack of commuting matrices of size d, or equivalently the derived
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moduli stack of zero-dimensional coherent sheaves on C2 with length d. The Koszul
duality equivalence says that there is an equivalence

Φ: Db(C(d)) ∼→ MFgr(X (d),W ).

Here the grading on the right hand side is given by the weight two C∗-action on
the last factor of Hom(V, V ). Then there is a subcategory T(d)w ⊂ Db(C(d))
corresponding to Sgr(d)w under the above equivalence. For each (d, v) ∈ N × Z,
we can construct an object Ed,v ∈ T(d)v explicitly, using the derived stack of
filtrations of zero-dimensional coherent sheaves on C2. It turns out that, up to a
constant in K := K(BT ) = Z[q±1

1 , q±1
2 ], the images of the above objects under a

natural map

ι∗ : GT (C(d))→ K[z±1
1 , . . . , z±1

d ]Sd

are part of a basis of the Elliptic Hall algebra considered by Negut. Using the result
of Negut, we can show the following: let (d, v) ∈ N×Z be coprime integers, let n ∈
N, and set F to be the fraction field of K. The F-vector space KT (T(nd)nv)⊗K F

has a basis En1d,n1v ∗ · · · ∗ Enkd,nkv, where n1, . . . , nk ≥ 1 and
∑k

i=1 ni = n. Here

∗ is the categorical Hall product on Db(C(d)).
Let Fd,w ∈ Sd,w be the object corresponding to Ed,w under the Koszul duality

equivalence and forgetting the grading. By combining with (1), we obtain the
following basis of the torus localized K-theory of the DT category:

K(DT T (d))⊗K F =
⊕

d1+···+dk=d
0≤v1/d1≤···≤vk/dk<1

F · [Fd1,w1 ] ∗ · · · ∗ [Fdk,wk
](2)

where tuples (di, wi)
k
i=1 in the right hand side are unordered for subtuplets

(di, wi)
b
i=a with va/da = · · · = vb/db. In particular, the dimension of the left

hand side in (2) is p3(d), giving the K-theoretic MacMahon formula.
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Conjectures on the Kodaira dimension

Mihnea Popa

The talk was devoted to a series of “superadditivity” conjectures on the behavior
of the Kodaira dimension of fibrations, made recently in [2], and complementing
Iitaka’s well-known subadditivity conjecture.

Let f : X → Y be an algebraic fiber space (i.e. a surjective morphism with con-
nected fibers), with X and Y smooth and projective complex varieties. Iitaka’s
Subadditivity (or Cn,m) conjecture predicts that

κ(X) ≥ κ(F ) + κ(Y ),
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where F denotes the general fiber of f . This conjecture is known in various
important cases: when F is a variety of general type (Kollár) or more generally
one that admits a good minimal model (Kawamata), when Y is of general type
(Viehweg) or a curve (Kawamata), and more recently when Y is an abelian variety
(Cao-Păun), a variety of maximal Albanese dimension (Hacon-Popa-Schnell) or a
surface (Cao). While it is not currently known in general (for instance when
dim Y = 3 or κ(Y ) = 0), it does follow from the conjectures of the Minimal Model
Program (MMP) according to a result of Kawamata.

In [2] I made some conjectures to the effect that κ(X) can also be bounded
from above in terms of natural data associated to f , and moreover that one should
always have addtivity in the case of smooth morphisms. These involve the notion
of log Kodaira dimension; concretely, if V is a smooth quasi-projective variety
and one chooses a smooth projective compactification Z such that the boundary
D = Z \ V is a simple normal crossing divisor,1 then the log Kodaira dimension
of V is defined as

κ(V ) := κ(Z, ωZ(D)),

i.e. the Iitaka dimension of the line bundle ωZ(D). (This is easily seen to be
independent of the choice of compactification.)

The main conjecture from [2] regarding fibrations of projective varieties is the
following:

Conjecture 1. Let f : X → Y be an algebraic fiber space, with X and Y smooth
projective varieties, and with general fiber F . If V ⊆ Y is the open set over which
f is a smooth morphism, then

κ(F ) + κ(V ) ≥ κ(X).

Note that when f is smooth we have V = Y , hence in combination with Iitaka’s
conjecture, this becomes

Conjecture 2. With the same assumptions, if f is smooth, then

κ(X) = κ(F ) + κ(Y ).

This last statement is in fact the prototype for the most general conjecture
one can make, which essentially amounts to considering κ(U) instead of κ(X) in
Conjecture 1, where U = f−1(V ). More precisely:

Conjecture 3. Let f : U → V be a smooth projective algebraic fiber space, with
U and V smooth quasi-projective varieties, and with general fiber F . Then

κ(U) = κ(F ) + κ(V ).

This implies Conjecture 1, since if U ⊆ X is a compactification, one has κ(U) ≥
κ(X).

While connected to Iitaka’s conjecture, these conjectures are also very much
related to hyperbolicity in the sense of the well-known Shafarevich-Viehweg con-
jectures for families of varieties. Therefore the recent proofs of various cases in [1]

1This can always be done by Hironaka’s theorem
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and [4] rely on Hodge module techniques considered in [3], as well as on previous
methods developed by Kovács and Viehweg-Zuo among others, for the study of
hyperbolicity. Moreover, when the base Y has Kodaira dimension 0, analytic tech-
niques (in the sense of singular metrics on direct images of pluricanonical bundles,
as in the work of Berndtsson and Păun-Takayama) become essential. Another
main ingredient is an important theorem of Campana-Păun, detecting varieties of
general type.

Besides the obvious cases, some of the results I described in the talk are:

• Conjectures 1 and 3 hold when Y is an abelian variety or a curve, or when
V compactifies to an abelian variety; see [1].
• Conjecture 3 holds when the fiber F is of general type; see [4].
• Conjecture 2 holds when X is of general type, and so does Conjecture
1 if one assumes that a compactification Y of V is not uniruled (so in
particular when κ(Y ) ≥ 0); see [4].

We also showed in [4] that Conjecture 2 is implied by the conjectures of the
MMP. During the conference I received a preprint from F. Campana, claiming the
same for Conjecture 3.
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A question of Mori and families of plane curves

Kristin DeVleming

(joint work with David Stapleton)

In this talk, we discussed smooth projective limits of complex plane curves. I
focused on the following question:

Question. For which degrees d > 1 is every smooth compact limit of complex
degree d plane curves a degree d plane curve?

It is easy to see that d must be prime. For example, a nonhyperelliptic genus 3
curve is a canonically embedded degree 4 plane curve, but the canonical map for
a hyperelliptic genus 3 curve gives a double cover of a conic. Similar cyclic cover
constructions occur whenever the degree d is composite: it is straightforward to
construct a degeneration of a degree ab hypersurface in any dimension to a degree
a cover of a degree b hypersurface ([1, Ex. 1.59]) so d being prime is necessary.

In higher dimensions, Mori asked if being prime is also sufficient.
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Question. ([2, p. 642]) If n ≥ 3, is every smooth projective limit of prime degree
hypersurfaces of dimension n in Pn+1

C also a hypersurface in Pn+1
C ?

This has been proven for the primes 2 [11, 6, 4], 3 [7], and 5 [3] in all dimensions,
and for the prime 7 in dimension 3 [3]. Interestingly, the statement is false if the
dimension is 1 or 2. The purpose of this project is to develop and provide evidence
for an analogous conjecture in the case of plane curves.

Griffin gave an example [8] of a family of smooth plane quintics such that
the limit is hyperelliptic and consequently nonplanar. We generalize this fact by
proving that many prime degrees admit non-planar limits:

Theorem A. For any Markov number d > 2, there is family of smooth plane
curves of degree d with a smooth projective non-planar limit. In particular, for
any Markov number p > 2 that is prime there is a smooth family of prime degree
p plane curves with a non-planar central fiber.

Recall that a Markov number is a natural number that appears as a solution to
the equation:

a2 + b2 + c2 = 3abc.

The first few Markov numbers are

1, 2, 5, 13, 29, 34, 89, ...

There are infinitely many Markov numbers, the Markov triples are naturally
organized into a binary tree, and every Markov number is obtained from (1,1,1) by
repeating a standard mutation process. In this paper, the relation between Markov
numbers and plane curves is the following: the only log terminal Q-Gorenstein
degenerations of P2 are the weighted projective spaces P(a2, b2, c2) where (a, b, c)
is a Markov triple, or a partial smoothing of one of these weighted projective spaces.
To prove Theorem A, we construct smooth Cartier divisors in such a degeneration
and bound the gonality of the curves. Motivated by this construction and general
results from moduli of stable pairs compactifying the space of pairs (P2, C), we
conjecture the following:

Conjecture B. Any smooth limit of a family of plane curves of prime degree is a
Cartier divisor in a log-terminal Q-Gorenstein degeneration of P2.

Conjecture B implies the following.

Conjecture C. Let p be a prime number that is not a Markov number. Any
smooth limit of plane curves of degree p is a plane curve.

As the smooth limit of any family of curves of degree 2 or 3 is also planar, the
first primes to verify the conjecture are p = 5 and p = 7. Our main result is to
prove the conjectures in these cases. In the Theorem below,M(5) is a degeneration
of P2 with an isolated 1

25 (1, 4) singularity.

Theorem D. Every smooth projective limit of a family of degree 5 plane curves
is either planar or a Cartier divisor in M(5). Furthermore, the smooth limits in
M(5) are all hyperelliptic.
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Theorem E. Every smooth projective limit of a degree 7 family of plane curves is
a plane curve.

Verifying Conjectures B and C has strong consequences for the intersection of
various loci in Mg, the moduli space of smooth genus g := g(d) curves, where g(d)
is the genus of a smooth degree d plane curve. In particular, Conjecture B places
bounds on the gonality of the curves that can be in the closure of the locus of planar
curves, and Conjecture C implies that for p not a Markov number, the closure of
the locus of degree p plane curves is itself, so curves of gonality less than p − 1
cannot be written as limits of plane curves of degree p. The following Corollaries
are consequences of Theorems D and E. The first uses that every hyperelliptic
genus 6 curve can be written as a limit of a family of plane quintics.

Corollary. Inside the moduli space of smooth genus 6 curves M6, the closure of
the plane quintic locus P5 is P5 ∪H6, where H6 is the hyperelliptic locus.

Corollary. Inside the moduli space of smooth genus 15 curves M15, the closure
of the plane septic locus P7 is P7. In particular, a plane septic cannot degenerate
to a curve with gonality less than 6.

We proposed a general approach to the conjecture by using Hacking’s work [9]
on limits of pairs (P2, C). Let D → T be a smooth family of compact complex
curves over a smooth complex curve T . Assume that the general curve Dt is a
plane curve of degree d. To this family (after a possible base change of T ) there is
an associated threefold pair (XCY, DCY) → T that we call Hacking’s Calabi-Yau
limit; see [9, Defn. 2.4], satisfying:

(1) for a general fiber t ∈ T we have XCY
t
∼= P2 and Dt

∼= DCY
t , and

(2) over the central fiber 0 ∈ T , the fiber XCY
0 is a log terminal limit of P2

such that (XCY
0 , 3dD

CY
0 ) is log canonical.

On the other hand, the pair (P2, Dt) has a limit as a KSBA stable pair, i.e. there
is a threefold (XT , D) with a map to T such that the general fiber is (P2, Dt) and
the central fiber is an slc pair (X0, D0). Here D0 is (as the notation suggests) the
original smooth central fiber. There is a MMP that interpolates between (X,D)
and (XCY, DCY). Roughly speaking, to prove Conjecture B it would suffice to
prove that nothing happens in this MMP.

While the talk focused primarily on the cases of curves, there is a generaliza-
tion of Hacking’s work to higher dimensional pairs (Pn, D) in [10]. The general
approach above applies in this situation, and the associated Hacking Calabi-Yau
limits are log terminal degenerations X0 of Pn containing ample divisors D0. If
D0 is an ample smooth Cartier divisor, X0 necessarily has isolated singularities.
As in the proof of Theorem A where log terminal degenerations of P2 with isolated
singularities are used to construct non-planar limits of prime degree p > 2 curves,
it is of interest to construct log terminal Q-Gorenstein degenerationsX0 of Pn with
isolated singularities. Certainly, a cone over a Fano hypersurface of degree b in Pn

is such an example, but for a Cartier divisor D0 on X0, projection away from the
vertex realizes D0 as a degree a cover of a degree b hypersurface. If a > 1, this is
the limit of a family of degree ab hypersurfaces, which is not prime, and if a = 1,
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D0 is isomorphic to a degree b hypersurface. In particular, cones are not examples
that can contain smooth non-hypersurface limits of prime degree hypersurfaces.
Therefore, we pose the following question, as answers are potential candidates for
constructing non-hypersurface limits of prime degree hypersurfaces:

Question. Other than cones, what are examples of log terminal Q-Gorenstein
degenerations of Pn with isolated singularities?

At least one example is known and interesting in the prime degree case: by
work of Horikawa [5], there are smooth limits of quintic surfaces in P3 that do not
embed in P3. However, by [10, Ex. 5.2], these limits do embed in a log terminal
degeneration of P3 with isolated singularities.
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A global Weinstein splitting theorem for holomorphic

Poisson manifolds

Stéphane Druel

(joint work with Jorge Vitório Pereira, Brent Pym, Frédéric Touzet)

A holomorphic Poisson structure on a complex manifold X is a bivector field
π ∈ H0(X,∧2TX), such that the bracket

{f, g} := 〈π, df ∧ dg〉
defines a Lie algebra structure on OX . A Poisson structure defines a skew-
symmetric map

π♯ : Ω1
X → TX ;

the rank of π at a point x ∈ X is the rank of π♯(x). It is even because π♯ is
skew-symmetric. Every holomorphic function f on some open subset U ⊆ X has a
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Hamiltonian vector field Hf := π♯(df) which acts as a derivation on holomorphic
functions g on U by Hf (g) = {f, g}. The sheaf F := Im(π♯) locally generated by
Hamiltonian vector fields is involutive and defines a (possibly singular) foliation
on X . A leaf of π is a maximal connected and immersed holomorphic submanifold
L ⊆ X such that

TL = Im(π♯|L) ⊆ TX |L.
Then π|L ∈ H0(L,∧2TL) ⊆ H0(L,∧2TX |L) is nondegenerate and hence L carries a
canonical symplectic form (π|L)−1 ∈ H0(L,Ω2

L). It follows that a Poisson manifold
is naturally partitioned into regularly immersed symplectic manifolds (of possibly
different dimensions).

Example 1.

(1) Every complex manifold admits a Poisson structure for which the Poisson
bracket vanishes on all functions.

(2) The data of a Poisson structure of rank dimX at every point is equivalent
to that of a (holomorphic) symplectic structure.

(3) Let g be a complex Lie algebra, and set X := g∨. There is a Poisson
bracket {−,−} on X such that, for any f ∈ g ⊂ OX(X), {f,−} : OX →
OX extends adf (−) = [f,−] : g→ g. The symplectic leaves are the orbits
of the adjoint group G acting on X through the coadjoint representation.
More precisely, each coadjoint orbit carries a canonical G-invariant sym-
plectic structure (called the Kostant-Kirillov symplectic structure).

(4) If (X, πX) and (Y, πY ) are Poisson manifolds, then (X×Y, pr ∗XπX+pr ∗Y πY )
is a Poisson manifold. Every leaf of pr ∗XπX+pr ∗Y πY is the product of leaves
of πX and πY .

Weinstein proved in [2] that if x is a point in a Poisson manifold (X, π) at which
the Poisson bracket has rank 2k, then x has a neighborhood that decomposes as
a product of a symplectic manifold of dimension 2k, and a Poisson manifold for
which the Poisson bracket vanishes at the marked point. A natural question is
then the following.

Question 2. Under which conditions this splitting is global, so that X decomposes
as a product of Poisson manifolds, having a symplectic leaf as a factor (perhaps
after passing to a suitable covering space)?

If X is compact, an obvious necessary condition is that the symplectic leaf is
also compact. The result I presented in this talk is proved in [1].

Theorem 3. Let (X, π) be a compact Kähler Poisson manifold, and suppose that
L ⊆ X is a compact leaf of π whose fundamental group is finite. Then there exist
a compact Kähler Poisson manifold Y , and a finite étale Poisson morphism

M × Y → X,

where M is the universal cover of L equipped with the symplectic structure induced
from that of L.
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Recall that a map φ : (X, πX) → (Y, πY ) is a Poisson morphism if φ∗{f, g}Y =
{φ∗f, φ∗g} for any (local) holomorphic functions f and g.

Corollary 4. Let (X, π) be a compact Kähler Poisson manifold with h2,0(X) = 0.
If L ⊆ X is a compact leaf of π, then L is a point.

Remark 5. The conclusion of the theorem may fail if the complex Poisson man-
ifold X is not compact, if X is non-Kähler, or if the fundamental group of L is
infinite.

Moreover, it is easy to construct examples of smooth real Poisson manifolds
where both X and its leaf are simply connected, but X does not decompose as a
product.

Problem 6. Describe compact Kähler Poisson manifolds having a compact leaf
with infinite fundamental group.

In fact, Problem 6 reduces to the special case where the leaf is a finite étale quotient
of a torus.
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Tropical Degenerations and Stable Rationality

John Christian Ottem

(joint work with J. Nicaise)

The paper [2] gives a general technique for studying rationality problems of hyper-
surfaces and complete intersections in toric varieties, based on the motivic volume
formula of Nicaise–Shinder [4]. Here are two of the main applications:

Theorem 1. A very general complex quartic fivefold is not stably rational.

Theorem 2. A very general complex complete intersection of a quadric and a
cubic in P6 is not stably irrational.

These theorems fit into a long list of results on the rationality problem for hyper-
surfaces and complete intersections, going back to the works of Clemens–Griffiths,
Iskovskih–Manin in the 1970s, and more recently, Colliot-Thelene–Pirutka, Kollár,
Schreieder, Totaro, Voisin. In these works, the approaches typically combine spe-
cialization arguments with various types of birational invariants (Brauer groups,
differential forms, decomposition of the diagonal, etc). The method of [2] how-
ever, seems to be the first instance where one specializes to a union of several
components, and deduces irrationality from that of lower-dimensional varieties.
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1.1. Background. Two varieties X and Y are said to be stably birational if X ×
Pm and Y ×Pn are birational for some positive integers m,n. A variety X is stably
rational if it is stably birational to a projective space.

For a field F , we let SBF denote the set of stable birational equivalence classes
of integral F -varieties. For a variety X , we write [X ]sb for its equivalence class.

We will work in Z[SBF ], the free abelian group on the set SBF . Elements of
Z[SBF ] are formal sums of the form

a1[X1]sb + . . .+ ar[Xr]sb

for integers a1, . . . , ar. In fact, Z[SBF ] is a ring, with multiplication defined via
the fiber product, i.e., [X ]sb · [Y ]sb = [X ×F Y ]sb.

The motivic volume. We work over the field of Puiseux series

K = C{{t}} =
⋃

m>0

C((t1/m))

and its valuation ring

R =
⋃

m>0

C[[t1/m]].

In short, we consider families X → SpecR, and want to compare the rationality
properties of the generic fiber XK , to that of the special fiber XC. Note how-
ever that XC may have several irreducible components, so it makes most sense
to perform this comparison in Z[SBC]. Indeed, the motivic volume will be a map
Z[SBK ]→ Z[SBC].

It suffices to define the motivic volume on proper R-schemes X which are strictly
semi-stable, i.e., XC is a reduced simple normal crossing divisor on X . In the for-
mula (2) below, X will be a proper strictly semi-stable R-scheme, and we decom-
pose special fiber into irreducible components

(1) XC =
∑

i∈I

Xi.

Theorem (Nicaise–Shinder). There exists a unique ring homomorphism

Vol : Z[SBK ]→ Z[SBC]

such that, for any X as above,

(2) Vol([XK ]sb) =
∑

∅6=J⊆I

(−1)|J|−1[XJ ]sb

where XJ = Xj1 ∩ . . . ∩Xjr .

Note that Vol sends [SpecK]sb to [SpecC]sb. This simple observation gives an
obstruction to stable rationality: If X/R is a family such that the alternating sum
(2) does not cancel out to [SpecC] in Z[SBC], then the generic fiber XK is not
stably rational.
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Example 3. Suppose the special fiber XC consists of two components, X0 and
X1, intersecting along X01. The motivic volume takes the form

(3) Vol(XK) = [X0]sb + [X1]sb − [X01]sb.

From this, we deduce that either of the following conditions guarantee that the
generic fiber XK is not stably rational:

i) Exactly one of X0, X1, X01 is stably irrational.
ii) X0 and X1 are both stably irrational.
iii) X0 and X01 are stably irrational, but they are not stably birational to each

other.
iv) X0, X1, X01 are all stably irrational.

Remark 4. The condition of strict semi-stability is quite restrictive, and pro-
ducing a semi-stable model often leads to many blow-ups which which are hard
to analyze. An important point is that the formula (2) also applies when X is
strictly toroidal (see [3]). This condition is much more flexible, and reduces the
computations substantially.

1.2. Quartic fivefolds. We are now in position to prove Theorem 1. Let F ∈
C[x0, . . . , x6] be a very general homogeneous polynomial of degree 4. Consider the
following R-scheme

(4) X = ProjR[x0, . . . , x6, y]/(x5x6 − ty, y2 − F )
where the variable y has weight 2. Note that the generic fiber XK is isomorphic
to a smooth quartic hypersurface in P6

K (inverting t allows us to eliminate y using
the first equation). Moreover, X is strictly toroidal.

The special fiber has two components:

X0 = ProjC[x0, . . . , x6, y]/(x5, y
2 − F )

X1 = ProjC[x0, . . . , x6, y]/(x6, y
2 − F ).

Note that these are both very general quartic double fivefolds. We do not know
whether these are stably rational or not. However, their intersection,

X01 = ProjC[x0, . . . , x4, y]/(y
2 − F ),

is a very general quartic double fourfold, and thus stably irrational by Hassett–
Pirutka–Tschinkel [1]. In any event, we are in either case i) or iv) in Example 3,
so we conclude also that XK , and hence the also the very general quartic fivefold,
is stably irrational.

1.3. Further results. The paper [2] gives many other applications to rationality
problems. For instance, we give logarithmic bounds for irrationality of complete
intersections à la Schreieder, and study hypersurfaces in products of projective
spaces.

While the main idea is simple, the challenge is now to write down suitable de-
generations where one can apply the obstruction. For this, we utilize the theory of
tropical degenerations. This has the advantage that degenerations can be found
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and studied using combinatorial methods, i.e., finding regular subdivisions of poly-
topes. For instance, the combinatorial picture for the 2-dimensional analogue of
the above degeneration is shown in Figure 1.

Figure 1. Degenerating a quartic surface into a union of two
quartic double surfaces intersecting along a quartic double curve.

In fact, while the family (4) is completely explicit, most of the applications in
[2] require degenerations which are much more involved and harder to write down
concretely. For instance, proving irrationality of a (2, 3)-divisor in P1×P4 involves
degenerating P1 × P4 into a union of 26 toric varieties.
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Vanishing theorems for Fano’s in positive characteristics

Emelie Arvidsson

(joint work with Fabio Bernasconi, Justin Lacini)

The Kodaira and Kawamata–Viehweg vanishing theorems are important theorems
in algebraic geometry over the complex numbers. However, these theorems fail to
be true over fields of positive characteristic. The first counter–examples where
constructed by Raynauld already in the 70’s [7]. These first examples, as well as
many of those that followed, where for varieties of general type. It is more difficult
to find examples of varieties of Fano–type for which these theorems fail. Even
though Totaro [8] has constructed such examples in every positive characteristic,
these examples are such that in a fixed dimension they only work in small char-
acteristics (depending on the dimension). It has therefore been conjectured that
these theorems may hold true for Fanos in large enough characteristic p = p(n)
depending on the dimension n. In dimension two this conjecture was proven by
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Cascini–Tanaka–Witaszek [4]. However, it was not possible to get an explicit in-
teger p(2) from their work. In joint work with Bernasconi–Lacini we proved that
p(2) = 5 is both sufficient and necessary [1].

Theorem 1 (Kawamata–Viehweg for del Pezzo surfaces in char. p > 5). Let X
be a surface of del Pezzo type over a perfect field of characteristic p 6= 2, 3, 5. If
(X,∆) is a Kawamata log terminal pair and D a Z-divisor such that D−(KX+∆)
is big and nef then

Hi(X,OX(D)) = 0 for all i > 0.

The strategy of proof of the above theorem is to show that del Pezzo surfaces in
characteristic p > 5 admits a log resolution that lifts to characteristic zero (to the
ring of Witt vectors W(k)). By the seminal work of Deligne–Illusie [5], such lifta-
bility implies Kodaira vanishing. To conclude, we show that these surfaces do not
only lift themselves, but also together with a boundary satisfying the Kawamata–
Viehweg vanishing condition. This implies the full Kawamata–Viehweg vanishing
theorem for log del Pezzo surfaces in characteristic p > 5. More precisely, Theorem
1 is directly implied by the following theorem [1].

Theorem 2. If X is a surface of del Pezzo type over an algebraically closed field
of characteristic p > 5 and D is a Z-divisor such that there exists a boundary ∆
such that (X,∆) is klt and D−KX−∆ is big and nef then there exists a boundary
∆′ ≤ ∆ such that D − KX − ∆′ is big and nef and such that (X,∆′) has a log
resolution that lifts to W(k).

Theorem 1 has an important application to the understanding of Kawamata
log terminal singularities. By work of Hacon–Witaszek [6] the question if Kawa-
mata log terminal threefold singularities are Cohen–Macaulay or not in positive
characteristic was reduced to the question if vanishing theorems are valid on log
del Pezzo’s in that same characteristic. The reason that such a relationship ex-
ists is that by considering a plt blow-up of the singularity the unique irreducible
exceptional divisor, called the Kollár component, is a surface of del Pezzo type.

Theorem 3. [1, 6] Kawamata log terminal threefold singularities over a perfect
field of characteristic p > 5 are Cohen–Macaulay.

Converserly, Theorems 1, 2 and 3 can all fail in characteristic p = 2, 3, 5, see
[2], [3] and [1] respectively.
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Non-archimedean SYZ fibrations for Calabi–Yau hypersurfaces

Enrica Mazzon

Mirror symmetry is a fast-moving research area at the boundary between mathe-
matics and theoretical physics. Originated from observations in string theory, it
suggests the existence of a duality between Calabi–Yau (CY) manifolds, complex
manifolds with a nowhere vanishing holomorphic form of maximal degree. It pre-
dicts that every CY manifold X has a mirror partner X̌, such that the complex
geometry of X̌ is equivalent to the symplectic geometry of X , in some appropriate
sense, and vice versa.

Various approaches have been developed to find a rigorous definition of a mirror
pair (X, X̌), and methods to construct mirror partners; a geometric explanation
was proposed by Strominger, Yau and Zaslow (SYZ) in [13]. In its current formu-
lation, the SYZ conjecture concerns CY manifolds in certain degenerating families
rather than individual manifolds. More precisely, consider a projective family
(Xt)t of CY varieties of dimension n over a punctured disk, such that the family is
maximally degenerate, i.e. the monodromy operator on the degree n cohomology
of Xt has a Jordan block of maximal size, that is n+ 1.

Conjecture 1 (SYZ conjecture). For all sufficiently small t, Xt admits a fibration
π : Xt → B, whose fibres are special Lagrangian tori, away from a locus ∆ of
codimension 2 in B. Moreover, the mirror partner X̌t of Xt is obtained by dualizing
the special Lagrangian toric fibres of π and by suitably compactifying the resulting
space.

While some examples of special Lagrangian torus fibrations can be produced,
dealing with the general case seems very difficult. The insight of Kontsevich and
Soibelman is to replace the above conjecture by an analogous one in the non-
archimedean world, and to interpret the latter as an asymptotic limit of the com-
plex phenomenon when t→ 0.

More precisely, one can associate to the degenerating family X = (Xt)t the
Berkovich non-archimedean space Xan, whose points are valuations defined lo-
cally on X . Given a degeneration X of X , we say that X is snc (respectively dlt)
if the pair (X ,X0) is strict normal crossing (respectively divisorially log terminal),
where X0 is fiber over t = 0; see [4] for more details. Given any snc or dlt degen-
eration, the dual intersection complex D(X0) is a simplicial complex encoding the
combinatorics of the multiple intersections of the components of X0. It admits a
canonical embedding in Xan, whose image is called the skeleton of X and denoted
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Sk(X ), and a retraction ρX : Xan → Sk(X ). Among various degenerations, min-
imal (in the sense of MMP) dlt models X of X determine a canonical skeleton
Sk(X) = Sk(X ), called the essential skeleton of X and independent of the choice
of the minimal model; see [9, 10] for more details. The essential skeleton and the
retractions ρX : Xan → Sk(X ), which do depend on X , are of particular relevance
in the non-archimedean reformulation of the SYZ conjecture. Indeed,

Theorem 2. [11, Theorem 6.1] Let X be a minimal dlt model of X. The retraction
ρX : Xan → Sk(X) is an n-dimensional affinoid torus fibration away from the
union Z of the simplices in Sk(X) of codimension ≥ 2.

The condition of being an affinoid torus fibration can be seen as the non-
archimedean analogue of being a smooth torus fibration. The conjecture by Kont-
sevich and Soibelman predicts that the base B in Conjecture 1 and Sk(X) coincide
as metric integral affine manifolds, away from the singular loci ∆ and Z respec-
tively.

We focus on the case of CY hypersurfaces, i.e.

Xt = {z0z1 . . . zn+1 + tfn+2(z) = 0} ⊂ Pn+1

where fn+2 is a generic homogeneous polynomial of degree n+2. In collaboration
with Léonard Pille-Schneider, we consider quintic 3-folds CY, so when n = 3,
and provide evidence for the Kontsevich and Soibelman conjecture. Indeed, we
construct new types of non-archimedean retractions and prove that they induce
on Sk(X) the same singular integral affine structures that arise on B, where the
base B of SYZ fibrations is obtained as dual complex of toric degenerations in
the Gross–Siebert program, as well as the Gromov–Hausdorff limit of the family.
More precisely,

Theorem 3. [8, Theorem A] For n = 3, there exists a continuous retraction
ρ : Xan → Sk(X) such that

• ρ is an affinoid torus fibration outside a piecewise-linear locus Γ that has
codimension 2 and is contained in the 2-skeleton of Sk(X);
• ρ induces an integral affine structure on Sk(X) \Γ which is isomorphic to
the ones constructed in [1], [2], [6] and [12].

The main idea behind our construction is to generalize Theorem 2, consider
retractions ρXi

associated with several minimal dlt models Xi of X , adapted to
different regions of Sk(X) and glued together.

The sigularities of the model X = {z0z1 . . . zn+1 + tfn+2(z) = 0} of X are not
Q-factorial, so that the retraction ρX is only well-defined over the union U of
open maximal faces of Sk(X). Nevertheless, this is enough to prove a conjecture
by Li which relates the SYZ conjecture to the non-archimedean SYZ fibration
ρX over U . Indeed, in [7, Theorem 1.3] Li proved that SYZ fibrations exist on
large open regions of CY manifolds, provided that a comparison property holds
for the solution to the non-archimedean Monge-Ampère equation over U ; see [7,
Proposition 3.7] and [14] for more details.
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In a work in progress with Jakob Hultgren, Mattias Jonsson and Nick Mc-
Cleerey, we prove that the comparison property holds for generic CY hypersurfaces
of dimension n. Thus, we conclude that

Corollary 4. [3] Given δ > 0, for all sufficiently small t there exist a special
Lagrangian torus fibration on an open subset of Xt of normalized CY volume at
least 1− δ.

We show that the solution to the non-archimedean equation can be derived
from the solution to a tropical Monge-Ampère equation, and in particular is the
restriction of a continuous semipositive toric metric on projective space Pn+1.
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Algebraic cycles on Gushel–Mukai varieties

Lie Fu

(joint work with Ben Moonen)

I report on my recent joint work with Ben Moonen [14] [15] on the study of cycle
theoretic aspects of a special class of Fano varieties, called Gushel–Mukai (GM)
varieties.
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1. Gushel–Mukai varieties

We briefly recall the definition of GM varieties; see [7] and the references therein
for more details. Let k be the base field. We always assume that the characteristic
of k is p 6= 2. GM varieties are Fano varieties of dimension n = 3, 4, 5 or 6, defined
as a smooth dimensionally transverse intersection in P(∧2V5 ⊕ k):

X = CGr(2, V5) ∩ P(W ) ∩Q,
where V5 is a 5-dimensional k-vector space, CGr(2, V5) is the projective cone over
the Grassmannian Gr(2, V5),W is a linear subspace of ∧2V5⊕k of dimension n+5,
and Q is a smooth quadric hypersurface.

There are two types of GM varieties, depending on whether P(W ) passes through
the vertex O of the cone over the Grassmannian:

• (Mukai-type GM varieties). If O /∈ P(W ), then by projecting to P(∧2V5)
from O, we see that such a GM variety is isomorphic to a smooth dimen-
sionally transverse intersection in P(∧2V5):

X = Gr(2, V5) ∩ P(W ) ∩Q,
where W is a subspace of ∧2V5 of dimension n + 5 and Q is a smooth
quadric hypersurface.
• (Gushel-type GM varieties). If O ∈ P(W ), then by projecting to P(∧2V5)
from O, we see that such a GM variety is a double cover of a smooth
dimensionally transverse intersection in P(∧2V5):

M = Gr(2, V5) ∩ P(W̄ ),

branched along a Mukai-type GM variety of dimension n− 1, where W̄ is
the image of W under projection and is a subspace of ∧2V5 of dimension
n+ 4.

Clearly, by pertubing W , Gushel-type GM varieties are specializations of Mukai-
type GM varieties. We denote by γ : X → Gr(2, V5) the natural morphism, called
the Gushel map, which is an embedding if X is of Mukai type, and is of degree
two to its image if X is of Gushel type.

Arguably, the most important feature of even-dimensional GM varieties is that
they are K3-like. To make it more precise, let us restrict to the complex numbers
k = C.

• The middle cohomology Hn(X,Z) carries a weight-2 Hodge structure of
K3 type, in the sense that h

n
2 −1,n2 +1(X) = 1 and hp,q(X) = 0 if |p−q| > 2.

• Its deformation theory is unobstructed and admits period maps to Shimura
varieties of orthogonal type [11] [12].
• Its bounded derived category of coherent sheaves contains a so-called
Kuznetsov component (defined as the semi-orthogonal complement of an
exceptional collection), which is a non-commutative K3 surface, in the
sense that the Serre functor is [2]. See Kuznetsov–Perry [22].
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• Certain geometric construction [20] [10] relates them to O’Grady’s double
EPW sextics [28], which are hyper-Kähler fourfolds deformation to Hilbert
squares of K3 surfaces.

In those regards, GM varieties are very similar to cubic fourfolds.
The purpose of our work is to explore the analog for cycle theoretic aspects.

2. Integral Chow groups

As a piece of basic information, we compute all the integral Chow groups of com-
plex GM varieties, except for CH1 of GM 4-folds and the CH2 of GM 6-folds, the
only two infinite dimensional ones (in the sense of Mumford). Here is a summary
of results:

• In all dimensions n ∈ {3, 4, 5, 6}, CH0(X) = Z (since X is Fano and
hence rationally chain connected by Kollár–Miyaoka–Mori) and CH1(X)
is freely generated by the pullback of the Plücker polarization on Gr(2, V5)
via γ (the Gushel map). Thanks to Bloch–Srinivas [3], we can also handle
CH2(X) easily: it is the extension of its image in H4(X,Z) via the cycle
class map, by the intermediate jacobian associated to the Hodge structure
H3(X,Z)(1).
• (n = 3). CH2(X) is the extension of H4(X,Z) ≃ Z by the intermediate
jacobian J3(X).
• (n = 4). CH2(X) is isomorphic, via the cycle class map, to its image in
H4(X,Z), which is the subgroup of integral Hodge classes (by Perry [29]).
• (n = 5). CH2(X) ≃ H4(X,Z) ≃ Z ⊕ Z. Using techniques similar to
[16] (more precisely, unramified cohomology [6] [30] and decomposition of
the diagonal [24]), Lin Zhou recently showed in [32] that CH1(X) ≃ Z
(generated by a line) and CH3(X) is the extension of H6(X,Z) ≃ Z by
the intermediate jacobian J5(X).
• (n = 6). CH2(X) ≃ H4(X,Z) ≃ Z⊕ Z. A similar analysis as in [32] gives
that CH1(X) ≃ Z (generated by a line) and CH3(X) is isomorphic to its
image in H6(X,Z) via the cycle class map.

3. Mumford–Tate conjecture

Thanks to the refined decomposition of the diagonal [24], the Hodge conjecture for
GM varieties readily follows from the computation of Chow groups in the previous
section.

The work of André [2] was presented in an axiomatic way and it allows us
to simply verify a few conditions (the most significant one being the image of
the peirod map contains an open subset of the period domain) to conclude the
following results for even dimensional GM varieties defined over a finitely generated
field of characteristic zero:

• the Mumford–Tate conjecture, which says that under the identification
GL(Hn(X

k
,Qℓ)) ≃ GL(Hn(X(C),Q) ⊗ Qℓ) by Artin comparison, the
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identity component of the Zariski closure of the image of the Galois rep-
resentation is identified with the Mumford–Tate group tensored with Qℓ.
• that their André motives (as is defined in [1]) are abelian. This in fact
leads to a stronger result known as the motivated Mumford–Tate conjec-
ture, saying that the motivic Galois group is also identified with the two
algebraic groups in the usual Mumford–Tate conjecture.
• the Tate conjecture: this is a formal consequence of the combination of
the Hodge conjecture and the Mumford–Tate conjecture.

4. Generalized partners and duals

We are over the field of complex numbers in this section. We defined GM varieties
as certain intersections. From such a datum (called a GM data set in [10]), one can
extract the so-called Lagrangian data set consisting of a triple (V6, V5, A) where
V6 is a 6-dimensional vector space, V5 is a hyperplane and A is a Lagrangian
subspace of ∧3V6, with respect to the natural ∧6V6-valued symplectic form. Such
an association is canonical and one often writes V6(X), V5(X), A(X) etc. for the
data attached to a GM variety X .

Following [10] and [22], two GM varieties X , X ′ of dimension n and n′ with the
same parity are called generalized partners (resp. generalized duals) if there is an
isomorphism between V6(X) and V6(X

′) (resp. V6(X
′)∨) which identifies A(X)

and A(X ′) (resp. A(X ′)⊥). Generalized partners share the same period points
(i.e. they have isomorphic Hodge structures of middle degree, up to a possible
Tate twist).

For X and X ′ two GM varieties which are generalized partners or duals, on the
level of derived categories [23], Kuznetsov and Perry showed that their Kuznetsov
components are equivalent. We showed the analog on the level of rational Chow
motives: their middle Chow motives are isomorphic:

hn(X) ≃ hn
′

(X ′)(
n′ − n

2
).

This is the analog of [19] [17] (for K3 surfaces) and [18] (for cubic fourfolds).

5. Tate conjecture

The main result of our work is the Tate conjecture for even-dimensional GM
varieties in positive characteristics. More precisely, let k be a finitely generated
field of characteristic p ≥ 5. Let X be an even-dimensional GM variety defined
over k. Then we proved the Tate conjecture which says that for any integer i and
any prime number ℓ 6= p,

• The Galois representation ρ : Gal(k/k) → H2i(X
k
,Qℓ(i)) is completely

reducible.
• The cycle class map

CHi(X)⊗Qℓ → H2i(X
k
,Qℓ(i))

Gal(k/k)

is surjective.
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Only the case i = n
2 is interesting.

For the proof, we followed the strategy of Madapusi Pera [25] for the Tate
conjecture for K3 surfaces, which builds on the theory of integral canonical model
of Shimura varieties of orthogonal type as is developed by himself in [26] (based on
the work of Kisin [21]). Roughly speaking, for a given Tate class on a GM variety,
the idea is to lift the GM variety together with this Tate class to characteristic
zero. To this end, we perform the Kuga–Satake construction to relate the lifting
problem to that for abelian varieties, where there are well developed results [25]
[31]. In this process, the subtle point arises when one tries to relate the Tate
classes on a GM variety and the Tate classes on its Kuga–Satake variety: this is
where the integral canonical model comes in.

There are certainly other approaches to the Tate conjecture for K3 like varieties
(also uses Kuga–Satake constructions), e.g. the work of Charles [4] [5]. It will be
interesting to deduce our results from the Tate conjecture for the associated hyper-
Kähler variety (double EPW sextic). Unfortunately, so far we have not succeeded
in doing so.
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Ranks of polynomials

Alexander Polishchuk

(joint work with David Kazhdan, Chen Wang)

The talk is based on the works [2] and [3]. Recall that the slice rank srk(f) of
a homogeneous polynomial f over a field k is the minimal number r such that
f = l1f1 + . . . + lrfr, where li are linear forms. Equivalently, this is a minimal
codimension (in the ambient affine space) of a linear subspace contained in the
hypersurface f = 0.

Adapting the techniques from Derksen’s work [1], we prove the following result.

Theorem A [2] Assume that the field k is perfect. Then for a homogeneous
polynomial over k of degree d ≥ 2, one has

srkk(f) ≤ d · srkk(f).
Geometrically, the statement is that if a hypersurface X ⊂ PN of degree d,

defined over k, contains a linear subspace L of codimension r in PN , defined over
k, then X contains a linear subspace L0 of codimension ≤ dr in PN , defined over
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k. One can ask for an explicit construction of L0 from L and its Galois conjugates.
The simplest answer would be that one can just take L0 to be the intersection of
all the Galois conjugates of L. The following result shows that for cubics this
works, but with a worse estimate for the codimension. Set

Lf := ∩L⊂X,codimPn L=rL.

Theorem B [3] Let f be a cubic of slice rank r. Then codimPn Lf ≤ r2+ (r+1)2

4 +r.
Considering the cubics

fn =
∑

1≤i<j≤n

xixjyij ,

of slice rank n − 1, one sees that codimPn Lf grows quadratically with the slice
rank. The proof of Theorem B is based on the following result about linear ideals.

Theorem C [3] Let (Ps)s∈S be any collection of subspaces of linear forms, such
that dimPs ≤ r and ∩Ps = 0. Consider the intersection of the corresponding
linear ideals I = ∩s∈S(Ps). Then dim I2 ≤ r2.
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Degenerations of unstable Fano varieties and Kähler-Ricci soliton

Harold Blum

(joint work with Yuchen Liu, Chenyang Xu, and Ziquan Zhuang)

A central problem in complex geometry is to find canonical metrics on complex
projective varieties. On a smooth Fano variety X , the natural metrics to consider
are Kähler-Einstein metrics, which are Kähler metrics ω ∈ c1(X) such that

Ric(ω) = ω.

While such a metric does not always exist, the Yau-Tian-Donaldson Conjecture,
which is a theorem by [4, 16], states that a smooth Fano variety admits a Kähler-
Einstein metric if and only if it is K-polystable (see also [14] for the singular case).
The term K-stability appearing above is an algebraic criterion introduced by Tian
and Donaldson and is defined in terms of degenerations [15, 7]. Recently, the
notion has received interest from algebraic geometers due to its use in constructing
compact moduli spaces of Fano varieties.

To understand Fano varieties that are K-unstable and hence, do not admit
Kähler-Einstein metrics, it is necessary to look at more general metrics. One class
of metric to consider are Kähler-Ricci solition, which are the data of a Kähler
metric ω ∈ c1(X) and a vector field ξ ∈ H0(TX) such that

Ric(ω) = ω + Lξω,
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where Lξ denotes the Lie derivative. Similar to the case of Kähler-Einstein metrics,
the existence of a Kähler-Ricci solition is equivalent to a version of K-stability for
Fano varieties with vector fields (X, ξ) [5, 8].

To produce Kähler-Ricci soliton, one can fix an initial metric ω0 ∈ c1(X) and
study the long term behavior of the normalized Kähler-Ricci flow given by

∂ωt

∂t
= −Ric(ωt) + ωt.

The Tian-Hamilton Conjecture, now a theorem by [1, 6], states that, up to taking
a subsequence, the Gromov-Hausdorff limit of (X,ωt) as t→∞ is naturally a klt
Fano variety with a Kähler-Ricci soliton (Y, ωY ). Chen, Sun, and Wang observed
that the degeneration X  Y can be achieved in two steps

X  (Z, ξZ) (Y, ξY ),

and conjectured that this degeneration process is uniquely determined by X , and
independent of the choice of initial metric [5]. The latter was recently confirmed
in [11].

A natural problem is to try to construct the two step degeneration algebraically
and for all singular Fano varieties. This is achieved in recent joint work with Liu,
Xu, and Zhuang that builds on work of Han and Li.

Main Theorem. [2, 11] Any klt Fano variety X admits a canonical two step
degeneration

X  (Z, ξZ) (Y, ξY )

Furthermore, (Y, ξY ) admits a Kähler-Ricci soliton.

The first degeneration in the above theorem is the unique R-degeneration min-
imizing the H-functional of Dervan and Szekelyhidi [9] and the pair (Z, ξZ) is
K-semistable. The pair (Y, ξY ) is the unique K-polystable degeneration of (Z, ξZ).

Note that the two step degeneration in the above theorem was previously con-
structed for smooth Fano varieties using deep analytic results. The techniques of
[2, 11] are algebraic and apply to all Fano varieties with at worst klt singularities.

The approach to proving the theorem is through valuations and their relation
to degenerations, which has been particularly effective in the algebraic study of
K-stability, see e.g. [3, 10, 13]. In particular, Han and Li introduced a function

H : ValX → R ∪ {+∞},
where ValX is the space of real valuations of X [11]. Constructing the first degen-
eration X  (Z, ξZ) and proving it is canonical amounts to showing

(1) There exists a quasimonomial valuation v minimizing H [11],
(2) The minimizer v is unique [2, 11], and
(3) the associated graded ring of grvR of the ring R := ⊕m∈NH

0(X,−mKX)
is finitely generated [2].

Step (3) uses recent powerful finite generation results of Liu, Xu, and Zhuang in
[14]. With these steps complete, Z := Proj(grvR) and there is a natural torus
action T on Z and vector field ξ ∈ NR := Hom(Gm,T)⊗Z R.
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We expect that the above theorem has applications toward the moduli theory
of Fano varieties. Indeed, K-polystable Fano varieties with vector fields (X, ξ) are
expected to admit a good moduli theory (this is known for smooth Fano varieties by
[12]). In future work, we seek to understand the two step degeneration process in
families and in the process provide a moduli theory for K-unstable Fano varieties.
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Isolated quotient singularities in positive characteristic

Gebhard Martin

(joint work with Christian Liedtke, Yuya Matsumoto)

A complex isolated quotient singularityX is the quotient of Y := Spec CJu1, ..., udK
by a very small action of a finite group (scheme) G, that is, by an action which fixes
0 and is free on Y − {0}. Such singularities satisfy a number of good properties:

(1) By a lemma of Cartan [3], the G-action on Y is linearizable, that is, it is
conjugate to an action of a finite subgroup of GLd,C acting linearly on Y .
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(2) Since G acts freely outside the closed point of Y and Y is simply con-
nected, the group G is isomorphic to the (étale) fundamental group of the
punctured singularity X − x. Moreover, by a result of Prill [12, Theorem
2], the conjugacy class of G in GLd,C is uniquely determined by X .

(3) Therefore, the problem of classifying complex isolated quotient singular-
ities boils down to classifying finite and very small subgroups of GLd,C.
The finite subgroups of SL2,C have been classified by Klein in [7]. Later,
Brieskorn [2] classified the finite very small subgroups of GL2,C. The clas-
sification of finite very small subgroups of GLd,C was completed by Wolf
[16] in his solution to the spherical space form problem.

(4) In the terminology of the MMP, isolated quotient singularities are ratio-
nal, Cohen–Macaulay, and even klt. Conversely, in dimension 2, all klt
singularities are quotient singularities.

(5) By Schlessinger’s work [15], isolated quotient singularities of dimension at
least 3 are infinitesimally rigid.

(6) In dimension 2, Riemenschneider [13] conjectured that quotient singulari-
ties deform to quotient singularities. This conjecture was later proven by
Esnault and Viehweg [4].

Moreover, for an isolated surface singularity X , Flenner’s extension [6] of Mum-
ford’s theorem [10] states that X is smooth if and only if X − x is étale simply
connected. In particular, X is a quotient singularity if and only if the étale fun-
damental group of X − x is finite.

All of these results are known to fail for general quotient singularities in positive
characteristic. To deal with this problem, there seem to be two sensible approaches:

• Either we put enough restrictions on the group scheme G so that most
pathologies disappear,
• or we accept these pathologies as part of the theory of singularities in
positive characteristic and develop tools to understand these phenomena.

The first approach leads to the notion of linearly reductive quotient singularities
studied in [8]. In the second approach, we apply these tools to torsors over the
rational double points in [9].

1. Linearly reductive quotient singularities

Let k be an algebraically closed field of positive characteristic p. A finite group
scheme G over k is called linearly reductive if all its linear representations are
completely reducible. By a result typically attributed to Nagata [11] (but see also
[1]), a finite group scheme G is linearly reductive if and only if in its connected-
étale decomposition G = G0 ⋊ Gét, the connected part G0 is a product of µpn ’s,

the group scheme of pn-th roots of unity, and Gét is the constant group scheme
associated to a finite group of order prime to p.

Definition 1. An isolated linearly reductive quotient singularity (LRQ-singularity
for short) is the quotient of Spec kJu1, . . . , udK by a very small action of a finite
and linearly reductive group scheme G.
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The main result of [8] is that most of the good properties of complex isolated
quotient singularities carry over to the class of LRQ-singularities:

(1) Very small actions of finite linearly reductive group schemes can be lin-
earized. In fact, a very small action of a finite group scheme G on Y can
be linearized if and only if G is linearly reductive.

(2) The group scheme G is uniquely determined by X . More precisely, Gét is
the local étale fundamental group of X , and G0 is the Cartier dual of the
class group of the integral closure of the universal cover of X − x.

(3) The classification of finite very small subgroup schemes of GLd,k can be
reduced to the classification over the complex numbers. More precisely,
every linearly reductive group scheme G arises via base change from a flat
group scheme G′ over Z, and G occurs as a very small subgroup scheme of
GLd,k if and only if G′

C embeds as a very small subgroup into GLd,C. The
finite very small subgroups of GLd,C of the form G′

C are precisely those
with a unique cyclic p-Sylow subgroup.

(4) In the terminology of the MMP in positive characteristic, LRQ-singularities
are rational, Cohen–Macaulay, klt, and even strongly F -regular. In dimen-
sion 2, all strongly F -regular singularities are LRQ-singularities.

(5) In dimension at least 4, LRQ-singularities are infinitesimally rigid. In
dimension 3, they are rigid, but not necessarily infinitesimally rigid, and
we calculate their miniversal deformation spaces over the Witt ring W (k).

(6) In dimension 2, LRQ-singularities deform to LRQ-singularities. While we
proved this only for Q-Gorenstein deformations, this assumption was later
removed by Sato and Takagi [14].

2. Torsors over the rational double points

In [5], Esnault and Viehweg introduced the local Nori fundamental group scheme
πN
loc(X) of X which, roughly speaking, measures the difference between torsors

over X − x and torsors over X . In particular, πN
loc(X) is trivial if and only if

every torsor over X − x extends to X . Unfortunately, computing πN
loc(X) seems

to be very hard: Even if X is a quotient singularity by a finite group G, the local
fundamental group scheme πN

loc(X) can be larger than G.

In [9], we introduce the (loc,loc)-part Piclocloc,locX/k of the local Picard sheaf of an

isolated singularity X . This is an ind-group scheme that receives all morphisms
from finite group schemes of (loc,loc)-type. As such, it measures the extendability
of (loc,loc)-torsors from X − x to X . In contrast to πN

loc(X), the group scheme

Piclocloc,locX/k is actually computable, since its Dieudonné-module is related to the

Frobenius action on the second local cohomology ofX withWitt vector coefficients.

For surface singularities, Piclocloc,locX/k is trivial if and only if X is F -injective.

We calculate the group scheme Piclocloc,locX/k for all rational double points (RDPs

for short). This allows us to give the following positive characteristic analogue of
Mumford’s criterion, strengthening a previous result of Esnault and Viehweg [5]:
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Theorem 2. Let X be an isolated singularity over k. Then, X is smooth if and
only if πN

loc(X) is trivial.

Moreover our description of Piclocloc,locX/k allows us to study the question whether

RDPs are quotient singularities by finite group schemes.

Theorem 3. Let k be an algebraically closed field of characteristic p > 0.

(1) If p ≥ 5, then every RDP over k is a quotient singularity.
(2) If p ≤ 3, there are RDPs over k which are not quotient singularities.

The precise structure of πN
loc(X), however, remains unknown.
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Mirror symmetry for moduli of rank 2 bundles on a curve

Pieter Belmans

(joint work with Sergey Galkin, Swarnava Mukhopadhyay)

1. Mirror symmetry for Fano varieties

Mirror symmetry refers to identifications between certain geometric objects, where
properties of the complex geometry on one side are identified with properties of
the symplectic geometry on the other. For Calabi–Yau threefolds its origins lie in
a symmetry for Hodge diamonds which was then enhanced to a relation between
Gromov–Witten invariants and periods [1], and finally an equivalence between the
derived category and the Fukaya category [9]. In (almost) all of these settings the
mirror to a Calabi–Yau threefold is again a Calabi–Yau threefold.

For Fano varieties the origin story is slightly different, in that the mirror to a
Fano variety X is not another variety, rather it is a Landau–Ginzburg model : a
pair (Y, f) where Y is a smooth quasiprojective variety and f : Y → A1 is a regular
function. The origins of this can be traced back to [7]. Again, mirror symmetry
can take on different manifestations, and we will discuss two.

A strong form of mirror symmetry for Fano varieties and Landau–Ginzburg
models is homological mirror symmetry, which posits that X and (Y, f) are mirror
if there are equivalences of triangulated categories as in the table.

A-side (symplectic) B-side (complex)

FS(Y, f) Db(cohX)
Fukaya–Seidel category derived category of coherent sheaves

Fuk(X) MF(Y, f)
Fukaya category matrix factorisation category

A weaker form of mirror symmetry, similar to the equality between Gromov–
Witten invariants and Hodge-theoretic periods for Calabi–Yau varieties, is enu-
merative mirror symmetry. For us this will take the form of an equality between
the quantum period (an A-side invariant for X) and the classical period (a B-side
invariant for (Y, f)). The (regularised) quantum period is defined as the power
series

(1) ĜX(t) := 1 +

+∞∑

d=2

d!〈[pt] · ψd−2〉X0,1,dtd

giving a slice of the (descendant) Gromov–Witten invariants of X . On the mirror
side we consider a torus GdimX

m (Y is expected to be glued together from different
tori, so this restriction makes sense) so that f ∈ C[x±1 , . . . , x

±
n ] is a Laurent poly-

nomial in n = dimX variables, and we can define its classical period as the power
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series

(2) πf (t) :=
1

2πi

∫

(S1)n

1

1− tf(x1, . . . , xn)
dx1
x1
· · · dxn

xn
.

When we are only given a Laurent polynomial, we will say that it is a weak mirror
if this equality holds. This is a discrete invariant of Fano varieties, in that it does
not depend on the complex structure of X , which forms the basis of the Fanosearch
program [2].

These two aspects of mirror symmetry are well-studied in certain situations.
One setting which is out of reach of the existing methods is that of the moduli
space MC(2,L) of stable vector bundles of rank two and fixed odd determinant on
a curve of genus g ≥ 2. The construction of a candidate weak Landau–Ginzburg
mirror, the verification of mirror symmetry hypotheses, and the application to
a conjectural semiorthogonal decomposition form the subject of the works I’m
reporting on.

2. Graph potentials

In [6] we construct a family of Laurent polynomials from the datum of a trivalent
graph γ = (V,E) of genus g (so that #V = 2g − 2 and #V = 3g − 3) with a
coloring c : V → Z/2Z. For a vertex v with coloring c(v) ∈ Z/2Z and the incident
edges labelled as x, y, z we define the vertex potential as

(3) Wv,c(v) :=

{
xyz + x

yz + y
xz + z

xy c(v) = 0
1

xyz + xy
z + xz

y + yz
x c(v) = 1

and if we denote by x1, . . . , x3g−3 the edges in γ we define the graph potential as

(4) Wγ,c :=
∑

v∈V

Wv,c(v).

There are many different choices of γ and c for a fixed genus, and using elementary
operations between different trivalent graphs and colorings we can relate the clas-
sical periods: the periods only depend on the genus and the parity of the number
of colored vertices. We can in fact prove the following theorem, by considering all
genera simultaneously.

Theorem 1 (B–Galkin–Mukhopadhyay). There are two topological quantum field
theories in the functorial sense of Atiyah (depending on the parity of the coloring)
Zgp,0(t) and Zgp,1(t) for every sufficiently small value of t which allow us to com-
pute efficiently compute the value at t of (the inverse Laplace transform of) the
classical period πWγ,c

(t) from Zg,ǫ(t)(Σg) if g(γ) = g and ǫ(c) :=
∑

v∈V c(v) = ǫ.
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3. Enumerative mirror symmetry

In [5] we prove the form of enumerative mirror symmetry introduced above relat-
ing graph potentials to the moduli space MC(2,L) of rank 2 stable vector bundles
with fixed determinant L of odd degree, a smooth projective Fano variety of di-
mension 3g− 3, Picard rank 1, and index 2 (so that ω∨

MC(2,L)
∼= OMC(2,L)(2)). We

have the following.

Theorem 2 (B–Galkin–Mukhopadhyay). We have

(5) ĜMC(2,L)(t) = πWγ,c
(t)

where C is a curve of genus g ≥ 2, γ is a trivalent graph of genus g, and c is an
odd coloring, i.e.

∑
v∈V c(v) = 1.

The proof is somewhat involved, and combines

• toric degenerations for MC(2,L) introduced by Manon [10] (using vector
bundles of conformal blocks onMg,n);
• monotone Lagrangian tori defined by integrable systems coming from toric
degenerations, an idea introduced by Nishinou–Nohara–Ueda [11] and
Bondal–Galkin and Mikhalkin (unpublished) and suitably generalized in
op. cit.;
• an identification of the period of the Landau–Ginzburg potential for a
monotone Lagrangian with the quantum period, due to Tonkonog [13];
• an identification of the Landau–Ginzburg potential for these specific mono-
tone Lagrangians with the graph potential, so that the Newton polytope of
the graph potential agrees with the fan polytope of the toric degeneration.

4. On (semi)orthogonal decompositions and homological
mirror symmetry

In 2018 we proposed the following conjecture (independently formulated by
Narasimhan around the same time) [3].

Conjecture 3 (B–Galkin–Mukhopadhyay, Narasimhan). Let C be a smooth pro-
jective curve of genus g. Then there exists a semiorthogonal decomposition

(6)
Db(MC(2,L)) = 〈OMC(2,L),D

b(C),Db(Sym2 C), . . . ,Db(Symg−1 C),

Db(Symg−2 C), . . . ,Db(C),OMC(2,L)(1)〉

In [4] we give various types of evidence for this conjecture, most importantly
an identity in the Grothendieck ring of categories. The state-of-the-art for this
conjecture is achieved in [12, 14], which both exhibit the presence of all components
in the semiorthogonal decomposition (and their semiorthogonality), whilst the
fullness is still open.

We can also study it from the point-of-view of homological mirror symmetry:

• by computing decompositions of the Fukaya–Seidel category of the (so far
hypothetical) mirror to obtain evidence for the conjecture;
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• taking the conjecture at face value and considering the decompositions on
the mirror side as evidence for the fact that graph potentials are indeed
building blocks of the homological mirror.

In [4] we show that the critical locus of an appropriate graph potential has ex-
actly the right shape for the Fukaya–Seidel category of the (yet-to-be-constructed)
mirror to have a semiorthogonal decompositions with pieces as in (6), and also
for the orthogonal decompositions that should exist for the Fukaya category and
matrix factorisation category respectively.

In the spirit of Dubrovin’s conjecture, and a generalisation to the case of non-
semisimple quantum cohomology (see also [8]), we also describe the identifica-
tion of the eigenvalue decomposition (due to Muñoz) for quantum multiplication
with c1(MC(2,L)) to the critical value decomposition of the graph potential. The
different graph potentials can thus be seen as restrictions of the Landau–Ginzburg
potential on the true mirror to various cluster charts, and the mutation rules are
the gluing procedure. It would be interesting to understand more of gluing and
the global picture that emerges from it.
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[10] Christopher Manon. The algebra of conformal blocks, 2018; J. Eur. Math. Soc. (JEMS), 20
(11), pages 2685–2715.

[11] Takeo Nishinou, Yuichi Nohara and Kazushi Ueda, Toric degenerations of Gelfand-Cetlin
systems and potential functions, 2010; Adv. Math., 224 (2), pages 648–706.

[12] Jenia Tevelev and Sebastián Torres. The BGMN conjecture via stable pairs, 2021;
arXiv:2108.11951.

[13] Dmitry Tonkonog. String topology with gravitational descendants, and periods of Landau-
Ginzburg potentials, 2018; arXiv:1801.06921.

[14] Kai Xu and Shing-Tung Yau. Semiorthogonal decomposition of Db(BunL
2
), 2021;

arXiv:2108.13353.



Moduli Spaces, Birational Geometry and Derived Aspects 1849

Categorical aspects of the Kollár-Shepherd-Barron correspondence

Jenia Tevelev

(joint work with Giancarlo Urzúa)

Let P ∈ W be a germ of a cyclic quotient singularity 1
∆(1,Ω) embedded in a

projective surface W satisfying several global assumptions [7, Assumptions 1.4]
(these compactifications always exist). The Hirzebruch–Jung continued fractions

∆

Ω
= b1 −

1

. . . − 1

bs

and
∆

∆− Ω
= a1 −

1

. . . − 1

aℓ

encode the self-intersections −b1, . . . ,−bs in the chain of rational curves in the
minimal resolutionWmin and the equations: ÔP,W = C[[z0, . . . , zℓ+1]]/〈Lij−Rij〉.
Expressions Lij , Rij (for i ≤ j) are computed using the Riemenschneider’s matrix




z0 z1 . . . zℓ−1 zaℓ−1
ℓ

1 za2−2
2 . . . z

aℓ−1−2
ℓ−1 1

za1−1
1 z2 . . . zℓ zℓ+1




by the following formulas: for a matrix



A1 A2 . . . An−1 An

B1 . . . Bn−1

C1 C2 . . . Cn−1 Cn


,

we let Lij = AiCj and Rij = AjBj−1 . . . BiCi.

The non-commutative analogue of ÔP,W was defined by Kalck and Karmazyn[3].

It is the algebra R = C〈z0, . . . , zℓ+1〉/〈Lij , Rij , z0, zℓ+1〉 of dimension ∆.
The versal deformation space DefP∈W contains the Artin component of defor-

mations that can be lifted to a deformation of Wmin (after a finite base change).

The equations of the family are given by ÔP,W = B[[z0, . . . , zℓ+1]]/〈Lij − Rij〉,
where the quantities Lij , Rij are computed as above using a deformed matrix



z0 z1 . . . zℓ−1 Z
(aℓ−1)
ℓ

1 Z
(a2−2)
2 . . . Z

(aℓ−1−2)
ℓ−1 1

Z
(a1−1)
1 z2 − t2 . . . zℓ−1 − tℓ−1 zℓ zℓ+1


 .

Here Z
(a)
j = zaj − s1jza−1

j − . . . − saj and B = C[[tα, s
γ
β ]]. The non-commutative

analogue of ÔP,W is the algebra R = B〈z0, . . . , zℓ+1〉/〈Lij , Rij , z0, zℓ+1〉, which is

a flat deformation of R over SpecB. It has a remarkable property: its general fiber
R̂ is a path algebra of a quiver, in particular R̂ does not deform further.

The same result holds for all irreducible components DefW
P∈W

⊂ DefP∈W ,

which by Kollár–Shepherd-Barron [6] are parametrized by M-resolutionsW →W ,
i.e. partial resolutions with singularities of type 1

n2 (1, na− 1) (Wahl singularities)

and relatively nef canonical divisor. The corresponding deformations of W are
dominated (after a finite base change) by Q-Gorenstein deformations of W .
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Theorem 1. The versal deformation space DefP∈W of the singularity embeds
in the versal deformation space DefR of its Kalck-Karmazyn algebra. A general

deformation in an irreducible component DefW
P∈W

⊂ DefP∈W gives a deformation

R̂ that is a hereditary algebra. Algebras isomorphic to R̂ form a dense open subset

in an irreducible component DefR̂
R
⊂ DefR.

Example 2. By a classical theorem of Pinkham, Def 1
4 (1,1)

has two components, a

3-dimensional Artin component and a 1-dimensional component of Q-Gorenstein
deformations. The algebra R is a 4-dimensional fat point C[z1, z2, z3]/(z1, z2, z3)2.
Its deformations are known by a classical theorem of Gabriel. Under the correspon-
dence of Theorem 1, generic deformations of P ∈ W from the Artin component
correspond to deformations of R to the path algebra of the Kronecker quiver and
Q-Gorenstein deformations to deformations of R to the 2× 2 matrix algebra.

Every M-resolution of W has an associated N-resolution with a relatively nef
anti-canonical divisor. Both M- and N- resolutions are examples of Wahl resolu-
tions. Q-Gorenstein smoothings of arbitrary Wahl resolutions carry exceptional
collections of Hacking vector bundles [1]. On the other hand, W carries the Kawa-
mata vector bundle F of rank ∆ [4] which deforms to a vector bundle F on any
deformation of W , which we also call the Kawamata vector bundle.

Choose an M-resolution W+ and let Y be its sufficiently general Q-Gorenstein
smoothing. Let Er, . . . , E0 be an exceptional collection of Hacking vector bun-
dles on Y coming fromW+. The same component of the versal deformation space
of W also contains a Q-Gorenstein smoothing Y ′ of the N-resolution W− asso-
ciated to W+. Let Ēr, . . . , Ē0 be a unique deformation to Y of an exceptional
collections of Hacking vector bundles on Y ′ associated to W−.

Theorem 3. The Kawamata vector bundle F on Y is isomorphic to
r⊕

i=0

Ē
nr−i

i .

The Kalck–Karmazyn algebra R̄ = End(F̄ ) deforms to the algebra R̂ = End(F ),
which is Morita-equivalent to the hereditary algebra End(Ēr ⊕ . . .⊕ Ē0).

We have an admissible subcategory

Db(R̂−mod) ≃ 〈Er, . . . , E0〉 = 〈Ēr, . . . , Ē0〉 ⊂ Db(Y )

where

• Ēr, . . . , Ē0 is a strong exceptional collection.
• In contrast, Extk(Ei, Ej) = 0 for k 6= 1, i > j.

The admissible subcategory Db(R̂ − mod) ⊂ Db(Y ) is a deformation of the
admissible subcategory Db(R −mod) ⊂ Db(W ). We view it as a categorification
of the Milnor fiber of the smoothing of P ∈W . It is a local construction in a sense
that R̂ is rigid, i.e. does not change with Y . The quiver of R̂ is connected unless

R̂ is semisimple, which is equivalent to the smoothing of W being Q-Gorenstein.
This case was studied by Kawamata [5].
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Example 4. Let (P ∈ W ) = 1
19 (1, 7). The singularity admits three M-resolutions

(see [6, Example 3.15]), where
(
n
a

)
denotes the Wahl singularity 1

n2 (1, na− 1):

(3)− (4)− (2)

(
2

1

)
− (1)−

(
3

1

)
(3)−

(
2

1

)
− (2).

The corresponding N-resolutions and quivers are:
(
8

3

)
− (1)−

(
8

3

)
− (1)−

(
2

1

)
− (1)

(
5

2

)
− (1)−

(
2

1

) (
8

3

)
− (1)−

(
5

2

)
− (1)

The N-resolution is connected to the M-resolution via a geometric action [7] of
the braid group on all Wahl resolutions constructed using the universal family of
k1A and k2A extremal neighborhoods [2]. The action is illustrated below starting
with an M-resolution with three Wahl singularities. All of these Wahl resolutions
admit the same Q-Gorenstein smoothing Y and the braid group action on central
fibers corresponds to the braid group action on exceptional collections of Hacking
vector bundles on the general fiber. The geometric braid group action on Wahl
resolutions is essential for the proof that R̂ is hereditary.
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A global variant of Kunz’s theorem

Zsolt Patakfalvi

(joint work with Javier Carvajal-Rojas)

We work over an algebraically closed field k of characteristic p ≥ 0. Let us consider
two important dichotomies in algebraic geometry: local vs global and character-
istic zero vs positive characteristics. For instance, the local study of coherent
sheaves surrounds the notion of freeness/flatness whereas globally it focuses on
positivity (e.g. ampleness). Likewise, characteristic zero geometry is governed
by differentials Ω1 whereas on positive characteristic geometry the Frobenius en-
domorphisms must be taken into account. Thus, with respect to the above two
dichotomies, there are four scenarios in which one may do algebraic geometry. We
claim that there is a theorem on three of these scenarios and an analogy between
them but the analogous theorem is missing in the fourth scenario. The situation
is summarized as follows:

Local (singularities) Global (projective geometry)
Differentials Jacobian criterion Mori–Hartshorne’s theorem

Frobenius (p > 0) Kunz’s theorem ?

For the reader’s convenience, we briefly recall these three prominent theorems.
Let us start with Kunz’s theorem [Kun69] and assume that p > 0. Kunz’s theorem
establishes that a variety X/k is smooth if and only if F∗OX is locally free of rank
(necessarily) pdimX , where F = FX : X → X denotes the (absolute) Frobenius
endomorphism of X . Equivalently, let us consider the exact sequence

0→ OX
F#

−−→ F∗OX → B1
X → 0

defining B1
X as the cokernel of Frobenius. Then, Kunz’s theorem can be rephrased

by saying that X/k is smooth if and only if B1
X is locally free of rank (necessarily)

pdimX − 1.1

Compare this to the jacobian criterion: a variety X/k is smooth if and only if
Ω1

X/k is locally free of rank dimX . Thus, the smoothness of a variety X/k can be

determined by using either Ω1
X/k or B1

X .

On the other hand, we may consider Mori’s theorem (originally called Hart-
shorne’s conjecture) characterizing the projective spaces among smooth projective
varieties by the ampleness of the tangent sheaf [Mor79], cf. [Har70, Mab78, MS78].
Concretely, a d-dimensional smooth projective variety X/k has anti-ample tangent
sheaf Ω1

X/k if and only if X ∼= Pd
k := Projk[x0, . . . , xd]. We refer to this as

the Mori–Hartshorne’s theorem. See [Kol96, V, Corollary 3.3] for a treatment in
arbitrary (equal) characteristic.

Further, a direct graded-algebra computation shows that

(1) F∗OPd
k

∼= OPd
k
⊕OPd

k
(−1)⊕a1 ⊕ · · · ⊕ OPd

k
(−d)⊕ad ,

1Technically speaking, Kunz’s theorem characterizes the regularity of X rather than the
smoothness of X/k.
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where the integers a1, . . . , ad are uniquely determined by such isomorphism. More-
over,

B1,∨
Pd
k

∼= OPd
k
(1)⊕a1 ⊕ · · · ⊕ OPd

k
(d)⊕ad

is ample.
In view of all the above, it is inevitable to wonder:

Question 1. Let X/k be a d-dimensional smooth projective variety such that the
locally free sheaf B1

X is anti-ample. Is X isomorphic to Pd
k?

If Question 1 were to have have an affirmative answer, we may think of it as
both a projective Kunz’s theorem and a Frobenius-theoretic Mori–Hartshorne’s
criterion. That is, we could tell the projective spaces apart among smooth pro-
jective varieties by the ampleness of a locally free sheaf naturally defined via its
Frobenius. Unfortunately, Question 1 has a negative answer for all d ≥ 3. Indeed,
using the description in [Lan08, Ach12], B1

X can be seen to be anti-ample already
for quadrics of dimension d ≥ 3 and p ≥ 3.

On the positive side, we show that if B1
X is anti-ample then X is a Fano variety.

In particular, 1 has affirmative answer for d = 1. We are able to verify this for
surfaces as well. For threefolds, we manage to reduce the class of Fano threefolds
for which B1

X is anti-ample via an extremal contraction analysis. We obtain the
following result.

Theorem 2. Let X/k be a d-dimensional smooth projective variety such that B1
X

is anti-ample and d ≤ 3. Then, X is a Fano variety of Picard rank 1.

Its converse, however, seems to be rather tricky. Except for the projective
space and the quadric, we do not know whether or not B1

X is anti-ample for Fano
threefolds of Picard rank 1 (i.e. for those of index 1 or 2). However, if X is the
quadric, B1

X is anti-ample if and only if p 6= 2. This leads to:

Question 3. For which Fano threefolds of Picard rank 1 is B1
X anti-ample? Does

this depend on the characteristic as it does for quadrics?

We end with one more question. For that recall the definition

Bi
X = im

(
F∗(d) : F∗Ω

i−1
X/k → F∗Ω

i
X/k

)

for a smooth projective variety X over k. For i = 1, the Bi
X agrees with the

previously defined B1
X . Then, it is natural to wonder that if the anti-ampleness of

all the Bi
X distinguishes Pn

k out of all smooth projective varieties. The first natural
question in this direction is:

Question 4. Can we use the ampleness of B2 to distinguish between P3
k and the

threefold quadric Q3/k?
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A family of Calabi-Yau 3-folds in characteristic 0 and characteristic 3

Nicolas Addington

(joint work with Daniel Bragg)

In [8], Gross and Popescu studied many examples of complex Calabi–Yau three-
folds fibered in non-principally polarized Abelian surfaces. One example [ibid.,
§4] was a small resolutions of an intersections of two cubics in P5 with 72 nodes,
with a fibration X → P1 in (1, 6)-polarized Abelian surfaces. They computed the
Hodge numbers of X as

1
0 0

0 6 0
1 6 6 1

0 6 0
0 0

1.

Bragg and I [3] have constructed a dual Abelian fibrationM → P1 and a derived
equivalence Db(X) ∼= Db(M), using arguments of Schnell [10] and a theorem of
Bridgeland and Maciocia [7] as amended by Bridgeland and Iyengar [6]. Schnell
studied another Abelian-fibered Calabi–Yau threefold from [8], but where that one
had integral fibers, the one we use has some reducible fibers, so the construction
of the dual fibration as a compactified relative Jacobian is more delicate. If we
just let M be the moduli space of sheaves L on the fibers F ⊂ X with the same
Hilbert polynomial as OF , then semi-stable sheaves would appear no matter what
ample line bundle we chose, so we could not get a universal sheaf on X ×P1 M to
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induce the derived equivalence. But by choosing a section s ⊂ X , we can resolve
this issue in one of three ways:

(1) Let M be a moduli space of framed sheaves, consisting of sheaves L on
fibers F as above, together with a surjection L։ Os∩F .

(2) Let M be the moduli space of sheaves L as above such that L ⊗ Is/X is
stable, where Is/X is the ideal sheaf of s in X .

(3) Let M be a moduli space of sheaves on the blow-up Bls(X), and prove
that the universal sheaf descends to X ×P1 M .

All three get at the same idea; for technical reasons we use the third approach.
This yields another example of a derived equivalence over C where the two

varieties have different fundamental groups and Brauer groups, as in [10] and [2]:
we have π1(X) = 0 and π1(M) = (Z/3)2, hence an exact sequence

0→ (Z/3)2 → Br(X)→ Br(M)→ 0.

To put it another way, the free parts of H∗(X,Z) and H∗(M,Z) are the same, but
the torsion parts appear in different degrees.

We then switch from C and F̄3, where the same construction still gives smooth
threefolds and a derived equivalence, but the Hodge numbers jump:

X M

1 1
0 0 1 1

0 7 1 1 7 0
1 8 8 1 1 6 6 1

1 7 0 0 7 1
0 0 1 1

1 1

This is surprising in view of the fact, first proved by Popa and Schnell [9] and
later by Abuaf [1] using a different argument, that Hodge numbers of threefolds
are derived invariants in characteristic zero. Note the sums of the columns of
the Hodge diamonds are equal on both sides, consistent with [5], and the Euler
characteristics χ(Ωp) are equal, consistent with [4, Thm. 5.33].

Our M raises questions about the right definition of Calabi–Yau threefolds in
positive characteristic: of course they should have trivial canonical bundle, but
some authors ask for h∗(O) = 1, 0, 0, 1, while we think one should only ask for
b1 = 0. Recall that Betti numbers in positive characteristic are the ranks of ℓ-
adic or crystalline cohomology groups, and need not be equal to sums of Hodge
numbers. Our example also sheds light on the possibilities for h0(Ωp) of Calabi–
Yau threefolds in positive characteristic.

An interesting point discussed in the last section of the paper, which I failed
to mention in the talk, is that the free parts of H∗

crys(X/W ) and H∗
crys(M/W ) are

the same, but the torsion parts appear in different degrees.
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Some uniform bounds for Chow groups and Brauer groups

François Charles

(joint work with Anna Cadoret, Alena Pirutka)

The following theorem is the culmination of work of Manin, Mazur, etc.

Theorem 1 (Mérel, [6]). Let d be a positive integer. Then there exists a positive
integer C, depending only on d, such that for any number field k of degree at most
d over Q, and any elliptic curve E over k, then the torsion subgroup of E(k) has
cardinal at most C.

While the conjectural extension of this result to higher-dimensional abelian
varieties seem out of reach, Cadoret and Tamagawa have obtained the following
variant by considering only ℓ-torsion subgroups:

Theorem 2 ([2]). Let π : A → S be a family of abelian varieties over a quasi-
projective smooth curve over Q. Let ℓ be a prime number, and let d be a positive
integer. Then there exists a positive integer C, depending only on π and d, such
that for any number field k of degree at most d over Q, and any k-point s of S,
the ℓ-primary torsion subgroup of As(k) has cardinal at most C.

The goal of the talk was to investigate in what sense some of these results hold
when considering invariants other that torsion subgroups of abelian varieties. Of
course, the torsion subgroup of the group of rational points of an abelian variety A
may be identified with the torsion subgroup of the Picard group of A – equivalently,
to the torsion subgroup of H1(A,Gm).

As advocated in [7], we may consider the torsion subgroup of H2(X,Gm), where
X is a smooth projective variety, i.e., the torsion subgroup of the Brauer group.
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Given a prime number ℓ, the ℓ-primary torsion subgroup of the Brauer group of
X is finite if and only if X satisfies the ℓ-adic Tate conjecture for divisors. We
prove the following uniform boundedness result.

Theorem 3 ([1]). Let π : X → S be a family of smooth projective varieties over
a quasi-projective smooth curve over Q. Let ℓ be a prime number, and let d be a
positive integer. Then there exists a positive integer C, depending only on π and
d, such that for any number field k of degree at most d over Q, and any k-point s
of S such that Xs satisfies the Tate conjecture for divisors, the ℓ-primary torsion
subgroup of Br(Xs(k)) has cardinal at most C.

Another way to investigate extensions of uniform boundedness results for torsion
subgroups of Picard groups is to consider Chow groups of higher-codimension
cycles. In this setting, the main general finiteness result is due to Colliot-Thélène-
Raskind and Salberger.

Theorem 4 ([4]). Let X be a smooth projective variety over a number field. As-
sume that H2(X,OX) = 0.. Then the torsion group CH2(X)tors is finite.

The question of finding uniform bounds – when considering cubic surfaces for
instance – has been considered in various forms by Manin and has a negative an-
swer in general: even in one-parameter families, results of Colliot-Thélène-Sansuc-
Swinnerton-Dyer imply that the 2-torsion part of the Chow group of codimension
2 cycles might be unbounded in one-parameter families. However, combining K-
theoretic methods of Colliot-Thélène-Raskind, Bloch, Saito, etc. and the afore-
mentioned results of Cadoret-Tamagawa, we prove the following theorem showing
that, while uniform bounds for ℓ-primary torsion do not hold, there are uniform
bounds on the exponent of ℓ-primary torsion.

Theorem 5 ([3]). Let π : X → S be a family of smooth projective varieties over a
quasi-projective smooth curve over Q with R2π∗OX = 0. Let ℓ be a prime number,
and let d be a positive integer. Then there exists a positive integer C, depending
only on π and d, such that for any number field k of degree at most d over Q, and
any k-point s of S, the ℓ-primary torsion subgroup of CH2(Xs) has exponent at
most C.

We offer the following question.

Question 6. Let π : X → S be a family of smooth projective varieties over a
quasi-projective scheme over Q. Let d be a positive integer. Does there exist a
positive integer C, depending only on π and d, such that for any number field k of
degree at most d over Q, any positive integer i, and any k-point s of S, we have

C CHi(Xs)tors = 0 ?

Of course, it seems more reasonable to consider variants of the question above
over a one-dimensional base and looking only at ℓ-primary torsion for a single
prime ℓ.



1858 Oberwolfach Report 32/2022

Finally, basic computations on Châtelet surfaces suggest that the failure of uni-
form boundedness for ℓ-primary torsion is related to the number of places of bad
reduction. We offer the following result in this direction.

Theorem 7 ([3]). Let π : X → S be a family of smooth projective varieties over
a quasi-projective scheme over Z with R2π∗OX = 0. Let k be a number field with
ring of integers Ok and let U be an open subscheme of SpecOk. Then there exists
a positive integer C, depending only on π and U , such that for any k-point s of S
that extends to a U -point of S, the torsion subgroup of CH2(Xs) has cardinal at
most C.

The proof combines effective versions of the methods of Colliot-Thélène-Raskind
and Somekawa together with some arguments in the geometry of numbers.
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Summary of other activities:

The “Gong Show” – An hour of short talks

As an after-dinner event on Tuesday evening, all early career researchers visiting
the MFO for the first time were invited to give a six minute talk to present their
research. Here we list the names of the speakers and the titles of their presentations
in chronological order:

• Fei Xie
Derived categories and semiorthogonal decompositions
• Fabio Bernasconi
Lifting globally F-split surfaces to characteristic 0
• Chuyu Zho
Calabi-Yau moduli sitting between K-moduli and KSBA-moduli
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• Gebhard Martin
On the non-degeneracy of Enriques surfaces
• Yajnaseni Dutta
Why I like Hyperkähler varieties
• Denis Nesterov
The square
• Thorsten Beckmann
Hyper-Kähler manifolds and their Mukai lattice

Reporter: Gebhard Martin
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