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Abstract. This workshop was gathering applied mathematicians and com -
puter scientists interested in image and geometry processi ng. These topics
have developed tremendously in the past few years with the ri  se of arti cial in-
telligence, parallel hardware and strong needs for real-wo rld applications (3D
scene reconstruction, architecture, medical imaging and d ata analysis, etc).
These research elds are at the intersection of many mathema tical disciplines,
from geometry, calculus of variations and optimization to t he analysis and
numerical analysis of PDEs. The almost 50 participants to th is workshop,
including many young researchers, had many fruitful exchan ges, interested
in common issues and speaking a common language, yet often coming from
di erent backgrounds and with di erent knowledge.

This volume collects the abstracts for all the presentation s covering this
wide spectrum of tools and application domains.

Mathematics Subject Classi cation (2020):  65Dxx, 68Uxx.
Introduction by the Organizers

The workshop Mathematical Imaging and Surface Processingcoming after a pre-
vious event organized in January 2016 (workshop # 1604), gathexd nearly 50
participants, applied mathematicians, experts in discrete geomety, computer sci-
entists, all interested in problems related to image processing (shmpe and infor-
mation retrieval, inverse problems) and geometry processing (maoeling, discrete
surfaces and their analysis, computational issues...) The midsummeatmosphere
was relaxing and encouraged fruitful discussions between reseduwers embracing
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di erent aspects of the problems presented during the talks, anda strong par-
ticipation of young researchers (advanced PhD students, postiocs) was noticed,
which fostered many exchanges of great interest to all participats.

The talks addressed many issues related to shape and image prosisy, includ-
ing mathematical and numerical analysis, computational issues, leaing tech-
niques. During the rst day, we could for instance hear a seminar ona represen-
tation of the Willmore energy on triangular meshes (embedded inR3, consistent
in the sense of -convergence), as well as a nice companion talk, m® computer
science oriented, on discrete \distortion" energies for comparinghapes and their
symmetric counterparts. In particular, the ARAP criterion (\as r igid as possible"),
which is a sort of local distance to rotations, was introduced and ths proved very
useful for many subsequent talks relying on this family of energiesrad address-
ing similar problems. We also had the same day two talks on geometric leaing
and one impressive simpli cation of the deep learning (usually adversaal) based
methods for image generation, based on score-matching. All in all, iappeared
quickly that neural network based methods and similar learning tecmiques, not
much discussed in 2016, have become important for the applicationsddressed in
this conference, whether it be as a main tool, a subject of study, omore often as
being of great help to improve part of the processes. They appeed in some talks
as auto-encoders to reduce the dimension and learn low-dimensioneanifolds
from images of rotating/moving gures, as a tool for encoding implicit surfaces, or
appropriately tweaked so as to represent and approximate one4pschitz functions
(the latter being possibly an interesting approach for the former)..

A few very computational talks impressed the audience with movies bself-
avoiding deformed shells (well introduced rst theoretically), or e cient learning
methods for shape matching, also, various convex representaticco compute min-
imal surfaces or similar problems were presented.

PDEs, numerical analysis and variational calculus were also a strongommon
language for many participants. In addition to some already mentiored issues, a
few talks were addressing polygonal meshes, from the point of vieof designing -
nite elements on arbitrary shapes, meshing surfaces with hexageror other shapes,
or numerical criteria for building developpable surfaces, notably fo applications
to architecture and design. PDEs oriented talks were also a few, mst manifold-
oriented, whether it be the study of geodesic on shape manifoldshe optimality
conditions for Fechet means, or of the W,-Wasserstein ow as a Riemannian ow
for image quantization. The Wasserstein optimal transport problens appeared in
two talks as a very interesting tool for multi-dimensional sorting, whether it be
for quantile regression and learning or from a computational point ¢ view.

It appears that this workshop was quite a success, as the appanevariety of the
participants was nicely balanced by a common language and culture ahshared
interests, and all the talks were appreciated by most, as was obvig from the
discussions afterwards and during the co ee breaks. The aftermon dedicated to
young researchers (on the Tuesday) allowed them to feel more dgkly part of the
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group and be included in the exchanges, this interaction was very \laable for all
participants.

It is hoped that a next similar conference will be organized in the futue on
these topics, with hopefully as many discussions and exchanges uitful for all,
and to start with many young researchers.
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Abstracts

GLASS: Geometric Latent Augmentation for Learned Shape Spa ces
Niloy J. Mitra
(joint work with Sanjeev Muralikrishnan and Luca Morreale)

Figure 1.  Starting from just very few shapes, GLASS iteratively
augments the collection by alternating between training a VAE,
and exploring random perturbations in its low-dimensional latent
space guided by a purely geometric deformation energy. Despite
facial expressions not being perfectly locally rigid, we show above
that GLASS generates plausible novel expressions on the COMA
dataset from just three landmarks.

Building a parameterized shape space (e.g., for humans) is desirablerf many
downstream tasks. Simplistically, the problem requires the handling 6 three sub-
problems: establishing correspondence across the observed pha, building an
underlying deformation model (or energy), and discovering a lowedimensional
parameterization of the templatized shapes. Although the problemhas been in-
vestigated by many hundreds of papers over multiple decades, theubproblems
have largely been handled separately. We revisit the problem with dge learning
tools to simultaneously solve all three tasks. In this talk, we reportour current
ndings and show initial results that indicate that one may be able to tackle this
problem in an unsupervised setup. Technically, we analyze the Hessiaof the
as-rigid-as-possible (ARAP) energy to adaptively sample from and poject to the
underlying (local) shape space and use the augmented dataset todin a varia-
tional autoencoder (VAE). We iterate the process of building latert spaces of VAE
and augmenting the associated dataset to progressively reveal icher and more
expressive generative space for creating geometrically and sentarally valid sam-
ples. We demonstrate applications in surface map extraction, dataaugmentation,
and model building.

References
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Consistent discrete approximations of the Willmore energy
Peter Gladbach
(joint work with Heiner Olbermann)

We consider two discretizations of the Willmore energy forC? compact surfaces
M R3, which can be written as

1) W(M):=  jDn(x)j*dA;
M

wheren : M | S? is the (locally oriented) unit normal eld and its derivative
Dn(x) 2 Lin(TxM ; TxM) is the shape operator

The discrete approximations of W act on triangular surfaces instead ofC?
surfaces, where the true Willmore energy is typically in nite. A triangular surface
is a nite collection of triangles T := fKq;:::;Kng, Ki =conv(xi;yi;z) RS,
with each triangle sharing precisely one edge with each of its three mghbors.

The rst discrete approximation we consider is the discrete bendingenergy from
(1]

X IkL

1 . .
@ E(T):= 3 Gin(K) (L)
K2T L k Kb
Herelk. ;= Len(K \ L) is the length of the common edge of two neigbhoring
triangles, and dx. = jok  q.j is the euclidean distance of the circumcenters,

whereasn(K );n(L) 2 S? are the like-oriented normals ofK and L respectively.
In [3] we show the following theorem:

Theorem 1.

() WheneverM is a W22\ W1 graph and wheneverTy is a sequence of
triangular surfaces that are (a) uniformly Lipschitz graphs (b) Delaunay
(c) uniformly inner regular (d) maxk o1, diam(K) ! 0 (e) converge in
Hausdor distance to M, then

W(M) liminf E(Te):
(i) WheneverM is a W?%2\ WLl graph, there is a sequencdy of triangular
surfaces satisfying (a),(b),(c),(d),(e) such that
W(M) = lim E(To):

If M is C3, we may choose all vertices o .

We note here that condition (a) is a technical assumption that guantees con-
vergence of the measures in normal, whereas condition (b) is nesasy to guarantee
the lower bound (i). The construction in (ii) is very delicate, since the only tri-
angular surfaces guaranteeing convergence in energy have edggmost parallel to
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curvature nets, i.e. almost right angles. However, right triangles larely satisfy the
Delaunay condition and their circumcenters lie on the hypotenuse, Wweredyx,. = 0.
In an upcoming article, we show that a di erent discrete energy, rst seen in
[2], has better convergence properties. The energy uses so calledge directors
which are vector elds n: E(T) ! S? de ned on the edges of a triangular surface
T and satisfyingn(K \ L) (K \ L) =0, where (K \ L) 2 R® is the tangent
vector. Given a triangular surface a)rgd an edge director, we de nehe energy

(3) F(T;n):= Area(K )jDn j?;

K 2T
whereny : K ! RS3 is the ane interpolation of the edge director eld sampled
at the edge midpoints. We show the following theorem:

Theorem 2.

() M is aW?2\ WLl graph and wheneverT, is a sequence of triangular
surfaces satisfying (a), (c), (d), (e), nk a sequence of edge directors for
Tk, then

W(M) Iiminf F (Tk; nk):

(i) WheneverM is aW?22\ WLl graph, there is a sequencdy of triangular
surfaces satisfying (a),(b),(c),(d),(e) and a sequence ofedge directorsny
for Ty such that

W(M) = fim F(Ti;n):

If M is C3, any triangular surface T with vertices in M satisfying
(c),(d) has an edge directorn such that

W(M) F(T;n)j C Ir(nzaTxdlamjKJ:
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Score based di usion models for conditional image generati on
Carola-Bibiane Sch  enlieb
(joint work with Georgios Batzolis, Jan Stanczuk, Christian Etmann)

Score-based di usion models have emerged as one of the most primimg frame-
works for deep generative modelling. In [1] we conduct a systematicomparison
and theoretical analysis of di erent approaches to learning conditonal probabil-
ity distributions with score-based di usion models. In particular, we prove results
which provide a theoretical justi cation for one of the most successful estimators of
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the conditional score. Moreover, we introduce a multi-speed di uson framework,
which leads to a new estimator for the conditional score, performig on par with
previous state-of-the-art approaches. Our theoretical and eperimental ndings
are accompanied by an open source librarySDiff which allows for application
and further research of multi-speed di usion models.

Original image x  Observation y  Sample from p (xjy)

Figure 1. Results from our conditional multi-speed di usive es-
timator.

Generative models based on score based di usion modelling. In a reaework [2]
score-based [3, 4] and di usion-based [5, 6] generative models halseen uni ed into
a single continuous-time score-based framework with di usion driva by stochastic
di erential equations. This continuous-time score-based di usion technique relies
on Anderson's Theorem [7], which states that (under certain assumtions on
R R R™and :R R)a forward diusion process

Q) dx = (x;t)dt+ (t)dw
has a reverse di usion process governed by the following SDE:
2) dx=[ (xt) (1% xInpx, ()ldt+ (t)dw;

wherew is a standard Wiener process in reverse time.

The forward di usion process transforms the target distribution p(xo) to a dif-
fused distribution p(xt). By appropriately selecting the drift and the di usion
coe cients of the forward SDE, we can make sure that after su c iently long time
T, the diused distribution p(xt) approximates a simple distribution, such as
N (0;1). We refer to this simple distribution as the prior distribution , denoted by

If we have access to the score of the marginal distributionr , In p(x;), for all
t, we can derive the reverse di usion process and simulate it to mapr to po.
In practice, we approximate the score of the time-dependent disibution by a
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neural network s (x¢;t) r «,Inp(x;) and map the prior distribution p(xT)
to p (xX) p(Xo) by solving the reverse-time SDE from time T to time 0. One
can integrate the reverse SDE using standard numerical SDE solve such Euler-
Maruyama or other discretisation strategies. The authors propae to couple the
standard integration step with a xed number of Langevin MCMC ste ps to leverage
the knowledge of the score of the distribution at each intermediatdimestep. The
MCMC correction step improves sampling; the combined algorithm is krown as a
predictor-corrector scheme.

In order to t a neural network model s (x;;t) to approximate the score
r x, In p(xt), we minimize the weighted Fisher's divergence

3) Low ()=

SEc uom [ 0K« Inpix) s (xiit)k]

Xt p(Xt)

where :[0;T] R. is a positive weighting function. We refer to [2] for details.
Conditional score based generation. The continuous score-méditg framework can
be extended to conditional generation, as shown in [2]. Suppose weeainterested
in p(xjy), where x is atarget image and y is a condition image. Again, we use the
forward di usion process (Equation 1) to obtain a family of di used d istributions

p(x:jy) and apply Anderson's Theorem to derive theconditional reverse-time SDE

(4) dx=[ (xt) ()% xInpx, (xjy)ldt+ (t)dw:

Now we need to learn the score y, In p(x;jy) in order to be able to sample from
p(xjy) using reverse-time di usion.

In [1] we propose a new approach to estimate the conditional scorealled multi-
speed di usive estimator. Here,x; andy; di use according to SDEs with the same
drift but di erent di usion rates,

dx = (x;t)dt+ *(t)dw
dy= (y;t)dt+ Y(t)dw:
In order to learn p(x;jy:), observe that

Fox INPp(Xejye) = 1w INp(xe;ye) = 1 2 Inp(ze)[: nx];

where z; = (X;;¥t) and ny is the dimensionality of x. Therefore we can learn the
(unconditional) score of the joint distribution p(x:;y;) using the denoising score
matching objective just like as in the unconditional case but with a pacsitive de nite
weighting matrix ( t): R R™x*ny) (x*ny)  Hence, the new training objective
becomes

1

ZE 7y VT (V]
© 25

zi  p(ztjzo)

wherev = r ; Inp(zijzo) s (z;t), zx = (X¢;Yi). We can then extract our ap-
proximation for the conditional score r «, In p(X:jy:) by simply taking the rst ny
components ofs (Xt;Y;t). Moreover, we can prove the following result which
provides a guidance on how to choose which ensures that the objive of the
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score-based model upper-bounds the negative log-likelihood of ¢hdata, thus en-
abling approximate maximum likelihood training of score-based di usion models.

Theorem 1. Let L( ) be the CMDE training objective (Equation 5) with the
following weighting:

8
2 X(MFifi=j i ng
o= YO ifi=gng<i ny
0; otherwise

Then the joint negative log-likelihood is upper bounded (upo a constant in )
by the training objective of CMDE

Exy) poxy)lInp (y)] L ()+ C:

For more details on these results and a wider discussion on theoretit guaran-
tees for conditional score based di usion models in the literature, a8 well as more
results from numerical experiments see our preprint [1].
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DeltaConv: Anisotropic Convolutions for Learning from Poi nt Clouds
Klaus Hildebrandt
(joint work with Ruben Wiersma, Ahmad Nasikun, and Elmar Eisemann)

Due to advances in 3D acquisition and modeling, geometric 3D-data ah3D-data
collections are becoming more and more commonplace and are used imamber
of application areas. This has resulted in a need for computational rethods to
make use of these data. In image processing and analysis, learning image
collections using convolutional neural networks has proven to be ery successful
and has led to many breakthroughs. This motivates the generalizéabon of these
methods to geometric data such as point clouds or triangle meshes.
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The main dierences between images and discrete surfaces are thamages
are represented by a regular grid in a at Euclidean domain whereas crete
surface representations are irregularly sampled from curved dosmins. To build
convolutional neural networks for geometric data, the main opeation that needs
to be generalized are the convolutions. Various generalized convdlans for point
clouds and other surface representations have been proposed.[10ne di culty
in generalizing the convolutions is that, unlike in the Euclidean plane, there is no
global coordinate system on surfaces. This makes the construon of convolution
layers for surfaces that consistently extract and process dirdmnal information a
challenge.

Scalars

Vectors [

Figure 1. Schematic overview of a DeltaConv block.

We present DeltaConv, a novel convolutional layer for learning from point
clouds. DeltaConv builds convolutions as compositions and linear combations
of a selected set of geometric di erential operators and pointwisenonlinearities.
The parameters of these combinations are optimized during training To facilitate
the extraction and processing of directional information, the inpu and output of
a DeltaConv layer consist of scalar-valued and (tangential) vectotvalued features.
Within a DeltaConv block, scalar-valued features are aggregated leally using the
Laplace{Beltrami operator or maximum aggregation and vector-\alued features
are aggregated using the Hodge{Laplace operator. In addition, he gradient and
co-gradient are used to map from scalar-valued features to veot-valued features,
and divergence, curl, and the vector norm are used to map vectevalued features
to scalar-valued features. A schematic overview of a DeltaConv blck is shown in
Figure 1.

By design, DeltaConv layers can construct anisotropic di erential operators and
explicitly represent directional information in the vector features. Furthermore,
DeltaConv layers benet from the properties of the geometric di erential opera-
tors. For example, DeltaConv layers are invariant under isometric a&eformations of
a surface and robust to di erent samplings of the same surface.

For an extended description of DeltaConv, a discussion of its props#ies, and
experimental results, we refer to [2].
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Grid-Free Monte Carlo Methods for Partial Di erential Equa tions
Keenan Crane

Partial di erential equations (PDESs) provide fundamental models for phenomena
throughout science and engineering. Yet even after decades asearch, traditional
methods for solving PDEs such asnite element methods (FEM) still struggle to

capture the immense complexity encountered in nature. Directly sinulating the

inner workings of a human cell, or accurately predicting energy usag from a de-
tailed building model (including insulation, ventilation, plumbing, etc.), is still in

the realm of science ction. A perennial challenge is the need to spélly discretize
the domain, i.e., dice up space into a grid or mesh that can be used to g@poxi-

mate the solution in a nite basis. This process is expensive, error gne, and is
often the weakest link in terms of building reliable systems on top of POEs. A
major revolution in computer graphics was to replace FEM with stochastic Monte
Carlo methods-enabling photorealistic image generation for scenesf real-world
complexity. This talk likewise explores a radical departure from traditional PDE

solvers, by connecting deep insights from photorealistic Monte Cdo rendering to
a broad class of PDEs fundamental in scienti c computing.

Walk on Spheres (WoS).  The basic principle is to solve PDEs by simulating
a large collection of random walks. For instance,Kakutani's principle asserts
that the steady-state distribution of heat in a domain is equal to t he expected
boundary value \seen" by a Brownian random walk. But how do you sinmulate
random walks? Rather than dice up space and take random walks on discrete
graph, Muller [1] had a brilliant idea: since a walk starting at x 2 has equal

probability of exiting through any point on a sphere around X, just uniformly

sample a point on the largest empty sphere5(x) around x, and repeat until

you reach the boundary. This walk on spheres (WoS)algorithm avoids all the
major headaches of traditional PDE solvers: no mesh needs to beegerated, there
is no spatial discretization error, and random walks are trivial to distribute in

parallel. However, Muller's approach has received almost no attentio over the
past 60 years, lagging far behind the capabilities of modern methodkke FEM in

terms of the class of PDEs it can handle.

Next Generation WoS Methods. This talk explores strategies for expand-
ing the scope of problems that can be solved via grid-free Monte Céy meth-
ods. A major part of this e ort has been \modernizing" WoS by connecting
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it to tools developed for Monte Carlo rendering [2]|including both math emati-
cal techniques (e.g., variance reduction strategies), as well as stgm engineering
(e.g., high-performance geometric queries). A more fundamentajuestion is how
to construct Monte Carlo estimators for larger classes of PDEs. 6r instance, by
making connections to volume rendering, we have expanded this sdb include
all linear-elliptic PDEs that fall under the umbrella of the Feynman-Ka c formula,
including those with spatially-varying coe cients [3]. These more genaal PDEs
are essential for modeling complex heterogeneous behavior fourl real systems
(such as spatially-varying material density or conductivity). More recently, we
have established a procedure for simulating re ecting Brownian moion on arbi-
trary, non-convex domains, which extends WoS to derivative (Nemann) boundary
conditions critical for most scienti ¢ problems. Note that these components rep-
resent only the most basic elements of a PDE solver: just as FEM hataken over
80 years to reach its current level of maturity, WoS o ers rich new questions (and
opportunities) for many years to come.

References

[1] M. Muller. Some Continuous Monte Carlo Methods for the Di  richlet Problem. Ann. Math.
Statist. , 27(3), 09 1956.

[2] Rohan Sawhney and Keenan Crane. Monte Carlo Geometry Pro cessing: A Grid-Free Ap-
proach to PDE-Based Methods on Volumetric Domains. ACM Trans. Graph. , 39(4), 2020.

[3] Rohan Sawhney, Dario Seyb, Wojciech Jarosz, and Keenan C rane. Grid-Free Monte Carlo
for PDEs with Spatially Varying Coe cients. ACM Trans. Graph. , 2022.

Optical Flow On Manifolds and For Elastography
Otmar Scherzer
(joint work with Clemens Kirisits, Ekaterina Sherina)

The motivating example is the embryogenesis of a zebra sh, which istwserved via
volumetric microscopy images. Shortly after fertilization cells move @ the yolk
and then they start to split and merge forming di erent organs, and eventually
the whole sh; see Figure 1.

We consider three topics:

(1) We generalize the concept ofoptical ow to a dynamic non-Euclidean
setting in order to analyze the image data (for instance, the cell meement)
on the manifold (the yolk), thereby assuming that the cells move on he
surface of the yolk, which may itself change its shape during time. Tk
motion of the cells and the yolk canonly be separated ifbiological and
physical priors are taken into account, which is therefore advocated.
Let us assume that the yolk can be segmented, then the estimatioof the
yolk's movement can be reduced to a shape registration problem (s€[1]).

(2) Our method of choice for solvingshape registration problems  is min-
imizing elastic thin shell energies, where the shapes are represedtas
zero-level-sets [2, 3]. The outcome of the algorithm is depicted in Fig-
ure 2.
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Figure 1. Images from [1]: Sequence of embryonic zebra sh im-
ages. The curved mesh represents a section of the yolk's surface
and the blue dots are marked cells. Original microscopic data by
Robin Kimmel and Dirk Meyer from the University of Innsbruck,
Austria.

Figure 2.  Images from [3]: From left to right: Textured hand
shape M1, resulting deformed shape, comparison of target and
obtained shapes.

Computational Elastography requires extraction of mechanical param-
eters from tomographic imaging data during compression of a prober
body. Typically, the extraction process splits into two steps, conssting of
the strain reconstruction rst and then subsequently estimating the me-
chanical properties, like the Young's modulus. The main observationis

that strain rate estimated via standard Computer Vision tools, like the

optical ow, is too inaccurate, and therefore needs to be adaptd to the
elastographic experiments. In other words, we require agaiprior infor-

mation on physical quantities (like a background material) to extract
accurate strain estimates. In particular, novel computational methods
have to be developed, which combine tracking and ow estimation (se
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[4, 5]). The subsequent estimation of mechanical properties is for Btance
discussed in [6].
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Figure 3. Images from [7]: Schematic depiction of an elasto-
graphic experiment. Typical strain images reconstructed from
imaging data.
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Designing Symmetric Distortion Energies
Justin Solomon
(joint work with S. Mazdak Abulnhaga, Oded Stein, Polina Golland)

Many algorithms in geometry processing aim to nd a low-distortion map from
one shape onto another, often by optimizing an energy measuringdw well the
map preserves local geometry. In applications where there is no @e \source"
and \target" shape, we might reasonably expect a mapping algorithm to be sym-
metric, i.e., to have the property that the algorithm outputs the same map (up
to inversion) whether we map from domainM to domain M, or from M, to M.
Motivated by some recent research in our group at MIT, my talk explores the
counterintuitive consequences the symmetry assumption has orhe behavior and
design of distortion energies, opening new questions for numericahape analysis.

In more detail, supposeM; M,  R3 are compact volumes bounded by smooth
surfaces. For applications like texture/annotation transfer and deformation, many
algorithms in geometry processing attempt to compute a (nearly) ljective map

M1 ! M; satisfying various desirable properties, like smoothness and feate
preservation. A commonly-used optimization objective evaluates le distortion of
a candidate map via the energy

1) Eil ]:= f (3 (x)dV(x):

M1
Here,f (sometimes called aconstitutive model) is some function of the signed sin-
gular values of the Jacobian] (x) 2 R® 2. For example, the choicef piichier (J) =
kJkZ,, corresponds to the Dirichlet energy of , while f arap (J) = min g, so@) kJ
RkZ, gives the popular as-rigid-as-possible deformation energy.

Many applications have no clear choice of \source" and \target" shape for the
computed map, i.e., the labeling oM ; vs. M, is irrelevant to the mapping problem.
This situation occurs, for example, when mapping between anatomil scans of two
subjects in a medical study. In this case, to avoid bias we might reamably expect
that our algorithm produces the same map|up to inversion|regard less of the
labeling of M; and M,. This concept of symmetry leads us to consider energy
densitiesf () leading to the property that E¢[ ]= E¢[ '] for invertible maps

We can transform any constitutive model f () into a symmetric energy f sym ()
by summing Ef[ ]+ E;[ 1], equivalent after integral change of variables to sub-
stituting the following constitutive model into (1):

) fsym(3) := f(3) + jdetJjf (3 *):

While intuitively one might predict that fsym( ) would promote bijectivity or
even elasticity of , we nd that symmetrizing many common distortion ener-
gies doesnot have that e ect. For example, the symmetrized counterpart of the
Dirichlet energy f pirichier (J) is still minimized at J = 0, preferring maps that col-
lapse rather than bijective maps. After considering a number of alernatives, we
nd that symmetrizing farap (J) leads to a distortion energy with many desirable
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properties for the volume correspondence problem. For exampleéhe symmetrized
counterpart is minimized when maps are isometric and blows up for singlar maps.

Beyond exploring the mathematical consequences of designing synetric dis-
tortion energies, we show that our calculations have direct bearingpn performance
of algorithms for volumetric correspondence. We refer readerst[1] for details and
experiments.

References

[1] S.M. Abulnaga, O. Stein, P. Golland, and J. Solomon, Symmetric volume maps, ArXiv
2202.02568 (2022).

A multi-metric perspective on non-rigid surfaces with lear ning and
spectra twists

Ron Kimmel
(joint work with David BenSaid, Amit Bracha)

In the talk | have shown how utilizing the spectra and correspondingeigen-spaces
extracted from various LBOs (w.r.t. dierent metrics) provide bet ter ways to
treat non-rigid surface matching, reconstruction, identi cation, and processing.
The focus of my lecture was our recent e orts in this domain jointly with David
BenSaid and Amit Bracha. We started with identifying scale invariant arc length
of planar curves by modulating the Euclidean arc length by the magnitide of the
Euclidean curvature. This pseudo-metric gives rise to a correspating second order
di erential operator, which eigenfunctions are the Fourier functions w.r.t. that
measure. At the other end, the regular Fourier w.r.t. the second @rivative w.r.t.
the regular arc length can also be computed. Based on O. Halimi's seféinctional-
maps result, we argued that the inner product of these two space provides an
algebraic descriptor of planar curves.

In a similar way, we extend the discussion to surfaces, with corregmnding reg-
ular and scale invariant laplacians. Then, we used these measures asitural
inputs to Litani's functional-map-network and Halimi's unsupervised version of
that, ending up with Bracha's version which optimizes for the unitary relation
between the scale invariant Eigen-spaces of two di erent surface we would like
to compare. Finally, we also argued that the corresponding spect& w.r.t. the
two laplacians could serve as measures for comparing partial shapeo the whole
following Rampini et al. e orts. That last result was lead by David BenSaid.
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Wasserstein Steepest Descent Flows of Discrepancies with
Distance Kernels
Gabriele Steidl

(joint work with Robert Beinert, Manuel Graf, Johannes Hertich )

Let P,(RY);W, denote the separable, complete metric space of all Borel prob-
ability measures with nite second moment with the Wasserstein distance W5, :
P2(RY) P »(RY! [0;1) deined by

W2(; ):= min kx ykad (xy); . 2P,(RY);
2(; ) Rd Rd
where ( ; ) denotes the probability measures orRY RY with marginals and .
Acurve :1!P ,(RY onthe openintervall R is called absolutely continuous
if there exists a functionm 2 L(1) such that
Z t
Wa( (s); (1) m(s) ds; s;t2 1

S

Absolutely continuous curves are closely related to the continuity guation [1,
Thm 8.3.1]. More precisely, for an absolutely continuous curve : 1 ! P »(RY)
with metric derivative j 9 2 Ly(l) there exists a Borel velocity eld v : (t;x) 7!
vt (x) such that v 2 L»( (t);RY) and

kviki,( yrey = () aet 2|
and the continuity equation
@@W+rx (Mw)=0 inl R

holds in the distributional sense and conversely. We are interestedn forward
schemesfor the computation of Wasserstein gradient ows.
For a given a functionF : Po(R%) ! (1 ;+1 ], an absolutely continuous curve
1(0;+1) P »(RY) is called the Wasserstein gradient ow if its Borel velocity
eld vi 2 T (;yP2(RY) belongs to the Fechet subdi erential of F at (t) for a.e.
t> 0. In other words, :(0;+1)!P (RY) fullls

(d;v)s (1)2 @ F( (1) ae.t> 0
@ @M)+ryx ((Mw)=0 inl R

in the distributional sense, see [1, Def. 11.1.1]. Here '(t)Pz(Rd) denotes the
regular tangent space ofP,(RY) at (t).
Interestin%functionals are
R R
F():= re VX)d )+ g fC (X)) dx+ oo K(Gy)d (x)d (x) =
' +1 o/w
where the rst and second summand lead to the Fokker-Planck egation (Langevin

dynamics) when gonsidering .

KL(; )= " log (x) (x)dx " logg(x) (x)dx; = ; =q
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the rst and third summand ap%earzin the discrepancy

FO)=DR( )= Keoyd (ad () =
Rd Rd
We are interested in the later one. Discrepancy gradient ows or itsinteraction
energy part (third summand Ex ) were recently considered e.g. in [2, 3] for various
kernels. We want to deal with the kernelK (x;y) = k x yks not contained in
the mentioned papers, for whichF is not -convex along generalized geodesics.
Our motivation came from halftoning problems in image processing [4, B To
analyze the ow we have to work in the geometric tangent spaces of P»(RY) of
P,(RY):;W, at . We de ne the set of directions of steepest descent at by
n 0
HF():= H,F() v:iv2 argmin H,F()
w2T Po(Rd);

kwk =1

with Hadamard derivative

H, F( ) =liminf FCO) F O),
t& 0 t

vl v
Then we call an absolutely continuous curve : 1 ! P ,(RY) a Wasserstein steepest
descent ow with respect toF if the tangent vectors vy = _(t) exist for all t 2 |

and are directions of steepest descent, i.e.,
()2H F( (); t21:

For functions F which are -convex along generalized geodesics (or more general
regular) we establish several relations with the Wasserstein gradi@ ow which can
be characterized by a certain limit of the backward scheme of Jorda, Kinderlehrer
and Otto [5].

Unfortunately the discrepancy functional with distance kernel is not convex
along geodesics. For the interaction energ§e ¢ , part of our special discrepancy
function, we obtain the following result.

Proposition  (Unique direction of steepest descent at o).
The direction of steepest descent oE i , at o is given by

0= o
with
) d=1 =1 132P2(R) b_
i) d=2 = R Ba@ 2P2(R?),R= =(2" 3)with
a = R RZ kXK fi kdg <R
0; else
iy d=3: = £ 2P,(R®%,R=%

A numerical example for the discrepancy ow in 2D from ( 1.g) t0 (1.0) iS given
in Figure 1.
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Figure 1. 2D particle gradient ow with respect to the discrep-

ancy Dyy ,( (1,0; ) starting in a small square around the point

( 1;0). The black circles depict the border of the support of the
measures of the geodesic, (t) starting at (0) = ( 1.9 in the

direction of steepest descenv. For small0<t< 0:25 we observe
good accordance with our theoretical ndings.
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Computing with isometries and developable surfaces
Johannes Wallner

(joint work with Felix Dellinger, Caigui Jiang, Helmut Pottmann, Florian Rist,
Cheng Wang)

Developable C? surfaces constitute a prominent class of surfaces, besides being
important for applications { they represent the shapes of thin sheet material as it
bends from a at state into space without stretching or tearing. It is interesting



Mathematical Imaging and Surface Processing 2219

that even now new results on developable surfaces can be achieyeshd we would
like to point here to the proof of existence of surfaces isometric taan annulus
which has been folded along concentric circles; see gure below, ledind [1].

Geometric modeling with developables is notoriously di cult, and there has
been a great number of individual contributions. Nearly all of the wdl-known
geometric properties of developables have been pressed into siees/for character-
izing developability for di erent kinds of surface representations. These include
global ones like the existence of an orthogonal network of geodescurves [5], local
ones like vanishing Gauss curvature, or the special geometry of tegent planes and
rulings which developables are known to possess. Quite a few of theproperties
have led to e ective computational treatments of developables, ften by means of
optimization.
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This presentation reports on progress made in recent years. Weave used both
splines and meshes to model developables with curved creases [2, G)le have
also been investigating so-called checkerboard patterns assocgat to general quad
meshes with regular combinatorics. This checkerboard pattern is @nstructed by
edge-midpoint subdivision and allows for a useful notion of developality. It is
based on the pattern of lines that emerge if discrete tangent plareassociated with
faces are intersected with the respective tangent planes assotga with neighbours.
On a general checkerboard pattern approximating a smooth paraetric surface
these lines represent samples of two distinct sections of the tangeline bundle.
In the developable case however these two sections coalesce in thidings which
cover the the surface. As it turns out, this property lends itself to optimization,
does not required a special layout of the edges of the mesh we arensputing with,
and enables the computational design of developable surfaces.

Another way of modeling developables is via local isometry to planar dmain
[3]. See the gure above, right, for a numerical experiment concering a piecewise-
developable surface which is determined by its unfolding, and which isat covered
by the convex case treated by A. D. Alexandrov's 1942 theorem ath its contin-
uous analogues. Isometries are highly useful in their own right, e.gfor nonrigid
isometric paneling [4]. Work on the topics mentioned above is in fact onging.
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Repulsive Curves and Surfaces
Henrik Schumacher
(joint work with Caleb Brakensiek, Keenan Crane, Chris Yu, and Philipp Reiter)

Functionals that penalize bending or stretching of a surface play a &y role in geo-
metric and scienti c computing, but to date have ignored a very badc requirement:
in many situations, surfaces must not pass through themselves ogach other. In
[1], [2], and [3] we develop a numerical framework for optimization of cve and
surface geometry while avoiding (self-)collision.

Figure 1. Minimization of the tangent-point energy of curves
(subject to constant curve length) can be used to simplify knots
and links.

Our starting point is the tangent-point energy, which e ectively pu shes apart
pairs of points that are close in space but distant along the curve/sirface. We
develop a discretization of this energy for polygonal lines and triantg meshes. To
further the optimization process we employ a novel optimization scleme based
on a fractional Sobolev inner product developed in [1]. By using the gadient
with respect to this inner product as descent direction, we can sigincantly reduce
the number of gradient iterations to arrive at a local minimum (compared to
methods based on the frequently employed 2-gradient). In particular, the number
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of iterations is largely independent of the mesh resolution. Howeverthere is an
extra cost in computing the Sobolev gradient: We have to solve a lineaequation
involving the Gram matrix of the employed inner product. Due to the nonlocal
nature of this inner product, this matrix is dense. Hence direct linea solvers
would be prohibitively expensive. Fortunately, we can solve the linearequation
e ciently by employing a geometric multigrid method (cf. [3]) or by emplo ying
a CG method preconditioned by two sparse Poisson solves interleagtewith the
forward application of a further fractional di erential operator (cf. [2]). We further
accelerate the computation of the nonlocal energy, its derivativeand the forward
action of the linear operators by hierarchical approximation techriques in spirit of
the Barnes-Hut and fast multipole methods. This allows us to solve opimization
problems with various constraints (e.g., area, volume) and in nearly lirar time
with respect to the number of degrees of freedom.

Figure 2. The downward gradient ow of the tangent-point en-
ergy is an isotopy. Here, it reveals that the seemingly nontrivially
interlinked initial surface is actually isotopy-equivalent to the un-
knotted genus-2 handle body.

Finally, we explore how this machinery can be applied to problems in matle-
matical visualization, geometric modeling, and geometry processing

Acknowledgements. This work is supported by the DFG project 282535003:
Geometric curvature functionals: energy landscape and disete methods and by
a postdoctoral fellowship of the German Academic Exchange Servic(DAAD).
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Figure 3. The conjectured minimizers of the tangent-point en-

ergy in various classes of unknotted handle bodies; some of them
seem to enjoy surprising symmetries.

Shape Correspondence by Aligning Scale-Invariant LBO
Eigenfunctions

Amit Bracha
(joint work with Oshri Halimi, Ron Kimmel)

When matching non-rigid shapes, the regular or scale-invariant Laface-Beltrami
Operator (LBO) eigenfunctions could potentially serve as intrinsic descriptors
which are invariant to isometric transformations. However, the canputed eigen-
functions of two quasi-isometric surfaces could be substantially dierent. Such
discrepancies include sign ambiguities and possible rotations and reations within
subspaces spanned by eigenfunctions that correspond to similaigenvalues. Thus,
without aligning the corresponding eigenspaces it is di cult to use the eigenfunc-
tions as descriptors. In this talk, | will present the possibility to model the relative
transformation between the eigenspaces of two quasi-isometribapes using a band
orthogonal matrix, as well as present a framework that aims to esmate this ma-
trix. Estimating this transformation allows us to align the eigenfunctions of one
shape with those of the other, that could then be used as intrinsicconsistent, and
robust descriptors. To estimate the transformation, we propo®g an unsupervised
spectral-framework that uses descriptors given by the eigenfustions of the scale-
invariant version of the LBO. Then, using a spectral training mechanism, we nd
a band limited orthogonal matrix that aligns the two sets of eigenfurctions.

PH-CPF: Planar Hexagonal Meshing using Coordinate Power Fi elds
Michal Edelstein
(joint work with Kacper Pluta, Amir Vaxman, Mirela Ben-Chen)

Trianglular meshes are the most prevalent surface representatioin geometry pro-
cessing. However, for many applications, such as architecturalesign, animation
and numerical simulation, a more structured representation is regired, such as
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a quadrangular or hexagonal mesh. Speci cally in architectural dsign, meshes
with planar faces are amenable to realization using wood or glass palse and are
thus highly sought after. While planar quadrangular meshes have ben intensively
researched in recent years, planar hexagonal meshes remain apem challenge.
Due to considerable technical di culties, such as a strict restriction on allowable
element orientations, and the necessary existence of non-convéaces, existing ap-
proaches are either limited to speci c types of surfaces, or are rtdully automatic,
or both.

From the perspective of the geometry processing framework avlable for mesh-
ing, much progress has been made in recent years. Still, the \staradd" approach
relies on computing vector elds on the surface, which are thecandidate gradi-
ents of the parameterization functions [1]. However, with the exceptionof a few
recent works, there is no guarantee that these candidates are ifact integrable,
i.e. that there exist parameterization functions whose gradients & these vector
elds. Furthermore, while using the candidate gradients as the primary variables
is convenient in some applications, in many cases, such as the planaexagonal
meshing application, and especially when the gradients are not exped to be
orthogonal, this is not the most natural choice.

In our paper [3], we propose a novel optimization framework for paameteriza-
tion-based meshing, whose primary variables are a pair of tangentector elds,
which are candidateCoordinate Power Fields (CPF). CPFs are a generalization of
coordinate vector elds, which are the pushforward of the 2D coordinate grid under
a given local patch parameterization. Unlike coordinate vector elds, coordinate
power elds allow for rotational jumps in the parameterization, and thus (up to
global holonomy constraints) lead to a seamless global paramterit@n. Speci -
cally, at the heart of our framework lies a newcontinuity constraint, which two
tangent vector elds should ful Il in order to be CPFs, and which pro vably guar-
antees the local existence of a seamless parameterization with quiized rotational
jumps.

We leverage our framework to compute planar hexagonal mesheSpeci cally,
we de ne additional constraints on the CPFs, using a novelDupin metric approach,
such that a pushed forward hexagonal grid would be planarizable. \& demonstrate
that this holds if the CPFs are conjugate and are additionally aligned and sized
according to the Dupin Indicatrix [2]. By combining these constraints with our
optimization framework we automatically generate planar hexagondmeshes that
approximate a wide variety of shapes, including complex shapes whigho the best
of our knowledge, are not achievable by existing automatic methodsFurthermore,
on meshes where existing approaches are applicable, we achieve anparable or
better planarity error as existing approaches, while using a considably smaller
number of elements. Finally, we demonstrate that our framework isadditionally
applicable to planar quad meshing.
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Figure 1. A computer rendered image of one of the planar
hexagonal meshes computed with our approach.
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Learning Low Bending and Low Distortion Manifold Embedding s
Juliane Braunsmann
(joint work with Marko Rajkovt, Martin Rumpf, Benedikt Wirth)

Autoencoders, which consist of an encoder and a decoder, are wig used in
machine learning for dimension reduction of high-dimensional data. e encoder
:M | R! embeds the input data manifold M R" into a lower-dimensional
latent space R', while the decoder : R'! R" represents the inverse map. A
good regularity and structure of the embedded manifold may subsintially simplify
further data processing tasks such as cluster analysis or data ietpolation. In [1]
we propose a novel regularization for learning the encoder map by considering a
loss functional that prefers isometric, extrinsically at embeddings. We consider
M to be a compact,m-dimensional Riemannian manifold (without boundary) with
metric g and denote bydy (x;y) the Riemannian distance between any two points
x;y 2 M and by aw (x;y) = exp, 5 their geodesic midpoint, wherev 2 T,M is
such that exp, v = y. For a xed, admissible sampling radius > 0 we consider
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a nite training dataset S f (x;y)2 M M :duw(Xy) g and de ne the
discrete sampling loss functional
1 X . : . :
ES[]= & (@) D+ i@y I°

JS ] (xy)2s

with > 0 and rst and second order di erence quotients de ned as

av X); av X3
@y) = ol Gy =8 Ry

where aw (a; b) = ( a+ b)=2 denotes the linear average iR’ and :[0;1)! [0;1)
a strictly convex function with minimum (1) = 0. In order to evaluate the
functional, input triples ( x;y; avy (X;y)) and dy (X;y) are needed.

The rsttermin ES has a strict minimum for j@.,) j =1 and thus promotes
i (X)  (y)j dwu(x;y)and therefore low distortion and an approximate isometry.
The second term inES penalizes the deviation of intrinsic averages on (M) from
extrinsic ones inR' and thus low bending.

When sampling rst x 2 M uniformly and then y uniformly in BM (x), the
geodesic ball aroundx, we have, as the number of samples goes to in nity, almost
sure convergence tozth%:ontinuous sampling loss functional

ELl= = = (@) D+ i@ PV

M BM(x

where Vy denotes the Riemann{Lebesgue volume measure dv .
In [1] we show the above functional is consistent with the local limit los func-
tional de ned on H2(M; R') given by

Bl ]

(grad (x))+ kHess (x)k?*dVg(x) with

™ z

- (igc(W;w)j)dw;  KAK* = —  jox(A[xw]; xw)j® dw

B (0) B (0)
forall W 2 TyM and A 2 L(TxM;TyM) and w = % The rst term penalizes
deviation from an isometric embedding. The second term de nes a agpred norm
on the space of symmetric endomorphisms offyM and thus penalizes a non-
vanishing Riemannian Hessian and thus extrinsic bending.

Analogously to approaches in humerical analysis, in which an in nite dinen-
sional optimization problem is approximated by introducing an auxiliary length
scale parameter and restricting to a space of functions parametrized with nitely
many parameters, in [2] we introduce function spaces (M;R') H?(M) and
the modi ed functional

(W):

E[] if 2F (M;R');
1 else.

E[]=

In our application, the discrete function spaceF (M; R') consists of deep neural
networks. To relate the above discrete problem to the original ongthe expressivity
of the discrete function space has to increase in a way compatible witthe discrete
functional as ! 0. In our case this corresponds to a regularity measure of the
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discretized functions decreasing more slowly than asymptotically, which can be
implemented as a weight constraint on the neural networks.
More formally, we ask for the following conditions:

For every > OF (M; R')is closed as a subset of >(M; R'),
F (M;R) CZL(M; R') with sup 5 Ry Lograd () + Lpess( ) =

o(%);
For every 2 H?(M;R') there exists a sequencd g o with 2
F (M; R') such that lim | gk Knzm: iy = 0;

where Lgaq () and Luess( ) denote the Lipschitz constants of the Riemannian
gradient and Hessian of , respectively, as de ned in [3].

Theorem 1. Under the above conditions, the nonlocal regularization egrgies
fEE 9> o converge to the continuous regularization energfe as ! 0 in the sense
of Mosco [4] in H2(M; R'). Further, for every small enough > 0 there exists a
minimizer ~ of B andk ky2(v.r) C independently of .

The proof relies on Taylor expansions, where the Lipschitz boundsresure con-
vergence of the remainder terms.

To test our regularization functional, we use arti cial image manifold s where the
manifold is explicitly known. In general imaging applications there existmethods
to de ne a manifold structure and thus compute distances and aveages, such
as LDDMM [5], metamorphosis [7] or optimal transport [6]. Our method allows
to either train the encoder separately by minimizing ES [ ] and to train the
decoder map subsequently by minimizing, for xed , the reconstruction loss

X
. - 2 2
R[; 1= 257 o k ( () xkiz+k ((y) yki:

with k k_ 2 the discrete L2-norm on pixel images. Alternatively, encoder and
decoder can be trained simultaneously by minimizingeS [ ]+ R [; ] for some

> 0. In our experiments, the latent space dimension was chosen larger than
the minimum value required for a smooth embedding. In this way, the @coder
might achieve atter embeddings. We observe in practice that the rumber of used
dimensions, determined by PCA on a point cloud in latent space compud from a
test set of images, indeed tends to be higher than the minimum requed value for
any choice of . However, removing the bending term,i.e., setting =0, leads to
even more dimensions being used, since isometric embeddings are §ibke using
arbitrarily many Euclidean dimensions and no preference on the amont of used
dimensions is given. Forx and y moderately far apart, we further observe that
inclusion of the bending term leads to lower errors between averageobtained via

(M) and the ground truth averages ay (x;y), even if the encoder was
only trained on point pairs with small distance.
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Figure 1. Example of an image manifold. Images represent
shadows of a pole cast by a lightsource moving on the hemisphere,
which induces the geometry. Three input triples are shown in the
middle. On the right, the rst three PCA components are used
to visualize the obtained embeddings for =0 and =5.
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Towards convergence of the heat method via large deviations
Simon Schwarz
(joint work with Anja Sturm and Max Wardetzky)

Consider a polyhedral surface equipped with a discrete Laplace oprator . The
heat method proposed in [1] is frequently used to compute the geadic distance
on to a given subset

The algorithm is motivated by the short-time asymptotics of the heat kernel
pM on a Riemannian manifold (M; g): In this case, a classical result by Varadhan
[3] shows that

(1) lim  2tlogp}! (x;y) = d3(xy)
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Algorithm 1 The Heat Method for distance computing

1: Approximate the heat kernel by ( tidju=  for some xed time t.
2: Evaluate the vector eld X = r uSjr uj.
3: Solve the Poisson equation =r X.

holds uniformly for all x;y 2 M. However, the heat method uses a backward Euler
step approximation of the discrete heat kernel Hence, Varadhan's formula does
not apply in our setting { it is even known that the short-time asympt otics of the
discrete heat kernelp® on a graphG = (V; E) equipped with any graph Laplacian
di ers substantially from the smooth case and satis es (see [2])

. logpP(xy) _

(2 !I!mo T = d(x;y);

where d® denotes the combinatorial graph distance. This di erence in the cowver-
gence behavior implies that we have to decrease the edge lendtlof the polyhedral
surface and timet simultaneously, to possibly obtain convergence to the geodesic
distance. This is consistent to the suggestion in [1] to choose= h? in step 1.

Our main result { proven by establishing a large deviation principle { makes
this relation precise for sequences of planar in nite graphs with dereasing edge
lengths and shows that there is a phase transition in fort = h : If 1 we
can recover the Euclidean distance corresponding to the behavioun (1), while
we obtain the combinatorial graph distance for > 1 similar to (2).

Theorem 1. Let ( n)n- o be a sequence of planar in nite graphs embedded i@
with decreasing edge length of ordeln satisfying some additional assumptions and
let pn, h > 0 denote the discrete heat kernels obtained by using a geometgraph
Laplacian. Then, forany 2 (0;1], x 2 C and xed t> 0,

1
; h Y = 2
lim h logpy ((6y) = Zix Vi
uniformly in y 2 C over compact sets. If > 1 and the limit
dy (x;y) = lim_hdq(x;y)

exists, whered{ is the combinatorial distance on y, then

am logp) (xy) = dy (x;y)

logh 1
for any x;y 2 C.
The theorem vyields convergence of the heat method on the planeinree we nd
hlogun(x;y) max c+ hlog Pl (X;y) P 2jx yj ash! 0
by using a Laplace integral asymptotic. Notice that our theoretica insights sug-

gests that it is possible to replace steps 2 and 3 in the heat method bgirectly
computing #5 logu.
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Discrete Riemannian calculus on implicit latent manifolds
Florine Hartwig

(joint work with Juliane Braunsmann, Marko Rajkovt, Martin Rum  pf,
Josua Sassen, Benedikt Wirth)

Implicit representations of manifolds are a exible and e ective tool for many appli-
cations in geometry processing. However, computing geometric @pators on them
is challenging. We develop a scheme for discrete Riemannian calculus anplicit
manifold representations, allowing us to e ciently compute discrete geodesics, ex-
ponential shooting, and parallel transport. This approach ts nicely into a general
framework [1], which shows that it is a consistent discretization of Rienannian
calculus. We show how this scheme can be applied to compute geomietroper-
ators on learned latent manifolds. This allows us to compute visually apealing
shape interpolations of high-dimensional data on a learned low-dimesional man-
ifold representation derived by an autoencoder.

Discrete geodesic calculus on implicit manifolds. Let M = fX 2 R" j
( X) = 0g be ad-dimensional embedded manifold with : R" I R" ¢ and
rankD ( X) 6 0 for all X 2 R". The Riemannian distance onM can be locally
approximated by the Euclidean distance in ambient space. For the disretization
of the geometric operators, we follow [1] and compute discrete geesics onM by
minimizing the discrete path energy

X
EX[(Xo= Xa;X;Xk = Xg)l=  jXk Xg 1j°:
i=1
To this end, we use an augmented Lagrangian approach to incorpate the con-
straint ( Xx) = 0 for every point Xy of a discrete path X on M . For this, we
consider the augmented Lagrangian

LIX: 5 1= EX[(Xo= XaiX;Xk = Xg)l+ 1 ( X)+ Sk( X)kg;

with Lagrangian multiplier 2 R" 9K 1 penalty factor > 0 and ( X) =
( i(X¥) :(::10nK 4. This combines a pure penalty method which often leads to an
ill-conditioned problem with a classical Lagrangian approach. Exponatial shoot-
ing can be computed by discretizing the continuous geodesic equatioX (t)

Tx (yM for an arc-length parameterized curveX (t) M . See Figure 1 for exem-

plary results on analytic surfaces.
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Figure 1. Geodesic on a torus (left), closed geodesic on a torus
(middle) and exponential shooting on a quartic surface (right) .

Figure 2. Results for a toy model with images of ellipses as
input manifold. Top: Computed geodesic on the latent manifold

with K = 12. The 4-dimensional latent manifold embeddedd in

R is visualized by encoding 10k points of the input dataset and
choosing 3 dimensions based on PCA to display (point cloud).
Bottom: The geodesic is decoded to the image space.

Discrete geodesic calculus on latent manifolds. We consider the autoen-
coder derived in [2], that autoencoder promotes an isometric and ininsically at
embedding of a high-dimensional input manifold. Hence, distances othe derived
latent manifold M correspond to geodesic distances on the original data manifold.
We follow a denoising approach [3] to learn a projectiorp: R" ' M R" on the
latent manifold M . Then =id p gives an approximate implicit representation
of M . As a numerical experiment, we consider images of anisotropic Gas®gns,
which are rotated, scaled and translated (experiment (G) of [2]). The learned
manifold is a 4-dimensional cylinderS' [0:5;1:5] [ 1;1]°. See Figure 2 for a
result.
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Repulsive Shells
Josua Sassen
(joint work with Keenan Crane, Martin Rumpf, Henrik Schumacher)

Shape interpolation and extrapolation are among the core tasks in gometry pro-
cessing. However, to date most approaches to these problemseanot able to
prevent self-intersections. We propose a method that is able to dso by lever-
aging recent work on repulsive energies. To this end, we build on présus work
that studies the space of triangular surfaces as a Riemannian marfd with a
metric based on discrete shell elasticity. We show how to incorporat the repulsive
tangent-point energy into this metric, such that shapes with selfintersection are
pushed in nitely far away. This guarantees that geodesics on thisshape space of
repulsive shellsconsist of intersection-free surfaces and thus form a useful & for
shape interpolation. We apply variational time-discretization and develop a trust-
region approach with appropriate preconditioners for the resulting minimization
problem. Finally, we explore further potential applications for the combination of
elastic and repulsive energies.

Figure 1. Intersection-free interpolation between clasping
hands. Our proposed method computes interpolations between
surfaces as geodesics on a Riemannian shape space, where the
metric guarantees the avoidance of self-intersections.
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The Space of Discrete Shells. We begin by recalling the underlying Rie-
mannian structure on the space of immersions of a discrete surfacintroduced
in [1]. To this end, we consider a triangular surfaceSy with vertices V, edges
E V V, and facesF V V V. Furthermore, we consider piece-
wise a ne immersions x: S, ! R3 describing the midsurface of a discrete thin
shell and study piece-wise a ne deformations ofS;,. Then we consider the space
M of all such immersion modulo rigid body motions and aim to equip it with
a Riemannian metric. To this end, we consider a discrete elastic shellnergy
WIX; %] = Whem [X; %] + Wheng [X; X] as introduced in [1, 2] consisting of a mem-
brane contribution W,..,, and a bending contribution Wye,q . TO obtain a metric,
we need to pass to a viscous model, which we do via Rayleigh's paradignmé can
nally construct the metric g (u;Vv) := % d§W(x;y) yex (u; v). With this metric
at hand, we can de ne geodesicg: [0;1]! M, variationally as critical points of
the path energy
Z,
E’[c] == . Ooqry (c(t); (1)) dt;

for xed endpoints ¢(0) and ¢(1). To compute geodesics numerically, we de ne for

N
ES [Xor Xk ]i= K W(Xk 1;Xk);
k=1

which has been shown to be a consistent discretization in [3].

The Space of Repulsive Shells.  To construct our modi ed metric that avoids
self-intersections, we consider the tangent-point energy rst iroduced for curves
in [4]. We rst recall its formulation for a continuous surface S with immersion
. For two points s;t 2 (S) the tangent-point radius Ry, (s;t) is de ned as the
radius of the smallest sphere throughs and t that is also tangent to (S) at s.

This radius can be expressed aR, (s;t) = Wﬁt)j; where P (s) denotes
the orthogonal projection onto the normal space ats. The tangent-point energy
for integrability parameter p 1 is then de ned as the integral of the inverse

tangent-point radius for all pairs of points, i.e.

jP (s)(s )P
sy (s) s tj#

In [5], it has been proven that for p > 4 this indeed provides a barrier against
self-intersections, i.e. everyC!-immersion with nite energy V is already aC% -
embeddingwith =1 % > 0. Due to its nonlocality, this energy is challenging to
discretize and we follow the approach from [6] to obtain a discrete egrgy, which
we will refer to as Vy, going forward.

In our approach, we combine the measurement of in nitesimal membane and
bending distortion with in nitesimal changes of the tangent-point energy. The

V()= dsdt:
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Figure 2. Packing objects by minimizing the sum of elastic,
tangent-point energy and a barrier term for a given, shrinking
geometry.

combination is realized by the graph ofV,, over the shape spaceM of viscous
shells. That is, we de ne

MV = f(x;Vh(X) jx2Mg M R* [flg

We can picture M V as a mountain range over the underlying shape space, where
the height of mountains corresponds to the amount of tangent-pint energy a given
shape carries.

Then, the metric g obtained by pulling back the product metric from M V to
M is given by g« (u; v) := g;(u;v)+(d \Vh u) (dxVh v); forx 2M andu;v 2 TyM .
Indeed, one can show that with this metric immersions with self-intesections are
in nitely far away from ones without. The corresponding path energy is given by

z 1
Bl = G (V) o)+ (d ooV () ? el

We can again apply the same time-discretization as before and obtain

X
EXxoiiiiixk]:= K WXk 15Xk) + Va(Xk 1) V n(Xk)j?:

k=1
To minimize this energy numerically, we use a trust-region Newton mehod, where
we approximate the Hessian of the tangent-point part of the discete path energy
via a Gau -Newton approach and solve the resulting trust-region sibproblem via
Steihaug's CG method. In Figure 1, we show an exemplary result for aliscrete
geodesic between two clasping hands.

Elastic Deformations. The combination of elastic and tangent-point energy is
also useful for applications beyond the shape space framework disssed so far.
It models deformations of a shell repelling itself, which especially meanthat it
avoids intersections. That means, we consider the variational prblem

(1) m)!n W (% x)+ V(X);

where x-is some given reference con guration and add further terms baskon the
speci ¢ application.

One application we consider is packing objects into tight spaces. Toltis end,
we add a barrier term to (1) that forces the surface to stay insidea given geometry.
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Then, in Figure 2, we reduce the size of the geometry step-by-speand thus get a
tight packing of the shapes.
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A nite element approach for minimizing line and surface ene rgies
arising in the study of singularities in liquid crystals

Dominik Stantejsky
(joint work with Frarcois Alouges, Antonin Chambolle)

Motivated by a problem originating in the study of defect structure s in nematic lig-
uid crystals [1, 2], we consider the numerical minimization of an energygonsisting

of the following energy 7

Eo(T) = M(Tj )+ y jaid 1y, v+ M@T+)

The central object is a two dimensional at chain T in R® with coe cients in  Z».

The rst contribution to the energy is given by the mass of T outside an obstacle
E with the notation = RS2 nE. The second part is the integral of a density
integrated over the part of T on the obstacle surfaceM = @E In our case the
density is given by | 3j, the absolute value of the 3 component of the normal
vector eld on M. The last term is the mass of the boundary@ Treduced by a
given prescribed curve and weighted by a parameter 2 (0;1 ). The latter is

essential since for = 0 the minimizer is trivial.

While the problem in [2] is stated for nite mass recti able at chains wit h co-
ecients in Z,, we relax this assumption and considefT to be a normal current
in order to obtain a convex problem. The minimization of the energy can been
seen as generalization of the obstacle problem and Plateau problemif 1
and E = ; this reduces to the classical Plateau problem which has recently bee
treated with similar methods in [5].

The algorithm we present in [3] is based on the Alternating Direction Mehod of
Multipliers used to minimize a nite element representation of our energy. We
representT by Necelec nite elements and @Tby the P° eld given by its curl.
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For vanishing curl away from @T the Necklec elements are a gradient and our
algorithm reduces to the minimization of the total variation as e.g. in [4]. The

obstacle surfaceM is extended to a boundary layer. This allows us to take into
account the obstacle, the densityj 3j and the parameter in a unied way via

penalization. A priori information about the minimizers allow us to use structured

meshes to improve the quality of our solutions.

We are able to obtain minimizing con gurations of the problem studied in [2] and
validate our algorithm in the case of a spherical obstacle.
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Learning from Synthetic 3D Priors for Real-World 3D Percept ion
Angela Dai
(joint work with Alexey Bokhovkin, Pablo Palafox)

Understanding the 3D structure of real-world environments is a fundamental chal-
lenge in machine perception, with many applications towards robotic mvigation
and interaction, content creation, and mixed reality scenarios. Inthis talk, we
propose to develop learned neural parametric models to capturetrsictural and
object priors from large-scale synthetic shape datasets. We shothat such neural
parametric models can be used to model a space of shape parts, ien can be used
to tto real-world observations from commodity sensors at test time (Figure 1). In
particular, neural coordinate eld representations can be leverged to form para-
metric models of shape and part geometry as signed distance eldgjiven an input
RGB-D scan with detected objects, rather than making independat predictions
for each object's structure, the learned parametric model can b used to t against
both individual object observations and to multiple observations agoss a scene.

We further demonstrate the e ectiveness of learned neural paametric models
for deformable shapes to reconstruct and track depth sequercobservations. Here,
a disentanglement of deformable object representation into shagand pose, along
with a structural decomposition into parts, enables robust tting to new depth
observations even under random initialization (Figure 2). These leaned paramet-
ric models will enable the construction of intuitive, semantic primitives for future
virtual or real-world interaction or manipulation of real environmen ts.
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Figure 1. Learned parametric models of shape parts from syn-
thetic shape data enable test-time tting and holistic scene opti-
mization for new real-world observations [1].

Figure 2. Learned parametric models can additionally model
deformable shapes, disentangling shape and pose while leveraging
structured part decompositions to enable robust tting to new
depth sequence observations [2].
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Curvature e ects in geometric statistics: empirical Fec het mean and
parallel transport accuracy

Xavier Pennec

Two fundamental tools for statistics on objects living in non-linear manifolds are
the Fechet mean and the parallel transport. We present in this talk new results to
qguantify the accuracy of these two fundamental tools that put forward the impact
of the manifold curvature.

In the spirit of the Baker-Campbell-Hausdor (BCH) formula for Lie groups,
Gavrilov developed a coordinate free expansion of the logarithm offte compaosition
of two Riemannian exponential maps [1]. The double exponential exp(v;u) =
€XPexp, (v) ( e (M) corresponds to a rst geodesic shooting from the pointx
along the vector v, followed by a second geodesic shooting frog = exp, (V)
along the parallel transport Yu of the vector u along the rst geodesic. Its
Riemannian logarithm at the point x has a surprisingly simple coordinate free
Taylor expansion that only depends on the Riemannian curvature t@sor and its
covariant derivatives:

hy(v;u) = log  (expy(v;u)) = v+ u+ FR(U;V)(V +2u)
+ 2 (r vR)(U; V)2V +5U) + 52 (r yR)(U;V)(V +2u) + O(5);

where O(5) is a polynomial of order 5 and more in the two variablesu and v.

We introduced in [2] in a companion Taylor expansion on manifolds called he
neighbouring log which is measuring how the logarithmu = logx (y) changes when
the foot-point x is geodesically moved in the direction ofv:

(VW) = X 100, vy (€XB (W) = W v+ IR(WV)(v  2w)
+ 2 (r VRY(W V)2V 3w) + (r wR)(W;v)(V  2w) + O(5):

These two tensorial and coordinate free Taylor expansions congtite a complete
toolbox for the polynomial approximations of problems related to in nitesimal
geodesic triangles. Moreover they are valid in general a ne connetion manifolds
(with additional terms including torsion and its covariant derivative if they are
not vanishing) and computations can be pushed to higher orders if eeded.
Because we have in practice a limited number of samples, a problem in geetric
statistics is to determine the properties of the empirical Fechet mean of n IID
samples in a Riemannian manifold. In su ciently concentrated conditions, the
empirical Fechet mean exists and is unique for each sample, so thave can de ne
its expected moments for a xed number of samples. Using the aba Taylor
expansion of the Riemannian logarithm, we computed the Taylor expasion of
these moments which were used in turn to compute the rst and seond order
moments of empirical means of an I1ID n-sample [2]. The expected enmical mean
turns out to have an unexpected non vanishing term (a bias) of orér 4 in the
distribution extension and in 1/n with respect to the number of samples. This
bias term is a double contraction of the covariant derivative of the Remanian
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curvature with the covariance matrix, and vanishes for symmetric spaces:
Bias(xn)® = E[log,(xn)®]1= & 1 2 r ,RGMEMY+ 0O 3):

n cde

In this formula, is the diameter of the support of the distribution. Likewise, the
covariance of the empirical mean has a correction term in 1/n contacting twice
the Riemannian curvature with the covariance:

Covxa)®= L MP 11 L MEMFR,+ REME) +0 )

This term can be intrepreted as an extended Ricci curvature: in pagitively curved
spaces, the convergence with the number of samples is slower tham Euclidean
spaces while it is accelerated in negatively curved spaces. These vature e ects
become important with large curvature and can drastically modify the estimation
of the mean. They could partly explain the phenomenon of sticky meas recently
put into evidence in strati ed spaces with negative curvature, and smeary means
in positive curvature.

Parallel transport is a key geometric algorithm to compare local stdistical mod-
els at di erent locations. This is the geometric equivalent of domain adaptation
in machine learning. In previous works, we have build on the Schild's laddr prin-
ciple to engineer a more symmetric discrete parallel transport schae based on
iterated geodesic parallelograms, called pole ladder. This scheme isrptsingly
exact in only one step on symmetric spaces, which makes it quite intesting for
many applications involving simple symmetric manifolds. For general maifolds,
iterated Schild's and pole ladders were thought to be of rst order with respect
to the number of steps, similarly to other schemes based on Jacobélds. How-
ever, the literature was lacking a real convergence performancanalysis when the
scheme is iterated. Using the previous Taylor expansions of geodedriangles,
we showed in [3] that pole ladder naturally converges with quadratic peed (one
step being of order 4), and that Schild's ladder can be modi ed to peform identi-
cally even when geodesics are approximated by numerical schemekhis contrasts
with Jacobi elds approximations that are bound to linear convergence. The ex-
tra computational cost of ladder methods is thus easily compensa&d by a drastic
reduction of the number of steps needed to achieve the requesteaccuracy. Exper-
iments showed that these theoretical errors are measured in patice with a high
accuracy. This work closes several years of attempts to estabhisthe numerical
accuracy of parallel transport with discrete ladders methods.

+ R2

cde
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A Koopman Approach to Analyzing Sequence Neural Models
Omri Azencot
(joint work with Ilan Naiman)

Understanding the inner workings of predictive models is an essentiaequirement
in many elds across science and engineering. This need is even moreportant
nowadays with the emergence of neural networks whose visualizah and inter-
pretation is inherently challenging. Indeed, modern computationalneural models
often lack a commonly accepted knowledge regarding their governgnmathemati-
cal principles. Consequently, while deep neural networks may achie remarkable
results on various complex tasks, explaining their underlying decisiomechanisms
remains a challenge. The goal of this talk is to help bridge this gap by ppposing a
new framework for the approximation, reasoning, and understading of sequence
neural models.

Sequence models are designed to handle time series data originatimgprh im-
ages, text, audio, and other sources of information. One appraz to analyzing
sequence neural networks is through the theory and practice alynamical systems
[1, 2]. For instance, the temporal asymptotic behavior of a dynamial system can
be described using the local analysis of its attractor states [3]. Simildy, recurrent
models have been investigated in the neighborhood of their xed poits [4], lead-
ing to work that interprets trained RNNs for tasks such as sentiment analysis [5].
However, the local nature of these methods is a limiting factor whichmay lead to
inconsistent results. Speci cally, their approach is based on xedpoint analysis
which allows to study the dynamical system in the neighborhood of a xed-point.
In contrast, our approach is globallit does not depend on a set of xed-points,
and it facilitates the exploration of the dynamics near and further away from xed
points.

Over the past few years, a family of data-driven methods was deveped, allow-
ing to analyze complex dynamical systems based on Koopman theorjp]. These
methods exploit a novel observation by which nonlinear systems maye globally
encoded using in nite-dimensional but linear Koopman operators. In practice,
Koopman-based approaches are lossy as they compute a nite-diemsional ap-
proximation of the full operator. Nevertheless, it has been shownn the uid
dynamics [7, 8] and geometry processing [9, 10] communities that thdominant
features of general nonlinear dynamical systems can be captutevia a single ma-
trix per system, allowing e.g., to align time series data [11]. Thus, we pasthe
following research question: can we design and employ a Koopman-ead approach
to analyze and develop a fundamental understanding of deep neal models?

Given a trained sequence neural network and a procedure to exict its hid-
den states, our Koopman-based method generates a moderates matrix which
faithfully describes the dynamics in the latent space. Unlike existing verk, our
approach is global and independent of a particular latent sample, ad thus it can
be virtually applied to any hidden state. A key advantage of our framework is
that we can directly employ linear analysis tools on the approximate Kampman
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operator to reason about the associated neural network. In pdicular, we show

that the eigenvectors and eigenvalues of the Koopman matrix are istrumental

for understanding the decision mechanisms of the model. For instase, we show
in our results that the dominant eigenvectors carry crucial semantic knowledge
related to the problem at hand. Moreover, the eigenvalues represnt the memory

of the network as they provide a timestamp for the temporal spanof the respec-
tive eigenvectors. Finally and most importantly, Koopman-based mehods such
as ours are backed by rich theory and practice, allowing us to exploithe recent
advances in Koopman inspired techniques for the purpose of devgdimg a compre-
hensive understanding of sequence neural networks. Thus, they contribution

in this work is the novel application of Koopman-based methods for mderstand-
ing sequential models, and the extraction of high-level interpretéle and insightful

understandings on the trained networks.

We focus our investigation on two learning tasks: sentiment analysisand elec-
trocardiogram (ECG) classi cation. We will identify four eigenvecto rs in the sen-
timent analysis model whose roles are to highlight: positive words, ngative words,
positive pairs (e.g., \not bad"), and negative pairs. In addition, we demonstrate
that the eigenvectors in the ECG classi cation task naturally identif y dominant
features in normal beat signals and encode them. Speci cally, we siw that four
Koopman eigenvectors accurately capture the local extrema pois of normal beat
signals. These extrema points are fundamental in deciding whethea signal is nor-
mal or anomalous. Our results reinforce that the network indeed larns a robust
representation of normal beat signals. Then, we will verify that the main com-
ponents of the nonlinear network dynamics can be described usinguo Koopman
matrices by measuring the di erence in accuracy results, and the elative error in
predicted states. Given the versatility of our framework and its eae of use, we
advocate its utility in the analysis and understanding of neural networks, and we
believe it may also a ect the design and training of deep models in the fture.
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Metric Optimization in Penner Coordinates
Denis Zorin
(joint work with Ryan Capouellez)

Many parametrization and mapping-related problems in geometry pocessing can
be viewed as metric optimization problems, i.e., computing a metric minimiing
a functional and satisfying a set of constraints, such as atness Penner coordi-
nates [1] are global coordinates on the space of metrics on meshegh a xed
vertex set and topology, but varying connectivity, making it homeomorphic to the
Euclidean space of dimension equal to the number of edges in the nteswithout
any additional constraints imposed, and reducing to logarithms of ege lengths
when restricted to a xed connectivity. These coordinates play animportant role
in the theory of discrete conformal maps [2, 3] enabling recent delopment of
highly robust algorithms with convergence and solution existence garantees for
computing such maps [5, 6]. We demonstrate how Penner coordinasecan be used
to solve a general class of problems involving metrics, including optimition and
interpolation, while retaining the key guarantees available for confemal maps [4].
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Shape Spaces: From geometry to biological plausibility
Laurent Younes
(joint work with Nicolas Charon)

This talk reviews several Riemannian metrics and evolution equationsn the con-
text of di eomorphic shape analysis. After a short review of of various approaches
at building Riemannian metrics on shape spaces (with a special focusiadhe foun-
dations of the large deformation di eomorphic metric mapping algorithm), the
attention is turned to elastic metrics and to growth models that can be derived
from them. In the latter context, a new class of metrics, involving the optimization
of a growth tensor, is introduced and some of its properties are sidied.
The talk is based on [1].
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Fast Nonlinear Vector Quantile Regression
Alex Bronstein

Quantile regression (QR) [1] is a well-known method which estimates aonditional
quantile of a target variable Y, given covariatesX. A major limitation of QR is
that it deals with a scalar-valued target variable, while many important appli-
cations require estimation of vector-valued responses. A trivial pproach is to
estimate conditional quantiles separately for each component oftte vector-valued
target. However this assumes statistical independence betweetargets, a very
strong assumption rarely held in practice. Extending QR to high dimersional
responses is not straightforward because (i) the notion of quaties is not trivial
to de ne for high dimensional variables, and indeed multiple de nitions of multi-
variate quantiles exist [2]; (ii) quantile regression is performed by mininizing the
pinball loss function [1], which is not de ned for high dimensional responses.
Seminal works of [2] and [3] introduced a notion of quantiles for vedr-valued
variables, termedvector quantiles Key to their approach is extending the notions

of monotonicity and strong representation of scalar quantile funtions to high
dimensions, i.e.

(1) Co-monotonicity: (Qy (u) Qy (u%) > (u u% 0; 8u;u’2[0;1°
(2) Strong representation Y = Qy (U); U  U[0; 1]

where Y is a d-dimensional random variable, andQy : [0;1]® 7! RY is its vector
quantile function.
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Moreover, [2] extended QR to vector-valued targets, which lead$o vector quan-
tile regression (VQR). This enables estimation of conditional vector quantile func-
tions Qyjx from samples drawn fromP.y), where Y is a d-dimensional tar-
get variable and X are k-dimensional covariates. They show that a conditional
quantile function Qyjx which obeys co-monotonicity (1) and strong represen-
tation (2) exists and is unique. Under the assumption of a linear spdcation
Qv jx (u;x) = B (u)” x+ a(u), they formulate VQR as an optimal transport prob-
lem between the measures of jX and U, with the additional mean-independence
constraint E[UjX]= E[X]. 1 provides a visualization of these notions for a two-
dimensional target variable. The primal formulation of this problem is large-scale
linear program and is thus intractable for modestly-sized problems.A relaxed dual
formulation which is amenable to gradient-based solvers exists [4], luesults in
violations of co-monotonicity.

The rst goal of our work is to address the following limitations of [2, 4]: (i)
the linear speci cation assumption on the conditional quantile function, and (ii)
the violation of co-monotonicity when solving the inexact formulation of the VQR
problem. The second goal of this work is to make VQR an accessible &b for
o -the-shelf usage on large-scale high-dimensional datasets. @uently there is no
available solver for the relaxed dual formulation of VQR, which is necesary in
order to scale reasonably with problem size. Below we list our contribtions.

Nonlinear VQR. To address the limitation of linear speci cation, we propose
nonlinear vector quantile regression The key idea is t a nonlinear embedding
function of the input features jointly with the regression coe cien ts. We demon-
strate that nonlinear VQR can model complex conditional quantile functions sig-
ni cantly better than linear VQR.

Vector monotone rearrangement (VMR). We propose VMR, which resolves
the co-monotonicity violations in estimated conditional vector quartile functions.

We solve an optimal transport problem to rearrange the vector quantiles such
that they satisfy co-monotonicity. It can be viewed as a vector etension to the

monotone rearrangement originally proposed by [5] for scalar qudites.

Scalable VQR. We introduce highly-scalable solvers for linear and nonlinear
VQR. Our approach, inspired by [6] and [4], relies on solving the relaxedlual for-
mulation of the VQR problem. We propose stochastic-gradient-baed solvers which
maintain a constant memory footprint regardless of problem size. V& demonstrate
that our solvers can scale to millions of samples and thousands of gutle levels
and allow for GPU-acceleration.

Open-source software package. We release a feature-rich, well-tested software
implementing estimation of vector quantiles, vector ranks, vectorquantile con-
tours, linear and nonlinear VQR, and VMR. To the best of our knowledge, this
would be the rst publicly available tool for estimating conditional vec tor quantile
functions at scale.

The full paper can be found at https://arxiv.org/abs/2205.14977 . Our open-source
packagevqr is available at https://github.com/vistalab-technion/vqr.
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(@) (b)

Figure 1. lllustration of vector quantiles of a 2-dimensional star-shaped ditribu-
tion, where T = 50 quantile levels were estimated in each dimension. (A) Vector
quantiles (colored dots) are overlaid on their data distribution (middle). Dier-
ent colors correspond to -contours, each containing 100 (1 2 )? percent of
the data, a generalization of con dence intervals for vector-valied variables. The
vector quantile function (VQF) Qv (u) = [Q1(u); Q2(u)]” is co-monotonic with
u = (ug;uz). The components Q1; Q. of the VQF are shown as surfaces (left,
right) with the corresponding vector quantiles overlaid. On Q1, increasingu; for
a xed u, produces a monotonically increasing curve, and vice versa fd@,. (B)
Conditional vector quantile functions (CVQFs) for a joint distribut ion of (X;Y)
where Y jX = x has a star-shaped distribution rotated by x degrees. The CVQF
of Y jX = x changes nonlinearly with the covariatesx, while e.g. E [Y jX] remains
the same. This demonstrates the challenge of estimating CVQFs frm samples of
the joint distribution. Two  -contours are depicted for eachx. Digital zoom-in
recommended.
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Geometric Measure Theory and Kelvin Geometry for Convexify ing
and Compactifying Computational Problems

Albert Chern
(joint work with Stephanie Wang, Sina Nabizadeh and Ravi Ramamoothi)

We use geometric techniques to approach two classical computati@l challenges:
optimizing non-convex variational problems and solving partial di er ential equa-
tions (PDEs) on unbounded domains. These problems are fundaméal in shape
synthesis and physical simulations. In our work, we use the ideas dm Geometric
Measure Theory and Felix Klein's geometric philosophy to re-examinelhtese com-
putational challenges. Surprisingly, many problems associated to @n-convexity or
non-compactness are removed just by suitable changes of varibds.

1. Minimal Surface Problem

A classical computational di erential geometry problem is the Plateau problem

Problem | In a spaceM ( R® or a Riemannian manifold), ex-
tend a given boundary curve M into a surface M with
minimal area.

The traditional approach is based on (regularized) mean curvatue ows on tri-
angle meshes, which are (Sobolev) gradient ows of the area funictnal. However,
this is a non-convex problem. Directly minimizing the area can lead to bég
stuck at local minima. Mean curvature ows can also develop nite time blow up.
Initializing a correct surface is topologically and combinatorially challenging.

Geometric measure theory provides new ways of approaching thisrpblem. In
the theory, curves and surfaces are represented as di erentigforms. In an n-
dimensional manifold, for each orientedk-dimensional surface we construct an
(n  k)-form ZZ n k(M ),anlled a Dirac -form, with the de ning property

I~ = | forall continuous! 2 ¥(M):
M
Geometric operations become familiar linear algebraic operations:
me= a8 e@a=( 1" Kda

where dim(A) = k. The area of a surface becomes theL! norm (mass norm)
for the -form:
z
Area() = i
M
In terms of di erential forms, th% oriented Plateau problem becomes

Problem Il  minimize j ] subjectto d =
M

which we relax to a convexL?! o&timization problem with a linear constraint:

ProblemIll  minimize j ] subjectto d =
2 M) wm
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Figure 1. Plateau problem computed with dierential forms.

Given a boundary curve represented by a Dirac 2-form (left),

we nd the minimal surface as the L' minimizer subject to the
exterior derivative constraint (middle) followed by a Poisson sur-
face reconstruction (right).

Problem Il and Problem IlI are equivalent due to the following estimagg: Given
Ay 2 (M), d = , there exists asurface ,d = ,suchthat ,j |

v J ] To see this estimate, observe thatd = implies = d for some St-
palued funciong branched at ,zand use the Fubini theorem (co-area formula)
mii= Zi s vl aida ml 1@l fora 2 St that yields the minimal
level set of .

As such, the seemingly non-convex minimal surface problem is revkal as a
convex one in disguise. We solve the convex Problem IlI numerically bygtandard
L ! optimization techniques known by ADMM, proximal gradient descent, Bregman
iterations, etc [1]. A typical result is shown in Figure 1. We also solve Poblem Il
by representing functions and forms by deep neural elds [2].

While the least squares problem for di erential forms under linear castraints
on their d yields the Hodge decomposition as the optimality condition, we obtain
a generalization of the Hodge decomposition for out.? problem.

Every 2 K can be decomposed into
=d + +

where( + ) is a homologically constrained minimal surface, and
is a globally minimal surface.

2. Infinite Domain Problem

Many physical simulation problems take place on an open unboundedpsce. The
non-compactness of the domain poses additional challenges, singe can no longer
directly discretize the entire domain using a regular grid. Standard rumerical

approaches rely on coordinate mapping or domain truncation, yieldig coordi-
nate singularity or artifacts on the truncation boundary. We describe a general
Kelvin transformation technique, which maps the in nite domain to a b ounded
one without creating singularities. The method is made possible by faoring out
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Figure 2. A 2D slice of a numerical solution to the 3D Helmholtz
equation on the in nite exterior domain of the Bunny. The solu-
tion is computed by a generalized Kelvin transform, consisting of
inverting the domain and factoring out the singularity at in nity.

an asymptotic of the singularity induced by the coordinate stretching. The result-
ing transformation of functions can be understood as the naturatransformation
for fractional densities in geometric measure theory. In the viewpint of Klein's
Erlangen Program, the analysis reveals a \Kelvin Geometry,” where bjects are
functions subject to Kelvin transforms, leaving the PDE of interes invariant. The
key to solving the in nite domain problem is to recognize that the boundedness
quality of the domain is not a geometrically invariant notion under Kelvin Geom-
etry. Therefore, we can transform the in nite domain problem into a compact one
without sacri cing numerical accuracy.

Our Kelvin geometric technique has been applied to the Poisson equiin and
Helmholtz equation [3] (Figure 2). On going work includes the Kelvin transform
of the wave equation and the eikonal equation.
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Guaranteed Queries on General Neural Implicit Surfaces via
Range Analysis

Nicholas Sharp
(joint work with Alec Jacobson)

Implicit Neural Surface Representations. Implicit surface representations
encode an embedded 3D surface as the level set of some function R®! R. By
convention, the locations x where f (x) < 0 are inside the shape, and (x) > 0
are outside of the shape. Inneural implicit surfaces, the function f is a neural
network f with parameters , which can be tto encode a surface of interest. The
networks have proven recently useful for a variety of tasks in coputer graphics
and vision [3], in part because many tasks involving generating a potdially-
complex surface can be approached via simple gradient-based optimation on
f . This abstract considers the computational geometry of such a&presentation:
when we use neural networks as a function space to encode 3D gles, how do we
computationally evaluate queries against the shape such as nding irersections
between a ray and the surface, or testing whether two such shags intersect. An
extended treatment of this work can be found in [1].

The primary past approach for such queries is to attempt to t the neural net-
work f such that it has a signed distance function (SDF) property, meanirg that
it satis es the Eikonal equation jr f j = 1 almost everywhere and the magnitude
jf j gives the distance to the implicit surface. Iff is an SDF, then it is not too
di cult to evaluate geometric queries. However, there are many disadvantages
to the SDF representation: a neural network only ever approximaely encodes an
SDF, and the SDF property holds only at the conclusion of training, precluding
the use of queries in loss functions. Instead, we will seek an apprdawhich ap-
plies to general neural implicit surfaces, without any particular assumptions on
the function encodedf .

Range Analysis. Our key tool to evaluate geometric queries on general neural
implicit surfaces is a numerical technique calledrange analysis[2]. Given some
range of inputs to a function, range analysis automatically compute bounds on
the output of the function over that range. These bounds are neessarily valid,
in the sense that they contain the true output range of the functon, but they are
not necessarily tight|various range analysis schemes have been desloped with
di erent tradeo s o tight bounds vs. computational cost. The m ost common
form of range analysis isinterval arithmetic, but we nd that when applied to
typical neural implicit surface networks, the bounds from interval arithmetic are
so loose that they are not useful in practice. Instead, we leveraga T order
generalization calleda ne arithmetic , which gives much tighter bounds for neural
networks (Figure 1).

Geometric Queries. Equipped with range analysis of neural networks, we can
analyze regions of space, and potentially determine that the value fothe implicit
function is strictly positive or negative on that region. Whenever a region cannot
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interval arithmetic affine arithmetic

Yy« f(x)

Figure 1. We empirically nd a ne arithmetic to be much more

e ective than interval arithmetic for analyzing neural implicit sur-
faces, likely because it is exact within the a ne layers of neural
networks.

be classi ed as such, either because the range analysis bounds doo loose, or
because it actually intersects the level set, we subdivide the regiomto two smaller
regions and recurse. This basic recipe becomes our building block tmmestruct
higher-level geometric queries, including ray casting, constructig bounding k-
d trees, and intersection testing. These queries allow e cient computational-
geometry-style queries on existing neural implicit surface repreggations for the
rst time, opening the door to a wide range of applications in surfaceprocessing.
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Computational optimal transport: mature tools and open pro blems
Jean Feydy

(joint work with Minh-Hieu Do, Olga Mula-Hernandez, Marc Niethamme r,
Gabriel Peye, Bernhard Schmitzer, Thibault Sejourre, Zhen gyang Shen,
Anna Song, Alain Trouw, Frarcois-Xavier Vialard)

Optimal transport is a fundamental tool to deal with discrete and continuous
distributions of points [1, 2]. We can understand it either as a generbzation of
sorting to spaces of dimension D> 1, or as a nearest neighbor projection under
a mass preservation constraint. Over the last decade, a sustaideresearch e ort
on numerical foundations has led to a x1,000 speed-up for most tresport-related
computations. This has opened up a wide range of research directis in geometric
data analysis, machine learning and computer graphics.
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This talk will discuss the consequences of these game-changing nental ad-
vances from a user's perspective. We will focus on:

(1) Mature libraries and software tools that can be used as of 2022with a
clear picture of the current state-of-the-art [3, 4, 5, 6, 7, 8].

(2) New ranges of applications in 3D shape analysis, with a focus on jpaola-
tion analysis [9] and point cloud registration [10].

(3) Open problems that remain to be solved by experts in the eld.
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Adjoint mismatch
Dirk A. Lorenz

Optimization methods in mathematical imaging frequently need to evduate linear
operators and their adjoint: The minimization of an objective of the form

IkAX  Bk?+ R (X)

in x 2 X over a Hilbert space X for some given linear operatorA, some well
behaved (e.g. convex, lower semi-continuous and coercive) furioh R, and some
given data b can be done, for example, by the proximal gradient iterationx**1 =
prox g (x* A (AxK b)), while for objectives of the form F (Ax) + G(x) for
equally well behavedF and G one can, for example, use the Chambolle-Pock itera-
tion which iterates x**1 =prox 5 (x* A yK), y**1 =prox  (y*+ A (2xk*?
x¥)) (where F is the convex conjugate ofF). The former method converges if
0< < 2=kAk? while the latter needs 0< < 1=kAKk? [1].

Examples for linear maps are derivative operators, interpolation ogrators, con-
volutions or more complicated \forward operators"” like the Radon transform or
solution operators for di erential equations. For many operators, the adjoint is
readily available, but in other cases, the forward operator is only agilable through
a numerical method and the adjoint operator has to implemented sperately. A
discretization of the adjoint is not necessarily the adjoint of the disretization.
Sometimes people even use a mismatched adjoint on purpose, e.g. liletreplace-
ment of any application of A by someV is much faster to compute or produces
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output which seems to be more plausible. The former happens, forxample, for
the Radon transform where there are faster and slower method$or the adjoint

(which is known as backprojection), and the latter can occur, forexample, in su-
perresolution where the forward operator does sampling and thedjoint does some
interpolation.

Up to now there are only a few results on convergence under mismett available.
In [3] and [4] the authors investigate the Landweber method undemismatch and
[6] treats the randomized Kaczmarz iteration. The work [2] analyze the e ect
of mismatch and [7] investigates the Chambolle-Pock method. For te latter, we
could show that the method still converges if bothG and F are strongly convex
and the product of the constants of strong convexity is larger than a constant that
depends on the quantity kA  Vk.

The fact that sometimes linear operatorsA are available only via black-box
implementations, i.e. one can give some inputx to a program and gets back
a vector Ax, and that the respective adjoint are available via other black-box
implementations which give V y for vectors y raises some other questions: How
can one computekAk (which is needed in the bounds for the step-sizes) if only black
boxes are available and there is no access to an adjoint? Moreovave assume that
probabilistic sketching methods based on randomized numerical lingaalgebra are
not applicable due to the hardware constraints that do not permit to store enough
vectors to form a large enough sketched matrix. An even more di ault question
is, how to compute KA VK if only a black-box for A and another one forV is
available.

For the rst question we propose to useprojected stochastic gradient ascenfor
the problem
(1) max KAVK?:

kvk=1
The gradient of the objective is AT Av, but under our assumption, we can not
compute it. However, we can get an unbiased estimate by using a tric Let x be
a random vector of appropriate size such thatE(xx") = |. Then it holds that

E (AV)"(Ax)x = E xxTATAv = ATAv:

Thus, the iteration

1
VY2 = vk (AVR)T (AX)X

k+l _ v
1
kvt 2k
has a good chance to converge to a solution of (1) for appropriatstep-sizes .
While it can be shown that there are simple methods to choose stepizes that lead
to a guaranteed increase okAvkk in every iteration, a full convergence prove is
still missing, but the method can be observed to converge in practie. The idea
using random vectorsx with covariance E(xx") = | is also used in the well-know
trace estimator due to Hutchinson [5]. For the computation kA  Vk one can use

N[~
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the characterization

KA Vk= max u'(A V)v = max u'(Av) (VTu)Tv
kuk=kvk=1 kuk=kvk=1

and perform projected stochastic gradient ascent in a similar faston.
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Linear and Quadratic Shape Functions for Polygons and Polyh edra
Mario Botsch

(joint work with Astrid Bunge, Philipp Herholz, Olga Sorkine-Hornung ,
Marc Alexa, Misha Kazhdan)

Solving PDEs on surface meshes or volume meshes is a central goalcomputer
graphics and geometry processing. The continuous surfaces/itimes are typically
discretized with either triangles/tetrahedra or quadrangles/hexahedra, and then
the nite element method (FEM) is employed using linear P1 shape fundions on
the former or bilinear/trilinear Q1 shape functions on the latter. In several appli-
cation scenarios, however, the meshes consist afbitrary polygons or polyhedra,
and we want to solve PDEs directly on these general meshes withoutaving to
remesh to standard elements.

One possibility is to use generalized barycentric coordinates [6] as ape func-
tions, as done, e.g., by Wicke et al. [9] using mean value coordinates by Martin
et al. [7] using harmonic coordinates. The drawback of these appexhes is that
evaluation, derivation, and numerical integration is rather complex for the gen-
eralized barycentric shape functions. Alexa and Wardetzky [1] andde Goes et
al. [5] proposed discrete di erential operators for general polygn meshes based on
discrete exterior calculus. While being much simpler to use than the geeralized
barycentric coordinates, these methods include a hyper-paranter that has to be
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tuned to achieve optimal results. We propose a simple method for désing linear
and quadratic shape functions on polygon surface meshes and pblgdral volume
meshes, which inherit the bene cial numerical properties of linearfuadratic shape
functions for P1/P2 elements, reproduce them on triangles/tetrahedra, and thus
generalize them to arbitrary polygons/polyhedra.

Linear Shape Functions for Polygon Meshes

The main idea is to (virtually) insert a center vertex into each polygon, thereby
splitting it into a fan of triangles. This operation turns the general p olygon mesh
into a pure triangle mesh, on which we can use the standard linear P1h&pe func-

tions. For a polygon with n verticesxi;:::;Xn, the center vertexxg is represented
as an a ne combination using the weights w = (wq;:::;wWp)

X X
(1) Xo(w) = w; Xj  with w =1:

j=1 j=1

Its position is chosen as the minimizer of squared triangle areas sumed over the
triangles incident to the center vertex, being optimized directly in terms of the
a ne weights:

X
(2) mvin area(Xj; Xj+1 ;xo(w))2 such that w =1:
j i
As (2) is underdetermined, we choose the solution with minimal L2 nom kwk,
which can be computed through a simple linear system solve.
The resulting weights de ne the shape functions ; on the original polygon
mesh in terms of the shape functions ; on the re ned triangle mesh:

(3 i= it w o

Putting the weights of each polygon into a global prolongation matrix P (with PT
begin the corresponding restriction matrix) allows to de ne the discrete Lapla-
cian L and mass matrix M of the polygon meshthrough the standard cotangent
Laplacian L and mass matrix M ¢ of the re ned triangle mesh as

(4) L=P'LyiP and M = PTMy;P:

Through the prolongation and restriction matrices the simplicial re nement can
be completely hidden from the user and can be e ciently implemented within the

matrix assembly stage. As shown in Bunge et al. [2], the resulting di eential

operators on polygon meshes inherit the properties of standard P elements and
provide the expected quadratic convergence rate under elememe nement.

Linear Shape Functions for Polyhedral Meshes

The virtual re nement can straightforwardly be extended to poly hedral meshes by
using a two-step prolongation process: First, each polygon is split ito a triangle
fan by inserting the center vertex that minimizes the sum of square triangle areas,
leading to a prolongation matrix Pice. Second, each polyhedron (now having
triangle faces) is split into a fan of tetrahedra by inserting the cener vertex that
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minimizes the sum of squared tetrahedron volumes, leading to a prot@ation
matrix Pcen. Both prolongation weights can be determined through simple linear
systems. The combined prolongation matrixP = P P Can then be used
to \sandwhich" discrete di erential operators computed on the r e ned tetrahedral
mesh, analogously to (4). This ideawas rst proposed in [3] and lead® di erential
operators that inherit the properties of linear P1 shape functionson tetrahedral
meshes, in particular the quadratic convergence rate under elemére nement.

Quadratic Shape Functions for Polygon Meshes

Compared to their linear counterparts, higher-order shape funtions feature faster
convergence rate and decrease the well-known locking artifactshven simulating
elastic materials with high Poisson ratio. Quadratic shape functions tirned out
to be a good choice in the large scale analysis of Schneider et al. [8].

When generalizing the virtual re nement idea to quadratic shape functions on
polygon meshes, the virtually re ned triangle meshes will have degres of freedom
both at the vertices and at the edge midpoints. Inserting avirtual center vertex
into a polygon with n vertices therefore also leads to additionaln virtual edge
vertices on the edges connecting the polygon vertices to the virtual centevertex.
The prolongation weights are now responsible for distributing the vdues at the
n+1 virtual vertices to the n vertex nodes andn edge nodes of the original polygon.
When we denote byC the nodes of the polygon mesh and b the nodes of the
re ned triangle mesh, the polygon shape functions become

X X
(5) i= 5+ Wi with wy =1 for i 2 C:
j2K j2K

We optimize w; to yield as-smooth-as-possible piecewise quadratic shape func-
tions, by minimizing the gradient jump across internal virtual edges incident to
the center vertex. The resulting shape functions inherit the progerties of P2 shape
functions and can be shown to reproduce quadratic P2 elements aetrahedra, to
have quadratic precision, and to yield the desired cubic convergemcrate [4].

Quadratic Shape Functions for Polyhedral Meshes

Combining the two-level prolongation of linear polyhedral shape furctions with
the smoothness optimization of quadratic polygon shape functionsllows to derive
quadratic shape functions for arbitrary polyhedra. The rst pro longation matrix
Ptace is derived by minimizing cross-edge gradient jumps as in (5). For theecond
prolongation matrix P. one optimizes smoothness by penalizing the gradient
jump across the virtual triangles incident to the cell's center vertex. The quadratic
polyhedral shape functions provide the same bene cial propertie as the in the
surface case. See [4] for more details and comparisons to otherpapaches.
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Near optimal statistical estimation of smooth
optimal transport potentials

Franmis-Xavier Vialard

(joint work with Adrien Vacher, Boris Muzellec, Alessandro Rudi,
and Francis Bach)

It was recently shown in [5] that under smoothness conditions, thesquared Wasser-
stein distance between two distributions can be e ciently computed with appeal-
ing statistical error upper bounds, avoiding the curse of dimensionn the rate of
convergence. However, rather than the distance itself, the ofgjct of interest for
applications such as generative modelling or other downstream applations is the
underlying optimal transport map. The optimal transport map bein g the gradient
of the optimal potential in the classical dual formulation of optimal transport,
computational and statistical guarantees need to be obtained orsuch a quantity.
In this paper, we propose the rst tractable algorithm for which th e statistical L2
error on the maps nearly matches the existing minimax lower-boundgor smooth
map estimation. Our method is based on solving the semi-dual formuléon of
optimal transport with an in nite-dimensional sum-of-squares reformulation, and
leads to an algorithm which has dimension-free polynomial rates in thenumber
of samples, with potentially exponentially dimension-dependent conants. There-
fore, for small dimensions but greater than 2,3 or 4, the theoretial constant is still
tractable. This work settles the question of whether the smoothress of optimal
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solutions can be taken advantage of from a computational and stistical point of
view in order to estimate the optimal transport potentials.

Optimal transport is a linear optimization problem on a space of functions
under an inequality constraint. A particular case of optimizing on non-negative
functions can be found in polynomial optimization [3]. A typical problem of inter-
est is the optimization of a polynomial function on a set constrained ly polynomial
inequalities. Leveraging, when available, a representation theorensuch as Puti-
nar's Positivestellensatz, the optimization problem can be reducedd a hierarchy
of SDP problems, see [3]. Recent works develop this idea in ReprodugrKernel
Hilbert Spaces [4], for non-convex optimization in [1] where the authcs recast, as
is standard, the problem of minimization of a functionf : D RY! R de ned
on a domain D as a convex optimization problem, maxc under the inequality
constraint ¢ f (x) for every x 2 D. Obviously, this problem is computationally
intractable in general and they propose to solve it under structumal assumptions
onf(x) c= %h (x);A (x)i for a positive self-adjoint operatorA : H 7! H where
H is a RKHS. The value of this new optimization problem is a priori less thanthe
minimum value of f but it does coincide under the assumption that

1) f =cste+ %h XA (X)i;

for someA . The key point here is a representation result stating that a fairly large
space of smooth functions (to be considered for optimization) carbe represented
by a sum of squares in RKHS, as in Equation (1). It turns out that optimal
transport enjoys such a similar structure that can be used in a simila way as
shown in [5].

In [5], an estimator that is computationally feasible using SDP programming
is proposed. In order to get near-optimal estimation of the optimd transport po-
tentials, this method needs to be re ned in order to take advantag of the gain
in strong convexity of the semi-dual functional associated with opimal transport.
Indeed, the usual dual formulation of optimal transport preserts no strong con-
vexity since it is a linear optimization problem. However, optimizing on one of
the potentials turns it into a more strongly convex functional, at least on smooth
potentials. This strong convexity is exploited, together with the smoothness as-
sumptions to re ne a statistical estimator of the potentials. For further details,
we refer to [6].
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Towards Molecular Computational Anatomy?
Alain Trouv e
(joint work with Michael Miller, Daniel Tward, Laurent Younes)

Current descriptions of brain diseases usually need to put togetheseveral orders
of magnitude ranging from the millimeter scale for tissues in standardimaging
devices to the micron or even nano scale for neural cells and molecsle
Organizing these representations within a given patient or betweem population
for statistical modelling and understanding could be quite helpful bu is still very
challenging from a mathematical and computational perspective. i this talk, |
will present our recent attempt to make a step in that direction in th e context
of computational anatomy based on two key assets: 1- Layeredoarse-to- ne dif-
feomorphic transport based on idea coming from optimal control ad riemannian
geometry 2- Varifold based representations of information and rduction.
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Analysis of 1-Lipschitz Neural Networks
Sebastian Neumayer

(joint work with Pakshal Bohra, Stanislas Ducotterd, Alexis Goujo n,
Dimitris Perdios, and Michael Unser)

The topics covered in this talk are related to the recent preprint [1]. Lipschitz
constrained neural networks have several advantages comped to unconstrained
ones and can be applied to various di erent problems. Consequentjythey have
recently attracted considerable attention in the deep learning conrmunity. Since
designing and training expressive Lipschitz-constrained networkss very challeng-
ing, there is a need for improved methods and a better theoreticalinderstanding.
As the general case is very demanding, we restrict our attentiond feed-forward
neural networks with 1-Lipschitz component-wise activation fundions and weight
matrices with p-norm less or equal than one. This indeed leads to 1-Lipschitz
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neural networks, for which naturally the question of expressiveess arises. Unfor-
tunately, it turns out that networks with ReLU activation function s have provable
disadvantages in this setting. Firstly, they cannot represent eva simple piece-wise
linear functions such as the hat function. Secondly, there exists avhole class of
relatively simple functions that cannot be approximated in terms of the uniform
norm on bounded boxes. To show this fact, we can make use of thesond-order
total variation and the fact that ReLU networks can only produce functions with
bounded second-order total variation.

Due to these observations, we propose to use learnable spline acton func-
tions with at least 3 linear regions instead. Clearly, this more complicaed archi-
tecture should be motivated by theoretical ndings. To this end, we prove that our
architecture is optimal among all component-wise 1-Lipschitz actiation functions
in the sense that no other weight constrained architecture can aproximate a larger
class of functions. However, it remains an open question whetheush NNs are uni-
versal approximators of 1-Lipschitz functions and our result canbe seen as a rst
step towards its solution. Further, we prove that our proposed retworks are in prin-
cipal able to reproduce functions with arbitrary high second-orde variation. Note
that our architecture is also at least as expressive as the recentlintroduced non
component-wise Groupsort activation function [2] for 2-norm-castrained weights.
A more thorough comparison of linear splines to non component-wisactivation
functions is subtle, and it is so far unclear which choice leads to morexpressive
NNs in the remaining settings. Concerning the question of universaly, the talk
focused mainly on the approximation of scalar-valued functions : R ! R. This
also re ects the current state of research, where most resultare only formulated
for scalar-valued NNs. Extending these results to vector-valuedunctions appears
highly non-trivial and should be addressed in future research. Fin#ly, 1 would
like to mention that little is known about the optimal structure for de ep spline
and Groupsort NNs, i.e., if it is more preferable to go deep or wide in argitecture
design.

On the numerical side, we are currently preparing a preprint with exensive ex-
periments and details for an e cient implementation. For the implemen tation, we
basically rely on a B-spline representation, which was already used liere in [3].
However, we also need to take care of the additional Lipschitz comsained. This
can be done in several ways, but naive approaches can lead to infer training
performance. To circumvent this issue, we instead propose to ditly optimize
over the set of 1-Lipschitz linear splines based on a method calleDi erentiable
Slope Clipping Our preliminary numerical results for one-dimensional function
tting, Wasserstein distance estimation and image reconstructionwithin the Plug-
and-Play framework con rm that our architecture is at least comp etitive (often
even better) with other recently proposed activation functions auch as GroupSort,
Householder activations and parametric ReLU, which were also all dggned with
the goal of increasing expressivity in mind. One additional advantag of our imple-
mentation over the other methods is that it can be applied to any already trained
network by just initializing the linear splines accordingly. This possibly avoids
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an expensive retraining. A Github repository with the implementation will be
available soon.
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Discrete geodesic calculus in the manifold of Sobolev curve S
Benedikt Wirth
(joint work with Martin Rumpf)

The manifold of (closed) Sobolev curves is a well-known example of an imte-
dimensional shape space. It consists of immersions of the circB into R? with
Sobolev regularity,

Imm™ = fc2 W™2(shRY)jcY )60 forall 2 Slg;

wherem 2 and c® denotes the derivative with respect to the parametrization
variable (which for m 2 is everywhere de ned). This manifold can be equipped
with a Riemannian metric of Sobolev type,

X .
O(; )= Q@ @ ds
Sti=1
r any curve ¢ 2 Imm™ and tangent vectors ; : S' ! RY. Above, s =

0 jc%(")j d~ denotes arclength along the curves so that
— 0 H — @ .
ds=jc)id;  @= Gy
The induced Riemannian distance between two curvesy;c; 2 Imm™ can then be
computed by minimizing the path energy E among all paths ()2(0:1; in Imm™
with xed endpoints c¢yp;c1,
z 1
d®(co; c1) =inf E[(c)izoig]l  With E[(C)e2(0:1] = O, (G &) dt
0

(where ¢, denotes the derivative of the path with respect to the time variable
t). Furthermore, geodesics in the manifold of Sobolev curves can bde ned as
minimizers of this path energy for xed endpoints.

Bruveris, Michor and Mumford have shown [1, 2] that this manifold of Sobolev
curves is metrically and geodesically complete and that shortest getesics between
any two curves exist (as long as they lie in the same connected compent, thus,
if they have the same winding number whend = 2). To show this one exploits
that the path energy E actually just behaves like the squared Sobolev norm of
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WL2([0; 1]; W™ 2(St: RY)), to which the direct method of the calculus of variations
can readily be applied. This behaviour is not obvious sinceE contains arclength
derivatives and arclength integration, while W™ 2(S*; RY) only contains di erenti-
ation and integration with respect to the parametrization variable . The central
trick is to show that log jcY is uniformly bounded on any metric ball of Imm™,
which more or less (up to bounded terms) turns di erentiation and integration
with respect to s into di erentiation and integration with respect to

We aim to devise discrete approximations to geodesics in Imf which at the
same time are numerically feasible and provably convergent. To thisrd we employ
the framework of discrete geodesic calculus [3], that is, we de ne aistcrete K -
geodesic betweerty; ck 2 Imm™ as a minimizer of a discrete path energy

1 X
El(coiciziie)l = = WIG 1iGl;
j=1
where W[ca;cg] is a suitable approximation of the squared Riemannian distance
d?(ca;cg). The existence and convergence proofs for discrete geodesiesuld
naturally have to follow the compactness and lower semi-continuity ¥pe arguments
from the continuous setting. To this end it is essential that the uniform bound on
logjcy and similar estimates carry over from the continuous to the discree setting.
Therefore we consider as initial approximation

Wica;ce]= E[(cf® )iooiy] for ¢f® =tcg +(1  t)ca:

estimates as boundedness of the continuous path energy, as desl. However, the
above choice ofW is not yet computationally feasible since the time integral in-
volved in 7.7

1

X
E[(S® )e2p00] = . j@c® j2 dsdt
i=1
cannot easily be evaluated (the spatial integration overS' on the other hand is less
critical and will later be approximated via quadrature). As a remedy we replace
the integration ds = j(c’® )9d by the larger [tjc§j+ (1 t)jcjld ,
Z.,Z X0
Wica;ce]= . Sl[tJ'CSj +(1 ikl i@ ?d dt
i=1
This way the integrand of W [ca ; cg ] becomes (after tedious calculations) a rational
function in t, which can be explicitly integrated and thereby makes the discrete
path energy numerically feasible. At the same time, the discrete pat energy still

compactness properties are still maintained and we obtain the folloing.

Theorem 1 (Existence and convergence of discrete geodesicshet ca;cs 2
Imm™. For K large enough there exists a discreté& -geodesic betweerty and
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cg . Furthermore, as K !'1 | the piecewise linear interpolations of these discrete
geodesics converge weakly W 52([0; 1]; W™ 2(St; RY)) (along a subsequence) to a
continuous geodesic between, and cg .

For a numerical implementation we additionally propose a spectral spce dis-

cretization, that is, we represent a curvec by 2N + 1 Fourier components,

X X

)= a‘y cosf )+ 5 sin( );

j=0 & qy
and we approximate any integral overS' using trapezium rule quadrature with
M equispaced points (the motivation is the exponential convergencef trapezium
rule quadrature for smooth periodic functions).

Theorem 2 (Convergence of discrete geodesics)f N = K and M = K for
some arbitrary > > 0, then spatially and temporally discretized geodesics
converge to continuous ones in the same sense as before.

The combination of a spectral discretization with the trapezium rule actually
is essential here { had one instead used spline discretizations, theumber M of
guadrature points would have to be chosen as a substantially largepower of
the time step number K. All above convergence results are obtained by actually
showing Mosco convergence of the (time- or space-time-)discepath energy to the
continuous one. An example of a numerically computed discrete ge@dic between
a frog and a turtle shape from the MPEG-7 Core Experiment CE-Shae-1 is
shown below. The last ve shapes are obtained by discrete geodesixtrapolation
of which one can show convergence as well.
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