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Real enumerative invariants relative to the
anti-canonical divisor and their refinement

Ilia Itenberg Eugenii Shustin

Abstract

We introduce new invariants of the projective plane (and, more generally,
of certain toric surfaces) that arise from appropriate enumeration of real el-
liptic curves. These invariants admit a refinement (according to the quantum
index) similar to the one introduced by Grigory Mikhalkin in the rational case.
We also construct tropical counterparts of the refined elliptic invariants under
consideration and establish a tropical algorithm allowing one to compute, via
a suitable version of the correspondence theorem, the above invariants.

MSC-2010 classification: Primary 14N10, Secondary 14J26, 14P05, 14T90

1 Introduction

Refined enumerative geometry, initiated in [2, 10], became one of the central topics
in enumerative geometry with important links to closed and open Gromov-Witten
invariants and to Donaldson-Thomas invariants. In a big part of known examples,
refined invariants appear as one-parameter deformations of complex enumerative
invariants (see, for example, [2, 6, 9, 10]). In his ground-breaking paper [22] G.
Mikhalkin proposed a refined invariant provided by enumeration of real rational
curves and related this invariant to the refined tropical invariants of F. Block and
L. Gottsche [2]. Namely, he introduced an integer-valued quantum index for real
algebraic curves in toric surfaces. To have a quantum index, a real curve should
satisfy certain assumptions: it has to intersect toric divisors only at real points and
to be irreducible and separating; the latter condition means that, in the complex
point set of the normalization of the curve, the complement of the real part is
disconnected, i.e., formed by two halves exchanged by the complex conjugation (in
fact, the quantum index is associated to a half of a separating real curve, while the
other half has the opposite quantum index; for detailed definitions, see Section 2.2).
Mikhalkin [22] showed that the Welschinger-type enumeration of real rational curves
(cf. [33]) in a given divisor class and with a given quantum index can be directly
related to the numerator of a Block-Gottsche refined tropical invariant (represented
as a fraction with the standard denominator).



The main goal of the present paper is to extend Mikhalkin’s results to the case
of elliptic curves. We follow the ideas of [29] and choose constraints so that every
counted real elliptic curve appears to be a mazimal one (i.e., it has two global
real branches), and hence is separating. More precisely, given a toric surface with
the tautological real structure and a very ample divisor class, we fix maximally
many real points on the toric boundary of the positive quadrant, where elliptic
curves from the given linear system must be tangent to toric divisors with prescribed
even intersection multiplicities, and we fix one more real point inside a non-positive
quadrant as an extra constraint. There are finitely many real elliptic curves matching
the constraints and all these curves are separating. Their halves have quantum index,
and we equip each curve with a certain Welschinger-type sign.

The first main result of the paper is as follows. For some toric surfaces (in-
cluding the projective plane), we prove that the signed enumeration of (halves of)
real elliptic curves that match given constraints, belong to a given linear system,
and have a prescribed quantum index does not depend on the choice of a (generic)
position of the constraints (the precise statement can be found in Section 2.3, The-
orem 2.11). The resulting invariants are said to be refined elliptic. In particular, we
get new real enumerative invariants (without prescribing values for quantum index)
in genus one.

The second main result of the paper concerns tropical counterparts of the above
invariants. We introduce tropical invariants arising from enumeration of certain
elliptic plane tropical curves counted with multiplicities depending on one parameter.
Using an appropriate version of Mikhalkin’s correspondence theorem (see [21] and
Theorem 3.21 in Section 3.6), we prove that these tropical invariants give rise to
generating functions for refined elliptic invariants described above.

The introduced tropical elliptic invariants have two interesting features. The mul-
tiplicity of each tropical curve under enumeration is not a product of multiplicities
of vertices (contrary to many previously considered tropical invariants); see Theo-
rem 4.28. Another particularity of these invariants is their semi-local invariance; see
Section 4.5.

The paper is organized as follows. In Section 2, we define refined invariants aris-
ing in enumeration of real rational curves (slightly generalizing Mikhalkin’s refined
rational invariants) and of real elliptic curves in toric surfaces with constraints de-
scribed above. In Section 3, we present a version of Mikhalkin’s correspondence
theorem adapted to our purposes. Section 4 is devoted to the tropical counterparts
of refined elliptic invariants; it contains, in particular, a tropical formula for these
invariants. In Section 5, we suggest a combinatorial algorithm for computation of
the tropical invariants introduced in Section 4 (and, thus, of refined elliptic invari-
ants). The algorithm is similar to the one in [3], used for a tropical calculation of
Mikhalkin’s refined rational invariants.
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2 Real refined invariants of toric surfaces

2.1 Preparation
2.1.1 Convex lattice polygons and real toric surfaces

Consider the lattice Z? and its ambient plane R? = Z2 @ R. Let P C R? be a
non-degenerate convex lattice polygon. For a lattice segment o C R? (respectively,
a vector a € Z*\ {(0,0)}), denote by ||o||z (respectively, ||al|z) its lattice length,
i.e., the ratio of the Euclidean length and the minimal length of a non-zero parallel
integral vector.

Denote by Tor(P) the complex toric surface associated with P L. Let Tor(P)* ~
(C*)* (respectively, Tor(0P)) be the dense orbit (respectively, the union of all toric
divisors) of Tor(P). The toric surface Tor(P) has the tautological real structure,
and the real part Torg(P) of Tor(P) contains the positive quadrant Torg(P)* ~
(R-0)?. The closure Torg (P) of Torg(P)" (with respect to the Euclidean topology)
is diffeomorphically taken onto P by the moment map. We pull back the standard
orientation and the metric of P C R? to Torg (P) and induce an orientation and a
metric on the boundary dTorg (P) of Torg (P); in particular, we get a cyclic order
on the sides of P; we call this order positive. Denote by Lp the tautological line
bundle over Tor(P); the global sections of Lp are spanned by the monomials z*,
z=(21,22), w € PNZ2

For each edge o C 0P, we consider the toric curve Tor (o), its dense orbit Tor(o)*,
the real part Torg(c) of Tor(o), and the positive half-axis Torg(o)* C Tor(c)* N
Torg(c). The closure Torg (o) of Torg(c)™ coincides with Tor(a) N dTorg (P).

2.1.2 Toric degree and Menelaus condition

A multi-set A C Z*\ {(0,0)} is said to be

e balanced if the sum of vectors in A is equal to 0,

e non-degenerate if the vectors of A span R?,

TWe always skip the subindex C when speaking about complex surfaces, while for toric surfaces
over other fields F, we use the notation Torp.



e cvenif A C (2Z)%.

A balanced non-degenerate multi-set A C Z2? \ {(0,0)} is called a (toric) degree.
Any vector a in a degree A is of the form a = ||al|z - u, where u a primitive integral
vector, that is, a non-zero integral vector whose coordinates are relatively prime.

Let A C Z*\ {(0,0)} be a non-degenerate balanced multi-set. For each vector
a € A, denote by a the vector obtained from a by the counter-clockwise rotation
by 7/2. The vectors @ can be attached to each other so that the next vector starts
at the end of the preceding one in order to form a simple broken line bounding a
convex lattice polygon. The latter polygon is denoted by Pa; it is determined by A
up to translation. For a convex lattice polygon § we set A(J) to be the Euclidean

area and Z(0) to be the number of integer points in the interior of 0. In the case of
P, we shortly write A(A) and Z(A).

The elements of A are denoted by

where o ranges over the set PA of sides of the polygon Pa, and n° is the number of
vectors in A that are outer normals to o.

From now on, assume that A is even; for each 0 € P} and each i = 1,...,n°, put
2k7 = |lag||z. The notation 3A stands for the degree obtained from A by dividing
all its vectors by 2.

Definition 2.1 For each o € PJ, consider a sequence w® of n° points in Tor(c)*,
and denote by w the double index sequence (the upper index being o € PX and
the lower indezx being i = 1,...,n%) formed by the sequences w’. We say that the
sequence w satisfies the Menelaus A-condition (cf. [22, Section 5.1]) if there exists
a curve C' € |Lp,| such that C does not contain toric divisors as components and,
for each o € Pj, the scheme-theoretic intersection of C' and Tor(c) coincides with

n? 2]{}0 o
> i1 27wy .

Lemma 2.2 The sequences w satisfying the Menelaus A-condition form an alge-
braic hypersurface M (A) C HUEPi Tor (o)™

Proof. We present an explicit equation of M(A). Consider a linear functional
A : R? — R which is injective on Z?. The maximal and the minimal points of A on
Pa divide the boundary 0Pa of Pa into two broken lines ', B”, and the maximal
and minimal points of A on each side ¢ define its orientation. An automorphism
of Z2, which takes an oriented side o of P onto the naturally oriented segment
[0, || ||z] of the first axis of R?, defines an isomorphism of Tor(¢)* with C*. Denote
by &7 = (£7)%, the sequence of images in C* of the points of w?. Then, M(A) is
given by the equation

nd
I 1T =11 H il
oCP i=1 oCP i=1



|

The hypersurface M(A) is said to be Menelaus. Notice that M(A) is reducible.
More precisely, M (A) splits into 2k, components, where

ko = ged{k] : i=1,...,n% o C OPa}.

Denote by M(A),¢q the component given by the equation

IT Tk /% = I TTe) " . (1)

oCP i=1 oCR i=1

Note that the above isomorphism Tor(c)* ~ C* takes Torg(c)™ onto Ry C C*.
For any 7 > 0, denote by MZ(A) the part of M(A),.q specified by the condition
that, for each o € P}, all points of the subsequence w? belong to Torg (o) and lie
at the distance > 7 from the endpoints of Torg (o).

Lemma 2.3 For a sufficiently small T > 0, the (metric) closure Mg(A) C
[1,cop(Torg (o)™ is diffeomorphic to a convex polytope.

Proof. Since Mf(A) is given by equation (1) with positive variables & satis-
fying restrictions of the form 0 < const; < &7 < consty < 0o, the coordinate-wise
logarithm takes M &(A) onto a hyperplane section of a convex polytope. O

2.1.3 Curves on toric surfaces

Given a morphism ® : C' — Tor(Px) of a curve C' to Tor(Py), we denote by
° <I>*(6) the scheme-theoretic push-forward, i.e., the one-dimensional part of the
image, whose components are taken with the corresponding multiplicities;

~ ~

o O(C) the reduced model of ®,(C'), where all components are taken with mul-
tiplicity one;
e &*(D), where D C Tor(Pa) is a divisor intersecting @(6) in a finitely many

points, the divisor on C' which is the pull-back of the scheme-theoretic inter-
section D N ®,(C).

Denote by M, ,,(Tor(Pa), Lp,) the space of isomorphism classes of maps @ :
(é,p) — Tor(Pa), where C is a smooth curve of genus g and p C C is a
sequence of m distinct points, such that (ID*(G) € |Lp,|. Correspondingly, by
M (Tor(Pa), Lp,) we denote the compactification of the above moduli space ob-
tained by adding isomorphism classes of stable maps & : (6 ,p) — Tor(Px), where C
is a connected nodal curve of arithmetic genus g and p C C \ Sing (6 ) is a sequence

~

of m distinct points, such that ®,(C) € |Lp,|. In what follows, we work with certain

5



subspaces of these moduli spaces specified for genus g = 0 in Section 2.2, and for
genus g = 1 in Section 2.3. For any subset M C My, (Tor(Pa), Lp,), denote by
M the closure of M in the compactified moduli space M ,,,(Tor(Pa), Lpy)-

We denote by (C; - Cy), the intersection multiplicity of curves C;,Cy C Tor(Pa)
at a smooth point z of Tor(Px). By C1Cy we mean the total intersection multiplicity
of the curves Cy,Cy C Tor(Pa). Given a local branch B of a curve germ (C, z) C
Tor(Pa), we denote by ord B the intersection multiplicity of B with a generic smooth
curve through z.

Recall that deformations of a morphism @ : C' — Tor(Pa) of a smooth curve C
are encoded by the normal sheaf on C' (see, for instance, [11]):

Ny := ®*TTor(Ps)/TC

(where T denotes the tangent bundle). In the case of an immersion, Ng is a line
bundle of degree
deg Ng = ¢1(Tor(Pa))e1(Lpy) — 2. (2)

Let A = (a?, i = 1,...,n%, o € Py) be a toric degree as introduced in Section

77

2.1.2. Fix a non-negative integer ¢ < Z(A) and a non-negative integer n(o) < n?
for each o € PA such that 35 cp1 (o) < Yo cp n”. Put ng = 3, cp1 n(o) and

Nin = N — Ny, where
n = E n’ +g—1.
ceP}

Choose a sequence w of n distinct points in Tor(Pa) splitting into two subsequences:

e wy consisting of ny points in general position on Tor(0Px) so that, for each
side o € P, exactly n(o) points lie on Tor(o);

e wy, consisting of ny, points in general position in (C*)? C Tor(Pa).

Introduce the subset Mg, (A, w) C M, ,(Tor(Pa),Lp,) consisting of the ele-
ments [CD . (C, p) — Tor(Pa)| such that

e the sequence p is split into disjoint subsequences py and p,, containing ny and
nin points, respectively, and ®(p,) = wy, P(p;,) = Win;

e for each o € P}, one has
o*(Tork (o —QZk‘UUEDlv ),

where ®(p?) = w? for all p¢ € p, and WY € wy, 0 € Py, 1 < i < n(o), and
p?, n(o) < i< n?, are any points of C.

The proof of the following lemma is found in Section 3 after Theorem 3.9.



Lemma 2.4 Suppose that the sequence w s in general position subject to the loca-
tion with respect to the toric divisors as indicated above. Then, the space M ,,(A, w)

is finite. Moreover, for each element |® : (C,p) — Tor(Pa)| € My (A w), the
map ® takes C birationally onto an immersed curve C' = @(6) that, for each o € Pj,

intersects the toric divisor Tor(o) at n® distinct points and C' is smooth at each of
these intersection points.

A map @ : (C,p) — Tor(Pa) such that [® : (C,p) — Tor(Pa] € Mg (A, w) is
said to be real if

(i) the sequence w is invariant with respect to the tautological real structure on
Tor(Pa),

(ii) (C,p) is equipped with a real structure, and

(iii) @ : (C,p) — Tor(Pa) commutes with the real structures in the source and in
the target.

The set of equivalence classes of such real maps ® : (a,p) — Tor(Pa) taken up
to equivariant isomorphism is denoted by MEH(A,w). We say that an element

[@: (C,p) — Tor(Ps)] € ME (A, w) is separating if the complement in C to the
real points set RC is disconnected, i.e., consists of two connected components. The
choice of one of these halves induces the so-called complex om'entatioi> on RC as well
as on ®(RC) (in case of ® birational onto its image). Denote by MY, (A, w) the

set of separating elements [® : (C,p) — Tor(Pa)] € ME (A, w) equipped with a
choice of a half C,. of C'\ RC.

_)Following [22], we assign to each element & = ([@ : (C,p) — Tor(Pa)],Cy) €
M5 (A w) its quantum index

Qg =7 [ o (m) o= [, 22 = |z, 3)

w2 J& T129

with 21, 29 coordinates in the torus (C*)? ~ Tor(Pa)* such that the form dx; A dxy
agrees with the orientation of Torg (Pa) defined in Section 2.1.1. By [22, Theorem
3.1], if all intersection points of ®(C) with the toric divisors are real, then QI(¢) € Y/
and [QI(§)| < A(A).

2.2 Refined rational invariants

In the notation of Section 2.1.3, assume that

g=0, mny =0, na:n:Zn"—l, and w = wy C dTorg (Pa).

UEPi



In particular, for all ¢ € PA but one, n(c) = n?, and for the remaining edge T,
we have n(1) = n” — 1. Note that for a given w, there exists a unique point
w?. € OTorg, (Pa) such that the sequence w := w U {w’, } belongs to the Menelaus
hypersurface M(A).

Denote by M the subset of M(A) formed by the above sequences w such that
Mo.n(A, w) satisfies the conclusions of Lemma 2.4. The closure

U ME.(A w)

we My

is naturally fibered over the space of sequences w C dTorg (Pa), and for the sake of
notation, we denote the fibers by M](lin(A? w).

Consider the subset /\/léRi’:(A,w) C MG, (A, w), formed by the elements [ :
(P',p) — Tor(Pa)] such that ®(RP') C Torg (Pa) M. For every [® : (P!, p) —
Tor(Pa)| € M]gi’:(A, w), the curve C' = ®(P') intersects each toric divisor Tor(c)
in points w?, 1 < i < n?. Hence, each element ¢ of the set

MEF (A, w) ={([@ : (P', p) — Tor(Pa)],PL) € ME (A w)
[@: (P!, p) — Tor(Pa)] € My (A, w)}

possesses a quantum index QI(¢) € 1Z.

Furthermore, if w € M, then (see [16, Section 1.1]), there is a well-defined
Welschinger sign

Wo©) = ()@ [ e&uD). (4)

o€P}, 1<i<n®
k;’ =0 mod?2

where e, (C) is the number of elliptic nodes of C' = ®(P!) in the positive quadrant
Torg; (Pa) that arise from a real nodal equigeneric deformation of all singular points
of C in Torg (Pa), and (¢, w?) equals 1 or —1 according as the complex orientation
of RC' = ®(RP') at wy agrees or not with the fixed orientation of dTorg (Pa).

For each k € 1Z such that |k| < A(A), put

ceMB Tt (Aw)
QL(§)=x

Theorem 2.5 For each r € 37 such that |k| < A(A), the value W (A, w) does
not depend on the choice of a generic sequence w C Torg (Pa).

We prove this theorem in Section 2.4.

Remark 2.6 Theorem 2.5 slightly generalizes the statement of [22, Theorem 5].

UNote that ME’I(A, w) C MG, (A w) when there exists a connected component of
Torg(Pa)* \ Torg(Pa)™ such that the boundary of the component coincides with dTorg (Pa).
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Definition 2.7 Following Theorem 2.5, we introduce the numerical invariants
! 1
Wi () = (=) (1) AD=WE(A w),  where w € 5L 6l < A(A),
and the refined invariant

Bo(A) = Y WA

KELZ, |K|<A(A)

Theorem 2.8 Invariants W (A) vanish for all k & 27 and for all k € 27 such
that k # A(A) mod 4.

The proof is found in Section 4 after Theorem 4.28. The invariant &,(A) can be
computed via the formula in [3, Theorem 3.4].

2.3 Refined elliptic invariants

In the notation of Section 2.1.3, assume that

g=1, ny,=1, nyg= Z n” —1, wy C dTorg(Pa), wi, ={we} C Q,

O’EP&

where 9 is an open quadrant in Torg(Pa)* \ Torg (Pa). As in the preceding section,
for all o € PA but one, n(c) = n?, and for the remaining edge 7, we have n(r) =
n™ — 1. Note that for a given w, there exists a unique point w?. € dTorg (Pa) such
that the sequence wy := wy U {w’.} belongs to the Menelaus hypersurface M(A).

Denote by M; the set of pairs (W, wp) € M(A)xQ such that the set My ,,(A, w)
satisfies the conclusions of Lemma 2.4. The closure

) ME.(A w)

we My

is naturally fibered over the space of sequences w C dTorg (Pa) x £, and we denote
the fibers by M?n(A, w).

Consider the subset M?’J(A, w) C M}, (A, w), formed by the elements
[® : (E,p) = Tor(Pa)], where E is a smooth elliptic curve,

defining real curves C' = ®(E) C Tor(Pa) that have a one-dimensional real branch
in Torg (Pa) and that intersect the toric divisor Tor(c) in w¢, 1 < i < n?, for all
o € P). It follows from Lemma 2.4 that for (wy,wy) € Mj, the curve C has two
one-dimensional branches, one in Torg (Pa) and the other in the closed quadrant
containing the point wy. This defines a unique real structure on E whose fixed point
set RE consists of two ovals, making ® : £ — C' a separating real curve. The choice
of a component of E \ RE defines a complex orientation on the one-dimensional

branches of RC.



We impose a further restriction to the choice of the quadrant Q O {wy} dictated
by our wish to avoid specific wall-crossing events that may occur in the proof of the
invariance of the count to be defined below: first, the escape of a real one-dimensional
branch of counted curves out of the positive quadrant and, second, degenerations in
which the union of the toric divisors splits off.

Definition 2.9 We say that the quadrant Q C Torg(Pa)* satisfies the admissible
quadrant condition (AQC) if the closure Q of Q shares with dTory, (Pa) at most one
side.

Example 2.10 Let d, di and dy be positive integers. Condition (AQC) imposes no
restriction on the choice of Q in the case of the triangle conv{(0,0), (d,0), (0,d)}
(the convex hull of the points (0,0), (d,0), (0,d)) having the projective plane P? as
associated toric surface, while for the rectangle conv{(0,0), (dy,0), (dy,ds2), (0,ds)}
which has P! x P! as associated toric surface, the condition autorizes only the quad-
rant 9 defined by the inequalities 1 < 0 and x5 < 0.

— —
Denote by M (A, w) the subset of ME (A, w) formed by the elements

1n
([® : (B, p) — Tor(Pa)L,E,)
such that [® : (E,p) — Tor(Pa)] € ./\/l]i;j(A,'w) and E; is a half of E \ RE.
According to [22, Theorem 1], each element £ of /W%j(A, w) has a quantum index
QI(¢) € 3Z, |QI(E)| < A(A) (defined by formula (3) with the integration domain
E,), and for w such that (wy,wy) € My, according to the argument in [16, Section
1.1], there is a well-defined Welschinger sign

Wi(€) = (=)@ ()Mo I e, ()

oeP), 1<i<n®
k;’ =0 mod?2

where h(C, ) is the number of hyperbolic nodes of C' = ®(E) in the quadrant
that arise in any real nodal equigeneric deformation of all singularities of C' in Q
(here eg(C') and (&, wY) are straightforward analogs of the corresponding ingredients
in formula (4)).

For each k € 1Z such that |k| < A(A), put

W A,w) = Y Wi(E). (6)
EG./\_}lDf::(A,w)
QL(&)=xr

Theorem 2.11 The value W}(A, w) does not depend on the choice of a generic w
subject to the following conditions: wy C OTorg (Pa) and wy € Q, where Q is a
fixed non-positive quadrant satisfying (AQC).

We prove this theorem in Section 2.5.

10



Definition 2.12 Following Theorem 2.5, we introduce the numerical invariants

=

WEA, (0, 6)) = (~ DTG () AODE A ), where 5 € 7, |8 < A(),

and the couple (o, B) € (Z/27)* is defined via
Q= {(z,y) e R?*| (1) > 0,(~1)’y > 0} (7)

We introduce also the refined invariant

051(A> (Oé,ﬁ)) = Z Wf(A,(Oz,ﬁ))q”.

KELZ, |K|<A(A)

Theorem 2.13 Invariants W (A, (a, B)) vanish for all k & 27 and for all k € 27
such that K # A(A) mod 4.

The proof is found in Section 4 after Theorem 4.28.

2.4 Proof of Theorem 2.5

Consider two sequences w(0) and w(1) satisfying the hypotheses of Theorem 2.5.
We may assume that w(0),w(1) € ME(A) for some 7 > 0, and we can join these
sequences by a generic path {w(t) }o<t<1, entirely lying in MZ(A). To prove Theorem
2.5, we need to verify the constancy of WJ(A,w(t)) in all possible wall-crossing
events along the chosen path, for all x.

First, we verify that W (A, w(t)) does not change along intervals t' < ¢ < ¢’
such that

Mo (A w(t) = MEF(Aw(t) and @(t) € My, forall ¢ <t<t’. (8)

To this end, we show that the projection of M]é%’;r(A,w(t))t%Ktu to the interval

(¢, t") does not have critical points. In such a case, the family ME:(A, w(t))y <t
is the union of intervals trivially covering (¢',¢”), and hence it lifts to a trivial
family of complex oriented curves and the quantum index persists along each of the
components of the latter family.

It is convenient to look at the elements w € MF(A) as follows: pick some pair
(00,10), where og € PX and 1 < iy < n, and think of w;? as a mobile point, whose
position is determined by the other points w¢ € w via the Menelaus condition. Put
C = &,(P'). Observe that the tangent space at C' to the family of curves C’ € |Lp, |
intersecting Tor(o) at wy (where (o,4) # (00, %)) with multiplicity at least 2k7 can
be identified with the linear system {C’ € [Lp,| : (C" - C)ye > 2k7}. In turn, the
tangent space at C' to the family of curves C” € |Lp, | intersecting Tor(cy) at a point
close to w;’ with multiplicity at least 2k;° can be identified with the linear system
{C" € |Lp| : (C"- C)wfoo > 2k7 — 1}. Then, the required transversality amounts

to the following statement.

11



Lemma 2.14 Let £ = [® : (P!, p) — Tor(Pa)] € /\/l](li’;(A,w(t)) with some t €
[0,1]. Then,

H° (Pl,/\/q, (— Z 2k7p7 — (2k3° — 1);;;’;))

oF£00,i7il0

- gt (Pl,./\/:p (— Z 2k p? — (2]{%0 — 1)p§00>> =0.

0F00,i#i0

Proof. We have

deg Ny (— > 2kTp7 — (2K - 1)ng°> @ _1s 2
o#00,iF#l0

Thus, the claim of the lemma follows from the Riemann-Roch theorem. O

The set of elements w € Mg(A) satisfying (8) is a dense semialgebraic subset
of full dimension dim Mg(A) = n. The complement is the union of finitely many
semialgebraic strata of codimension > 1. Since the path {w(¢)}o<i<1 is generic, it
avoids strata of Mf(A) of codimension > 2 and intersects strata of codimension one
only in their generic points.

Now we characterize elements & € ﬂ?:(A, w(t))o<t<1 \Mlgi’;(A, w(t))o<i<1 and

specify those of them which are generic elements of strata of dimension n — 1.

~

Lemma 2.15 (1) The following elements & = [ : (C,p) — Tor(Pa)] cannot occur
R
in Mo, (A, w())osis \ MG (A, w(t))oziza:

(1i) C is a reducible connected curve of arithmetic genus 0 with a component
mapped onto a toric divisor;

(1ii) C is a reducible connected curve of arithmetic genus 0 with at least three irre-
ducible components.

(2) If € = [® : (C,p) — Tor(Pa)] € Mo (A, w(t)), where W(t*) is a generic
element in an (n — 1)-dimensional stratum in ME(A)\ My, then £ is of one of the
following types:

(21) w(t*) consists of n + 1 distinct points, C ~ P!, the map ® is birational onto
its image and satisfies the following: either it is smooth at w(t*), but has
singular branches in Tor(Pa)* or it is an immersion everywhere but at one
point wf (t*), where it has a singularity of type Asp, m > kY, and, furthermore,

1)

C = ®(C) is smooth at each point of W(t*) \ {w? (t*)};

(2ii) two points of the sequence w(t*) coincide (wf(t*) = w(t*) for some o € Py
and © # j) and C ~ P!, the map ® being an immersion such that the point
wy (t*) = w(t*) is a center of one or two smooth branches;

12



(2iii) w(t*) consists of n+ 1 distinct points, C = C’l U C’g, where C’l 02 ~ P! and
01 N Cg s one point p, each map P : C — Tor(Pa), i = 1,2, is either an
immersion smooth along Tor(OPA), or a multiple covering of a line intersecting
only two toric divisors, while these divisors correspond to opposite parallel sides
of Pa and the intersection points with these divisors are ramification points of
the covering; furthermore, either ®(p) € Tor(Pa)* and then all intersection
points of the curves C; = ®(Cy), Cy = ®(Ch) are ordinary nodes, or w =
®(p) € w(t*), and in the latter case at least one of the maps ® : C; — Tor(PA)
is birational onto its image and the curves Cy = ®(Cy), Cy = ®(Cy) do not
have common point in w(t*) \ {w};

(2iv) Pa is a triangle, n = 3, two points of the sequence w(t*) coincide, the curve
C = ®(P') is rational and smooth at w(t*), and ® : P! — C is a double
covering ramified at two distinct points of w(t*).

Proof. (1i) A toric divisor Tor(o) cannot split off alone, since, otherwise, in the
deformation along the path {w(t)}o<i<1, the intersection points with the neighboring
toric divisors would yield points on these toric divisors on the distance less than 7
from the corners of Torg (Pa). For the same reason we obtain that only all toric
divisors together may split off, while their intersection points must smooth out in
the deformation. However, this contradicts the rationality of the considered curves.

(1ii) First, note that ®(C) intersects Tor(9Px) only at w(t*). Furthermore, if
the images of two irreducible components C’l, C’g of C contain the same pomt wy (%)
that is different from any other point w?(¢*), j # i, then wf(t*) = (Cy N Cy) (cf.
Lemma 2.4). Due to the genus restrlctlon it follows that the sequence w(t*) satisfies
at least three Menelaus conditions, which cuts off MZ(A) a polytope of dimension
< n — 2, contrary to the dimension n — 1 assumption.

Let & satisfy the hypotheses of item (2).
(2i) Let C' ~ P and @(t*) consist of n + 1 distinct points. If all points w? (")
are smooth, then we get the case (2i).

Suppose that C' = ®(P!) is singular at some point w?(¢*). Note that & must
be unibranch at each point of w(¢*). Since & is a genetic element of an (n — 1)-
dimensional family in M, ,(A), fixing the position of wy, we obtain a family of
dimension > n — 2. Applying [16, Inequality (5) in Lemma 2.1], we obtain

> lollz =2+ (Z lo||z —n) +(n—3)+» (ordB—1)

ocCOP oCOP

Z ||0||Z—1+Z ordB — 1)

ocCOP

where B ranges over all singular branches of £, and hence ¢ has a unique singular
branch, and this branch is centered at w{ (¢t*) and has multiplicity 2. Thus, the type
of the singularity must be As,,, m > k7.

13



(2ii) Suppose that C' ~ P! and some of the points of the sequence @(t*) coincide.
For the dimension reason, the number #(w(t*)) of points in w(t*) is equal to n — 1
(i.e., wf(t*) = wi(t*) = w for some 0 C P and i # j), and all these n —1 > 2
points are in general position subject to the Menelaus relation (1). If n — 1 = 2
then the claim of item (2ii) is fulfilled by [28, Lemma 3.5]. Assume that n —1 > 3.
If C = ®(C) is unibranch at each point of w(¢*), then, by Lemma 2.4, the curve C
is immersed and smooth along the toric divisors. If C' is not unibranch at w, then
by Lemma 2.4 it has two local branches at w; furthermore, C' must be unibranch
at each point wg (t*) # w and, in addition, smooth if £ > 2 due to Lemma 2.4
and claim (1ii). Let us show that C' is immersed. Fixing the position of w and the
position of one more point w’ € w(t*) \ {w}, we obtain a family of dimension at
least n — 3 > 1; thus, [16, Inequality (5) in Lemma 2.1] applies:

c1(Tor(Pa))er(Lpy) > 2+ (c1(Tor(Pa))ei(Lpy) —n+2) + Z(ordB — 1)+ (n—4)

= ¢1(Tor(Pa))er(Lp,) + Z(OrdB -1,

where B runs over all singular local branches of C' in Tor(Pa)* U{w, w'}, and hence
C' is immersed.

(2iii)) We are left with the case of C = 61 U 62, where 61 ~ 62 ~ P! and
Cy N Cy = {p} is one point. For the dimension reason, the points of @(t*) are
in general position subject to exactly two Menelaus conditions (induced by the
components of 6), and they are all distinct. Each of the curves C;, C5, which
passes through at least three points of w(t*), is immersed and smooth along the
toric divisors and has even intersection multiplicity with Tor(0Pa) at any point, by
Lemma 2.4. If C; or Cy passes through exactly two points of w(t*), then it is a
multiple covering of a line as described in item (2iv). Let ®(p) € Tor(Pa)*. Then,
by Lemma 2.4, the curves C and Cy do not share points in w(¢*), and we claim that
all their intersection points are ordinary nodes. Due to the genericity assumptions
for w(t*), we have to study the only case of both € and Cy immersed. If we
freely move the points of C; Nw(¢*) so that the corresponding Menelaus condition
induced by C} retains, and fix the curve Cs, then the persisting tangency condition
of a germ ® : (C4, q) — Tor(Pa) to the curve Cy would yield that the tangent space
to the considered family of curves in the linear system |C}| would be contained in
H°(Ch., Og, (dy)), where

degd; = CF — (C} — ¢1(Tor(Pa))[C1] + 2) — (c1(Tor(Pa))[Ch] — #(w(t*) N Cy)) — 1

=#w(t)NC) =3> -2,

and hence, by the Riemann-Roch theorem,
hO(Ch, O, (d)) = #(W(t")NCy) —3+1 = #(@()NC1) —2 < #WE)NCy) -1,

which is a contradiction.
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(2iv) Suppose that ® : P — Tor(Pa) is an s-multiple covering onto its image,
s > 2. For the dimension reason, the sequence w(t*) contains at least n distinct
points. If w(t*) consists of n — 1 distinct points, then at each point of w(¢*) we have
the ramification index s; hence, by the Riemann-Hurwitz formula, we get

2<2s—(s—1)(n+1), (9)

which gives n < 1; the latter inequality contradicts the fact that n 4 1 is bounded
from below by the number of sides of Pa. If the sequence w(t*) contains only n
distinct points, we have n > 3. Note that ® has an irreducible preimage in at least
n — 1 points of w(¢*) with ramification index s, and hence n = 3 (cf. (9)). It also
follows that there are no other ramifications and that s = 2, since the remaining
point of w(t*), where ® is not ramified, lifts to at most two points in P!. Thus, we
are left with the case described in item (2iv) of the lemma. O

We complete the proof of Theorem 2.5 with the following lemma.

Lemma 2.16 Let {w(t)}o<i<1 be a generic path in ME(A), and let t* € (0,1) be
such that M?n(A,w(t*)) contains an element & as described in one of the items
of Lemma 2.15(2). Then, for each k € 37 such that |k| < A(A), the numbers
Wg(t) = WE(A,w(t)) do not change as t varies in a neighborhood of t*.

Proof. We always can assume that in a neighborhood of t*, the path {w(t) }o<t<1
is defined by fixing the position of some n — 1 points of w(t*), while the other
two points remain mobile (the choice of the two mobile points may depend on the
considered degeneration). We also notice that, in the degenerations as in Lemma
2.15(2i,2ii), the source curve and its real structure remain fixed, which implies that
the quantum index is constant in these wall-crossings. Except for the case of Lemma
2.15(2iii) describing reducible degenerations, we work with families of curves which
are trivially covered by families of complex oriented curves so that the quantum
index persists along each component of the family of oriented curves.

(1) Suppose that £ € mﬁ’:(A,w(t*)) is as in Lemma 2.15(2i) and, moreover,

if it has a singular branch at w{(t*), then kf = 1. We derive the constancy of
WEt), |t —t*] < § from [15, Lemma 15] and [16, Lemma 2.4(1)]. To this end,
we have to establish the following transversality statement (cf. [15, Lemma 13]).
Choose a sufficiently large integer s. For each point z € Sing (C') NTor(Pa)*, we set
I, = I°"(C, z)/mé C Oc,./m, the quotient of the conductor ideal by the power
of the maximal ideal, which can be viewed as the tangent cone to the stratum
parameterizing equigeneric deformations (see [5, Theorem 4.15]). For each point
w = wf(t*), where C' is smooth and which is fixed, respectively, mobile, we set

I,={v€0cu : (¢-C)y>2kI}/m] C Ocy/m;,

respectively, I, ={p € Ocw : (@-C)y > 2k7 —1}/m’, C Oc/m

w )

which can be viewed as the tangent space to the stratum parameterizing deforma-
tions that keep the intersection number with Tor(o) at w, respectively, in a nearby
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point on Tor(o). For each point w = w{(t*) with kY = 1, where C is singular (i.e.,
has a singular branch of type As,,, m > 1) and which is fixed, respectively, mobile,
we set

ILo={p €0cu : (p-C)y>2+2m}/m; C Ocy/m,, ,
resp. I, ={9p € Ocw : (¢-C)y >14+2m}/m;, C Oc,/m;, ,

which can be viewed as the tangent cone to the stratum parameterizing equigeneric
deformations with the fixed intersection multiplicity 2 with Tor(¢) at w, respectively,
at a nearby point on Tor(o) (see [16, Lemma 2.4(1)] and [30, Lemma 3(1)]). The
required transversality is as follows: the natural image of the germ of the linear
system |Lp,| at C t0 [ csing (c)nmor(pa)x Ocz/ME X [Lucw(r) Ocw/m;, intersects
there transversally with HzeSing (©)nTor(Pa)* Lz % Hwew(t*) I,. The cohomological
reformulation amounts to

HY(P', Opi(d)) =0, (10)
which holds in view of
degd = C* — > dim Oc./L. — Y dimOc, /Ly
z€Sing (C)NTor(Pa)* wew(t*)

= 02 — (02 — Cl(TOI(PA))Cl(ﬁpA) + 2) — (Cl(Tor(PA))Cl('CPA) - 2) =0>-2.

The established transversality reduces the constancy of W{(t) to the constancy
of the count of Welschinger signs when varying germs (C, z) and (C,w) for z €
Sing (C') N Tor(Pa)* and w € Sing (C') N w(t*). Thus, the constancy in the former
variation follows from [15, Lemma 15] (see also [15, Lemma 13]), while the constancy
in the latter variation follows from the fact that the equigeneric stratum, which we
consider in O¢,,,/m{,, is smooth (see [30, Lemma 3(1)] and [16, Lemma 2.4(2)]), and
the local count of Welschinger signs is invariant by [16, Lemma 2.4(1)].

(2) Suppose that £ € Mﬁi’:(A, w(t*)) is as in Lemma 2.15(2i) with a singularity
at a point w{ (t*) of type As,, m > k7. We can assume that the path {w(t)};—¢|<c
is such that n — 1 points of w(t), including wy(t), stay fixed, whereas the other
two points move keeping the Menelaus condition. We claim that the germ at &
of the family {/ngi:(A,w(t))}u,t*Ke is smooth and regularly parameterized by
t € (t* —e,t" +¢). By [5, Theorem 4.15 and Proposition 4.17(2)] and [30, Lemma
3(1)], it is sufficient to prove that

HY(C, T0(C)) =0, (11)

where C' = ®(P') and Jz/c C Oc is the ideal sheaf of the zero-dimensional scheme
Z C C concentrated at w(t*) U Sing (C') and given (cf. Step (1) of the proof)

e by the ideal I, = {¢ € Oc : orde| > 2k%'} at each point w = wg (t*) €
w(t*) \ {w?(t*)}, which is fixed as [t — t*| < e,

e by theideal I,, = {¢ € Oc, : ordgo!w > 2k% —1} at each point w = w (t*) €
w(t*) \ {w?(t*)}, which moves as |t — t*] < ¢,
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e by the ideal I, = {¢ € Oc, : ordcp‘w > 2k7 + 2m} at the point w = w (t*)
(here, in the notations of [30, Lemma 3(1)], s = 2k7 and §(C,w) = m),

e by the conductor ideal I§7* at each point z € Sing(C) \ {wf(t*)} (for the
definition of the conductor ideal see, for instance, [5, Section 1, item (iii)] and
[12, Section 1.3.4, item “Semigroup and Conductor”]).

Thus, the desired relation (11) turns into
H'(P', Opi(d)) =0,
(cf. (10)), where the divisor d has degree

degd=C"— Y dimOc./L.— > dimOcu/L,

z€8Sing (C)\w(t*) wew(t*)

=C? — (C* — c1(Tor(Pa))er(Lp,) +2) — (cr(Tor(Pa))er(Lpy) —2) =0 > =2,
which, finally, confirms (11).

In suitable conjugation-invariant local coordinates x,y in a neighborhood U C
Tor(Pa) of w := w? (t*), we have w = (0,0), Tor(c) = {y = 0}, Torg (Pa) = {y > 0}.
Since the real part of the germ (C, w) lies in Torg (Pa), without loss of generality we
can suppose that (C,w) = {F(z,y) := y* — 22"y + 2% + h.o.t. = 0}, where k := k?.
Set t; =t — t*. Then, the germs [®,(P'), w], where & = [®, : (P!, p,) — Tor(Px)]
ranges over the germ at & of the family {M?i(A,w(t))}u_mq, are given by an
equation

k—1
Fy(w,y) = F(z,y) + > 8 (a0 + Ot)aly + > by(t)a"y? =0, (12)

j=0 p+kq>2k

where ag; # 0 and b,,(0) = 0 for all p,q in the range. The tropical limit of the
germs [®;(P'), w] as t — t* or, equivalently, t; — 0 (for the detailed description
of the tropical limit, see Section 3.2 below) defines the subdivision of the Newton
polygon P(F}) of Fi(z,y) into the triangle 77 = conv{(0, 1), (0,2), (2k,0)} and the
Newton polygon P(F) of F (see Figure 1(a)). Note that, since the curves ®;(P!)
are rational, the triangle 7} is not subdivided further, and the corresponding limit
curve

k-1
Cy = {Zajlxjy+y2—2xky+x2k :O} (13)
=0
is rational. Moreover, since the curve C'is unibranch at w, the limit curve C'z defined
by the polynomial F in the surface Tor(P(F')) is unibranch at the intersection point
with the toric divisor Tor([(0,2), (2k,0)]). Hence, C} is unibranch at its intersection
point with the toric divisor Tor([(0,2), (2k,0)]), because otherwise, the union of the
limit curves C; and Cr would deform into a non-rational curve contrary to the fact
that the curves ®(P!) are rational. By [28, Lemma 3.5], the curve C is smooth at
the intersection points with the toric divisors.
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2k 2%k—1  2m+1
(a) (b)
Figure 1: Proof of Lemma 2.16, part (2), I

We perform the modification of the above tropicalization along the toric divisor
Tor([(0,2), (2k,0)]) (see the details in Section 3.3). Recall that the curve C has
singularity of type As,, at w, and hence there exists a coordinate change

r=a, y=y + @)+ Z c;(2'), (14)
k<j<m

which converts the polynomial F(z,y) into a polynomial
F,(l’/’ y/) = (y/)2 —|— a2m+1,0(a:’)2m+1 + h.O.t., a2m+170 7é 0 .

There exists a deformation of the coordinate change (14)

r=a/, y=y+1+0t) + 3 (o +O(t)a? | (15)

k<j<m

which turns the family of polynomials Fy, (x,y), |t1] < &, into the family

k—1 2m
Fi (o y) =Y 7 an +0t) @)y + Y (a0 + O(t)) (@'Y

j=0 j=2k—1

+(y)*(1+0(t1)) + ()" (azms10 + O(t1)) + hoo . (16)

The tropical limit of the latter family of polynomials defines the subdivision of the
Newton polygon P(F_t;) into the triangles

Ty = conv{((0,2), (0,1), (2k — 1,0)}, T3 = conv{(0,2), (2k — 1,0), (2m + 1,0)} ,

and the Newton polygon P(F") (see Figure 1(b)). Moreover, in principle, the triangle
T3 can be subdivided further. Taking into account that all limit curves associated
with the considered tropical limit must be rational and that the coefficients of F} at
the interior integral points of T3 vanish, the triangle T3 can be subdivided only into
triangles of type conv{(0,2), (25" — 1,0),(25” + 1,0)} with some k£ < j' < 57 < m.
The function v : {2k — 1,2k, ...,2m + 1} — Z in the exponents of ¢; in (16) (with
the extra value v(2m + 1) = 0) extends to a convex piecewise-linear function on
the whole segment [(2k — 1,0), (2m + 1,0)] with linearity domains induced by the
subdivision of the triangle 75. We make two remarks.
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e Since the germ at £ of the family {/V](li’:(A, w(t))}t—s+|<e is smooth and reg-
ularly parameterized by t; (see the beginning of Step (2)), we derive that
pu(2m) = 1.

e Since the linearity domains of v are segments of even length, the value v(2k—1)
is even. On the other hand, formulas (15) yield that v(2k — 1) = «, and
hence all exponents of ¢; in the leading terms of the coefficients of F}, at 27y,
0 < j <2k —1,are even (see (12)). This means, in particular, that the limit
curve C given by (13), contributes to the curves ®;(P') the same collection of
real nodes with the same location with respect to Tor(co) both for ¢ < t* and
for t > t*. Hence, these singularities contribute the same factor to Wy(&;) for
t <t* and for t > t* (cf. formula (4)).

Now we analyze the contribution of the limit curves associated with the fragment
T3, and we consider the only case when T3 is not subdivided. The other cases can
be treated similarly. So, we have the limit curve

C3 = {(3/)2 + ) ) = 0} ,

j=2k—1
which must be rational, and this yields that

2m+1

7 4@ = asmiro(@)* Q)2 degQ=ri=m—k+1,

j=2k—1

while the nodes of Cj5 are (A;,0), j = 1,...,r, with the numbers \; being the roots of
(). Denote by r, (respectively, r_) the number of positive (respectively, negative)
roots of (). Without loss of generality we can assume that ag;,4+10 < 0. Then, the
curve C5 has r; hyperbolic nodes and r_ elliptic nodes. In view of formulas (15),
the nodes of Cj5 yield the nodes

(tl()\j+0(t1)), tlf()\f—i‘O(tl))), j = 1,...,7’ 3

of the curve ®;(P'), where t; = ¢ — t*: for t;\; > 0 a hyperbolic node, for t;\; < 0
an elliptic one.

Thus, if k is odd, then, for t > t* (respectively, t < t*), the curve ®;(P!) gets
ry (respectively, r_) hyperbolic nodes in Tor(Pa)™ and r_ (respectively, r, ) elliptic
nodes outside Tor(Pa)*. None of these nodes contributes to the right-hand side of
(4), and hence Wy (&) remains constant as 0 < [t — t*] < e.

If k£ is even, then the curve ®;(P') gets r, hyperbolic and r_ elliptic nodes in
Tor(Pa)™ if t; > 0, and gets r_ hyperbolic and r elliptic nodes in Tor(Px)" if
t1 < 0. Suppose that r is even. Then r, = r_ mod 2, and hence the first product
in the right-hand side of formula (4) for Wy(&;) remains constant. In turn, the
orientation of the real local branch of ®;(P!) at w remains the same (see Figure
2(a,b)), and hence the second product in the right-hand side of (4) remains constant
as well. Suppose that r is odd. Then r, = r_ +1 mod 2, and hence the first
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t <t t>t*

(2) (b)
t <t t >t
" i

(c) (d)

Figure 2: Proof of Lemma 2.16, part (2), II

product in the right-hand side of formula (4) for Wy(&) changes sign as ¢ passes
through t*. However, the orientation of the real local branch of ®;(P!) at w changes

(see Figure 2(c,d)), which causes the change of sign in the second product in the
right-hand side of (4).

Thus, W[ (t) remains constant in the considered bifurcation.

(3) Suppose that ¢ is as in Lemma 2.15(2ii). Here we choose a path {w() }o<i<1
defined in a neighborhood of ¢* so that the point w{(¢) is fixed and the point w;(t*)
is mobile (together with some other point of w(t)). Since C' is immersed, we extract
the required local constancy of W§(t) from the transversality relation (10) and the
smoothness of the two following strata in O¢,,/m;,:

e one stratum parameterizes deformations of a smooth branch intersecting
Tor(o) at w with multiplicity 2(k7 + k7) into a smooth branch intersecting
Tor(o) at w with multiplicity 2k{ and in a nearby point with multiplicity 2k,

e the other stratum parameterizes deformations of a couple of smooth branches
intersecting Tor(o) at w with multiplicities 2k and 2k¢, respectively, into a
couple of smooth branches, one intersecting Tor(o) at w with multiplicity 2&7

and the other intersecting Tor(o) in a nearby point with multiplicity 2k.

Both smoothness statements are straightforward.

(4) Suppose that £ is as in Lemma 2.15(2iii) and ®(p) € Torg(Pa);. We closely
follow the proof of [22, Theorem 5], providing here details for the reader’s conve-
nience. Consider the path {w(t)}o<;<1 locally obtained from w(¢*) by moving one
point of w(t*) N C; and one point of w(t*), while fixing the position of the other
points of w(t*). Then, we obtain a smooth one dimensional germ in My ,(A), which
locally induces a deformation of the hyperbolic node CD(@ ,p) equivalent in suitable
local coordinates in a neighborhood of z = ®(p) to uwv = A(t) with A a smooth
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Figure 3: Proof of Lemma 2.16, part (4)

function in a neighborhood of t* such that A(t*) = 0 and N (¢*) > 0 (see Figure
3(a)). The smoothness and the local deformation claims are straightforward from
the (standard) considerations in the proof of [15, Lemma 11(2)], which reduce both
claims to the following h'-vanishing (cf. [15, Formula (16) and computations in the
first paragraph in page 251]):

W(Cy,0p,(ds)) =0, s=1,2, (17)
where
degd, = C? — (C? — ¢1(Tor(Pa))[Cs] 4+ 2) — (e1(Tor(Pa))[C] — 1) = =1 > —2,

and hence (17) follows.

Now we analyze the change of quantum and pass to consideration of complex
oriented curves. Denote by Ci and C’jE the connected components of C’l \RC’l
and C’Q \ RCQ, respectively. When t varies around t*, the curve 01 U 02 turns
into P!, and we encounter two types of deformations: either Cl ,Cl glue up with
02 ,02 , respectively, or Cl ,Cl glue up with C’2 ,02 , respectively. The type of the
deformation agrees with the local complex orientation of the central curve as shown
in Figure 3(b). This means that if for ¢ < ¢* one encounters a deformation of the first
type, then for ¢ > t* it is of the second type, and vice versa. In terms of the quantum
indices, this means that, on one side of the path {w(t)};—¢|<., where 0 < e < 1, we

%
have two elements of M][Ii’,j(A, w(t)) with quantum indices k1 + K2, —K1 — K2, while
on the other side, k1 — kg, Ky — K1, where ks = QI(® : (C, aj) — Tor(X)), s =1, 2.
We intend to show that, along the path {w(t)}—s|<c, we simultaneously observe

several bifurcations of the elements of Mﬁ’;(A, w(t)) on each side of the path, each
value of the quantum index ki + K9, —K1 — Ko, K1 — kg, Ko — K1 appears exactly r
times, where r is either the half of the number of hyperbolic nodes in C; N Cy if
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Q)’ & CIJ‘ &, both are immersions, or the number of hyperbolic nodes in C; N Cs if one
of CI>| &, (P{ &, is a multiple covering, or 2 if <I>| ok <I>’ &, both are multiple coverings.

Note that, for the given C}, Cy and multiplicities of the covering (if any), we have
2r distinct maps ® : C; U Cy — Tor(Pa) with the images @(6) =Cs, s = 1,2,
that are distinguished by the choice of a hyperbolic node in €7 N Cy which is the
image of p = 01 N C’z In case of both <I>‘ &, ,<I>| &, immersions, with the induced

by Cfr and C; complex orientations, we can compute the intersection multiplicity
RCY o RCy = 0 by summing up the local multiplicities at the hyperbolic nodes in
Cy N Cy. This yields, first, that the number of these hyperbolic nodes is even and
that the numbers of positive and negative intersections of RC1, RCy equal 7. Let
d:CLUC, — Tor(Pa) deforms into ®® : P! — Tor(Pa) as t* < t < t* + ¢.
Then for any point p’ # p = Ci N Cy the germ @(6,])’ ) never intersects with
the corresponding deformed germ ®® (P!, p!) except for the two cases when p’ is
mapped to one of the mobile points of w(¢*). Further on, the curves C; U Cy and
C® = ®®(P') do not intersect in a neighborhood of the hyperbolic node z = ®(p).
This is a consequence of the Bézout’s bound and [13, Theorem 2] (see also [12,
Lemma I1.2.18]): in a neighborhood of each singular point 2’ of C} U Cy except
for z, we have at least 20(Cy U Cy,2’) intersections (which is twice the sum of
pairwise intersection multiplicities of distinct local branches at 2’), at each fixed
point w?(t*) at least 2k¢ intersections, and in a neighborhood of a mobile point
w? (t*) at least 2k — 1 intersections, which altogether amounts to ¢;(Lp,)?. That
is, the geometry of the deformation ®® : P' — Tor(Pa), 0 < t < t + ¢, is as
follows: starting in a neighborhood of the mobile point w{(t*) € C4, the immersed
circle RC® goes in a neighborhood of RC; always on the same side of RC, (with
respect to the coorientation of RC} induced by the complex orientation), say, in the
positive side as shown in Figure 3(c) (where RC® is designated by the dashed line),
until it arrives to a neighborhood of the smoothed out node z € Cy N Cs, where
we observe a deformation as shown in Figure 3(c). It follows that if z carries the
positive intersection multiplicity, then the complex orientations of C® correspond
to a pair of quantum indices k1 — kg, kKo — K1, and if z carries the negative intersection
multiplicity, then the complex orientations of C® correspond to a pair of quantum
indices k1 + ko, —k1 — ko. This completes the proof of the constancy of the numbers
W (t) along the path {w(t)}i—¢|<e-

The cases when one or both maps <I>’ ok (I>‘ a, are multiple coverings of their images
can be treated in the same way, we leave the details to the reader.

(5) Suppose that £ is as in Lemma 2.15(2iii) and ®(p) = wf(t*) =: w. Observe
that ( @{C = 2lsp, s = 1,2, where l; + 1o = k. Suppose that @’C ,@‘C both
are immersions and that [} < lg

Define the path {w(t)};—¢|<- by picking one mobile point in CyNw(t*)\ {wy (t*)}
and the other in C Nw(t") \ {w?(¢)}. It defines a one-dimensional subvariety of
Mo (A), and let [P, : (C®, p,) — Tor(PA)] |t —t*| < e, represents one of the
irreducible germs of that variety at £, where OO ~ Pl ast # (0. The one-dimensional
family F of curves C®) = &,(C®) € |Lp,|, [t—t*| < €, has a tangent cone at C;UC,
spanned by C; U Cy and some curve C* € |Lp, |\ {C1 U Cy}. We show that F is
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smoothly parameterized by t.

We start with describing the local behavior of C* at the point w. Choose local
equivariant coordinates z,y in a neighborhood of w so that w = (0,0), Tor(c) =
{y = 0}, Torg(Pa) = {y > 0}, Cs = {y = nyz’ + h.ot.} with n, > 0, s = 1,2,
where without loss of generality we assume 7; # 1,. Thus, the equation of C} U Cs
has the Newton diagram T at w as shown in Figures 4(a,b) by fat lines. We claim
that C* has under T the monomial z?*~'y with a nonzero coefficient and no other
monomials. Since C* can be taken close to C7 U Cy, its Newton diagram either
coincides or lies below 1. The coincidence is not possible for the following reason.
The curve C* passes through C; N Cy N Tor(Pa)* (which consists of only nodes
by Lemma 2.15(2iii)) and, in case C* has Newton diagram 71 at w, intersects C}
at w with multiplicity > 2l; = (C; - C3),. Hence, by the Noether’s fundamental
theorem, C* lies in the subspace of |Lp,| spanned by the curves of type Cy U CY,
Cy € |Cy|, and C7 U Cy, C7 € |Cy]. However, the Bézout type restriction dictates
that C] = C} and C} = Cy: for example, at each point z € Sing (C}), the curve C}
must induce in Og, , an element of the conductor ideal (cf. [5, Theorem 4.15]), and
hence (Cf - C1). > 26(Ch, 2), at each fixed point wg (+*) of w(+*) N C, (including w),
we have (C] 'Cl)wg,’(t*) > 2k7’, and at last, at the mobile point wg (t*) € w(t*) N Cy,

we have (C1 - C1),0 () 2 2k%" — 1, which altogether amounts to

7t

Z 5(01,Z)+01(£pA)[01]—12012"—1 .

z€Sing (Cl)

Further on, a monomial in an equation of C* below T cannot be z°, 0 < s < 2(l;+1s),
since (C* - Tor(X)), > 2(l; + l2), and it cannot be x*y with 0 < s < 2[; — 2. For
the latter claim, we observe that each curve C®, t # 0, has 2l; — 1 nodes in a
neighborhood of w and satisfies C® - Tor(c)),, = 2(I; +12). Thus, if the tangent line
at C® to the considered family of curves is spanned by C® and (C*)® | then C® and
(C*)® intersect in a neighborhood of w with multiplicity > 2(21; — 1) +2(l; +15) =
411 4+ 2l — 2. Hence, C* and C; U (5 intersect at w with multiplicity > 41, + 215 — 2,
which leaves the only possibility of the extra monomial z21~1y.

If ; = I, = [, we can write down an equation of C® in a neighborhood of w in
the form

20—-1

P(1+0(°) = (m+ma+ 0 )™y +a* (mna+O(7°)) +hoo.te+ > an(tr)a"y = 0,
r=0

where h.o.t. designates the terms above the Newton diagram, and
ti=t—t", a1(0)=0 forall r=0,..,20—1.

Consider the tropical limit at t; — 0 (see Section 3.2). It includes a subdivision of the
triangle T" = conv{(0, 1), (47,0), (02)} and certain limit curves in the toric surfaces
associated with the pieces of the subdivision. Since locally C® is an immersed
cylinder, we obtain that the union of the limit curves is a curve of arithmetic genus

23



(c) (d)

Figure 4: Proof of Lemma 2.16, part (5), I

zero, which finally allows the only following tropical limit: the triangle 7" is the
unique piece of the subdivision, and

an(ty) = 6%, + O(E°), r=0,..,20—1,

where a3;_, ; # 0 in view of the above conclusion on the Newton diagram of C*, and
in addition, the limit curve with Newton triangle 7" given by

2r—1

' = (m + )2y + mmp™ + ) a2y =0 (18)
r=0

is rational. It also follows, that F is smooth, regularly parameterized by t; (i.e.,
A = 1), and its real part submersively projects onto the path {w(t)};—¢|<.. By the
patchworking theorem [27, Theorems 3.1 and 4.2], we uniquely restore F as long as
we compute the coefficients a;;, 0 <7 < 2l — 2 (here ag;,_, ; is determined by C*).
The rationality of the curve (18) can be expressed as follows. Write equation (18)
in the form y? — 2P(z)y + mmnox™ = 0, then resolve with respect to y:

y = P(z) £ \/P(2)> — mmoa* = P(z) £ 2”/Q(1/2)2 — mmp, deg@ =21 .

The rationality means that the expression under the radical has 2/ — 1 double roots
(corresponding to the nodes of the curve). This means that @) is a modified Cheby-
shev polynomial:

Q(u) = A Chebg(u + A2) + A3, Cheby(u) = cos(2l - arccosu) ,

where A1, A3, A3 can be computed out of 7,7, and agl_m. As noticed in [28, Proof
of Proposition 6.1], there are exactly two real solutions, one corresponding to a
curve with the real part, shown in Figure 4(c) by lines inside the four Newton
triangles designating four real quadrants, and this curve has one hyperbolic node
and 2] — 2 non-real nodes, while the other curve, shown in Figure 4(d), has 2] —
1 elliptic nodes. Bringing the complex orientations to the play, we see that the
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former solution appears when the local real branches (RC),w) and RCy, w) are
cooriented, while the latter solution corresponds to the case when these real branches
have opposite orientations, see Figures 4(c,d). That is, on both sides of the path

{w(t) }}t—4+|<= we encounter four elements of ./\/l]éi’;(A, w(t)) having quantum indices
K1 + Ko, —K1 — Ko, K1 — Ko, kg — K1. It remains to notice that the Welschinger signs
(4) of the elements with quantum indices K1+ kg, —k1 — Ko are the same on both sides,
since the modified limit curves (see lemma 3.4(3)) shown in Figure 4(c) for ¢ > ¢*
and t < t* are obtained from each other by reflection with respect to the vertical
axis. The same holds for the elements with quantum indices k1 — ko, Ko — k1. This
completes the proof of the constancy of the numbers W{(¢) in the considered case
ll = lg.

In the case [; < Iy, an equation of C® in a neighborhood of w takes the form

21—1
(1+O(t1>°))y2—(m+O(t1>0)):c%y+(mn2+0(tfo))x2<ll+’2>+z ay1(t)z"y+h.o.t. = 0,
r=0

where t; =t —t*, a,1(0) =0 for all r =0, ...,2] — 1, and h.o.t. stands for the terms
above the Newton diagram. In this situation, due to the condition of arithmetic
genus zero, the tropical limit is defined uniquely: the area under the Newton diagram
is divided into two triangles

conv{(0,1),(2l1,1),(2(l1 +13),0)} and conv{(0,1),(2{1,0),(0,2)}

(see Figure 5(a)), while the monomials on the segment [(0,1), (2ly,1)] sum up to
m (x+M1)2y, where \ is uniquely determined by the coefficient agll_m coming from
C*. The two limit curves have branches intersecting each other with multiplicity 2[,
along the toric divisor Tor([(0, 1), (21,0)]) (see Figure 5(b)). The genuine geometry
of C® can be recovered when we deform that intersection point into 2i; — 1 nodes.
The modification (see Section 3.3) describes such a deformation as a replacement of
the intersection point by one of the 2/; modified limit curves in the sense of Lemma
3.4(3), among which exactly two are real, and their real parts are shown in Figure
5(c,d) (cf. Figures 4(c,d)): one of them has a hyperbolic node and 2[; — 2 non-real
nodes, and the other 2[; —1 elliptic nodes. As in the preceding paragraph, the former
modified limit curve fits the case when the local real branches (RCy, w), (RCs, w)
are cooriented, which means that on each side of the path {w(t)}_s|<. we have

two elements of /W]é{j(A, w(t)) with quantum indices Ky + K2, —Kk1 — K2, while all
four elements have the same Welschinger sign (4) since the constructions for ¢ > t*
and ¢t < t* are symmetric with respect to the vertical axis. Hence, the constancy of
the numbers W (t). The same holds in the case of the opposite orientation of the
branches (RC,w), (RCy, w) with the use of the second modified limit curve.

The remaining case is as follows: & : 61 — Tor(Py) is an 2[;-multiple covering
of a line through w and ® : Cy — Tor(X) is an immersion onto a rational curve
having a smooth branch at w intersecting Tor(c) with multiplicity 2l. Here we
remove the restriction [; < l. We extend the range of the coordinate system x,y
to a neighborhood of the line C; = ®(C)), assuming that the axis {z = 0} is the
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(c) (d)
Figure 5: Proof of Lemma 2.16, part (5), II

~

whole line €. Then the Newton diagram of ®,(C) in this neighborhood of Cf is
as shown in Figure 6(a) by fat lines, where s = C1Cy. Following the recipe used
in the preceding cases, we obtain that the tropical limit of the family {C(t)}‘t_t*‘ e
as t; := t —t* — 0 includes the triangle conv{(0,1),(2l1,1), (2(ly + [2),0)} and
the rectangle conv{(0,1),(0,s + 1),(2l1,1),(2l1,s + 1)} (see Figure 6(b)), and, in
addition, the part of the equation of C'® restricted to the union of these polygons
is as follows:

s—1
y - ((z = Mt)™ —alz — Aatr)y) H(y —y;) —na?t) =

j=1

where yy, ..., ys_1 are the coordinates of the points C1NCo\{w}, A; # 0 is determined
by C*, Aoty # 0 is the current coordinate of the mobile point from Cy Nw(t*) \ {w},
and a,n > 0 are determined by C,. Again the two limit curves have intersection
of multiplicity 2/; in a point on the toric divisor Tor([(0, 1), (2l1,1)]). The genuine
geometry of C® in a neighborhood of w is obtained by deforming this tangency
point by means of the two real modified limit curves (see Lemma 3.4(3)), which we
used in the preceding paragraph. Then, the argument from the preceding paragraph
in the same manner completes the proof of the constancy of the numbers W} () in
the considered wall-crossing bifurcation.

(6) Suppose that £ is as in Lemma 2.15(2iv). Without loss of generality we can
suppose that

P = conv{(0,2m), (2p,0), (2¢,0)}, 0<p<gq, m<gq,
and that @ is ramified at the points of w(¢*) on the toric divisors associated with the

segments [(0,2m), (2p,0)] and [(0,2m), (2¢,0)], while the two points w{(t), w3 (t) €
w(t) on the toric divisor Tor(o), where o = [(2p,0), (2¢,0)], merge to one point as
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T s+1

o 2L+ 2 o0 2+ 2
(a) (b)
Figure 6: Proof of Lemma 2.16, part (5), III

t — t*. Then C' = ®(P'!) admits a parametrization
r=al", y=00"0—-1)"" HeC,
and correspondingly ® is given by
r=ab*, y=0b0"0*-1)TP HcC.

Assuming that the path {w(t)}—+|<., is defined by fixing the point w{, associated
with @ = 1, and the point of w(t*) on Tor([(0,2m), (2¢,0)]), we obtain a one-
parameter deformation of ¢

z=al®", y=00"0—-1)TPO+1+N)TP N1, (19)

This deformation is regularly parameterized by the difference of the z-coordinates
of w§(t) and w{(t) equal to 2maX + O(A\?). Tt follows from formulas (19) that the
corresponding element £(t) € ﬂﬁ:(A, w(t)) has the same orientations at a point
on the toric divisor Tor([(0,2m), (2p,0)]) for A < 0 and for A > 0, and so does
for the point on the toric divisor Tor([(0,2m), (2¢,0)]), while the local branches at
w?(t), wg(t) have opposite orientations with respect to the orientation of Torg(o).

Furthermore, £(t) has exactly two elliptic nodes in a neighborhood of each elliptic
node of C'. Thus, the constancy of W (t) follows. O

2.5 Proof of Theorem 2.11

Take two sequences w(0) = (wy(0),w(0)) and w(l) = (wa(1),we(1)), satisfying
the conditions of Theorem 2.11. We may assume that wy(0), ws(1) € ME(A) for
some 7 > 0. Then, we join these sequences by a generic path {ws(t)}o<i<1, in
MZ(A) and the points wy(0), wy(1) by a generic path {wp(t) }o<t<i in Q, and verify
the constancy of W' (A, w(t)) in all possible wall-crossing events, for all .
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Similarly to the proof of Theorem 2.5, we start with the verification of the
fact that W (A,w(t)) does not change along intervals ¢ < ¢ < ¢” such that
ﬂlﬂfn(A,w(t)) = MF (A w(t)) for all ¢ < ¢t < ¢ (that is, the elements of
M (A, w(t)) do not degenerate as long as t' < t < ¢”). To this end, it is enough
to show that the projection M (A, w(t))y<i<pr — (',1”) has no critical points (cf.
the proof of Theorem 2.5). This requirement amounts to the following statement
(cf., Lemma 2.14 and [29, Lemma 2.3]).

Lemma 2.17 Let { = [@ : (E,p) — Tor(Pa)] € M, (A, w(t)). Then

H° (E,Ncp <—p0 — > 2] — (2K — 1)192-?)) =0. (20)

o#00,i#i0

Proof. We proceed along the lines of the proof of [29, Lemma 2.3|. Assume that
H° = 0 in (20). Then, there exists a real curve C" € |Lp, |\ {C}, where C' = ®,(E),
which intersects C'

e at each point ¢ € Sing (C') with multiplicity > 26(C, q),

e at each point w?, (o,1) # (00, ip) with multiplicity > 2k7,
e at w;’ with multiplicity > 2k7° — 1,

e and at wy.

Since C has in 9 a null-homologous immersed circle S, there must be an additional
intersection point w’ € C' N S, not mentioned in the above list. However, then

cc=2 > G+ Y nZ2k;’—1+2

g€Sing (C) oep) =1

— (C? — ¢,(Tor(PA)[C])) + e1(Tor(Pa)[C] — 142 = C2 4 1,

which is a contradiction. O

The set of elements (wy, wy) € ME(A) x Q satistying
ﬂlﬁn(A7 'lU) - MIETL<A7 ’LU) and (’&\)37 wO) € M17

is a dense semialgebraic subset of full dimension dim MZ(A) x Q = n+ 1. The
complement is the union of finitely many semialgebraic strata of codimension > 1.
Since the path {(was(t),wo(t))}o<i<1 is generic, it avoids strata of ME(A) x Q of
codimension > 2 and intersects strata of codimension one only in their generic
points.

Now, we study the strata S of the dimension n in (Mf x Q) \ M; in terms of the

geometry of elements £ € Mlﬂfn(A, w(t)) \ M, (A w(t)), 0<t<1.
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Lemma 2.18 (1) The following elements € = [® : (C, p) — Tor(Pa)] cannot occur
in Mlﬂi(Aaw@)) \Mlﬂ?n(Avw(t)L 0 S t S 17 as ('l/,l\)a(t),w()(t)) S S

(1i) C is a reducible curve of arithmetic genus 1 with a component mapped onto a
toric divisor;

(1i1) C is a connected curve of arithmetic genus 1 either with at least three irre-
ducible components, or with two rational irreducible components and no other
components.

(2) If € =[P (C,p) — Tor(Pa)] € My (A, w(t")), where (Wy(t*), wo(t)) is a
generic element in an n-dimensional stratum in (M§ x Q) \ My, then & is of one of
the following types:

(2a) either wo(t*) is a singular point of the curve C' = ®,(C), and the following
holds:

(2i) Wy(t*) comsists of n distinct points, the curve C is smooth elliptic, ® is an
immersion onto a curve C' that is smooth along the toric divisors, while wo(t*)
is a center of at least one real local branch;

(2b) or wy(t*) is a smooth point of the curve C' = @(6), and one of the following
holds:

(2ii) Wy (t*) consists of n distinct points, the curve C is smooth elliptic, ® is bira-
tional onto its image, but not an immersion; furthermore, C = ®(C) is smooth
at wo(t*) and at each point w? (t*) with kf > 2, and is unibranch at each point

wi (t*) with kf =1;

(2iii) wi(t*) = wi(t*) for some o € Px and i # j, the curve C is smooth elliptic,
and the map ® is an immersion such that the point wy (t*) = w? (t*) is a center
of one or two smooth branches;

(2iv) wy(t*) consists of n distinct points, C = C, UC,, where Cy ~ P! and C,
is a smooth elliptic curve, the intersection 61 N 62 consisting of one point
p; the map ® : Cy — Tor(Pa), s = 1,2, is either an immersion, smooth
along Tor(OPA), or a multiple covering of a line intersecting only two toric
divisors, while these divisors correspond to opposite parallel sides of P and the
intersection points with these divisors are ramification points of the covering;
the map ® : Cy — Tor(Pa) is an immersion, smooth along Tor(OPa); the point
p either is mapped to Tor(Pa)*, and then the curves Cy = @(61), Cy = @(62)
intersect only in Tor(Pa)* and each of their intersection point is an ordinary
node, or p is mapped to some point w (t*), and the curves C; = @(61-), i=1,2,
do not have other common point in ws(t*);

(2v) Wo(t*) consists of n distinct points, C is an irreducible rational curve with
one node p, the map ® is an immersion that sends p to some point wf(t*),
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center of two smooth branches intersecting Tor(o) with odd multiplicities 21, +
1,2lo + 1, where Iy + 1o + 1 = k{, and intersecting each other with multiplicity

min{2l, +1, 2l +1}, furthermore, each of the other points of wy(t*) is a center
of one smooth branch;

(2vi) C is a smooth elliptic curve, Wy(t*) consists of n = 4 points, the curve C =
®(P) is rational and smooth at wy(t*), and ® : C — C is a double covering
ramified at wy(t*).

Proof. (1i) In such a case, we must have C = C'"UC”, where C" is a connected
curve of arithmetic genus one suhc that " is mapped onto the union of all toric
divisors, and C" is a non-empty (due to wy € Tor(Pa)*) union of connected curves of
arithmetic genus zero, each one joined with C" in one point (cf. the proof of Lemma
2.15(11)). Let 6(’)’ be a connected component of C” such that wo(t*) € @(6{)’). Note
that all local branches of @ : (75’ — Tor(Pa) centered on toric divisors, except for

O - (A(’)’ ,p) — Tor(Pa), where p = ol A(’)’ , are, in fact, centered at some points of
wy(t*). Observe that either C{ intersects at least three toric divisors of Tor(Pha),
or it intersects two toric divisors corresponding to parallel sides of Pn. However, in

the both cases we reach a contradiction with (AQC).

(1ii) In the case of at least 3 irreducible components, we follow the lines of the
proof of Lemma 2.15(1ii). If C contains an elliptic component and at least 2 rational
components, then we similarly obtain at least three independent Menelaus type
conditions for wy(t*), which bounds from above the dimension of the considered
stratum by (n—3)4+2 =n—1 < n, a contradiction. If all irreducible components of
C are rational, then we encounter at least two independent Menelaus conditions on
wy(t*) as well as a condition on the position of the point wy(t*) due to the finiteness
statement of Lemma 2.4, which altogether bounds from above the dimension of the
considered stratum by (n —2)+1=n—1<n.

(2a) Let wy(t*) be a singular point of C. Then, for the dimension reason, ws(t*)
must be a generic element of MgZ. This implies, in particular, that C is irreducible
and wy(t*) consists of n distinct points. Furthermore, C cannot be a rational
curve with a node. Thus, C is a smooth elliptic curve. Then (see Lemma 2.4) we
derive that ® : C' — Tor(Pa) is an immersion and C' is smooth along the toric
divisors. Since wy(t*) turns into a real smooth point in the deformation along the
path {(wa(t), wo(t))}o<i<1, it must be a center of at least one real local branch.

(2b) From now on we can assume that wo(t*) is a smooth point of C' = ®,(C).

Suppose that C is a smooth elliptic curve and wy(t*) consists of n distinct points.
Then, we obtain the claim (2ii) due to Lemma 2.4 and the claim (1ii) above.

Suppose that some of the points of the sequence wy(t*) coincide. For the dimen-
sion reason, we immediately get that wg(t*) consists of n — 1 distinct points, and
all these points must be in general position subject to the unique Menelaus relation
(1). Hence, C' must be irreducible. Moreover, C' cannot be rational, since other-
wise, by Lemma 2.4, one would get the total dimension of the considered stratum
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<(n—2)+1=n-—1<n,a contradiction. Thus, C is a smooth elliptic curve. We
have wf (t*) = w{(t*) = w for some 0 C 9P and i # j. If C' is unibranch at each
point of wy(t*), then, by Lemma 2.4, the curve C' is immersed and smooth along
the toric divisors. Otherwise, the curve C' has two local branches at w. Moreover,
it must be unibranch at each point wg (t*) # w and, in addition, smooth if kg > 2
due to Lemma 2.4 and the claim (1ii). Let us show that C' is immersed. Fixing the
position of wy(t*) and the position of one more point w’ € wy(t*) \ {w}, we obtain
a family of dimension > n —2 > 2; hence, [16, Inequality (5) in Lemma 2.1] applies:

c1(Tor(Pa))er(Lpy) > (cr(Tor(Pa))ei(Lpy) —n+2) + 1+ Z(ordB — 1)+ (n—3)

= ¢1(Tor(Pa))er(Lpy) + Y (ordB —1)

where B runs over all singular local branches of C' in Tor(Pa)* U {w,w'}. That is,
C'is immersed, and we finally fit the requirements of claim (2iii).

Thus, we are left with the case of wy(t*) consisting of n distinct points and C
either consisting of two components, or being a rational curve with a node. Observe
that the case of two rational components is not possible, since by Lemma 2.4, the
dimension of such a stratum would not exceed (n —2)+1=n—1<n.

Suppose that C is as in item (2iv). For the dimension reason, the sequence
wy(t*) is in general position subject to exactly two Menelaus type relations, while
wo(t*) is in general position in . Thus, by Lemma 2.4, we obtain the immersion
and smoothness statements as required. The rest of the argument literally coincides
with the corresponding part of the proof of Lemma 2.15(2iii).

Suppose that C is a rational curve with a node p. Then, this node cannot be
mapped to Tor(Pa)*, since otherwise one would encounter a real rational curve with
two one-dimensional branches, one in Torg (Pa) and the other in . Hence the node
is mapped to w € wy(t*), and for the above reason, the intersection multiplicities of
the two branches of C' = ®(C) at w are odd. Observe that @ : P — C' — Tor(Pa)
is not a multiple covering of the image. Indeed, in such a case, one would have that
P is a triangle, [y = I, = [, and C' = ®(C) is a rational curve intersecting at least
two of the toric divisors with odd multiplicity, the double covering being ramified
at the two points of wy(t*) \ {w}. With an automorphism of Z?, we can turn the
Newton triangle of C' (which is $PA) into the triangle

conv{(0,s), (r,0), (r+20+1,0)}, ged(s,r) =1 mod 2,

with w € Tor([(r,0), (r + 2 + 1,0)]) and C given by a parametrization (in some
affine coordinates z, y)

r=ab’, y=0b0"(0—-1)*"  abecR*.

Since z(1) > 0, we get a > 0, and hence z > 0 as 0 < § < 1. Then y > 0 for
0 < # <« 1, and hence b < 0. Thus, if r and s are odd, we obtain z > 0,y < 0
as § — 400, and z < 0,y < 0 as § — —oo. If r is even and s is odd, we get
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x>0,y <0asf — +oo, and z < 0,y > 0 as § — —oo. In both cases, it follows
that the intersection point with the toric divisor Tor([(0,s), (r + 2] + 1,0)]) is out
of OTorp, (Pa) against the initial assumption. If r is odd and s is even, we get that
the segment of RC' in the quadrant {x > 0,y < 0} touches all three toric divisors,
which contradicts the condition (AQC). Thus, a multiple covering is excluded. The
rest of claims can be derived in the same way as the statement of Lemma 2.15(2ii)
with one exception: we shall show that the local branches of C' at w intersect each
other with multiplicity min{2l; +1,2l5+ 1}. For l; # [y, this is immediate. Suppose
that Iy =1y = 1. If n =3, then P is a triangle and, in the above setting, we get the
parametrization of C' in the form

r=ab*, y=0b0"0-1)""0-0)*"", 6#1, abeR*.

Since z(1) = x(fp), we obtain the only real solution 6, = —1, and hence y =
b6 (6% — 1)%-1 is a function of 62 as well as x is, which means that this is a double
covering, forbidden above.

Suppose now that C is a smooth elliptic curve and @ : C — Tor(Pa) is a multiple
covering of its image. Since the preimages of at least n — 2 points of wy(t*) in C
are irreducible, the map @ : C—CcC Tor(Pa) is ramified, and hence C' cannot be
elliptic by the Riemann-Hurwitz formula. Thus, C is rational, which for dimension
reason implies that wy(t*) consists of n points in general position subject to one
Menelaus condition. In particular, C' is smooth at each point of wy(t*), and ® has
ramification index s at all points of wy(t*). By the Riemann-Hurwitz formula,

0<2s—(s—1)n.

Hence,n§i—sl,thatis,SZn:i’)ors:Q, 3<n <4 If n=s=3, the rational
curve C intersects toric divisors with even multiplicity at each point of wg(t*); thus,
the one-dimensional real branch of C' entirely lies in the quadrant Torg (Pa) and
cannot hit the point wg(¢*), which is a contradiction. The case of s =2 and n = 3
is not possible either. Indeed, then P must be a triangle, and RC contains an
immersed segment in 9 joining points on two sides of 99, but this contradicts the
condition (AQC). The remaining option is a stated in item (2vi). O

We complete the proof of Theorem 2.11 with the following lemma.

Lemma 2.19 Let {(wy(t), wo(t)) }o<i<1 be a generic path in ME x Q, and let t* €

(0,1) be such that an(A, w(t*)) contains an element & as described in one of the
items of Lemma 2.18(2). Then, for each k € 37 such that || < A(A), the numbers
W(t) .= WA, w(t)) do not change as t varies in a neighborhood of t*.

Proof. We always can assume that, in a neighborhood of t*, the path
{(wy(t),wo(t)) }o<i<1 is defined by fixing the position of w(t*) and some n — 2
points of wy(t*), while the other two points remain mobile. Except for the case
of Lemma 2.18(2iv) describing reducible degenerations, we work with families of
curves which are trivially covered by families of complex oriented curves so that the
quantum index persists along each component of the family of oriented curves.
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(1) Suppose that £ is as in Lemma 2.18(2i). Consider the lifts of wy(t*) upon E
that correspond to real branches of C' centered at wg(t*). Since C' is immersed, we
only have to show that each of the lifts induces a germ of a smooth one-dimensional

subfamily in M, ,(Tor(Pa), Lp,). This follows from the smoothness statements in
[5, Proposition 4.17(2)] and in [30, Lemma 3(1)], [16, Lemma 2.4(2)].

(2) Suppose that ¢ is as in Lemma 2.18(2ii). The argument used in step (1)
of the proof of Lemma 2.16 applies, provided we establish a relevant transversality
statement. Here, the transversality condition is similar to (10):

H'(E,Og(d)) =0, (21)
where
degd = C? — (C* + c1(Tor(Pa))ei(Lpy)) — (ci(Tor(Pa))er(Lpy) —2) —1=1>0.

The latter inequality yields (21) by the Riemann-Roch formula.

(3) The treatment of the case where ¢ is as in Lemma 2.18(2iii) literally coincides
with that in step (2) of the proof of Lemma 2.16.

(4) Suppose that £ is as in Lemma 2.18(2iv). Due to the condition (AQC), the
real part of the rational curve Cy = ®(C}) must lic in Torf (Pa), and the real part of
the elliptic curve Cy = ®(Cy) has two one-dimensional components, one in Torg (Pa)
and the other in . Then, the argument proving the constancy of the numbers W{(t)
literally coincides with that in steps (3) and (4) of the proof of Lemma 2.16, when
we restrict our attention to the real branches of the considered curves located in
Tory (Pa). We only comment on the h'-vanishing conditions analogous to (17): in
our situation, for the rational curve ® : C; — Tor(Pa), it simply coincides with
(17), and for the elliptic curve ® : Cy — Tor(Pa), it reads h1(52,(’)52(d2)) =0,
where

degdy = C5 — (C5 — c1(Lp,)[Co]) = (c1(Lpy)[Co] = 1) =1=0.

However, geometrically, dy = pJ — poy, where ®(p?) = w?(t*), the mobile point in
CoNwy(t*). Since pf # po and Cy is elliptic, we have h°(Cy, Og, (d2)) = 0, and hence
the required vanishing 2'(Cs, Og,(dz)) = 0 follows by the Riemann-Roch formula.

(5) Suppose that ¢ is as in Lemma 2.18(2v). Since C is rational, both local
branches By, By of C' = ®(C) at w = w?(¢*) are real and each one intersects Tor(c)
with odd multiplicities 2; +1, 2l + 1, respectively, where 21; +2l5+2 = 2k7, 1; < 5.
Choose two mobile points of wy(t*) different from w. The one-dimensional stratum
{ﬂi&i’:(A, w(t))}i—s+|<e Projects to the germ at C' of a one-dimensional variety in
|Lp,|, and denote by F one of its real irreducible components. Let the tangent line
to F at C' be spanned by C and C* € |Lp, |\ {C}. Fix equavariant coordinates x,y
in a neighborhood of w so that w = (0,0) and Tor(c) = {y = 0}. Then, C in a

neighborhood of w is given by an equation

(y+ mz® ) (y 4+ nea®® ™) + hoot. =0, mi,me € R,
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with the Newton diagram
T=1[(0,2),(2l; + 1, )]U (2l + 1,1), (2l; + 20 + 2+ 2,0)]

(cf. Figures 5(a,b)). As observed in step (4) of the proof of Lemma 2.16, an equation
of C* may have at most the monomial %1y below the Newton diagram 1. Let us
show that this monomial is present with a nonzero coefficient. Indeed, otherwise,
the intersection of C' and C* # C' would violate the Bézout’s bound:

C*>2 > 5(C2) 4 (a(Lpy)[C] — 2K = 2) + (611 + 2421 +2) + 1
z€Sing (C)\{w}

= (CQ—Cl(ﬁpA)[C]+2—4l1—2)+(61(£pA)[0]—211—2l2—4)+(6l1—|—2l2+4)+1 = 02+1
(the latter summand 1 in each expression comes from (C' - C*) g +))-

If l; = Iy =, then as in step (4) of the proof of Lemma 2.16, we obtain that the
equation of the germ of CY) € F at w = (0,0) is as follows:

0
Y2+ P(x)y +mmer*™? 4+ hot. =0, P(z) = (g +n)a? ™+ Z a;t? T e (22)
=21

where t; =t —t*, and z*™P(1/x) = \;Cheby1(t1z + Xo) + A3

with real numbers A\, Ao, A3 uniquely determined by 7,7 and the coefficient of
2?ly in the equation of C*, and h.o.t. includes higher powers of t; in the present
monomials and the sum of monomials above 1. If mmy, < 0, then in (22) in a
neighborhood of w we get

1
y=3 (—P(az) + /P(z)? — 4771772a:4l+2> +h.o.t.,

which means that C® has only non-real nodes in a neighborhood of w. If 7,1, > 0,
the latter formula yields 2[ elliptic nodes in a neighborhood of w. Observe that the
change of sign of t; yields the symmetry with respect to the origin for the real part
of C® (up to h.o.t.), and hence the Welschinger sign (5) persists along the path

{(wa(t), wo(t)) }e-tr|<e-

If Iy < [y, then again as in step (4) of the proof of Lemma 2.16, we obtain that
the equation of the germ of C) € F at w = (0,0) is as follows:

y? 4+ (= not)* Ty + pumpa® 222 L hot. =0, (23)

where 7 is determined by C*, and h.o.t. includes higher powers of ¢; in the present
monomials and the sum of monomials above 1. It follows that F is smooth and its
real part submersively projects onto the path {(ws(t), wo(t))}}t—+|<.. The tropical
limit at t; — 0 (see Section 3.2 for details) includes two triangles

conv{((0,1), (20 +1,1), (2l + 2L +2+2,0)} and conv{(0,1), (21, 1), (0,2)} ,

and two limit curves each having a smooth branch intersecting the toric divisor
Tor([(0,1), (20; + 1,1)]) with multiplicity 2/; + 1 at the same point. The genuine
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geometry of C® is obtained by a deformation of this singular point into 2/; nodes,
which is described via the modification (see Section 3.3) with the unique modified
limit curve that has 2/, elliptic nodes (see Lemma 3.4(3)). Since the construction
for t; > 0 and t; < 0 is symmetric with respect to the coordinate change (z,y) —
(—z, —y), we derive the constancy of the Welschinger sign (5) in the move along F.

Remark 2.20 In equations (22) and (23), the sign of the coefficient of x*1+22+2
remains constant, and the sign of the coefficient of y changes as t; changes its sign.
Geometrically, this means that, for t; < 0, the real branch of C®, which is tangent
to Tor(o) at w, lies in Tory (Pa), while, for t; > 0, this real branch lies in Q, or
vice versa.

(6) Suppose that ¢ is as in Lemma 2.18(2vi) and that the path
{(wa(t), wo(t))}jt—t+|<- has the point wy(t) and two points wi(t), wa(t) € wy(t) in a
fixed position, while the other two points ws(t), w4(t) € wy(t) are mobile. Also, for
the dimension reason, we can assume that wy = wy(t*) is in general position with
respect to wy(t*) on the rational curve C, which, in particular, yields the follow-
ing: the point py € C is in general position with respect to the remaining points
pj = @ H(w;) € py € C, j = 1,2,3,4. By Lemma 2.4, the curve C is immersed
and smooth at wp(t*) and w(t*). We can assume, in addition, that C' is nodal (the
treatment of more complicated immersed singularities is the same with a bit more
complicated notations).

Let £(t) = [@, : (C,p,) — Tor(Pa)] € m]ﬁn(A,w(t)), |t —t*| < e, run over
the germ of a real one-dimensional subfamily of {M?’:(A, w(t))}e—t+|<e. It induces

a one-dimensional family V C |Lp,| of curves C® = &,,(C,) on Tor(Pa), where
Ct) = &,(C) = 2C. Any curve C®, ¢ # ¢*, has four nodes in a neighborhood of
each of the (C? — ¢;(Tor(Pa)[C])/2 + 1 nodes of C. We show that the remaining
2¢1(Tor(P)[C] — 4 nodes of C® are located in a neighborhood of wy(t*). The
intersection of C'¥) with a neighborhood of a point w;(t*), 1 < i < 4, is an immersed
disc. Following the lines of part (2) of the proof of Lemma 2.16, introduce local
conjugation-invariant coordinates x, y in a neighborhood of w;(¢*) such that w;(t) =
(0,0) (which means that, if w;(t) is mobile, then the coordinate system moves too),
the toric divisor containing w;(t) is Tor(c) = {y = 0}, and Torg (Pa) = {y > 0}.
Then, the equation F (z) = 0 of C;, where t; = ¢t — t*, is given by formula (12),
where we set k = k;, and correspondingly, the geometry of C*) in a neighborhood of
w;(t*) is described by the real rational affine limit curve C; given by (13). Observe
that C has k; —1 nodes and a global real one-dimensional branch having one vertical
tangent. We then conclude that

e the nodes of C¥ are located in a neighborhood of Sing (C) U @ws(t*);

e the parameter v in (12) must be even, since otherwise, the change of sign of
t; would lead to the change of the position of that global real branch with
respect to the vertical tangent, but this position is determined by the double
covering ® : C' — () in particular, it follows that the change of sign of ¢; does
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not change the contribution of the part of C*) in a neighborhood of w;(t*) to
formula (5) for Wy (&,).

Let Span{2C,C’} and Span{C®, C’} be the lines in |Lp,| tangent to V at 2C
and C® | respectively. For t # t*, the curve C! intersects C®) at the point wy, at
each node, at each point w;-’(t) with multiplicity 2&7 or 2k7 — 1 according as w{ is
fixed or mobile, and at one more point w’ (follows from the Bézout theorem). Lifting
these points to C® and passing to the limit as ¢ — t*, we obtain on C the divisor

D = po+4®*(Sing (C)) 4 (4k1 — 2)p1 + (4ky — 2)pa + (4ks — 3)ps + (4ks = 3)ps + 1" .

Due to the general position of wg on C, we get p’ & py U {po}. We use this to show
that for ¢/ < t* < t”, the points w;(t') and w;(t") are separated on the toric divisor
by the point w;(t*), i = 3,4. Indeed, otherwise, we would get w;(t') = w;(t") for,
say, i = 3 and for ¢ < ¢* < 1" depending on each other and converging to ¢*. Lifting
intersection C*) N C*") upon Cy, we would obtain on C' the divisor

D' = py + 49 (Sing (C)) + (4k1 — 2)p1 + (4ka — 2)pa + (4ks — 2)ps + (4ks — 3)pa ,

not linearly equivalent to D, which is a contradiction. Thus, the real part of the
family ¥ homeomorphically projects onto the interval |t — t*| < ¢, and the sign
W1 (£(t)) remains constant as 0 < |t — t*| < e. O

3 Tropical limits of real nodal curves

In this section, we shortly recall tropical limits of nodal curves in toric surfaces
mainly following [21, 28] (see also [18, Chapter 2]), and explain in details the struc-
ture of the modified tropical limit with emphasis on separating real curves and the
distribution of their nodes in the quadrants of the real torus (R*)%.

3.1 Plane tropical curves

An abstract tropical curve is a finite connected graph I such that the complement
[ =T\TI?% in T to the set I'%, of univalent vertices contains at least one vertex of I’
and is endowed with a metric satisfying the following property: the compact edges
of I are isometric to closed intervals and the non-compact edges of I' are isometric to
the closed ray [0, 00). The latter edges are called ends of ', and their set is denoted
by T'L_. We denote by I'' (respectively, I'°) the set of edges (respectively, vertices) of
['. The genus of an abstract tropical curve I is the first Betti number by (T') = by (T').

A parameterized plane tropical curve is a couple (T, h), where ' is an abstract
tropical curve and h : I' — R? is a non-constant continuous proper map such that

e for each edge e € T, the restriction of & to e is affine (in the length coordinate)
such that the image of a unit tangent vector of e under the differential D(h|e)
is a vector with integer coordinates;
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e for each vertex v € I'°, one has the balancing condition:

ecl'l, vede

where Oe is the set of vertices in I' that are adjacent to e and a,(e) is the
D(h|e)—image of the unit tangent vector pointing out from v.

The multiset A(T, h) constituted by the non-zero vectors of the form a,, (e), where
e € 'l and v, is the vertex of I' such that e is adjacent to v, is called the degree of
(T, k). This multiset is balanced. The vectors a € A(T, h), appropriately ordered
and counter-clockwise rotated by 7 form a convex lattice polygon P = P(T, h),
called Newton polygon of (T, h). Each non-contracted by h edge e of I' possesses a
positive integral weight wt(e) := |la,(e)||z, where v is a vertex adjacent to e.

We consider parameterized plane tropical curves up to isomorphism (an isomor-
phism between (T, k) and (I, 1) is an isometry p : T' — I such that h = I’ o p). By
abuse of language, the isomorphism classes of parameterized plane tropical curves
we simply call plane tropical curves. Two isomorphic parameterized plane tropical
curves have the same degree and the same genus (this is the genus of the underlying
abstract tropical curves), so we can speak about the degree and the genus of a plane
tropical curve. A plane tropical curve is said to be embedded if it is represented by
a couple (T, h), where h is injective.

Two plane tropical curves represented by (T',h) and (F/, R') are said to be in
mutually general position if for any two points p € I and p’ € IV the equality h(p) =
R'(p') implies that none of the points p and p’ is a vertex. For such plane tropical
curves and any couple of points p € T', p’ € T” with the property h(p) = W' (p'), we
define the tropical intersection multiplicity [(I', h), - (I',1'),] at p and p’ putting

m M2
G G

and e € T'! (respectively, ¢’ € I"!) is the edge containing p (respectively, p'). The

sum
S TR, (T )y
pel’, p’'el’
h(p)=h'(p")

is called the tropical intersection of the considered plane tropical curves. By the
Bernstein-Koushnirenko theorem (see, for instance, [19, Theorem 4.6.8]), one has

> Tk, (T 1)) = AP B), P ),
pel, p'el”’
h(p)=h'(p")
where A(P(I",h), P(I', 1)) is the mixed area of the Newton polygons P(I',h) and
P 1),
In this paper, we are particularly interested in rational and elliptic plane tropical
curves, that is, plane tropical curves of genus 0 and 1, respectively.

(T, )y - (T, 1)) = [D(R] )y A D[ )pl,  where (112) A (C1, G2) =

)
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If the polygon P = P(T,h) is non-degenerate, one can define a tropical toric
surface TP associated with the Newton polygon P (see [19, Section 6.2 and 6.4]
and [23, Section 3.3]). As a (stratified) topological space, TP can be identified
with P. The interior Int(TP) of TP (identified with the interior Int(P) of P) is
a copy of R? equipped with its standard integer affine structure. The complement
OTP = TP\Int(TP) is called the tropical boundary (or the tropical divisor at infinity)
of TP. It is naturally stratified according to the faces of P. Each oriented affine
straight line L in Int(TP) can be completed by a point in 0T P; this point belongs to
the strata corresponding to the face § C P whose open outer normal cone contains
the direction of L. In particular, there is a continuous extension h : I’ — TP such
that each univalent vertex v,, € %, which is incident to a non-contracted by h edge
e € I'l_, is mapped to the interior of the strata corresponding to the face § C P for
which a,,(e) # 0 (where v, is the only vertex in de) is an outer normal vector.

A marked parameterized plane tropical curve is a triple (T, h, p;,.), where (T, h) is
a parameterized plane tropical curve and p,, is a finite sequence of distinct points
of the graph I'.

Let (T, h) be a parameterized plane tropical curve. The image h(I') C R? is a con-
nected closed finite one-dimensional polyhedral complex without univalent vertices.
Every edge of this polyhedral complex is of rational slope. We simplify this poly-
hedral complex removing all its bivalent vertices. Each edge E C h(I") is equipped
with the weight wt(FE) which is the sum of the weights of the (non-contracted) edges
of T intersecting h~'(z), where # € F is a generic point. The resulting weighted
polyhedral complex is called the image of (I',h). We can consider an embedded
parameterized plane tropical curve (fhjz) having the same image as (I, R); this
embedded parameterized plane tropical curve is denoted by h.T.

3.2 Parameterized tropical limit of a nodal curve over the
field of Puiseux series

To compute the invariants introduced in Section 2, we include the constraints w,
as well as the counted curves, into one-parameter families over the punctured disk
in the complex case and over a small interval (0,7), n < 1, in the real case. Under
some conditions, it is possible to define limits of these families which allow one to
reduce the enumeration of algebraic curves to enumeration of tropical curves. The
families under consideration can be regarded as objects over the field K of locally
convergent complex Puiseux series, or over its subfield Kg of the series with real
coefficients. The field K possesses a non-Archimedean valuation.

val : K - QU {—o0}, val (Z aﬂf’“) = —min{r, a, # 0}, val(0) = —o0.

T

. For the field K we use notations similar to the ones introduced in the complex
case in Sections 2.1-2.2.
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Let [<I> :(C,p) — TorK(PA)} € M5, (A,w). The caurve C = ®(C C) € |Lpy| is

given by a polynomial

Flanz)= Y azt)zz = Y (a+ 0"z,

(4,§)EPANZ? (4,§)EPANZ?

where v : P — R is a convex piecewise-linear function, whose graph defines a
subdivision ¥, : Px = 0;U...Udy into linearity domains 4y, ..., 6 (which are convex
lattice polygons), and the coefficients a;;(t) € K verify the property a; # 0 if (4, j)
is a vertex of some 0, 1 < k < N. By a suitable parameter change t — t™ we make
all exponents of ¢ in a;;(t), (i,j) € Pa NZ?, integral, and make v(Pa NZ?) C Z. In
this setting, the curve C' = CD(@) defines a germ of a flat analytic family of complex
curves

(Ciw) — (X, w)

N s

(C,0) === (C,0)

where

e X = Tor(OG(v)) with the three-dimensional lattice polytope
OG(V) = {(z1, 79, 23) €ER® : (w1,25) € P, 3> v(11,19)};

here, X \ Xy = Tor(Pa) x ((C,0) \ {0}), while X, is the union of the toric
surfaces Tor(dy), k = 1, ..., N, intersecting each other according to intersections
of polygons oy, k=1, ..., N;

e the family {C (t)}t7,50 consists of equisingular irreducible curves of genus g, while
C® C X, is the union of curves C’,EO) C Tor (), C,S” € |Ls | k=1,...N
(called limit curves).

By [31, Theorem 1, page 73] or [4, Proposition 3.3|, after another parameter change
t > t™2_ the family C'\ C©) — (C,0) can be simultaneously normalized

p ‘t;éo (Oaw) 1£0 E— <%7 w)‘t;ﬁo

l | | )

(C,0)\ {0} == (C,0)\ {0} == (C,0)\ {0}

and, furthermore, the latter family extends in a flat manner to the central point:

(C,p) —"= (C,w) — (X, w)

NN g

(C,0) == (C,0) == (C,0)

39



where C(© is a connected nodal curve of arithmetic genus ¢ (see, for instance [1, The-
orem 1.4.1]), whose non-contracted components are mapped onto the limit curves

Ci(o), i=1,..., N, and no component is entirely mapped to Tor(c), o € P}.

The central fiber (C©,p©®) —25 (C© @) — (X0, w®) together with the
associated marked parameterized plane tropical curve (I', h,p,,) (cf. [32, Section
2]) form the parameterized tropical limit of the given marked parameterized curve

(a,p) 2 (C,w) < Torg(Pa). By abuse of language, we use the term tropicaliza-
tion for the tropical limit or for its parts (e.g., marked points etc.). Recall that
the marked parameterized plane tropical curve (T, h,p,.) possesses the following
properties:

e the vertices of I' bijectively correspond to the components of 6(0), while the
univalent vertices in T'Y_ correspond to the points of C ©) mapped to the toric
divisors Tor(c), o € P};

e the finite edges of I" bijectively correspond to the intersection points of distinct
components of C () while the infinite edges are incident to the vertices in T'%,
on one side and to components of c© having points mapped to toric divisors
Tor(c), o € PJ, on the other side;

e the sequence of tropical marked points p,. C T is in the bijective correspon-
dence with the sequence of marked points p, and ¢ can uniquely be restored
from p via the relations ®(p) = w and val(w) = & = h(p,,) (here the val-
uation is applied coordinate-wise to each point of the sequence w), provided
that sequence « is in (tropical) general position subject to the distribution of
the points of  on JTPa and Int(TP,); for details on the notion of tropical
general position, see [21].

The obtained tropical curve (T, h, p,,.) has genus g and degree A. Furthermore, the
embedded plane tropical curve h,I" is supported at the corner locus of the tropical
polynomial

Np:R?* - R, Np(zr)= max ({w,z)+val(a,)), z€R*.

wWEPANZ2

The convex piecewise-linear function v : PA — R is Legendre dual to Np(x), and,
moreover, it is determined by the embedded plane tropical curve h,I" uniquely up to
adding an affine function. This yields a geometric duality: the edges of h,I" are in
bijective correspondence with the edges of the subdivision ¥,,, and the weight wt(e)
of an edge e of h,I" is the lattice length of the dual edge of the subdivision X,,.

In what follows, whenever we are given a plane tropical curve T of degree A, we
denote the corresponding subdivision X, of Pa by X(T).

For any marked parameterized plane tropical curve (T,h,p,,), denote by
(fred,hmd,pt”ed) the marked parameterized plane tropical curve obtained from
(T, h,p,,) by contracting the edges of ' along which h is constant and removing
bivalent vertices V' such that h,.q(V') is the coordinatewise val-image of a contracted
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component of co, Clearly, h.I' = hyed,«I'rea. A marked parameterized plane tropi-
cal curve (I', h, p,.) which coincides with (I'veq, Pred, Pyrpeg) 18 said to be reduced.

Denote by 775(A,x) the set of reduced marked parameterized plane tropical
curves (I, h, p,,) of degree A and genus g and such that h(p,,) = x.

3.3 Geometry of the modified parameterized tropical limit
of a nodal curve

The following genericity statement is a corollary of the completely standard dimen-
sion count (see [21, Lemmas 4.5 and 4.20 and Theorem 7.1], [28, Theorem 3|, [18,
Lemma 2.46], and [8, Remark 4.10]).

Lemma 3.1 In the notation and setting of Section 3.2, suppose that the configu-
ration & C TPa is in tropical general position (subject to the condition that the
subconfiguration xy is distributed along OTPa). Then, for any plane tropical curve
T = [(Tyea, h, p,,)], where (Treq, h,D,,) € Efzd(A,w), the graph T',.q is trivalent.
Furthermore, the inverse image h™(p) of any point p € h,Tyeq contains at most two

points, and if h='(p) is formed by two points, then none of them is a vertex of Tyeq.
O

Lemma 3.1 implies that

e the subdivision ¥(7") consists of triangles and parallelograms; the curve I',eq
has genus g, the trivalent vertices are mapped to the trivalent vertices of h,I';.q,

e cach connected component K C T,eq \ p;, is a tree containing exactly one
univalent vertex, and it possesses a unique orientation of the edges such that
the edges incident to marked points are oriented outwards, and at each vertex
of K exactly one edge is outgoing.

Under the assumptions of Lemma 3.1, the embedded tropical curve h,I',.q and
the weights of its edges uniquely determine the map h : [',ey — h.l',cq and the

metric on I',4. Furthermore, the reduced curve (I';.cq, h, p,,.) uniquely determines the
(nonreduced) marked parameterized plane tropical curve (I, h, p,,) obtained in the
following operation (inverse to the reduction operation introduced above): for each
point x € h,I',.q which has two preimages, we make these preimages the bivalent
vertices. Denote by 7,.,(A, ) the set of these nonreduced curves (T, , p,,) obtained

from the reduced curves (Tyeq, b, p,,) € TeH(A, ); we call them nonreduced models.

We call a rational curve ® : P! — Tor(¢'), where ¢ is a lattice triangle and @’
is nonconstant, peripherally unibranch, if ®(P') does not hit the intersection points
of the toric divisors, and (®')*(Tor(c)) C P! is either empty, or concentrated at one
point for each toric divisor Tor(o) C Tor(d").
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Lemma 3.2 (1) For any triangle 6 of the subdivision 3(T'), the limit curve Cy C
Tor(dx) is a nodal, rational, peripherally unibranch curve in the linear system |Ls, |
which is smooth along the toric divisors of Tor(dy); the corresponding component of

®: CO — xq is an immersion ® : 5,&0) =P' — Cy < Tor(dy).

(2) For a parallelogram 6y of the subdivision X(T), the reduced limit curve
(Ck)rea C Tor(dy) consists of two smooth rational, peripherally unibranch curves
Cin1, Cr2 transversally intersecting each other; each of the components transversally
intersects two disjoint toric divisors of Tor(dy); the corresponding two components
of ¢ : co Xo are multiple covers

©:C) =P — Cpy C Tor(5y,), @:C =P — Cya C Tor(5y),
ramified at the intersection points with the toric divisors of Tor(dg).

Remark 3.3 Let (Tyeq, h,p,) € TJSHA ) be a reduced marked parameterized

plane tropical curve, and let (T, h,p,.) € Tyn(A, ) be the nonreduced model (in the
sense of Section 3.3) of (U'yeq, h,py,.). The parallelograms of the subdivision % (T),

where T = h,I', correspond to pairs of bivalent vertices of I'. Let e € fied contain
bivalent vertices of I'. The edges E; = h(e;), i = 1,...,s, of the embedded plane
tropical curve T such that E; C h(e), i = 1,...,s, are dual to the segments o;,
i=1,...,s, of the subdivision X(T') that are parallel sides of a sequence of parallel-
ograms 0;, t = 1,...,5 — 1, so that 0;,0,41 C 0;, for alli =1,...,s — 1. Observe
that the toric divisors Tor(o;), i =1,...,s, are canonically isomorphic, and we call
the corresponding points on these toric divisors canonically identified points.

An additional information, in particular, contracted components of 5(0), can be
recovered wvia modifications (see details in [28, Sections 3.5 and 3.6], [18, Section
2.5.8], and [23, Chapter 5]'!). Tropical modifications are performed along the edges

e € fied which have weight ¢ > 1, either bounded without marked point, or bounded
with an interior marked point, or unbounded with an interior marked point. The
modification procedure starts with a torus automorphism that induces an integral-
affine automorphism of R? bringing the edge E = h(e) to a horizontal position.
Assume that e does not contain bivalent vertices of the nonreduced curve I'. The
edge o of the subdivision 3(7T") dual to FE becomes vertical, and the corresponding
divisor Tor(c) C X, contains the intersection point z with limit curves associated
with the (trivalent) endpoints of e (cf. Lemma 3.2). We then perform the coordinate
change

($1, 1’2) = (xlh xlz + b)> (27)

where b is the coordinate of z on Tor(c). This coordinate change is not toric,
and it transforms both the Newton polygon and its subdivision into a new one
that contains a specific fragment described in Lemmas 3.4, 3.5, and 3.6 below.
This fragment reflects a birational transformation X,,,q — X of the family (26)
with the appearance of new components of the central surface and the new limit

M The term “refinement” used in the two former sources is replaced by “modifications” in order
to unify the terminology and to distinguish from the refined invariants discussed in the paper.
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curves in these components (called modified limit curves). The modified limit curves
correspond to the components of Cy that were contracted in the original family (26).

Tropically, we replace the original plane R? with the tropical plane in R?, con-
sisting of three half-planes glued along the line through the edge E. One of the
half-planes contains the new fragment of the tropical curve which is dual to the
fragment of the new subdivision (cf. [23, Chapter 5]).

The three next lemmas present the aforementioned new subdivision fragments
and the new modified limit curves. The proofs and detailed explanations can be
found in [28, Section 3.5], [18, Section 2.5.8], and [7, Section 2.2].

We fix a common initial data for the three lemmas. Let an edge e of I',..4 of weight
¢ > 1 do not contain bivalent vertices of I'. Assume that the edge E = h(e) C R? is
horizontal, and the dual edge o of the subdivision ¥(7') lies on the vertical coordinate
axis. Denote by z € Tor(c) C ¥, the unique intersection point Tor(c) N C® (which
is the intersection point of Tor(c) with the limit curves attached to the trivalent
endpoints of F). At last, denote by b the coordinate of z on Tor(o).

Lemma 3.4 Given the above initial data, let e be a bounded edge. Then, the coor-
dinate change (27) yields the new subdivision fragment as shown in Figure 7(a,b)
dual to the fragment of the tropical curve on the modified tropical plane shown in
Figure 7(d,e). The trivalent vertex of the latter fragment is dual to the triangle
Omod(E) = conv{(—1,0), (1,0),(0,¢)} (see Figure 7(c)). The surface Tor(dmoq(E))
is the exceptional divisor of the weighted blow-up Xymea — X. The component
of CO which was contracted to the point z by the map ® in the family (26),
becomes immersively mapped onto the nodal rational curve by the modified map
Prod : P = Crioa(E) = Tor(0med) C Xomod- The curve Cpoq(E) can be recovered
in € ways using the intersection points with the toric divisors Tor(]—1,0),(0,¢)]),
Tor([(1,0),(0,0)]) fized by the limit curves Cy C Tor(dy), Cy C Tor(de) (see Figure
7(a)) and the condition of the vanishing coefficient of y*~! in the defining polynomial.

Lemma 3.5 Given the above initial data, let e be a bounded edge with an interior
marked point py.. Let v = h(py.) = (—¢,0), and let the point w € wy, that tropicalizes
to v have coordinates

w = (a1t°(1 + O(th), aa + O(t?), where ajas #0, d>> 0.

(The requirement d > 0 here and later ensures that the marked point appears in the
tropical modification always on the vertical end directed downward.) The coordinate
change (27) yields a tropical modification shown in Figure 7(f,9) with a pair of
trivalent vertices dual to the pair of triangles

Omod,1 (E) = conv{(1,0),(0,0),(0,0)}, moa2(E) = conv{(0,0),(—1,0),(0,¢)},

(see Figure 7(h)). Two components of C® mapped to the point = € Tor(c) after mod-
ification, become isomorphically mapped onto smooth rational curves Cpoq1(E) C
Tor(0mod,1(E)), Cmod2(E) C Tor(dmed2(E)) that intersect the common toric divi-
sor Tor([(0,0),(0,£)]) in one point zy with multiplicity (. The curve Ciog2(E)
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can be recovered in { ways using the intersection point with the toric divisor
Tor([(—1,0),(0,0)]) fized by the limit curve Cy and the intersection point with the
toric divisor Tor([(0,0), (—1,0)]) fized by w. In turn, the curve Croa1(E) is uniquely
defined by zo € Tor([(0,0), (0,£)]) and the intersection point with Tor([(1,0), (0, £)])
fixed by the limit curve Cy. The second tropical modification along the edge mapped
to the horizontal edge between two new trivalent vertices (as shown in Figure 7(h)) is
performed as described in part (1). It recovers one more previously contracted compo-
nent of C©), which then becomes immersed into the exceptional divisor Tor(6meq(E))
of the blow-up of the point zy.

Lemma 3.6 Given the above initial data, let e be an unbounded edge with an in-
terior marked point py.. Let v = h(py) = (—¢,0), and let the point w € wy, that
tropicalizes to v have coordinates

w = (a1t°(1 + O(th), ae + O(th), where ajas #0, d>> 0.

The modification similar to that in part (2), see Figure 7(1,j), contains a trivalent
vertex dual to the triangle dmoa(E) = conv{(—1,0),(0,0),(0,€)}, see Figure 7(k).
The component of OO contracted to the point z turns into a smooth rational curve
DBod : P — Crioa(E) = Tor(mea(E)), which can by recovered in £ ways using the
intersection point with the toric divisor Tor([(—1,0),(0,£)]) fized by the limit curve
Cy C Tor(61) and using the point in Tor([(0,0), (—1,0)]) fized by w.

Remark 3.7 If the edge e in the above lemmas contains bivalent vertices of I', then
we perform almost the same modification procedure: the algebraic modification is
Just the same, while the tropical modification contains extra vertical rays (cf. [7,
Figure 2(d,e,f,g)]). The construction of the modified limit curves is not affected by
the presence of bivalent vertices. The reader can find all the details in [28, Section
3.6/, [18, Section 2.5.8], and [7, Section 2.2].

3.4 The correspondence theorem

We recall here Mikhalkin’s correspondence theorem [21, Section 7] (see also [28, §3]
and [18, Section 2.5]) adapted to the setting and notation of Sections 3.1-3.3. Then,
we analyze its real version.

Definition 3.8 Let us be given a sequence w C Torg(Pa) of n distinct points de-
fined as in Section 2.1.8 and a reduced tropical curve (Uyeg, h,py,) € Efzd(A,a:),
where x = val(w) = h(p,,) (see Section 3.2, part (2)). Assume that x is in tropical
general position subject to the restriction xyg C OTPa. Denote by oy, ...,0n all tri-
angles of the subdivision X(T'), where T' = h,I'. We define an admissible collection
of limit curves and an extended admuissible collection of limit curves associated with
w and with the nonreduced model (T, h,p,,) of (Trea; b, Py,) (see Section 3.3).

(1) An admissible collection is a sequence of nodal rational curves C; € |Ls,],
1 =1,..., N, intersecting each toric divisor in one smooth point; all the curves
C1,...,Cn are subject to the conditions:
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Figure 7: Modification of a multiple edge with and without marked point
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(2)

- each curve C; contains all the points of w'®) belonging to Tor(s;),

- for each pair of triangles 0;,0; with a common side o = 6; N d;, the limit
curves C; C Tor(0;), C; C Tor(d;) intersect Tor(c) at the same point,

- for each pair of triangles 0;,0; with the sides o; C 00;, 0; C 09;, dual to the
edges E; = h(e;) # E; = h(e;), ei,e; € T, such that e;, e; lie on the same
bounded edge e € T}, the curves C;, C; intersect the toric divisors Tor(o;),

Tor(o;) at the canonically identified points (see Remark 3.3).

An extended admissible collection includes an admissible collection (see item
(1)) and a sequence of modified limit curves attached to edges e € T}, of weight
¢ > 1 and satisfying the conclusions of Lemmas 3.4, 3.5, and 3.6; namely, one
takes

- either a rational curve C,,oq € |£5mod(E)|, which meets the toric divisors
Tor([(—1,0),(0,¢)]) and Tor([(1,0),(0,¢)]) at the points fized by the curves
C1,...,Cy, and is defined by a polynomial with vanishing coefficient of y*~!,

- or a triple of rational curves Cimod € |Ls, ,ae)|, T = 1,2, Crioad € |Ls,, 05|,
which meet the toric divisors Tor([(—1,0), (0,£€)]) and Tor([(1,0), (0,¢)]) at the
points fized by the curves C4, ...,Cy, and such that Ci 04, Comea are peripher-
ally unibranch, intersect the toric divisor Tor([(0,0), (0,¢)]) at the same point
and satisfy Wmed € C1 mod U Camod, while Cryoq 15 as in the preceding item,

- or a rational, peripherally unibranch curve Cpoq € |Ls, d(E)‘ that meets the
toric divisor Tor([(—1,0), (0,€)]) at the point fized by the curves Cy, ...,Cy and
passes through wpeq, where dmeq(E) = conv{(—1,0),(0,0), (0,)}.

Denote by Ad((T, h, p,,),w) (respectively, by EAd((T, h, p,,.),w)) the set of ad-
missible (respectively, extended admissible) collections associated with a tropical
curve (T, h,p,) € T/¢Y(A, ) and a sequence of n points w C Torg(Pa). De-
fine ME, (T, h,p,,), w) C ME (A, w) to be the set of elements of ME (A, w)
tropicalizing to (T, h, p,,.) € T4 (A, x). In the case w C Torg, (Pa), the symbols
Miﬁﬁ%((f, h,p,,.), w) and EAd®((T, h, p,,), w) denote the sets of real elements.

The following theorem is a reformulation of Mikhalkin’s correspondence theorem

[21], Section 7] (see also [28, Section 3] for a closer version of the correspondence
theorem).

Theorem 3.9 The natural maps

M§n<<f7 h7 ptr)? ’lU) — EAd((f7 h7ptr)’ ’LU)

and (in the case w C Torg,(Pa))

Mﬂgg,%((fa ha ptr)? w) - EAdR((fv haPtr)? w)

are bijective, for each (T, h,p,,) € Efzd(A,w). Moreover, the map z € (K*)?
20 € Xy defines a bijection between the set of nodes of an element [® : (a,p) —

Torg (Pa)] € My, (A, w) and the disjoint union of sets of nodes of the curves in the
corresponding extended admissible collection.
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Proof of Lemma 2.4. The finiteness of M{, (A, w) follows from Theorem 3.9
and from the finiteness of 7, (A, x) (cf. [21, Proposition 4.13]). The smoothness of
C = (IJ(a) at each intersection point with any toric divisor Torg (o), o € P, follows
from (a) the fact that all the n” ends of I" directed by the vectors @ € A that are outer
normals to o C JPx are disjoint from each other, and from (b) the fact that all limit
curves in EAd((T, h, p,,), w) are smooth along the toric divisors. The singularities
of C' come from the nodes of the limit curves in EAd((T, h, p,,), w) and from the
intersection points of the components of the limit curves in the parallelograms of
the subdivision; note that the latter intersection points are centers of smooth local
branches which do not glue up in the deformation of ®y : C© — ¥, into &, : C*® —
X, t # 0, in the family (26).

3.5 Real limit curves and their nodes

In this section we specify the statement of Theorem 3.9 considering real separating
curves. Recall that a reduced, irreducible curve over R is said to be separating if
the set of the non-real points in its normalization is disconnected. The choice of a
connected component of this complement defines the so-called complex orientation
of the one-dimensional branches of the real point set. In this connection, we observe
that, for a sequence w C Torg,(Pa), each curve in a real extended admissible
collection has a one-dimensional global real branch, and hence is separating.

A reduced, irreducible curve over the field Kg is said to be separating, if each
curve @, : C® — O — Tor(Pa) = ¥;, 0 < t < 1, in the family (25) is separating.
Choosing a continuous subfamily of halves ®; : éjf) — Tor(Pa), 0 < t < 1, we
define a complex orientation on the given curve over Kg.

Lemma 3.10 Let d be a nondegenerate lattice triangle with at least one side of even
lattice length, ® : P! — C < Tor(8) a real rational, peripherally unibranch curve,
where C € |Ls|. Then the closure of exactly one quadrant contains an arc of RC
that passes through intersection points with all toric divisors.

Proof. Straightforward. o

Definition 3.11 Let § be a nondegenerate lattice triangle with at least one side of
even lattice length, ® : P! — C — Tor(d) a real rational, peripherally unibranch
curve, where C' € |Ls|. The arc of RC' mentioned in Lemma 3.10 is called 3-arc

and is denoted N(C,d). Furthermore, if X(C,6 C Torg (d,then the curve is called
Harnack rational curve. In the case of a Harnack rational curve C' C Tor(d), where

§ = conv{(0,0), (2i,0), (k, 1)} CR?, i,5,k€Z, i,l >0, (28)

denote by hy(C) and hy_(C) the numbers of elliptic nodes in the open positive
quadrant Torg(8)™ and in the quadrant {x > 0,y < 0} C Torg(d)*, respectively.
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Lemma 3.12 Under the assumptions of Definition 3.11, we have
hi+(0) = #(Int(5) N 222),
hy (C)=#{(a,b) €Int(§)NZ* : a=1 mod2, b=0 mod 2}. (29)

Proof. By [28, Lemma 3.5] the curve C'is smooth at the intersection points with
the toric divisors, and is nodal; furthermore, by [21, The last paragraph of Section
8.4], the curve C' cannot have hyperbolic nodes. We claim that all the nodes of C
are elliptic. Indeed, the curve C' admits a real parametrization

r=\Nr—-1), y=p¥(r-17"% 71e€C, \puecR (30)
The nodes appear as solutions to the system
M=) =XNr-1, wi(n-0"=pud(n-17F n#mn,
from which we immediately derive that
nl=1nl, |In-1=ln-1, n#mn,

and hence
T = 72 € C \ R.

That is, all the nodes of C' are elliptic.

Next, we notice that C has in Tory (4) an arc passing through all three intersection
points of C' with the toric divisors. There exists a small deformation of C' in the
real part of the linear system |Ls| which turns each intersection point with a toric
divisor into a bunch of real transversal intersections, and turns each elliptic node
into an oval (this follows, for instance, from [26, Theorem|). The obtained curve C’
is a smooth M-curve with respect to the triangle ¢ in the sense of [20, Definition 2].
By [20, Theorem 3| the isotopy type of the real part RC” with respect to the toric
divisors of Tor(¢d) is uniquely determined, and, moreover, relations (29) follow from
[20, Lemma 11]. O

Lemma 3.13 (1) Let 0 be the lattice triangle (28), and

21 € Torg ([(0,0),(24,0)]), 22 € Torg([(0,0), (k,1)])

be fixed points disjoint from the intersection points of toric divisors.

(i) A real rational, peripherally unibranch curve C' € |Ls| passing through zi, zo
exists if and only if either Iy := 1/ ged(k,l) is odd, or ly is even and zy €
Torg ([(0,0), (k1))

(i1) If the local real branch of C at 2, lies in Torg (8), then C is a Harnack rational
curve, and in such a case one has z € Torg ([(0,0), (k,1)]).

(113) If ly is odd, then C is defined uniquely.
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(iv) If 1y is even and z € Torg ([(0,0), (k,1)]), there exist two suitable curves C':
one is a Harnack rational curve and the other is obtained from a Harnack
rational curve by the coordinate change y — —y.

(2) If additionally we require that the real local branch centered at z, lies in
the positive quadrant, then C as above exists if anf only of z € Torg ([(0,0), (k,1)]).
Moreover, such a curve C is unique, and its real local branch centered at zy intersects
the positive quadrant.

Proof. (1) To prove claim (i), we need to find conditions of the existence of
parametrization (30) with real A, u. Under the given data, (), ) is a solution of the
system

M=1D)'=¢ Mgt =9, where by = , >0, neR”.

_ k-
ged(k, 1)

Then A\ = £(—1)! is always real, whereas p'* = (—1)¥in/¢¥ . A real root p exists
precisely under the hypotheses of item (i).

The same computation yields claims (ii), (iii), and (iv) as well.

(2) The additional requirement means that pu(—1)* > 0. Hence, n =
ghrph(—1)kl = ¢h(pu(—1)%)1 > 0, that is, 2o € Torg([(0,0), (k,1)]), and, in such
a case, the corresponding real solution (A, x1) is unique. For the topological reason,
the real arc of C' in the positive quadrant touches all toric divisors. O

Lemma 3.14 Given a family (26) representing a real nodal curve over the field K,
suppose that the parameterized tropical limit yields a lattice parallelogram & of the
subdivision 3(T') and real limit curves Cy,Cy C Tor(0) as in Lemma 3.2(2). Suppose
that the intersection points of C1UCy with the toric divisors lies in OTorg, (§). Denote
by O C Tor(Pa) the fiber of the family (C,w) in (26) for t € (C,0). Denote also
by o1, 09 two non-parallel sides of 6. Then, one has the following statements.

(1) The intersection point C; NCy develops into real hyperbolic nodes and complex
conjugate nodes along the deformation {O®}ocicr.

(i1) If ||o1||z - |loallz = 0 mod 2, then the numbers of real hyperbolic nodes desig-
nated in item (i) are even, both in Torg (Pa) and outside Torg, (Pa).

(iii) If ||o1]|z - ||o2]lz = 1 mod 2 and A(6) = 0 mod 2, then the numbers of real
hyperbolic nodes designated in item (i) are odd, both in Torg (Pa) and outside
Torg (Pa).

Proof. Claim (i) is evident. If, for instance, ||o1]|z is even, then the real arc of C4
in each quadrant develops into an even number of local arcs along the deformation
{C®}o<i<1, and hence the statement (ii) holds. Under the hypotheses of item (iii),
the intersection C; NCy contains one real point in Torg (§) and one real point outside
Tory (6). Then, the required statement follows from the fact that each real arc of
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C: and (5 in each quadrant develops an odd number of real local arcs along the
deformation {C®}<ic;. O

Lemma 3.15 Let §, = conv{(—1,0),(1,0),(0,¢)} (see Figure 7(c)), and let
oo, a0, are € R*.

(1) Let ¢ be even. A real polynomial with Newton triangle &y, defining a real
rational curve and having coefficients a_1 0, a10,a00 at the vertices of o;, exists if
and only if a_1pa19 > 0. Assuming, furthermore, that a_,a10 > 0, age < 0, and
ape—1 = 0, one obtains exactly two polynomials as above. These two polynomials
come from the following ones

¢1,Z(x7y) =T+ ‘Tﬁl —2- Cheb@(y)v ¢2,Z(x7y) = ¢1($(—1)£/2, y\/__1)7 (31)

where Cheby(7) = cos({ - arccosT) is the {-th Chebyshev polynomial, by a suitable
transformation F(x,y) — 1 F (722, v3y) with 1, Y2, 73 > 0. The curve 1y, = 0 has
g — 1 elliptic nodes in the half-plane x > 0 and % elliptic nodes in the half-plane
x < 0, while the curve 1y = 0 has a hyperbolic node in the half-plane x > 0 as its
only real singularity.

(2) Let £ be odd. For any real nonzero a_y g, a1, a0 and age—1 = 0, there exists
a unique real polynomial with Newton triangle Ty, defining a real rational curve and
having coefficients a_1 9, a1, aoe, aoe—1 as specified. In particular, if a0 > 0 and
ape < 0, each polynomial as above is obtained from one of the following ones

Vie(m,y), Yoz, y) = —Yro(z(vV=1), yv/~=1), (32)

by a suitable transformation F(x,y) — 1 F(vy2x,v3y) with 1,72, 73 > 0: namely,
those with a_19 > 0 come from 11 ¢, and those with a_1 o < 0 come from 1s,. The
curve Y10 = 0 has the same number K_Tl of elliptic nodes in the half-plane x > 0 and
in the half-plane x < 0, while the curve 1y = 0 has no real singularities at all.

Proof. Both statements are well known and can easily by derived from [28,
Lemma 3.9 and its proof]). In particular, all real polynomials having Newton triangle
¢ and defining rational curves form orbits of the (R*)3-action

F(z,y) = mF(9r,7%y), 7,77 € R”, (33)

generated by polynomials (31) (¢ even), or (32) (£ odd). The elliptic nodes of
the curve 91, = 0 correspond to the maxima and minima of Cheb,. In turn,
the required properties of the curves 15, = 0 can be derived from the fact that
(v/—1)*Cheb,(7/—1) = (—=1)*cosh(¢ - arccosh 7). (See the curves given by (31) and
(32) shown in red color in Figure 8(a-d).) O

3.6 Correspondence theorem for real separating curves

Throughout this section, we assume that w C Torg(Pa).
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Note that all real limit curves and real modified limit curves in the modified
parameterized tropical limit described in Section 3.3 have an infinite real point set
and the complement to the real point set consists of two connected components, i.e.,
they are separating.

— _
Denote by M2 ((T,h,p,),w) the set of complex oriented elements of

_ s _

M= (D, h,p,,),w) (see Section 3.5. An element of My%((T,h, p,,), w) induces

a complex orientation on each limit and modified limit curve of the tropical limit of
e . R/ T

that element. Denote by Ad®((T', h, p,,),w) (respectively, EAd®((T', h, p,,), w)) the

set of the induced complex oriented admissible (respectively, extended admissible)

collections, associated with a curve (T, h,p,,) € T/24(A, x).

In what follows, we use notations of Definition 3.8.

Lemma 3.16 Given a curve (T, h,p,) € T7¢(A, x) and the polygons 0y, ..., 0y
forming the dual subdivision of Pa, a sequence of real rational curves Cy € |Ls, |
satisfying the conditions of Definition 3.8(1) yields an element of AA*((T, h,p,,),w)
if and only if the following holds:

(i) for each bounded edge e = [v;,v;] € T}, of even weight, the real local branches

of the curves C; C Tor(6;), C; C Tor(6;) (where &;,6; are dual to h(v;), h(v;),
respectively) centered at the points z; >~ z; of the canonically isomorphic (see
Remark 3.3) toric divisors of Tor(d;), Tor(d;) lie in the same closed quadrant
in Torg(d;), Torr(d;), respectively; if, in addition, e contains a marked point
pir such that hpy) = val(w), w = (t(a; + O(t?)),t(ay + O(t?))) € w,
d > 0, where ai,ay € R*, then the point (a1, as) lies in the same quadrant as
the aforementioned real local branches of C;, C;;

(ii) for each unbounded edge e € T of an even weight, incident to a trivalent
vertex v; and containing an interior marked point py, such that h(py,) = val(w),
w = (t (a1 + O(t9)), t2(ay + O(t?))), where ay, ay € R, the point (a1, az) and
the real local branch of C; C Tor(d;) centered on the toric divisor Tor(o), where
o is orthogonal to h(e), lie in the same quadrant.

Furthermore, wunder the above conditions, there are 2™71T™2  elements of
EAA®((T, h,p,,)), w) containing the sequence Ch, ...,Cy, where my is the number
of marked points on edges of Tyeq of even weight, and msy is the total number of
edges of even weight.

Proof. We have to show that the condition stated in the lemma is necessary and
sufficient for the completion of the sequence (1, ..., Cy to a real admissible collection.

First, observe that there is no restriction to find suitable real modified limit curves
in the case of an edge e of odd weight /. One can easily see that this fact reduces
to the following statements.

(1) For any prescribed real nonzero coefficients at the vertices of the triangle §, =
conv{(—1,0),(1,0),(0,¢)} (Figure 7(c)), there exists a real polynomial F'(x,y)
with Newton triangle d,, having the above prescribed coefficients, having the
vanishing coefficient of 4!, and defining a real rational curve.
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(2) For any prescribed real nonzero coefficients at the vertices of the triangle
9, = conv{(—1,0),(0,0), (0,¢)} (Figure 7(k)), there exists a real Laurent poly-
nomial with the Newton triangle &, having the above prescribed coefficients
and defining a peripherally unibranch curve in Tor(dy).

Claim (2) is evident. Claim (1) follows from Lemma 3.15(2).

For ¢ even, the necessary and sufficient condition for the existence of a suitable
real modified limit curve reads a_j a1 > 0 (see Lemma 3.15(1)). Geometrically,
the latter condition means that the local real branches of C;, C; centered at z;, z;,
respectively, lie in the same quadrant. Note that there are two suitable modified
limit curves (see Lemma 3.15(1) and Figures 8(a,b)).

Furthermore, if e contains an interior marked point, then we have an additional
restriction for the coefficients at the vertices of the triangle &, (see Figure 7(h,k)):
booboe > 0, which geometrically means that the local real branch of C; centered on
the toric divisor Tor(o) and the point ini(w) lie in the same quadrant. Note that in
view of boobos > 0, there are two real polynomials by (y + A)* matching the condition
boe A’ = bgg. For each of the choices of \, there are two suitable real modifications as
mentioned in the preceding paragraph.

The results of the two last paragraphs yield 2™%™2 possible extensions of the
collection of limit curves C', ..., Cy. O

Definition 3.17 (1) Let (Cy,...,Cy) € Ad*((T, h,p,,),w), where C; € |Ls,|, i =
1,...,N. A complex orientation of (C1,...,Cy) is a complex orientation of each of the
curves C, ...,Cn. We say that a complex orientation of (C1, ..., Cn) is coherent if (in
the notation of Lemma 3.16) for each bounded edge e = [v;,v;] € T’ of odd weight,
the real local arcs of the curves C;, Cj, centered at the points z; ~ z;, respectively,
and lying in the same quadrant, are oriented so that one of the arcs is incoming and
the other is outgoing. An element (Cy,...,Cy) € Ad*((T, h, p,,), w) equipped with a
coherent complex orientation will be called oriented real admissible collection.

(2) Let (Cy,...,Cy) € Ad*((T, h,p,,),w) be equipped with a coherent complex
orientation, and let an element € € EAA®*((T, h, p,,),w) extend (Cy, ...,Cy). Choose
a complex orientation of each of the modified limit curves in &. We say that a complex
ortentation of & is coherent if the complex orientation of each modified limit curve is
coordinated with the complex orientations of the corresponding curves C;, C; in the
way shown in Figure 8.

— _
Lemma 3.18 (1) The complex orientation of each element of EAA®((T, h, p,,.), w)
is coherent. Each element of EAA®((T, h,p,,),w) possessing a coherent complex

— a
orientation belongs to EAd®((T, h, p,,.), w).

(2) Each element of Ad*((T,h,p,,.),w) possessing a coherent complex orienta-
tion belongs to AdA®((T, h,p,,),w). Further on, it can be extended to an element of

— _
EAd®((T, h, p,,.), w) in 2™ ways, where m is the number of edges e € T'' having even
weight and containing an interior marked point.
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(a) (b) () (d)

Figure 8: Complex orientations and modifications

Remark 3.19 Under the assumptions of Sections 2.2 and 2.3 stated over the field
Kg, the tropical curves appearing in the tropical limits do not have edges of even
weight with an interior marked point, and hence the statement (2) of lemma 3.18
implies that each element of Ad®((T,h,p,,.),w) admits a unique extension to an

element of EAd®((T, h, p,,), w).

Proof of Lemma 3.18. (1) Straightforward from Theorem 3.9.

(2) Let a bounded edge e = [v1,vs] € I'' do not contain a marked point. Then,
there exists a unique real modified limit curve C,,,q C Tor(d,,0q). Where

dmoa = conv{(0,0),(2,0),(1,¢)} (cf. Figure 7(c)).

whose complex orientation makes the whole modified fragment coherent: see Figure
8(a,b,c,d) showing in red the curves

Crod = {010y =0} and Chq = {t20 =0} (see formulas (31)),

for ¢ even or odd, respectively. The same holds if e contains a marked point, and
(as we mentioned above in Lemma 3.16) the two choices come from the fact that
there are two real modified limit curves Cy ,,0a( E) with Newton polygon s a4 (the
left triangle in Figure 7(h)) and prescribed coefficients at the vertices of dg o (cf.
the proof of Lemma 3.16). O

Lemma 3.20 (1) Let 0y be a triangle of the subdivision X(T'), and let Cy € |Ls,|
be a real rational, peripherally unibranch curve equipped with a complex orientation.
Then,

o the intersection of RCYy with any closed quadrant is either finite, or contains
a unique one-dimensional arc; the complex orientation of such an arc defines
a cyclic order of the sides of 0k, and all these cyclic orders coincide (see an
example of an oriented line in Figure 9);
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Figure 9: Complex orientation and orientation of a triangle

e QI(Cy) = e ||0k||z, where e =1 if the complex orientation of RC), defines the
positive cyclic order of the sides of 0y, and € = —1 otherwise.

(2) Let 0y, be a parallelogram of the subdivision X(T'), and let Cy € |Ls,| be a real
limit curve as in Lemma 3.2(2). Then QL(Cy) = 0.

Proof. Straightforward from [22, Theorem 3.4 and Example 3.5]. O

Now, we state a version of the correspondence Theorem 3.9 taking into account
real separating curves equipped with the complex orientation.

Theorem 3.21 Under the hypotheses of Theorem 5.9, assume that w C Tork, (Pa).
Then, for each curve (I', h,p,,) € T;fld(A, x), the natural map
— —
MH;]}%((F’ ha ptr)7 ’lU) — EAdR((Fv haptr)7 ’(U)
15 bijective. Furthermore, in the setting of Section 2.2 or 2.3, the natural map
— Ko = i Y AR, (T
Mﬂgg,ﬂfl((r7 ha ptr)7 'l.U) — EAdR<<F7 h? ptr)’ ’UJ) — AdR((F7 h7ptr)7 w)
15 bijective.
— —
For each element £ € M5 ((T, h,p,,),w), one has

N

QI(C) = > QI(Cy),

k=1
—n S . .
where (O, ...,Cy) € AA®((T, h, p,,), w) is the image of €.

Proof. Straightforward from Theorem 3.9 and Lemmas 3.16, 3.18, and 3.20. O

Theorem 3.22 In the setting of Section 2.2 or 2.3 and under the hypotheses of
Theorem 3.9, suppose, in addition, that the curves C; C Tor(d;) are Harnack when
0; 1s a triangle with all sides of even length. Then, the Welschinger sign W1(§) (as
defined by formula (5)) can be computed by summing up the contributions of the
curves Oy, ...,Cy and of the finite edges of the underlying tropical curve (T, h,p,,)
to the exponent of (—1) in formula (5). The non-trivial contributions are as follows.
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o The curve C; C Tor(d;), where 6; is a triangle with at least one side o of even
length, contributes either hy(C;) or hy_(C;) according as the local real arc
of C; centered on Tor(o) lies in the positive quadrant, or not; furthermore, C;
additionally contributes 1 each time when

— 0, is dual to a trivalent vertex V = h(v), where v is the trivalent endpoint
of an end e € T},

— the side o C 06 orthogonal to E = h(e) satisfies ||0;||z =0 mod 4,

— the orientation of RC; at the intersection point with Tor(o) is opposite to
the orientation of Torg(c) induced by the given orientation of Torg (d;)
(which in turn, comes from the a priori fived orientation of Torg (Pa)).

o The curve C; C Tor(d;), where §; is a parallelogram with both sides of odd
length and of area ||0;||z =0 mod 4, contributes 1.

o A pair of triangles 6;, 0; of the subdivision X(T") which are dual to trivalent
vertices Vi = h(vy), Vo = h(vq) such that vi,ve € TV , are endpoints of the
-1

same edge of I'yeq of weight £ > 1 contributes [T} L if

— the local arc of RC; touching the toric divisor Tor(c;) C Tor(d;) and
the local arc of RC; touching the toric divisor Tor(o;) C Tor(d;) lie in
Torg (6;), Torg (d;), respectively, where the toric divisors Tor(o;), Tor(o;)
either coincide, or are canonically isomorphic in the sense of Remark 3.3,

— the complex orientations of above arcs of RC;, RC; induce opposite ori-
entations of Torg(o;), Torg(c;), respectively.

Proof. Note that, in the rational case (setting of Section 2.2), all triangles o;
have sides of even length, and then the claim follows from Lemma 3.12, Lemma
3.15(1), and Lemma 3.18 (cf. Figure 8(a,b)).

In the elliptic case (setting of Section 2.3), each triangle ¢; has at least one side
of even length (otherwise, the corresponding limit curve C; would have real arcs
in three quadrants, while the considered elliptic curves may have real arcs only in
two quadrants. By our assumption, the limit curves in associated with the triangles
having all sides of even length are Harnack, i.e., have a real arc lying in the positive
quadrant. It easily follows that all intersection points of (1, ..., C'y with toric divisors
lie in the positive halves of these divisors. Thus, the count of elliptic nodes in the
positive quadrant and hyperbolic nodes outside it, asserted in the lemma, follows
from Lemmas 3.12, 3.14, 3.15, and the coherence condition (cf. Figure 8). O

Remark 3.23 Recall that the curves in Figure 8 are presented in the coordinates
x1,y1 linked with the main coordinates x,y by formulas (x,y) = (x1,1y1 + b), where
b is the second coordinate of the intersection point of Cy, Cy with the common toric
divisor of the toric surfaces Tor(01), Tor(de). That is, the singularities shown in the
half-planes {x1 > 0} and {x1 < 0} in Figure 8 correspond to singularities of the
curves C, 0 <t < 1, in the quadrants

{z > 0,ysign(b) >0} or {x<0,ysign(b) > 0},
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respectively.

4 Tropical elliptic invariants

The main purpose of this section is to describe tropical analogs of the refined elliptic
invariants introduced above and to provide a tropical calculation of these invariants.

4.1 Tropical enumerative problem
4.1.1 Tropical constraints

For each vector a € Z? C R?, consider the linear form )\, : R?> — R whose gradient
@ is obtained from a by the clockwise rotation by 7/2. If L, C R? is an affine
straight line directed by the vector a, then A, takes the same value at all points of
Lg; we denote this value by A\g(Lg)-

Let A C Z? be a non-degenerate balanced multi-set. Any collection of affine
straight lines {Lq}aca in R? such that, for each a € A, the vector a is contained in
the direction of L, is called a tropical A-constraint.

For a plane tropical curve T' represented by a parameterized plane tropical curve
(T, h), we say that a given point of R? belongs to T if this point belongs to the
image of h. We also speak about bounded edges and ends of T these are images
under A of the bounded edges and the ends of T'.

Definition 4.1 A tropical A-constraint {Lg}aen Ssatisfies the tropical Menelaus
condition if there exists a plane tropical curve T of degree A such that for every
a € A the end of T directed by the vector a € A is contained in the line L.

The following lemma is an easy well-known statement (cf., [22]).

Lemma 4.2 A tropical A-constraint {Lqg}acn satisfies the tropical Menelaus con-
dition if and only if

Z )\a<La) =0. (34)

acA

Proof. The ‘only if” part of the statement immediately follows from the balancing
condition for tropical curves. The ‘if’ part can be proved by a straightforward
inductive construction. O

An elliptic plane tropical curve is a plane tropical curve of genus 1. Any repre-
sentative (I', h) of such an elliptic plane tropical curve T has a unique simple cycle.
We call it (respectively, its image under h) the cycle of T" (respectively, of T').

Assume that a tropical A-constraint { Lg }aea satisfies the tropical Menelaus con-
dition, and consider a point zy € R?. The pair ({Lq}aca, o) is called an extended
tropical A-constraint. An elliptic plane tropical curve T is said to satisfy the ex-
tended tropical A-constraint ({Lg}taca, o) if
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e T is of degree A,

e for every a € A the end of T directed by the vector @ € A is contained in the
line L,

e and xy € T.

Lemma 4.3 Let (T, h) be a representative of an elliptic plane tropical curve T' sal-
isfying the extended tropical A-constraint ({Lq}acn, To). Assume that A is even and
I' is 3-valent. Then,

e cach edge e of I' such that e does not belong to the cycle of I' is of even weight,

e cither each edge of the cycle of I is of even weight, or each edge of the cycle
of I' is of odd weight and the primitive vectors in the directions of the images
under h of these edges all have the same parity (by the parity of (a,b) € Z* we
mean (a mod 2,b mod 2) € (Z/27)?).

Proof. The statement of the lemma is a straightforward corollary of the balanc-
ing condition. O

The condition that an elliptic plane tropical curve T, represented by a pa-
rameterized plane tropical curve (I, h), satisfies an extended tropical A-constraint
({La}aca, o) can be reformulated in terms of the tropical toric surface TPa (cf.
Section 3.1). For any vector @ € A, the line L, oriented by a is completed by a
point x4 in the (open) strata Z C T Pa corresponding to the side 0 C Pa having
a as outer normal vector; we equip x, with the weight wt(a) (the weight of @). A
parameterized plane tropical curve (T, h) that represents an elliptic plane tropical
curve T satisfying an extended tropical A-constraint ({Lg}aen,Zo) gives rise to a
marked parameterized elliptic plane tropical curve (I, h, p,,) of degree A such that
(cf., Section 3.1)

e a point p;, € p, belongs to I', the other points of p, being the univalent
vertices of I';

e for any vector a € A, one of the univalent vertices in p,, \ ps, is sent to x4 by
the extension h : I' — TPa of h, the weight of the end adjacent to this vertex
being equal to wt(a);

e h(py) = .

The other way around, forgetting the marking of such a marked parameterized
elliptic plane tropical curve (T, h, p,,.), we get a parameterized plane tropical curve
(T, h) that represents an elliptic plane tropical curve satisfying an extended tropical
A-constraint ({Lg }aen, Zo)-
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4.1.2 Elliptic plane tropical curves of given parity

Fix an even non-degenerate balanced multi-set A C Z? and a pair («, 3) € (Z/27Z)*\
{(0,0)}. We say that A and («, ) satisfy the admissibility condition if Pa has at
most one side whose primitive normal vectors are of parity («, 5). This condition is
a reformulation of the admissible quadrant condition (AQC) on the quadrant

Q= {(x,y) e R*| (-=1)*z > 0,(-1)y > 0}

(see Section 2.3).

An elliptic plane tropical curve T, represented by (T, k), of degree A, is said to
be of parity (a, B) if T has edges of odd weight, the restriction of A on any such edge
is non-constant, and the primitive vectors in the directions of the images under h of
these edges have the parity (o, 3). A plane tropical curve, represented by (T, h), is
said to be simple if T is 3-valent and the inverse image h~'(z) of any point z € R?
contains at most two points; if A71(x) is formed by two points, none of them is a
vertex of T

Let T be a simple elliptic plane tropical curve of degree A and parity («, 3), and
let (T', h) be a parameterized plane tropical curve representing 7. Denote by c the
cycle of I'. Lemma 4.3 implies that the edges of I that have an odd weight are
exactly the edges of the cycle ¢. The graph I' can be represented as the union of ¢
and a collection {I',} of trees formed by edges of even weight, the latter collection
being indexed by the set of vertices of c.

Let (7T be the subdivision of Pa that is dual to 7. Any polygon of 3(T) is
either a triangle, or a parallelogram. A triangle of X(7") (or, equivalently, a vertex of
T) is called even if its sides are even, that is, have even lattice lengths, and is called
odd otherwise. An odd triangle of ¥(7") is said to be mobile if the tree I', adjacent
to the corresponding odd vertex v of I' satisfies the following property: for each edge
of I', that is an end of ', the primitive integer vectors in the direction of the this
edge are of parity (o, ); in this case, the odd vertex v is also said to be mobile. If
A and (a, 8) satisfy the admissibility condition, then any mobile odd vertex of T’
is adjacent to an end such that the primitive integer vectors in its direction are of

parity («, ).

Example 4.4 Figure 10 shows an example of a subdivision dual to an elliptic plane
tropical curve of parity (o, ) = (0,1). The subdivision contains one parallelogram,
two even triangles (indicated by the black marks), and five odd triangles. One of the
odd triangles is mobile (it is indicated by the blue mark), the other four odd triangles
are non-mobile (they are indicated by the red marks).

Choose an orientation o of the cycle c. For each vertex v of ¢, the orientation o
provides a local orientation of R? at h(v): if e is the even edge adjacent to v and if
e1 and ey, are the edges of ¢ that are adjacent to v and such that e; precedes ey in
0, then the above local orientation is given by the following cyclic order: ey, e, es.
In the dual way, the orientation o provides also an orientation of the triangle dual
to v.
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Figure 10: Example in degree 6

An orientation kit R of T is a choice of an orientation oz of the cycle ¢ and a
choice, for each vertex v of ', of a local orientation of R? at h(v) in such a way
that the local orientations associated to all non-mobile odd vertices of T' coincide
with those provided by oz. Alternatively, an orientation kit R of ¥(T') is a choice
of an orientation o of ¢ and a choice of an orientation for each triangle of 3(7") in
such a way that the orientations of all non-mobile odd triangles of ¥(T") coincide
with those provided by og. The collections of orientation kits of 7" and 3(T") are
in a natural one-to-one correspondence. In what follows, we use the both settings
and freely translate notions concerning orientation kits from one setting to the other
without additional explanations. Notice that orientation kits of 7" can be seen as a
way of encoding of ribbon structures of T'.

If A and («, 3) satisfy the admissibility condition (i.e., Pa has at most one side
whose primitive normal vectors are of parity («, [3)), then the cycle ¢ contains at least
one non-mobile odd vertex. Thus, in this situation, while describing an orientation
kit, we do not specify the choice of an orientation of ¢, since this orientation is
uniquely restored from the other data in the orientation kit.

For a given orientation kit of 7', if the local orientation at a vertex h(v) of T
coincides with the canonical orientation of R?, we say that the vertex v of I' is
positive; otherwise, we say that v is negative. The switch of the chosen orientation
of the cycle ¢ makes each positive (respectively, negative) non-mobile vertex of ¢
negative (respectively, positive).

An orientation kit is said to be maximal if all triangles are oriented positively in
this orientation kit. If 7" admits a maximal orientation kit, such an orientation kit
is unique.

If R is an orientation kit of T', a mobile odd vertex of I is said to be R-compatible
(respectively, R-noncompatible) if R and o provide the same local orientation
(respectively, opposite local orientations) for this vertex. An even vertex of I' is said

59



Figure 11: Simplification

to be R-noncompatible if it belongs to an even tree I', attached to a R-noncompatible
mobile odd vertex v of I'; otherwise, the even vertex is said to be R-compatible.
Under the admissibility condition on A and (a, ), all even vertices of I are R-
compatible.

The plane tropical curve T" may admit a rectification: this is an elliptic plane
tropical curve represented by a parameterized plane tropical curve (F/, h'), where
the graph T’ is obtained from T by replacing each tree T, of the collection {T',}
by an edge connecting v to a new one-valent vertex and the map A’ : IV — R? is
obtained by extending the restriction of h to I'\ I, in such a way that the balancing
condition at v is satisfied (see Figure 11). A rectification of T has the same parity
as T, but, if the rectification is nontrivial, not the same (even) degree.

A partial rectification of T at an even vertex u; adjacent to two one-valent vertices
and a vertex uy of valency bigger than 1 is an elliptic plane tropical curve represented
by a parameterized plane tropical curve (FN, h"), where the graph T is obtained from
T by replacing the union U of three edges adjacent to u; by an edge connecting us
to a new one-valent vertex and the map h” : I — R? is obtained by extending the
restriction of h to I'\ U in such a way that the balancing condition at u, is satisfied.
Again, a partial rectification of T" has the same parity as T, but not the same (even)
degree. A rectification of T' can be represented as a result of a sequence of partial
rectifications of elliptic plane tropical curves, the first of these curves being 7.

4.1.3 Quantum indices and Welschinger signs of elliptic plane tropical
curves

Fix again a couple (o, 8) € (Z/2Z)* \ {(0,0)}. Let T be a simple elliptic plane
tropical curve of parity («, ) and of degree A = A(T), and let (T, ) be a param-
eterized plane tropical curve representing 7. To each orientation kit R of T" we
associate a quantum index and a Welschinger sign. The quantum index k(R) of R
is A, (R) — A_(R), where A, (R) (respectively, A_(R)) is the total Euclidean area

of positive (respectively, negative) triangles in (7).

Proposition 4.5 The difference A(A) — k(R) is an integer divisible by 4.
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Proof. Denote by II(T) the total area of parallelograms in ¥(7"). The difference
A(A) — k(R) is equal to 2A_(R) + II(T"). The Euclidean area of each triangle
in X(7) is an integer and the Euclidean area of each parallelogram in (7)) is an
even integer. So, 24_(R) + II(T) is an even integer. Furthermore, the Euclidean
area of any even triangle in (7) is an even integer and the Euclidean area of any
parallelogram in 3(7") with all sides even is an integer divisible by 4. Denote by
A" (R) the total area of negative odd triangles in 3(7"), and denote by II'(T") the
total area of parallelograms in 3(7") that have an odd side. Our purpose is to prove
that the even integer number 24" (R) + IT'(T') is divisible by 4.

Denote by R°PP the orientation kit obtained from R by reversing the orientation
of ¢ and the orientations of all triangles of ¥(7).

Lemma 4.6 The integer 2A” (R) — 2A_(R°PP) is divisible by 4.

Proof. The statement of the lemma is equivalent to the fact that the integer
A" (R)+ A" (R°PP) is even. The latter integer is equal to the total Euclidean area of
odd triangles in ¥(7). Thus, this integer is even, because it is equal to the difference
between A(A) (which is even) and the total Euclidean area of even triangles and
parallelograms in 3(7T'). O

Lemma 4.7 Let L C R? be a straight line with rational slope. Assume that L
intersects the cycle h(c) of T only at interior points of edges. For each intersection
point of L with an edge h(e) of h(c), consider the integer equal to the Fuclidean
area of the parallelogram formed by a primitive vector in the direction of L and a
primitive vector in the direction of h(e). Then, all the integers obtained in this way
from the intersection points of L and h(c) have the same parity.

Proof. This is an immediate corollary of the fact that all primitive vectors in
the directions of edges of the cycle h(c) have the same parity. O

We prove the statement of the proposition using an induction on the number of
self-intersections of the cycle of T', that is, the number of parallelograms in ¥(7") that
have all sides odd. Assume that the restriction of h on the cycle of I' is injective,
that is, the cycle h(c) of T' does not have any self-intersection. In this case, the
complement of the cycle h(c) C R? has two connected components: the interior
In(c), homeomorphic to an open 2-disc, and the exterior Ex(c).

For any vertex v of ¢, let ', be the tree (formed by edges of even weight) adjacent
to v. Exactly one edge of I, is adjacent to v; denote this edge by e, and denote
by L, the straight line containing h(e,). The line L, is divided by h(v) into two
rays. Denote by L} the ray containing h(e,), and denote by L the other ray. Due
to Lemma 4.6, we can reverse, if necessary, the orientation of ¢ and assume that a
vertex v of ¢ is positive if and only if at h(v) the ray L, points towards Ex(c).

For a vertex v of ¢, let © € ¢ be a generic point sufficiently close to v. Denote by
L; the straight line parallel to L, and passing through h(?); note that the lines L,
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Figure 12: Rays L} and L

and Lj are different. Denote by L} and L the rays of L; having h(7) as vertex
and pointing in the same directions as L. and L, respectively (see Figure 12).

The balancing condition implies that the total area II/ of the parallelograms
corresponding to the intersection points (different from h(v)) of h(T',) and h(c)
is congruent modulo 4 to the total area, multiplied by the weight of e,, of the
parallelograms corresponding to the intersection points (different from h(?)) of LI
and h(c). Thus, Lemma 4.7 implies that, if the vertex v is negative (respectively,
positive), then the integer 2A(v) +II (respectively, II!) is divisible by 4, where A(v)
is the Euclidean area of the triangle dual to v. This proves the required statement
in the case where the cycle h(c) of T' does not have any self-intersection.

Assume now that the cycle h(c) of T has a self-intersection ¢. Then, we can
consider the surgery of T at ¢. This is a pair of elliptic plane tropical curves T} and
T, defined as follows. Denote by e and f the two edges of I' whose images contain
t, and denote by ¢, and ¢y the inverse images of ¢ in e and f, respectively. Cut
the edge e at ¢, into two segments € (oriented towards ¢.) and ‘& (oriented from
te). In a similar way, cut the edge f at ¢y into two segments 7 and 7 Each of
the segments e, e, ?, and 7 has a distinguished vertex sent by h to . Identify
the distinguished vertices of ¢ and f, and attach to the resulting vertex v; a new
edge ¢;. Similarly, identify the distinguished vertices of 7 and ‘€, and attach to
the resulting vertex vy a new edge go (see Figure 13). This procedure gives rise to
two respective graphs I'; and T'y. Denote by I'; (respectively, I's) the complement
in T'; (respectively, I'y) of univalent vertices. The restriction of h to I'; \ g; admits a
unique extension hy to I'y such that (I'y, k1) is a parameterized plane tropical curve.
Denote by T the corresponding plane tropical curve. In a completely similar way,
we define a parameterized plane tropical curve (I'g, hy) and the corresponding plane
tropical curve Ty. Let L be the straight line containing the rays hi(g;) and ha(ge).
Slightly modifying, if necessary, the elliptic plane tropical curves T;, i = 1,2, we can
assume that the inverse image under h of any point of L is not a vertex of I' and the
only point of L having two inverse images under h is ¢. Thus, T} and T5 satisfy all
conditions for simple elliptic plane tropical curves of parity (a, #). The orientation
kit R induces orientation kits of 77 and 75, so we can apply to these curves the
induction hypothesis.
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Figure 13: Surgery of T at ¢

It remains to notice that the quantity 24" (R) + II'(T) is congruent modulo 4
to the sum of the corresponding quantities for 77 and T,. Indeed, exactly one of
the vertices v; and vy is negative, and for any vertex v;, ¢ = 1,2, the Euclidean
area of the triangle dual to v; in the subdivision X(7;) dual to T; is equal to the
half of the Euclidean area of the parallelogram dual to ¢ in the subdivision (7).
In addition, the tropical intersection number of T} and T5 is divisible by 4, and
the tropical intersection number of 7" and L is divisible by 2 (for the definition of
tropical intersection number, see, for example, [19, Definition 3.6.5]). O

In order to define the Welschinger sign to(R) of R, let us introduce the following
notions and notations. For any vertex p of I'; denote by (61(p),02(p)) the parity
of each of the vertices of the triangle ¢, dual to h(p) if p is even and the parity
of each of the vertices adjacent to the even edge of 9, if p is odd. The Harnack
number H(p) (respectively, the twisted Harnack number H q g)(p)) of a vertex p of I'
is the number of integer points in the interior of 9, that have the parity (6 (p), 62(p))
(respectively, the parity (61(p) + 3,02(p) + «)). The content ¢(e) of an edge e of T
is the integer part of (wt(e) —1)/2, where wt(e) is the weight of e. A bounded edge
of I' is said to be R-coherent (respectively, R-noncoherent) if it connects vertices
having the same sign (respectively, opposite signs) in R. An end of T is said to be R-
coherent (respectively, R-noncoherent) if the adjacent vertex is positive (respectively,
negative) in R.

Consider the following quantities:

e the number of self-intersections 7(T") of the cycle of T, that is, the number of
parallelograms in ¥(7") that have all sides odd,

e the sum Ceyencom(R) of Harnack numbers of R-compatible even vertices of I,
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e the sum Covenncom(R) of twisted Harnack numbers of R-noncompatible even
vertices of T,

e the sum (oadnmob(Z) of Harnack numbers of non-mobile odd vertices of T,

e the sum (yqq,com(R) of Harnack numbers of R-compatible mobile odd vertices

of ',

e the sum (oaqncom(R) of twisted Harnack numbers of R-noncompatible mobile
odd vertices of I,

e the sum 7,0u,4(R) of contents of R-coherent bounded edges of T,
e the sum 7.,q5(R) of contents of R-noncoherent ends of I

Note that 7(T") and (oad.nmob(7") depend only on T' (and not on the choice of R).
The Welschinger sign wo(R) of R is (—1)*R) where

8<R> =7 (%A) + M + 7T(T> + Ceven,com(R) + Ceven,ncom(R)

+Codd,nmob(T) + Codd,com (R) + Codd,ncom (R) + Thound (R) + Tends (R>

Lemma 4.8 One has

7 (%A) _AlR) PE)

where P(A) is the lattice perimeter of Pa, i.e., the sum of lattice lengths of the sides
Of PA.

Proof. This is an immediate consequence of Pick’s formula. O

Due to Lemma 4.8, the expression for s(R), appearing in the definition of the
Welschinger sign 1w(R), can be rewritten in the following form:

S(R) = A<2A) - P<A) 1_ FJ(R) + W(T) + Ceven,com(R) + Ceven,ncom(R)

+<odd,nm0b(T) + Codd,com(R) + Codd,ncom(R> + 7—bound<72) + 7-ends(,]?/) + 1.

4.1.4 Correspondence

Fix an even non-degenerate multi-set A and a couple (a, 3) € (Z/2)*\ {(0,0)} sat-
isfying the admissibility condition (that is, Pa has at most one side whose primitive
normal vectors are of parity («, 5)). Choose in a generic way a tropical A-constraint
{La}aca satisfying the tropical Menelaus condition and a point 2o € R%. Denote
by Tos({La}aca, o) the set of simple elliptic plane tropical curves satisfying the
extended tropical A-constraint ({Lg }aca, o) and having the parity («, 8). For each
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tropical curve T' € T, s({La }aena, o), denote by OK(T') the set of orientation kits
of T, and put

OKos({Lataca; %0) = I1 OK(T).

Te%q,s6({Lataca o)

For each vector a € A, consider the point x, € 0T Pa corresponding to the line L,
oriented by a, and attribute to the point x, the lattice length ||a||z of a.

For any couple (£1,e2) € (Z/2Z)?, consider the quadrant K2 _ of (K*)?; this
quadrant is formed by the elements (" (x 4+ O(t%)), t*2(y + O(t%))) € K\ {(0,0)},
where x,y € R* and d > 0, such that

(—1)'2 >0, (—1)2y > 0.

The quadrant associated with the zero of (Z/27Z)? is said to be positive.

Choose a lifting of {xg}aen,zo to a configuration w of n + 1 real points in
Torg (Pa), where n is the number of elements in A, such that the liftings of all
points {z4}aea belong to the boundary of the positive part of Torg(Pa) and sat-
isfy the Menelaus condition, and the lifting of xy belongs to the quadrant Kiﬂ.
The admissibility condition for A and («, ) implies that, for any real curve in
ME, (A, w), each real curve C*) in the corresponding family {C"}, (see Sec-
tion 3.2) has one-dimensional real part formed by two connected components: one in
the closure of the positive quadrant RZ = {(z,y) € R* |z > 0,y > 0} and the other
in the closure of the quadrant R2 ; = {(z,y) € R?* | (=1)*z > 0,(=1)"y > 0} (cf.
Section 2.3). Thus, the real elliptic curves C®) are separating and can be equipped
with complex orientations in a continuous way.

Fix a real curve C € MY, (A, w) and a complex orientation O of this curve.
Denote by (T, h,p,,) the tropicalization of C, and denote by T the corresponding
elliptic plane tropical curve. Due to Theorem 3.21, the couple (C, Q) gives rise

to a complex oriented real admissible collection D of limit curves associated with
(F7 h7ptr) and ﬁ]

Lemma 4.9 The elliptic plane tropical curve T corresponding to (T, h,p,,) satisfies
the extended tropical A-constraint ({Lg}aen, o). In addition, T is simple of parity

(@, B).

Proof. The first part of the statement is immediate. To prove the second
part, note that there are exactly two quadrants in R? whose closures contain one-
dimensional parts of the real point sets of limit curves in the main part of D: the
positive quadrant R? and the quadrant Ri’ - Thus, Lemma 3.16 implies that 7" has
edges of odd weight and they are of parity (a, 3). It remains to apply Lemmas 3.1
and 4.3. O

The observation (concerning the one-dimensional parts of the real point sets of
limit curves in the main part of D) used in the proof of Lemma 4.9 can be made
more precise.
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Lemma 4.10 Let 0 be a triangle in 3(T'), and let Cs be the corresponding limit real
rational curve belonging to the real admissible collection D.

o [f 0 is even, then Cy is Harnack.

e If§ is odd, then Cs has two arcs in (R*)?: one in the positive quadrant and
one in the quadrant R? ;.

e [f 0 is odd and non-mobile, then Cy is Harnack.

Proof. Recall that the graph I' can be represented as the union of the cycle ¢
and the collection {I",} of trees formed by edges of even weight, the latter collection
being indexed by the set of vertices of ¢. Since for any even triangle ¢’ in X(7') the
one-dimensional part of the curve Cy is contained in the closure of one quadrant of
R?, Lemma 3.16 implies that, for any vertex v of ¢, the one-dimensional parts of all
limit curves corresponding to the even vertices of the tree I', (i.e., the vertices of
I, that are different from v) are contained in the closure of the same quadrant. If
v is non-mobile, this quadrant is necessarily the positive one. This proves the first
statement of the lemma.

The second statement is immediate. To prove the third statement, it remains to
apply again Lemma 3.16. O

For each triangle ¢ of the dual subdivision 3(7"), the complex orientation of
the corresponding real rational curve Cjs (belonging to the main part of the real
admissible collection D) defines an orientation o(d) of § (¢f. Lemma 3.20).

Lemma 4.11 The resulting collection of orientations {0(0)}, indezxed by the collec-
tion of triangles of X(T'), forms an orientation kit R of T. Furthermore, if § is a
mobile odd triangle in X(T'), then Cy is Harnack if and only if § is R-coherent.

Proof. Consider the limit curves in D that correspond to odd triangles in (7).
For each of these curves, take its arc in the closure of the positive quadrant of
(R*)?, and denote by U the circle which is the union of the taken arcs. A choice of
an orientation of the cycle ¢ of I' is equivalent to a choice of an orientation of U.

If 0 is a non-mobile odd triangle in ¥(7"), Lemma 4.10 implies that the 3-arc
N(Cs) C Cs (see Definition 3.11) is contained in the closure of the positive quadrant
of (R*)?, and thus, X(Cs) C U. The oriented arc R(Cj) gives rise to an orientation
0(6) of 0. Consider the orientation o of ¢ such that o induces the orientation 0(d)
on 6. The orientation o gives an orientation of I/, and the coherency of the com-
plex orientations of the limit curves guarantees that, for any other non-mobile odd
triangle ¢’ in 3(7"), the orientation o induces the orientation 0(d’) on §'.

If 0 is a mobile odd triangle in ¥(7"), the oriented 3-arc X5 C Cj is contained in
U (in other words, Cy is Harnack) if and only if ¢ is R-coherent. O.

—
The above considerations define a map By : Ad®((T, h, p,,), w) — OK(T), and
thus, using Theorem 3.21, a map B/ : ME%((T, h,p,.), w) — OK(T). We also
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obtain a map B’ : .A—/l>§“§z(A,w) — OKas({La}acna,x0), where

— — —
Mﬂgﬁﬂfb(A’w) = H MEH}{L((thaptr%w)'

[(T,h.p4,)1€%Fa,6({Lataea o)

Theorem 4.12 For each tropical curve T € %, 5({La}acn, o), represented by
(T, h,p,,), the map B : ER((F, h,p,.),w) — OK(T) is a one-to-one correspon-
dence preserving the quantum indices and the Welschinger signs. In particular, the
map B : MG (A, w) = OKap({La}aen, o) is a one-to-one correspondence pre-
serving the quantum indices and the Welschinger signs.

Proof. Consider a tropical curve T' € %, 3({Lqa}aca; o), represented by

(T, h, p,,), and fix an orientation kit R € OK(T) of T. Let D € Ad®((T, h, p,,), w)
be an oriented a real admissible collection such that By (D) = R. Lemmas 4.10 and
4.11 imply that, for each point w € w, the local branch at ini(w) of the real rational
curve Cs € D incident to ini(w) is not contained in the closure of the first quadrant
if and only if the Newton triangle ¢ of Cs is odd, mobile and R-noncoherent. So,
for each unbounded edge e of T we associate a quadrant Q(e) C R?, where Q(e) is
the positive quadrant unless e is adjacent to an R-noncoherent mobile odd vertex
of T; in the latter case, Q(e) is the quadrant Rgéﬁ. The edge of T' containing the
point xy gets a pair of quadrants: the positive one and Riﬂ. Now, each time we
have a triangle § in 3(7") such that two sides of § have already quadrants associated
to them, Lemma 3.13 uniquely reconstructs a real rational curve with the Newton
polygon ¢ (and, thus, quadrant(s) for the third side of d) such that this curve can
be an element of an oriented real admissible collection whose image under By coin-
cides with R. This proves the uniqueness of an oriented real admissible collection

De HR((T, h,p,.), w) such that By(D) = R.

The recursive procedure mentioned above provides also a construction of an ori-
ented real admissible collection D € B;'(R). Indeed, the procedure ends with an
odd triangle whose three sides have quadrants associated to them. Again, Lemma
3.13 (applied to the even side of the triangle and to any of its two odd sides) provides
a suitable real rational curve, the result being independent of the choice of an odd
side, since the configuration w satisfies the Menelaus condition.

Equip the real rational curves of the collection obtained with complex orientations
provided by R. Lemma 3.16 implies that this gives rise to an oriented real admissible
collection D € B:'(R).

—

To show that the map B/ : AdR((F, h,p,,),w) — OK(T) is a bijection, it remains
to apply Theorem 3.21. This theorem implies also that the bijection B’ preserves
the quantum indices, and Theorem 3.22 implies that B’ preserves the Welschinger
signs. O
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4.2 Reinterpretation of the Welschinger sign of an orienta-
tion kit

4.2.1 Statement

Fix an even non-degenerate balanced multi-set A C Z? and a couple (a,f3) €
(Z/27)*\ {(0,0)}. Choose in a generic way a tropical A-constraint { L, }aea satisfy-
ing the tropical Menelaus condition and a point zq € R%. Consider a tropical curve
T € Tos({Lataca, o).

The following theorem is a key combinatorial statement of the paper, and the
current section is devoted to the proof of this theorem.

Theorem 4.13 Let R € OK(T) be an orientation kit of T. Then, the Welschinger
sign w(R) of R coincides with (—1)N*R) where Np(R) is the number of negative
vertices of T with respect to R.

Consider the following three types of operations on orientation kits of T' (re-
spectively, on orientation kits of X(7T')): reversing of an even triangle, simultaneous
reversing of a mobile odd triangle and all even triangles of its tree, and simultaneous
reversing of all non-mobile odd triangles (here, by ‘reversing’ we mean the change
of the orientation). These operations allow one to obtain all orientation kits of T
starting from one of them.

Lemma 4.14 Let 6 C R? be a lattice polygon (not necessarily conver). Then, the
lattice area 2A(0) of & has the same parity as the number of integer points on the
boundary of 9.

Proof. The statement is an immediate corollary of Pick’s formula. O

Lemma 4.15 Let R € OK(T) be an orientation kit of T, and let R’ be the ori-
entation kit obtained from R by reversing one even triangle of X(T). Then, the
Welschinger signs of R and R' are opposite.

Proof. Let § be the even triangle reversed. Without loss of generality, we can
assume that the vertices of § have even coordinates. The change of the orientation
of 6 multiplies the Welschinger sign of the orientation kit by (—1)4(0)/2+P(©)/2+1
where, as before, P(§) is the lattice perimeter of . Thus, the statement follows
from Lemma 4.14 applied to the image of ¢ under the homothety with coefficient
1/2. O

Lemma 4.16 Let R € OK(T) be an orientation kit of T, and let R’ be the orienta-
tion kit obtained from R by reversing one mobile odd triangle of X(T') and all even
triangles of the tree of this triangle. Then, the Welschinger signs of R and R’ are
opposite.
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Proof. Let 0 be the odd mobile triangle reversed. Without loss of generality,
we can assume that («, 3) = (0,1) € (Z/27Z)? and that the second coordinates of
the vertices of § are even. Denote by v € T' the vertex dual to d, and denote by
= the union of all triangles in 3(7") that are dual to the vertices of the even tree
I', (the vertex v included) and all parallelograms in >(7") that correspond to the
intersection points of images by h of edges of I',. The union = is a lattice polygon
(not necessarily convex): it is homeomorphic to a closed 2-disk, because all but two
sides of = are contained in the boundary of Pa.

Denote by A(E) (respectively, P(Z)) the Euclidean area (respectively, the lattice
perimeter) of =, and denote by Z5(Z) the number of interior integer points of =
that have even second coordinate. Since each parallelogram appearing in = has
Euclidean area divisible by 4, the change of orientations of all triangles appearing in
= multiplies the Welschinger sign of the orientation kit by (—1)A)/2+PE)/2412(E),
Thus, the statement follows from Pick’s formula applied to the polygon = considered
in the sublattice Z x 2Z C Z* C R2. 0

Lemma 4.17 Let R € OK(T) be an orientation kit of T, and let R’ be the orien-
tation kit obtained from R by simultaneously reversing all non-mobile odd triangles
of X(T'). Then, the Welschinger sign of R’ is obtained from that of R by the multi-
plication by (—1)*, where a is the number of non-mobile odd triangles of (7).

Proof. Consider the orientation kit R” € OK(T) obtained from R by revers-
ing the orientations of all triangles of ¥(7"). Due to Lemmas 4.15 and 4.16, it is
enough to prove that the Welschinger sign of R” is obtained from that of R by
the multiplication by (—1)°, where b is the number of triangles of ¥(7'), that is, to
prove that b has the same parity as (A (R") — A_(R"))/2 + Y(T'), where Y(T) is
the sum of contents of boundary edges of (7). The subdivision of each boundary
edge of ¥(T') into segments of integer length 2 induces a refinement of ¥, and this
refinement procedure simultaneously changes the parities of b and Y(7'), so we can
assume that all the boundary edges of X(7") have integer length 2. In this case, one
has Y(7') = 0.

The number b has the same parity as the number of boundary edges of 3(7),
that is, the same parity as P(A)/2, where P(A) is the lattice perimeter of Px. Due
to Lemma 4.14 applied the image of Pxn under the homothety with coefficient 1/2
(we assume that the vertices of P have even coordinates), the parity of P(A)/2
coincides with the parity of A(A)/2. It remains to apply Proposition 4.5. O

Proposition 4.18 Assume that, for some orientation kit R € OK(T) of T, the
Welschinger sign 0(R) of R coincides with (—1)NtR). Then, for any orientation
kit R € OK(T) of T, the Welschinger sign w(R') coincides with (—1)N7(R'),

Proof. The statement immediately follows from Lemmas 4.15, 4.16 and 4.17. O

We say that a simple elliptic plane tropical curve T” of parity («, 3) satisfies the
sign property if, for some (and, thus, for any) orientation kit R of 77, the Welschinger
sign 0(R) of R coincides with (—1)N(R),
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4.2.2 Trifurcations

Continuously moving the tropical A-constraint {L,}eea (always assuming that at
each moment the tropical Menelaus condition is satisfied) and a point zy € R?, one
can deform the tropical curves of the collection T, 3({Lq}aca; o). If a deformation
of {La}aea and zg is supposed to be sufficiently generic, the types of vertices of
tropical curves appearing in the deformation of T, 5({La }aeca, o) can be classified
(see, for example, [8, Proposition 3.9]).

A typical event in such a deformation is a trifurcation: it is a sufficiently small
neighbourhood (in the deformation) of a plane tropical curve having one 4-valent
vertex (other vertices of the curve being 3-valent). This tropical curve is called
the central curve of the trifurcation. If no two of the edges adjacent to the 4-
valent vertex of the central curve are parallel, there are three combinatorial types
of simple plane tropical curves appearing in the trifurcation (relevant fragments of
their dual subdivisions are shown on Figure 14). The simple plane tropical curves
appearing in a trifurcation are said to be friends. If among the edges adjacent to
the 4-valent vertex there are no parallel edges that are either both even or both odd,
such a trifurcation is said to be non-degenerate and the simple plane tropical curves
appearing in it are called non-degenerate friends. The plane tropical curves having
the same combinatorial type (i.e., same Newton polygon and same dual subdivision)
are said to be similar. The similarity and the friendship (respectively, the similarity
and non-degenerate friendship) generate an equivalence relation F (respectively,
NDF) on the set of simple elliptic plane tropical curves of degree A and parity
(. 3)

A simple elliptic plane tropical curve of parity (a, ) is said to be convez if the
cycle of this curve is a simple broken line forming the boundary of a convex polygon
in R2. We distinguish two particular types of convex simple elliptic plane tropical
curves: triangular (this means that the cycle consists of three edges) and parallelo-
gramic (this means that the cycle consists of four edges forming a parallelogram in

R?).

Lemma 4.19 Any convex simple elliptic plane tropical curve of degree A and parity
(v, B) admits a (unique) mazimal kit. The Welschinger sign of this orientation kit
1S positive.

Proof. Let T be a convex simple elliptic plane tropical curve of degree A and
parity («a, ). Since the cycle ¢ of T is the boundary of a convex polygon, the positive
orientation of all vertices of ¢ can be induced by an orientation of ¢. This proves the
existence of a maximal orientation kit R of T". One has

W(T) = 07 Ceven,ncom(R> = Codd,ncom(R) = 7—ends(,]?') = 07

The sum Ceven,com (R) + Codd,nmob (T) + Codd,com (R> + Thound (R) is equal to the number
of integer points in the interior of Pa that have the same parities of coordinates as
the vertices of Pa, that is, equal to Z(2A). Thus, the Welschinger sign w(R) of R
is positive. O
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Corollary 4.20 Any convex simple elliptic plane tropical curve of parity («, 5) sat-
isfies the sign property. O

4.2.3 Invariance of the sign condition
This subsection is devoted to the proof of the following theorem.

Theorem 4.21 Let T} and T are two simple elliptic plane tropical curves of parity
(o, B). Assume that Ty and Ty are non-degenerate friends. Then, T) satisfies the
sign condition if and only if Ty satisfies the sign condition.

Proof. Suppose that T; and 75 have different combinatorial types, and consider
a non-degenerate trifurcation certifying that 77 and 7T, are non-degenerate friends.
Let Ty be the elliptic plane tropical curve appearing in this trifurcation and having
a 4-valent vertex v. Assume, first, that the four edges of Ty that are adjacent to
v have pairwise non-parallel directions. In this case, the polygon dual to v is a
quadrangle with pairwise non-parallel sides; denote it by d. Denote the vertices of
d by A, B, C, and D (in a cyclic order). There are three combinatorial types of
simple elliptic plane tropical curves appearing in the trifurcation (see, for example,
[8]). Their dual subdivisions coincide with the dual subdivision of Tj outside of 4.
For one of these combinatorial types, the quadrangle ¢ is subdivided by the diagonal
AC, for another combinatorial type, the quadrangle ¢ is subdivided by the diagonal
BD, and for the third combinatorial type, the quadrangle ¢ is subdivided into a
parallelogram P and two triangles (see Figure 14). Assume that A is a vertex of
the parallelogram P, and denote by G the opposite vertex of P. Denote by &(P)
(respectively, €, (P)) the number of integer points of P that have even coordinates
and are not contained in the sides AB and AD (respectively, the number of integer
points having even coordinates and belonging to the interior of P). Denote by &;
the number of integer points having even coordinates and contained in the interior

of 4.

Two of the above mentioned combinatorial types are represented by 77 and T5.
Let T3 be a simple elliptic plane tropical curve representing the third combinatorial
type. It is convenient for us to rename the tropical curves 17, Ts, and T5. The curve
whose dual subdivision contains the diagonal AC' (respectively, BD) is now denoted
by T} (respectively, T,). The remaining curve is denoted by 7.

Orient the cycles of Tj, T, and T, coherently, ¢.e., so that the orientations co-
incide outside of 9. Let R;, Ry, and R, be the orientation kits of T3, T, and T,
respectively, such that the orientations of all even triangles are positive and the
orientation of each odd triangle is induced by the chosen orientation of the cycle; in
particular, each mobile odd triangle is Ry- (respectively, R,-, R,-) coherent.

For the tropical curves T, and 7T, there is a natural bijection between their
vertices (respectively, edges) dual to triangles (respectively, segments) not contained
in §. The same is true for the tropical curves T, and 7T, (and the tropical curves
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Figure 14: Non-degenerate trifurcation without parallel edges

T, and T}). These bijections preserve the contributions of vertices and edges to the
Welschinger signs of the orientation kits Ry, R, and R,.

Denote by S; (respectively, S, S3, Sy, S5, Sg) the Euclidean area of the triangle
ABC' (respectively, ACD, ABD, BCD, BCG, CDG), and denote by [; (respec-
tively, lo, I3, ly, 5, lg, l7) the lattice length of the segment AD (respectively, AB,
CD, BC, CG, BD, AC); see Figure 14. For every integer 1 < i < 6, denote by H;
the Harnack number of the triangle whose area is denoted by S;, and denote by &;
the number of integer points having even coordinates and contained in the interior
of this triangle.

Each of the sides of § can be even or odd. There are seven possible collections
of parities, they are shown on Figure 15, where even (respectively, odd) sides of §
are represented by solid (respectively, dashed) lines. The arrows show the chosen
orientation of the cycle and the induced orientations of odd triangles. The situation
where all the sides of § are odd is not realisable, because in this case, the tropical
curves T4, Ty, and T3 would be of genus bigger than 1. We analyse each of the seven
realisable cases.

Case shown on Figure 15(a). All triangles appearing in the considered sub-
divisions of ¢ are even and oriented positively. Thus, one has N7, (R;) = Nr,(R,) =
Nr,.(R,). Furthermore, s(Ry) = s(R,). Assume that A has even coordinates. The
difference s(R,) —s(R,) is equal to A(P)— E(P). Thus, s(R,) = s(R,). We obtain
that each of the tropical curves Ty, T),, and T, satisfies the sign condition if and only
if one of these tropical curves satisfies the sign condition.

Case shown on Figure 15(b). One has Ny (Ry) = Ng, (R,) = N, (R,) — 1.
Furthermore, s(R;) = s(R,). The difference s(R,) — s(R,) is equal modulo 2 to

l ls—1  A(P)+25
(H5+H6+—1—1+3 _AP) 6)—%.

2 2 4
One has H5 = ¢&;.

Lemma 4.22 Let V C R? be a lattice triangle with two odd edges. Assume that the
endpoints of the even edge of V have the same parity as primitive integer vectors of
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Figure 15: Even and odd edges in trifurcation
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the odd edges of V; denote this parity by (B,a). Let a be the integer length of the
even edge e(V) of V. Put A(V) = A(V) if a primitive integer vector of the even
edge of V has parity (B, «), and put A(V) = A(V) + a/2 otherwise. Then,

P(V) + A(V)
2

where H(V) is the Harnack number of V and (V) is the number of integer points
with even coordinates that are contained in the interior of V.

H(V)=¢&V)+ +1 mod 2,

Proof. Consider the sublattice of Z? C R? (of index 2) formed by the vectors
with even coordinates and the vectors with coordinates of parity (5, «). In both
cases, the required equality follows from Pick’s formula applied to the triangle V in
the sublattice considered. O

In the setting of Lemma 4.22, we call AV(V) the corrected Euclidean area of V.

Lemma 4.23 Let p C R? be a lattice parallelogram with two even sides and two odd
sides. Assume that the endpoints of one of even sides of p have even coordinates;
denote this side by o and its integer length by a. Remove from p two neighbouring
sides, and denote by € the number of integer points with even coordinates contained
in the remaining figure. If a primitive integer vector of o has the same parity as
primitive vectors of odd sides of p, then,

Alp)

e="="

Otherwise,

if the side o was removed, and

if the side opposite to o was removed.

Proof. Denote by (5, «) the parity of primitive integer vectors of odd sides of
p. Consider again the sublattice of Z*> C R? (of index 2) formed by the vectors
with even coordinates and the vectors with coordinates of parity (/3,«). All the
statements of the lemma follow from the following observation (applied to p in the
sublattice considered): the half of the lattice area of a lattice parallelogram is equal
to the number of lattice points of the parallelogram that do not belong to two given
neighbouring sides. O

Using Lemma 4.22, one can rewrite the expression modulo 2 for s(R,) — s(R,)
in the following form:

15—1+§+1_A(P)+256_

;.
2 4 d

Es + &+
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where S is the corrected Euclidean area of the triangle CDG. Now, using Lemma
4.23, we rewrite this expression modulo 2 as

I —1
Es + Cg+ =

+ 14+ ¢ — &,

where € is the number of integer points having even coordinates and belonging
to the complement in P of the sides AB et AD. The resulting expression is 1.
Thus, w(R,) = —to(R,). We obtain that each of the tropical curves T3, T, and
T, satisfies the sign condition if and only if one of these tropical curves satisfies the
sign condition.

Case shown on Figure 15(c). One has N7, (R;) = Np,(Ry) = Np.(R,) — 2.
Furthermore, s(R;) = s(R,). Assume that B has even coordinates. The difference
s(R,) — s(R,) is equal modulo 2 to

=1 lh—1 I L Is—1 A(P)+ 2S5+ 25
L—1 lh—1 I L Is—1 S,

- 3142 LN

e e i B s 5 &

Using Pick’s formula, the latter expression for s(R,) — s(R,) can be rewritten in

the following form:

l
ﬁﬂm+§+L

To show that s(R,) — s(R,) is even, it remains to apply the following lemma.

Lemma 4.24 Let p C R? be a lattice parallelogram whose sides are either all even,
or all odd. Assume that some vertices of p have even coordinates. Let 0 be the length
of one of the diagonals of p if all sides of p are even, and let 0 be the length of the
diagonal with even endpoints if all sides of p are odd. Let €(p) be the number of
integer points having even coordinates and belonging to the interior of p. Then, the
numbers i (p) and 9/2 — 1 have the same parity.

Proof. The statement follows from the fact that, for every integer point j with
even coordinates in the interior of p, the point symmetric to j with respect to the
center of p also has even coordinates. O

Thus, w(R,) = (R,). We obtain that each of the tropical curves T}, T, and
T, satisfies the sign condition if and only if one of these tropical curves satisfies the
sign condition.

Case shown on Figure 15(d). This case is completely similar to the one shown
on Figure 15(b).

Case shown on Figure 15(e). One has Np,(Ry) = N, (R,) = Np.(R,).
Furthermore, s(R;) = s(R,). Assume that A has even coordinates. The difference
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s(R.) — s(R,) is equal modulo 2 to

Ils—1  AP)
<€5+€6+ 5 - 1 )—Qf(;.

The number &(P) is equal to A(P)/4. Thus, s(R,) — s(R,) is even and w(R,) =
to(R,). We obtain that each of the tropical curves Ty, T, and T, satisfies the sign
condition if and only if one of these tropical curves satisfies the sign condition.

Case shown on Figure 15(f). One has Ny, (Ry) = N, (Ry) = Np.(R,) + 1.

Assume that B has even coordinates. The difference s(R,) — s(Ry) is equal modulo

2 to
l5 l2 l3—1 A(P) SQ
<€5+(€6+2—1+2—1+ 5 )\ G- ).

Using Lemma 4.22, the latter expression can be rewritten modulo 2 as follows:

(QS(P)+Z—2—1+Z3_1—“4(P))—(l7_1+&+%—1—%>,

2 2 4 2 2 2 2

where P, (respectively, §2) is the lattice perimeter (respectively, the corrected Eu-
clidean area) of the triangle AC'D. If a primitive integer vector of AD has the same
parity as a primitive vector of AB, then Lemma 4.23 implies that ¢(P) = A(P)/4
and S, = S,. Otherwise, Lemma 4.23 implies that ¢(P) = A(P)/4 + l,/4 and
Sy = Sy +15/2. Thus, in any case, the difference s(R,) — s(R,) is equal to 1 modulo
2, 1.e., m(RT) = —m(Rb).

To prove that w(R,) = —w(R,), we proceed in a similar way. The difference
s(R,) — s(R,) is equal modulo 2 to
ls L—1 [ A(P) Ss

Using Lemma 4.22, the latter expression can be rewritten modulo 2 as follows:

L—1 I A(P) ls—1 Py Sy S
(€<P)+T+§_1_T — T—F?—i—?—l—E ,

where Pj (respectively, §3) is the lattice perimeter (respectively, the corrected Eu-
clidean area) of the triangle ABD. If a primitive integer vector of AD has the
same parity as a primitive vector of AB, then 53 = S3. Otherwise, one has
Sy = Sy +13/2. Thus, in any case, the difference s(R,) — s(R,) is equal to 1
modulo 2, i.e., wW(R,) = —10(R,).

We obtain that each of the tropical curves Tj, T}, and T, satisfies the sign condi-
tion if and only if one of these tropical curves satisfies the sign condition.
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Figure 16: Trapezoid case

Case shown on Figure 15(g). This case is completely similar to the one shown
on Figure 15(f).

It remains to consider the case where, among the four edges of T that are adjacent
to v, there exist an odd edge and an even edge that are parallel. Assume, first, that
the directions of these two edges (oriented from v) are opposite. In such a situation,
the polygon dual to v (in the dual subdivision of Tp) is a trapezoid (see Figure 16).
that can be considered as a degenerated version of the case shown on Figure 15(c) or
Figure 15(e), so the arguments presented above (either in the case shown on Figure
15(c), or in the case shown on Figure 15(e)) and concerning the tropical curves T,
and T, apply.

Assume that the directions of two parallel edges coincide; denote these edges by
e and €. In such a situation, the polygon dual to v is a triangle; denote it by .
Denote the vertices of § by A, B, and C so that BC' is the side orthogonal to the
directions of e and e’. There are two combinatorial types of simple elliptic plane
tropical curves appearing in the trifurcation; they are represented by 77 and T5. In
Ty, the vertex v of Tj is replaced with two vertices, denoted by u; et ). Similarly,
in Ty, the vertex v of Ty is replaced with two vertices, denoted by us and uf. There
is a natural bijection between the vertices of 77 that are different from u; and )
(respectively, the edges of T7 that are not adjacent to u; and w}) and the vertices
of Ty that are different from wuy and ul, (respectively, the edges of Ty that are not
adjacent to up and u)). Choose orientations of the cycles of T and Ty coherently,
i.e., so that the bijection mentioned above preserves the orientation. Let R, and
Ro be the orientation kits of 77 and T5, respectively, such that the orientations of
all even triangles are positive and the orientation of each odd triangle is induced by
the chosen orientation of the cycle. Then, the bijection preserves the contributions
of vertices and edges to the Welschinger signs of the orientation kits Ry and Rs.

For T}, the triangle § is subdivided by the segment AN; (into two triangles dual
to u; and u}, respectively); for T3, the triangle § is subdivided by the segment AN
(into two triangles dual to us and ul, respectively); see Figure 17. Assume that the
point A has even coordinates, and denote by €5 the number of integer points having
even coordinates and contained in the interior of §.

Assume that the point N; does not belong to the interior of the segment BN,
(otherwise, we can inverse the numeration of 77 and 75). Denote by S (respectively,
Sa, S3, S4) the Euclidean area of the triangle AN;C (respectively, ABN;, ABNs,

77



Figure 18: Even and odd edges in the triangle case

AN,C'), and denote by [; (respectively, lo, I3, l4, l5, lg) the lattice length of the
segment AB (respectively, AC, C'Ny, BNy, ANy, ANy); see Figure 17. The lattice
length of the segment BN, is equal to [3 and the lattice length of the segment C'Ny
is equal to l4. For every integer 1 <1 < 4, denote by H; the Harnack number of the
triangle whose area is denoted by S;, and denote by &; the number of integer points
having even coordinates and contained in the interior of this triangle.

Consider two cases: l4 is odd (see Figure 18(a)) and 4 is even (see Figure 18(b)).
The arrows show the chosen orientation of the cycle and the induced orientations of
odd triangles.

Case shown on Figure 18(a). One has Ny, (R1) = N, (R2)+1. The difference
s(R2) — s(Rq) is equal modulo 2 to

I —1 l S
eg—(H1+Q32+ 12 —1+—3—1——1>.

Using Lemma 4.22, the latter expression can be rewritten modulo 2 as follows:

l,—1 P S I —1 s S,
L | B I S e
5y T T Tt s 9
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where P; (respectively, §1) is the lattice perimeter (respectively, the corrected Eu-
clidean area) of the triangle ABN;. Since primitive integer vectors of BN; and C'N;
coincide, one has S; = ;. Thus, the difference s(Ry)—s(Ry) is equal to 1 modulo 2,
i.e., 0(R2) = —w(Rq1). We conclude that, in this case, each of the tropical curves T}
and T), satisfies the sign condition if and only if one of these tropical curves satisfies
the sign condition.

Case shown on Figure 18(b). The proof in this case is similar to the one
presented above. One has Ny, (R1) = N, (Rs) — 1. The difference s(R2) — s(Ry) is

equal modulo 2 to

L—1 1 S
H. 24123 e,
( 3+ €t o+ 5 S )~

Using Lemma 4.22, the latter expression can be rewritten modulo 2 as follows:

Is—1 Py Sy L—1 1 S,
RN | 2 1=
5 Tt it Ty 9

where Pj3 (respectively, §3) is the lattice perimeter (respectively, the corrected Eu-
clidean area) of the triangle ABN,. Since primitive integer vectors of BN, and C'N,
coincide, one has S5 = S3. Thus, the difference s(R5) — s(Ry) is equal to 1 modulo
2, i.e., w(Ry) = —w(R;). We conclude that each of the tropical curves T} and T
satisfies the sign condition if and only if one of these tropical curves satisfies the
sign condition.

This finishes the list of cases to treat in the proof of Theorem 4.21. O

4.3 Proof of Theorem 4.13

We start with two lemmas.

Lemma 4.25 Let T be a simple elliptic plane tropical curve of parity (o, ). As-
sume that a partial rectification of T is a simple elliptic plane tropical curve (of parity
(ar, B)). Then, T satisfies the sign condition if and only if this partial rectification
of T satisfies the sign condition.

Proof. Let (T, R) represents T, and let v be an even vertex of I' such that v is
connected by edges to two one-valent vertices v; and vy and a vertex u of valency
bigger than 1. Denote by T” the partial rectification of T" at v, and assume that 7"
is simple. Denote by A (respectively, A”) the degree of T' (respectively, T").

Choose an orientation kit R € OK(T') such that v and u are oriented positively,
and restrict R to an orientation kit R” of 7" (forgetting the orientation of v). One
has Np(R) = Nyv(R"). Furthermore,

A) — A A) — A o "
() — ) = ALLLZ ALY PIA) = PN & 5(R) = ()
+Ceven,com (T) - Ceven,com (T”) + Thound (R) - TbOuIld(R”)'
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(a) (b)

Figure 19: 3-leg broken line

The difference A(A)—A(A") is an integer divisible by 4, since this number, increased
by the lattice area of the even triangle § dual to v, can be represented as a difference
of the tropical intersections of T" with two tropical curves of even degrees. The
difference P(A) — P(A”) is equal to the lattice perimeter P(d) of § diminished by
twice the weight wt(e) of the edge e connecting v and u, and k(R) — k(R") is equal
to the Euclidean area A(¢d) of 0. The difference Ceven,com(7") — Ceven,com(T”) coincides
with the Harnack number H(§) of §, and Touna(R) — Thound(R”) coincides with the
content wt(e)/2 — 1 of e. Thus, the statement follows from Lemma 4.8. O

Lemma 4.26 Let Ay, Ay, Ay, A be four pairwise distinct points in R? such that the
vectors Ay Ay and AygAs are not collinear and none of the points Ag and Az belongs
to the interior of a segment of the bﬁ)ﬁgn line Ag — Ay — Ay — As. Put a; = A;A;
for each i =0, 1, 2, and put a = AgAs; see Figure 19(a). Then, there exists two
distinct elements i,7 € {0,1,2} and two positive real numbers \; and \; such that
a = \a; + \ja;.

Proof. The set
{()\/1, )\/2, )\g) € (Rzo)g | a = )\6&0 + /\'1a1 + )\/2&2}

is a convex polyhedron (either of dimension 2, or of dimension 1) with non-empty
boundary. Let p = (A, A}, \y) be a point belonging to the boundary of this convex
polyhedron. At least one of the coordinates of p is zero. If such a coordinate
is unique, we obtain the statement required. If p has two zero coordinates, then

80



Figure 20: Contracting an odd edge

N = 0 (since the vectors A; Ay and AgAj3 are not collinear), and, without loss of
generality, we can assume that A, = 0. Then, a = 7yag, where v > 1 (since A
does not belong to the segment [AgA;]); see Figure 19(b). In this case, there exist
positive real numbers A\; and A\, such that a = \ja; + Aqas. O

Let T be a simple elliptic plane tropical curve of parity («, ) represented by a
marked parameterized plane tropical curve (I, h,p,,), and let e be a bounded edge
of I'. We say that e can be contracted if, continuously moving the images of points
of p,, and modifying accordingly (T, h,p,,), one can contract the edge e without
contracting other edges of T'.

Proof of Theorem 4.13. Let T € T, s({La}aca, o) be a tropical curve, and
denote by m the number of edges of the cycle ¢ of T. Assume that m > 4 and
that 7' is not parallelogramic. Slightly moving {L4}eca and xy to be able to apply
Lemma 4.25, we can assume that all even edges of T are unbounded.

Choose a representative (I, h, p;,) of T and an orientation of the cycle c. Moving
appropriately the configuration {Lg}aca and zo, it is possible to contract one of the
edges of c¢. Indeed, if n > 5, we can choose four consecutive vertices of ¢, denote them
(respecting the order) by Ay, A1, As, and As, and slightly moving the configuration

{Lq}acna ensure that the vectors A; A and AgAs are not colinear in order to be able
to apply Lemma 4.26. If n = 4, since T' is not parallelogramic, we can also choose
four consecutive vertices of ¢ in order to apply Lemma 4.26.

Denote by e an edge of the cycle ¢ such that e can be contracted, and denote by

even

p1 and py its endpoints. Denote by eV (respectively, e$'*") the even edge adjacent

to p1 (respectively, ps), and denote by €994 (respectively, €399) the odd edge adjacent

to p1 (respectively, ps) and different from e. Denote by py the vertex adjacent to

994 and different from p;, and denote by eg"® (respectively, e3d9) the even edge

adjacent to py (respectively, the odd edge adjacent to py and different from e$d9);
see Figure 20.

If the images under h of e{" and e5"*" are not parallel and the images under A
of €994 and €§% are not parallel, then the contraction of e leads to a non-degenerate
trifurcation containing a simple elliptic plane tropical curve whose cycle has n — 1

edges.
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even even

Assume that either the images under h of e{**" and e§™" are parallel, or the
images under h of €99 and e$%¢ are parallel. In this case, we replace T' with another

simple elliptic plane tropical curve T, with the following properties:

e T and T, have the same parity;

e the cycle c.o; is sufficiently close to c: there is a bijection 8 between the edges
of ¢ and the edges of ceorr such that 9B sends each edge different from €5 and
94 to itself, sends €54d to an edge contained in the same line, and sends 44

to an edge having a slope sufficiently close to that of €4 (but different from

the slope of e944);

e the edge B(e) can be contracted;

e the even edges adjacent to the extremal points of ®B(e) are not parallel, and
the odd edges adjacent to the extremal points of B(e) are not parallel,

T satisfies the sign condition if and only if T.,,, satisfies the sign condition.

The procedure to obtain such a tropical curve T, is as follows. First, we con-
struct a particular simple elliptic plane tropical curve T; whose rectification is 7.
Choose a point 7 in the interior of ef"*". This point divides ef*" into two segments;
the segment adjacent to pg is now considered as an edge and the other one is replaced
with two edges f5¥" and gg'*" connecting ry to two new one-valent vertices of the
new graph I'; (the other edges of T' are kept in I';). The map h; coincides with h
on I'\ ef**" and on the segment connecting py and r¢; in addition, h; is chosen in
such a way that the balancing condition at ry is satisfied, the edges f§¥" and g§’"
are even and the direction of one of them (oriented from () is sufficiently close to

the direction of €994 (oriented from py to p;); see Figure 21.

The second step is the contraction of the edge connecting py and ry (moving the
images of the one-valent vertices of f§**" and g§¥"). It gives rise to a non-degenerate
trifurcation containing a simple elliptic plane tropical curve T5 whose cycle ¢y has
m + 1 edges and the same number of self-intersections as c; see Figure 21.

even

Finally, in 75, the odd edge that is a small modification of e{"" can be con-
tracted. It gives rise to a non-degenerate trifurcation containing a simple elliptic
plane tropical curve Ti,,, whose cycle cqor has n edges; see Figure 21. The fact that
the resulting tropical curve T, satisfies all the desired properties follows from the
construction, Lemma 4.25 and Theorem 4.21.

Once we obtained such a tropical curve Te,., the contraction of B(e) leads to a
non-degenerate trifurcation containing a simple elliptic plane tropical curve whose
cycle has m — 1 edges. It remains to apply Theorem 4.21 and Corollary4.20. O
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Figure 21: Deparallelization
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4.4 Refined tropical multiplicity and tropical calculation of
refined elliptic invariants

Fix an even non-degenerate balanced multi-set A and a couple («a, 8) € (Z/27)? \
{(0,0)} satisfying the admissibility condition. Choose in a generic way a tropical A-
constraint {Lg }qea satisfying the tropical Menelaus condition and a point zy € R2.
Consider a tropical curve T' € T, 5({Lq }aca, %o).

Define the refined tropical multiplicity pr(q) of T as the sum pur(q) =
> ReoK(T) 0(R)q"™ (here, ¢ is a formal variable). Notice that the refined trop-
ically multiplicity ur(q) is determined by the combinatorial type of T', so we can
speak about the refined tropical multiplicity of such a combinatorial type.

Let R be an orientation kit of 7" such that all even vertices and all odd mobile
vertices of T' are oriented positively. Denote by R the orientation kit obtained from
R by reversing local orientations of all non-mobile odd vertices. Denote by Ar(R)
(respectively, Ap(R)) the signed Euclidean area of non-mobile odd triangles in R

(respectively, R), that is, the difference between the total Euclidean area of positive
triangles under consideration and the total Euclidean area of negative triangles.

The following statement is an immediate corollary of Theorem 4.13.

Corollary 4.27 The refined multiplicity pr(q) of T is equal to

((_1)n(R)qAT(R) + (_1)n(ﬁ)qAT(ﬁ)) H (qA(é) _ q—A(6)> H (qA(é) _ q—A(é))7
§€Even(T) 5€0ddum (T)

where n(R) and n(R) are the numbers of negative non-mobile odd triangles in R
and R, respectively, Even(T) and Odd,,(T) are the collections of even triangles and
odd mobile triangles of T, respectively, and A(9), as always, stands for the Fuclidean
area of 9. O
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A tropical calculation of the refined elliptic invariants introduced in Section 2.3
is provided by the following theorem.

Theorem 4.28 In the setting of Section 4.1.4, one has

&M (@)= S rle).

TGTQ,B({LG}GEA@O)

where the refined tropical multiplicity pr(q) of T is equal to

((_1)nT(7€)qAT(R)+(_1)nT(ﬁ)q¢4T(§)) H (qA(ﬁ)_q—A(tS)) H (qA(é)_q—A@))'
5€Even(T) 6€0ddm (T)

Proof. The statement follows from Theorem 4.12 and Corollary 4.27. O

Proof of Theorem 2.13. Theorem 4.28 and Proposition 4.5 imply that, if the
difference A(A) — & is not an integer divisible by 4, then W(A, (o, 8)) = 0. O

Remark 4.29 An analogue of Theorem 4.28 for genus zero holds too, and it can be
viewed as a generalization of Mikhalkin’s theorem [22, Theorem 5.9] to the case of ar-
bitrary even intersections with the toric divisors. The precise statement is as follows.
Let A be an arbitrary even toric degree, { Lg }aca a generic tropical A-constraint sat-
isfying the tropical Menelaus condition. Denote by To({Lq}aca) the set of rational
tropical curves of degree A matching the tropical constraints {Lg}aen. This set is
finite, consists of rational plane tropical curves whose edges have even weights and
whose dual subdivision is formed by triangles and parallelograms (parallelograms are

not necessarily present in the subdivision). Define the refined multiplicity of any
T e (EO({La}aGA) to be

pr(q) = [ (¢ — ¢ ), (35)

where § ranges aver all triangles in the subdivision X(T'). Then,

Go(A) = > pra). (36)

Te%({La}taca)

The proof is a simplified version of the proof of Theorem 4.28 in the absence of odd
vertices of the considered tropical curves. As a corollary, we obtain Theorem 2.8.

Since the tropical refined multiplicities pr(q) for rational curves are numerators of
Block-Gdttsche polynomilas associated to these tropical curves (see [2]), one obtains,
as another corollary, that, after an appropriate renormalization of By(A), the value
at g = 1 corresponds to the number of complex solutions in the enumerative problem
considered (cf.  [22]). Unfortunately, we do not know such a connection to the
number of complex solutions in the elliptic case.
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4.5 Semi-local invariance

If the multiset A and the couple («, 3) satisfy the admissibility condition, Theorems
2.11 and 4.28 imply that the Laurent polynomial ZTeTa,g({La}aeA,xo) pr(q), where

(—1rr R ®) (@A) T (A —g A0y [ (O —g 9,
d€Even(T) 6€0ddm (T)

does not depend on the choice of generic extended tropical constraint ({ Lq }aca, Zo)-
This tropical invariance statement admits also a different proof that does not use
the correspondence theorem: one can prove the statement combinatorially following
the tropical approach developed in [8] (and used, for example, in [14] and [17]).
The combinatorial proof allows one to generalize the tropical invariance statement,
namely, to adapt and to extend the statement to the situation where the admissi-
bility condition on A and («, ) is not satisfied. The approach suggests to prove
local tropical invariance of the quantities considered, that is, the invariance for each
possible trifurcation and for a 2-four-valent-vertices bifurcation, the latter being a
neighbourhood in a generic deformation of a plane tropical curve having exactly two
four-valent vertices (all other vertices of the tropical curve being 3-valent) connected
by exactly two edges. Contrary to the situations described in [8], [14], and [17], in
our case the approach requires a small correction.

For any trifurcation, the combinatorial types of simple elliptic plane tropical
curves appearing in the trifurcation are naturally divided into two groups: combina-
torial types of the same group can be represented by tropical curves satisfying same
tropical constraints. These groups are called the sides of the trifurcation. Each of
the groups contains at most two combinatorial types (and at least one of the groups
is formed by one combinatorial type). Denote by py(¢q) the sum of refined tropical
multiplicities of the combinatorial types of one group and denote by u_(¢) the sum
of refined tropical multiplicities of the combinatorial types of the other group.

We say that a trifurcation is solitary if

e the trifurcation is non-degenerate,

e or the polygon dual to the four-valent vertex of the central curve is a parallel-
ogram,

e or the central curve contains two unbounded edges adjacent to the four-valent
vertex that have the same direction (but not necessarily the same weights).

For any solitary trifurcation, one can prove the equality py(q) = p_(g) using the
arguments similar to those used in the proof of Theorem 4.21 (taking into account
the sides of the trifurcation and the quantum indices of the tropical curves under
consideration). For any 2-four-valent-vertices bifurcation, there are also two sides;
each of them contains one combinatorial type of simple elliptic plane tropical curves,
and the refined tropical multiplicities of these combinatorial types coincide.

For a non-solitary trifurcation, the equality pi(q) = p_(g) is not valid in gen-
eral. However, non-solitary trifurcations appearing in a generic path in the space
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Figure 22: Paired central curves

of tropical constraints can be paired. Namely, consider a non-solitary trifurcation
such that its central curve Ty contains two parallel edges adjacent to the four-valent
vertex and having opposite directions (and different weights). Then, there exists a
unique non-solitary trifurcation such that its central curve Tf contains two parallel
edges adjacent to the four-valent vertex and having the same direction (at least
one of these edges being bounded), and the images of Ty and T}, in R? coincide
as sets. An example of such central curves is shown on Figures 22(a) and (b).
This operation establishes a bijection between the set of non-solitary trifurcations
whose central curve contains two parallel edges adjacent to the four-valent vertex
and having opposite directions and the set of non-solitary trifurcations whose cen-
tral curve contains two parallel edges adjacent to the four-valent vertex and having
same direction. Trifurcations related wvia this bijection are said to be paired.

Paired trifurcations can be treated together: the sides of one of them are naturally
identified with the sides of the other. One can check that the differences p(q) —
t—(q) for paired trifurcations sum up to 0. This phenomenon of semi-local tropical
mwvariance, together with the local tropical invariance for the solitary trifurcations
and 2-four-valent-vertices bifurcations lead to a combinatorial tropical proof of the
invariance of ZTGSM( (Latacao) P7(@). We omit the details of this proof.

5 Computation of refined elliptic invariants

5.1 Algorithm

In this section, we provide a finite algorithm to compute the refined elliptic invariants
&1 (A, (o, B)) via the tropical formula in Theorem 4.28. It follows the ideas of [3].

5.1.1 Cycle procedure
Let us be given the following data:

e a positive integer r and a sequence of vectors ay, ..., a, € Z*\ {(0,0)} which
sum up to zero;

e a sequence of signs €1,...,¢&, € {£1};
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Figure 23: Cycle procedure

e a tropical constraint L, ..., Ly, C R? which is in general position subject to
the tropical Menelaus condition (where the collection aq, ..., a, is considered
as degree; cf. Definition 4.1);

e a vector b € Z*\ {(0,0)} such that (b — 22:1 a;) Naiq # 0 for all i =
0,...,7—1;

e a generic point 2o € R?\ | J;_, Lq, such that the line L through z, parallel to
b and xy belongs to the segment cut off on L by Lg,, L,

The cycle procedure goes as follows.

e In the first step, we consider the ray R(zo,b) emanating from the point zy in
the direction of vector b. If either R(xg,b) N Ly, = 0, or e1(b A ay) < 0, we
stop the procedure. Otherwise, we set x1 = R(xo,b) N Ly, and by = b — a;.

e Suppose we have x;, € Lo, and by = b — E§:1 a;, where 1 < k < r. If

either R(xy,by) N La,,, = 0, or ep41(by A @ajq1) < 0, we stop the procedure.
Otherwise, we set xp11 = R(zg, bx) N L and bg1 = by — ag41 (see Figure
23).

Ak+1

Lemma 5.1 Given the above data, suppose that the cycle procedure yields x, and
b.=0b. Then,

(1) xy € R(x,,b);

(2) there exists a simple elliptic plane tropical curve T, represented by (T, h), of
degree A = {aq,...,a,} and a point p € T' such that T' consists of a cycle
formed by r bounded edges and of r ends, the map h sends

e the point p to xg,

o the bounded edges ey, ..., e, € I't to the segments [x1,2s], ..., [Tr_1, 7],
[, x1], respectively, so that the unit tangent vector to ey is taken to +by,
foreach k=1,...,r,
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e and the ends ey, ... el € Tl to the rays R(z;,ay), k =1,...,r, respec-
tively, so that the unit tangent vector to e, oriented towards the corre-

sponding one-valent vertex is taken to a; for each k=1,...,r.

Proof. The union of the segments [z, z1], [z1, 23], ..., [z,—1,2,] together with
the rays R(xg,—b), R(z,,b), and R(zg,ar), i = k,...,r, can be seen as the image
of a (rational) parameterized plane tropical curve, for which the tropical Menelaus
condition (34) reads \p(x¢) — Ap(z,) = 0, whence the first claim. The second claim
is straightforward by construction. O

5.1.2 Initial data

Fix an even non-degenerate balanced multiset A C Z*\ {(0,0)} and a parity («, 3) €
(Z/27)*\ {(0,0)}. The other part of the initial data, namely, an extended tropical
A-constraint ({Lg }aen, To), is now chosen in the following restrictive way.

Note that the tropical A-constraint {L2},ca consisting of lines through the origin
satisfies the tropical Menelaus condition (see Lemma 4.2). We assume that, for each
a € A, the distance between L, and L2 is less than some py > 0 specified below,
and that {Lg}aea is in tropical general position subject to the tropical Menelaus
condition. Observe that, for each non-empty proper subset A’ C A such that
c(A') == > ,cara # 0, there exists a unique oriented line Leasy directed by the
vector ¢(A’) for which the sequence of the directed lines { L_c(an }U{Lq }acar satisfies
the tropical Menelaus condition. The general position condition yields that Lear
differs from the lines L,, @ € A\ A’, and from each of the lines Loary, where A" is
a non-empty proper subset of A and A” # A’

Now we specify a value of py > 0 imposing the following requirements:

(r1) all intersection points of non-parallel lines in {Lq}aca U {Lean farca,ean2o
lie in the (open) unit disc D; centered at the origin;

(r2) for any subset A" C A such that ¢(A’) # 0, all vertices of rational plane
tropical curves of degree A’ U {—c(A’)} whose ends are contained in the lines
Leany and Lq, a € A, lie in the disc Dy (notice that there are finitely many
such tropical curves).

A choice of py > 0 is possible, since all the above intersection points and vertices
merge to the origin as py — 0.

Now we choose a component K of the complement in R? \ D; to the tubular
neighborhoods of size 1 of all the lines {L2},ca U {LQ(A/)}A/QA,C(A’);AO- Then, intro-
duce the set U of all vectors b obtained from v; — vy, where vy, vy, € Pa N Z2, by
clockwise and counterclockwise rotation by 7 so that

e they all have the given parity («, 3),
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e cach line L C R?\ Dy, parallel to a vector b € U, has a bounded intersection
with K,

e b'A\b > 0 for any vector b' € R?\ {(0,0)} such that R(0,b")N K is unbounded.
Let Z (K, po, V) C K be the subset consisting of the points zq € K such that

e all the lines Ly, b € *U, passing through z, are disjoint from Dq;

e for any arbitrarily ordered subset

{Lal, ey Lar}, ai,..a, € AU {C(A/)}A’QA,C(A’ﬁéO

such that a; + ...+ a, = 0, the cycle procedure starting with zo € Z(K, po, D)
and an arbitrary vector b € U yields only lines Ly, through z;, 1 < k < r,
which are disjoint from D;.

Lemma 5.2 One has Z(K, po, D) # 0.

Proof. If we shift the lines L4, ..., L, so that they pass through the origin, the
rays resulting from the cycle procedure would never pass through the origin, since,
due to A C (22)? and U N (2Z)? = 0, the vectors b — 3¢ a;, 0 < k < r, never
vanish. Then, we obtain a point in Z (K, py,¥) when taking a point zo € K and
shifting it in parallel to a side of K sufficiently far from the origin. O

Fix a generic extended tropical A-constraint ({Lg}aca, o) such that {Lg}aca
satisfies the above restrictions and =y € Z(K, po, D).

5.1.3 Objects to count

Given the above initial data, we define a set of objects (£, D) to count as follows.

(i) Choose $) to be a (possibly empty) set of pairwise disjoint, proper, nonempty
subsets of A such that ¢(A’) # 0 for each A’ € ), and Jp/ee A" S A.

(ii) Given such a set ), consider

e the multiset of vectors {e(A")}areq U (A\ Upes &),
e the multiset of oriented lines {Lean}ares U {La}aeA\UA’e_@ A
e the collection of the signs

ele(d)=-1, Neh, cla)=1acA\ (A,
A’efH

Let a4, ..., a, be all the above vectors, which are arranged in an arbitrary linear
order, and let Ly, ..., L, and €1, ..., €, be the respectively ordered oriented lines
and signs.
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(iii) Pick a vector b € ¥ and perform the cycle procedure starting with the data

9= {{atiy, {LHy {eidi w0, b} (37)
where g € Z(K, po,0) is any chosen point.

We say that the data 9O is cyclic, i this cycle procedure results in a simple elliptic
plane tropical curve T(O) = (', h) of degree A(O) = {ay,...,a,}.

5.1.4 Refined multiplicities of the objects in count

We define the refined tropical multiplicity of (£, O) as follows:

poo(@) = [ Go(A) - proy(a) |
Alen

where

o & ﬁ’) is the refined rational invariant associated with the degree A/ =
{—c(A")} U A, see Definition 2.7;

® L(9)(q) is the refined tropical multiplicity of the elliptic curve T'(O) defined
by the second formula of Theorem 4.28 (notice, that, in our case, only the first
and the third factors are nontrivial).

Theorem 5.3 We have

G1(A, (o, 8) = pn0(q). (38)
9,0

where (9, 9O) ranges over all possible couples matching the fized initial data and such
that D 1s cyclic.

Proof. (1) Each elliptic plane tropical curve T(9O) gives rise to a collection
PB(O) of elliptic plane tropical curves of degree A matching the extended tropical
A-constraint ({Lg }aea, o). Namely, for each A’ € §, there is a finite set Py (A’) of
rational plane tropical curves of degree A’ , whose ends lie in the lines Lo, a € A/,
and in the line L_.as (which is L; in the given data O for some 1 < i < r). By
construction, all the vertices of these curves lie in the disc D;. Since the cycle of
the curve T'(D) is disjoint from Dy, the vertex x; € L; of T'(9) lies inside the end
contained in L; of each curve T' € T(A’). It follows that we can replace the end
R(z;, c(A")) of the curve T'(O) with the fragment T\ R(z;, —c(A’)) of any curve
T € Po(A') so that the rest of T(O) is not affected (the operation is opposite to
partial rectification defined in Section 4.1.2).

Thus, in the right-hand side of (38) we count refined tropical multiplicities of all
elliptic tropical curves of degree A that match the extended tropical A-constraint
({La}aca, o) and arise from the elliptic plane tropical curves of the form 7°(9O) that
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are obtained from the couples (£), O) ranging over all possible couples matching the
fixed initial data and such that D is cyclic. It is also easy to see that all counted
elliptic plane tropical curves are pairwise different.

(2) It remains to show that we count all curves in Ty (A, {Lq}aca, 2), whose cycle
edges are directed by vectors of the given parity («, /).

Pick a tropical curve T € (A, {La}acn, 2). The cycle ¢(T') contains the point
zo. The complement to ¢(7") in T' consists of ends or fragments of rational curves
matching pairwise disjoint constraints {Lg}aeas for some A" C A with ¢(A") # 0.
Denote by T” the rectification of T.

The edge of ¢(T') containing z; is dual to an integral segment inside Pa, whence
is directed by a vector b = (v; — vg)l, v1,vy € PaNZ2. Due to the choice of py, the
complement K, to the py-neighborhood of K in K is disjoint from all lines L,
a € A, and Leary, A" C A. Hence, the edge of ¢(T") containing x, has a bounded
intersection with K, , which also yields that the intersection with K is bounded.
Furthermore, by the definition of the set Z (K, po, ), the lines through the edges of

¢(T') avoid the disc D;.

Number the vertices x1, ..., z, of ¢(T') as they occur when moving along the cycle
in the direction of b from the point xy. Since the ends of 7" lie on the lines crossing
the po-neighborhood of the origin, we inductively obtain that zj; A b, > 0 for all
k=1,...,r, where &} is the radius-vector of the point x;, and by =b—a;—...—ay
with a; being the directing vector of the end of 7" emanating from the vertex x;.
It then follows that by A ay < 0, if ar = ¢(A’) with A C A consisting of more
than one vector: indeed, in this situation, the end R(z,aj) must cross the po-
neighborhood of the origin. Summarizing the above remarks, we conclude that T’
arises from some elliptic plane tropical curve T'(9). O

5.2 Examples
We present here two easy examples of explicite calculations of the invariant
&1(A, (a, B));
5.2.1 Plane quartics
Consider the multi-set
A ={(=2,0), (=2,0), (0,-2), (0,-2), (2,2), (2,2)}

and the parity (0,1) € (Z/2Z)?. The corresponding enumerative problem consists
in counting real plane elliptic quartics that are quadratically tangent to each toric
divisor in two fixed points and pass through some point in the quadrant

{(z1,75) €R* : 21 > 0,25 < 0}.
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Figure 24: Counting tropical elliptic quartics

In the notation of the preceding section, all possible vectors ¢(A’) # 0, A" C A,
belong to the set

+(2,0), £(0,2), £(2,2), (2,-2), (4,2), (2,4) .

The union of the lines LY

a’

a € A, and LS(A,), where A’ C A and ¢(A’) # 0, and
the component K are shown in Figure 24(a). One can easily verify that the given
initial conditions only allow the cyclic data O with £ = () and b = (=2, —1), which
henceforth yields the unique elliptic plane tropical curve as shown in Figure 24(b)
(dual to the subdivision of the Newton triangle depicted in Figure 24(c)).

By Theorem 4.28 and formula (38), one has

G1(A,(0,1)) = (¢ —¢7)*(¢" +¢7") .

The result differs from the numerator of the corresponding Block-Gottsche refined
invariant, which here is equal to

3 —qa ) (a—a ).

This is in contrast to the refined count of real rational curves, where the invariant
®o(A) coincides with the numerator of the Block-Géttsche invariant [22, Theorem
5.9].

5.2.2 Elliptic curves in the blown-up plane
Consider the multi-set
A ={(-2,0), (0,—-2), mx (2,2), (m—1) x (=2,-2)}

and the parity (0,1). The corresponding enumerative problem consists in counting
real elliptic curves in Tor(Pa) that are quadratically tangent to toric divisors (the
number of tangency points on each toric divisor being equal to the half of the lattice
length of the corresponding edge of Pa; see Figure 25(a)) and pass through some
point in the quadrant

{(z1,75) € R?* : x; > 0,25 < 0}.
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Figure 25: Counting tropical elliptic curves in the blow-up plane

The tropical Bézout theorem [25, Section 4] yields that, for each counted elliptic
tropical curve, represented by (T, k, p,,), the restriction of h on the cycle ¢ of T is
an embedding, and the projection of h(c) to a straight line with the normal vector
(1,1) is a segment whose interior points have exactly two preimages in h(c). The
vertices V; and V5 of h(c) that project to the segment endpoints are incident to the
ends directed by the vectors (—2,0) and (0,—2), respectively. The only possible
sets A’ € § are either {(2,2)}, or {(—2,—2)}. The initial configuration of lines
LY a € Aora=cA) A e $,is as shown in Figure 25(b), and the cycle is
shaped as shown in Figure 25(c). Pick the domain K as indicated in Figure 25(b)
and denote by €, the right-upper half of the cycle such that €, has endpoints
V1, Vo (see Figure 25(c)). Each end attached to an interior vertex of €, is directed
by either (2,2), or (—2,—2); denote the number of such ends directed by (2,2)
(respectively, (—2,—2)) by s, (respectively, s_). Put b = (—2k, —2] — 1), where
k > 1 and [ > 0 are integers. Choose a generic extended tropical A-constraint
({La}aca, o) as described in Section 5.1.2. The cycle procedure applied to a couple
($,9), matching the initial data, ends up with an elliptic plane tropical curve if
and only if

2<s,<m, 0<s_<s;,—2, 1<k=I1<s,—s_—1. (39)

So, whenever we fix k, and pick s, lines L, with @ = (2,2) and s_ lines L, with
a = (—2,—2), all these data subject to restrictions (39), we obtain an elliptic plane
tropical curve, whose refined tropical multiplicity equals

(_1>mfs++s_ <q2k _ q72k)<q4s+f4s_72k72 + q74s++4s_+2k+2> 7

()

—4s+4s_ +2k+2)]

and, hence,

s4—2 sp—s_—1

61(A> (07 1)) = Z

s4=2 s_=0 k

1

4s4—4s_—2k—2 +q
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