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Abstract

We discuss a conjecture on thick twin buildings the verification of which is needed
in order to show that thick twin buildings are mathematically equivalent to regular
actions of certain twin Coxeter hypergroups. (A corresponding result for buildings is
shown in [5; Sections 10.2, 10.3].) We prove that the conjecture holds in the case where
the support of its sagittal has cardinality 2 and in the case where its sagittal has length
at most 3. (Sagittals are defined in Section 1.) Our exposition is based on an earlier
treatment of the subject; cf. [3].

1. Introduction

A hypergroup (as defined in [5]) is an algebraic concept which generalizes the notion of a
group. A building (as defined in [4]) is a geometric concept which generalizes the notion
of a projective space. Many buildings can be identified with their automorphism group.
The Fano plane, for instance, is mathematically equivalent with the simple group PSL3(2).
Tits” result [4] on thick buildings of spherical type and rank at least 3 is a far-reaching
generalization of this simple observation.

Tits” result needs to be considered under the observation that the class of thick buildings
of spherical type and rank at least 3 is a quite small subclass of the class of all buildings.
However, his identification of thick buildings of spherical type and rank at least 3 with their
automorphism groups admits a fairly straightforward generalization to an identification of
all buildings with the members of a specific class of hypergroups, the class of the so-called
Coxeter hypergroups; cf. [5; Chapter 9].

The situation is more delicate when it comes to twin buildings. The analog of the above
identification of buildings with Coxeter hypergroups within the theory of twin buildings
(as suggested in [5; Section 10.3]) depends on the verification of a pure building theoretic
question which we phrase here as a conjecture.

Throughout this note, (W, ) stands for a Coxeter system, 7" for a twin building of type
(W, I), X for the set of chambers of T'. For each element w in W, we define

fo=A{ly,2) € Xox X [0-(y,2) =w}U{(y,2) € Xy x Xy | 0:(y, 2) = w}
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and
ro = {(12) € X x Xy [ 0°(9,2) = w ™} U{(y,2) € Xo x X_ | 0°(y,2) = w'}.

(The symbols X_, X, 0_, d,, and §* are standard in the theory of twin buildings; they are
introduced and used in [1].)

Conjecture C

Let t, u, and v be elements in W such that f, 0 (r,ory,) is not empty. Then f, Crior,.

Of course, the question can be answered in the affirmative if B possesses a strongly transitive
group of automorphisms. In particular, the question has a positive answer if B satisfies
Condition (co) and/or is 2-spherical. (Condition (co) is defined on page 290 of [1] as well
as the restriction to 2-spherical twin buildings are standard hypotheses in the study of
automorphism groups of twin buildings.) However, these conditions seem to have little to
do with a general approach to Conjecture C.

To state the main results of this note we introduce the following terminology.

Let w be an element in W. We define supp(w) to be the set of the elements 7 in I such that
w ¢ (I'\{i}). Note that supp(w) is the smallest subset J of I with v € (J). The set supp(w)
is called the support of w.

The elements f,, with w € W will be called the sagittals of T', the elements r,, with w € W
will be called the transversals of T. By the support of a sagittal f,, with w € W we mean
the support of w (as defined in Section 8.) By the length of a sagittal f,, with w € W we
mean the /-length of w.

The element f, in Conjecture C is called its sagittal. It is the goal of this note to verify
Conjecture C in the case where the support of its sagittal has cardinality 2 and in the case
where its sagittal has I-length at most 3; c¢f. Theorems 8.3 and 10.2.

The following notation will be used throughout the remainder of this note.
For each element w in W, the I-length of w will be denoted by ¢;(w).

For each element u in W, we write I_;(u) to denote the set of all elements v in W such
that £7(v) = £r(vu™") + £;(u) and I;(u) for the set of all elements ¢ in W satisfying ¢;(tu) =
Cr(t) + £ (u).

For each element w in W, we write f; to denote the set of all pairs (y, z) with (z,y) € fu.
Similarly, r stands for the set of all pairs (y, z) with (z,y) € r,. This notation implies that,
for each element w in W, f¥ = f,—1 and r} = ry-1.

2. Composing Sagittals

In this section, we compile results from [5; Section 10.4].

Lemma 2.1
For each element i in I, we have hy C h; o h; C hy U h;.

Proof. This is [5; Lemma 10.1.2(ii)]. O



Let 7 be an element in /. In Lemma 2.1, we saw that h; C h;oh; C hy Uh;. In the following,
we will say that h; is of first type if hy = h; o h;, and we will say that h; is of second type if
h; o h; = hi U h;. Of course, h; may be neither of first nor of second type.

We notice that T is thick if and only if each element f; with i € I is of second type.

Lemma 2.2

Let w be an element in W, and let i be an element in I. Then the following hold.

(1) ]fw611<l), fwofz:fwz
(ii)  Assume that w € I_1(i) and that f; is of first type. Then fu, o fi = fui-
(ili)  Assume that w € I_1(i) and that f; is of second type. Then fy, o fi = fuiU fu.

Proof. This is [5; Lemma 10.4.3]. O

Lemma 2.3

Let u and v be elements in W, and assume that u € I;(v). Then fy, o fo = fuv-

Proof. This is [5; Corollary 10.4.4]. O

3. Composing Sagittals With Transversals
In this section, we compile results from [5; Section 10.5] and related facts.

Lemma 3.1
Let w be an element in W, and let © be an element in I. Then the following hold.
(i) Ifw el (i), ryofi ="
(i)  Assume that w=' € I (i) and that f; is of first type. Then 1y 0 fi = riy.
(iii)  Assume that w™ € I,(z) and that f; is of second type. Then 1y 0 fi = T U Ty

Proof. This is [5; Lemma 10.5.2]. O
Induction now allows us to generalize Lemma 3.1(i).

Lemma 3.2
Let t and v be elements in W with t=' € I_1(v™!). Then ryo f, = ry-1;.

Proof. There is nothing to show if v = 1. Thus, we assume that v # 1. In this case, there
exist elements 7 in [ and v" in W such that

v=1u'" and {;(v)=/L(;(0)+ 1.
It follows that i € I1(v"). Thus, as v = v, Lemma 2.3 yields
Jo=fio fu-
From ¢t~! € I_;(v™!) we obtain an element s in W such that

t=wvs and {;(t) ={l;(v)+ l;(s).
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Thus, setting ¢’ := v's we have
t:it/, g[(f) 261(’0/>+81(8), and g](t) :gj(t/)+1;

cf. [5; Lemma 2.3.8(ii)].
From ¢ = it’ and (;(t) = (;(t') + 1 we obtain that ¢! € I_;(:). Thus, as t = it/, Lemma
3.1(i) yields
T 0 fi =Trv.
From t' = v's and {(;(t') = £;(v') + ¢;(s) we obtain that (¢)~' € I_;((v/)™'). Thus, by
induction,
T’t/ (@] fv’ = T(v’)*lt"

From f, = fio fu, ri0 fi =1y, and ry o fir = 7()-14 We obtain that
Tt © fv =Tt 0 fz o fv’ =Ty o fv’ = Tw)-1¢r = Ty—1¢,
as wanted. O

Corollary 3.3
Let t and u be elements in W, and assume that t € I,(u). Then the following hold.

(i)  We have 1y, 0 fr =14.

(ii)  We have fy,0ry, =14
Proof. (i) We are assuming that ¢ € I;(u). Thus, by [5; Lemma 6.5.2(1)], u™* € L,(¢t7!).
From this we obtain that w='¢t~' € I_;(¢t'), whence (tu)~! € I_4(t7'). Thus, by Lemma
3.2, 10 fr =71y
(i) We are assuming that ¢ € I;(u). Thus, u™' € I;(t71), so that, by (i),

T(tu)*l o} fufl = Ty—14-10 fu—l = T¢—1.
It follows that f7_, o rZ‘tu),l = r;_;. This is equivalent to f, oy, = 74 O

Corollary 3.4

The following hold.
(i)  For each element w in W, we have 1y, o f, = r1.
(ii)  For each element w in W, we have f, C 1l ory.

(iii)  For each element w in W, we have f, 01, =11.
Proof. (i) This the case (t,u) = (w,1) in Corollary 3.3(i).!
(ii) From (i) we obtain that f, C 7} or,o f, =715 ory.

(iii) Since r} = rq, this follows from (i). O

! Alternately: If w = 1, f,, = fi, so that f,, is the identity on X. It follows that ry o fu, = re = r1. If
w # 1, I contains an element ¢ with w™! € I_;(i), and we may apply [5; Lemma 10.3.3(i)] to w in place of
w and v. Then we obtain that r,, o fi, = 7w © fiw, so that our claim follows by induction.
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Lemma 3.5

Assume T to be thick, and let t, u, and v be elements in W. Assume that v, N (f, ory) is
not empty. Then r, C f,or,.

Proof. This is [5; Lemma 10.5.5(ii)]. O

4. Composing Transversals
In this section, we look at composites of tranversals.

Lemma 4.1

Let t, u, and v be elements in W, and let i be an element in I. Assume thati € I,(t). Then
the following hold.

(i)  Assume that i € I,(v) and that f, Cr}or,. Then fi, Crfor,.
(il)  Assume that T is thick and that fy, C 1} or,. Then fi, Crfor,.

Proof. (i) We are assuming that i € I;(v). Thus, by Lemma 2.3,
fiofo= fi-
From ¢ € I;(t) we also obtain r; o f; = ry; cf. Corollary 3.3(i). Thus, we also have
fiori =rf.
Since we are assuming that f, C r} or,, we now obtain that
fiw="Ffiofo C fioryory=ri0Ty,

as wanted.
(ii) We are assuming that 7" is thick. Thus, by Lemma 2.2(iii),

fiv € fio fiv:
We are assuming that i € I;(t). Thus, by Corollary 3.3(i), ; o fi = 7, so that
fiory =rf.
Since we are assuming that f;, C r}, or,, we now obtain that
fiv C fio fiw C fiorjory =r{ory,
as wanted. |

Lemma 4.2

Let t, u, and v be elements in W, and assume that t € I,(v) and that w € I;(v™'). Then
T} O Tyy—1 =T}, OTy.



Proof. We are assuming that ¢ € I;(v). Thus, v~ € I;(t~1). Thus, by Corollary 3.3(i),
Ty-14-1 O f,—1 = 14-1; equivalently,

rwo fy =i
We are also assuming that v € I;(v™!). Thus, by [5; Lemma 6.5.2(i)], v € I;(u™!), so that,
again by Corollary 3.3(i), ry,-1 © f, = r—1; equivalently

*
fv O Typ—1 = Ty.
From 7}, o f¥ =r} and f} or,,-1 =r, we obtain that

* K * ok
Ty OTyy—1 = Tp, O fo OTyp—1 =1

v © Tus

as wanted. O

Lemma 4.2 has two applications which will not be needed in the remainder of this note, but
seem to be appealing.

Let t and u be elements in W, and assume that ¢t € I;(u~!). In this case, we may apply
Lemma 4.2 to ¢, 1, and ™! in place of ¢, u, and v. We obtain that r; or, =77, ory. On
the other hand, by Corollary 3.4(ii), fy,-1 C r},-1 ori. Thus, we obtain that f,—1 C 7} or,.

Setting t = 1, u = 1, and v = w™! in Lemma 4.2 we obtain that rj or, = Y1 0T,

equivalently, r or, =1, 017.
Lemma 4.3
Let t and u be elements in W, and let i be an element in I. Then the following hold.
(i)  Assume thatt € 1_1(i) oru € I_1(i). Then rfor, C 1}, ory,.
(ii)  Assume that t € I,(i) or u € I1(i). Then r},0ry C1rior,.
Proof. (i) From Lemma 3.1 we know that r,-1 C 7(,)-1 0 f;. Thus, r; C 7}, 0 f;; equivalently
Ty g fz O Tus-
Assume first that ¢ € I_;(i). Then, by Lemma 3.1(i), 7,1 o f; = r@)-1; equivalently,
rio fi =1y

* ok :
From r, C f;ory and r; o f; = r}; we obtain that
* * *
Ty OTy gT:t Ofiorui =T O Ty

Assume now that u € I_;(7). Then interchanging the roles of ¢ and u the above reasoning
shows that r} or, C 1}, ory, and that is equivalent to r} or, C 1} ory,.

(ii) We are assuming that t € I_y(i) or u € I_1(i). Thus, we have ti € I;(i) or u € I,(7).
Applying (i) to ti and wi in place of ¢ and u we now obtain that r} or, C r}; o 7ry,. O

Corollary 4.4

Let t, u, and v be elements in W, and assume that w € I(v). Then 1}, 01y, Crfor,.

Proof. We proceed by induction with respect to ¢;(v).



If £;(v) = 0, there is nothing to show if v = 1. Thus, we assume that 1 < ¢;(v). In this case,
we find elements ¢’ in W and i in I such that

v=2v'i and {;(v)=L(;(0)+ 1.

Note that v" € I;(i). Thus, as u € I1(v), we obtain from [5; Lemma 2.3.8(i)] that uv’ € I (7).
Thus, by Lemma 4.3(ii), 77, © Twwi C 77, © 7yy. Thus, as v'i = v, we obtain that r}, o7y, C
Ty O Ty -

From u € I;(v) and v' € I1(i) we obtain that u € I;(v'); cf. [5; Lemma 2.3.8(i)]. Thus, by
induction, 7}, o ryy C 17 01y.

From 7}, o ry, C 1}, 0 ryy and 7}, o ry,y C 1} o1, We obtain that r}, or,, Crfor,. O
We conclude this section with two results on the case where T is thick.

Lemma 4.5
Assume that T is thick. Lett and u be elements in W, let © be an element in I, and assume
that {t,u} C I,(i). Thenr}or, Crior,.

Proof. We are assuming that v € [;(i). Thus, by Lemma 3.1(iii), r,-1 C 7,-1 o f;. Thus,
re Crio fi; equivalently, r, C f;or,.

We are assuming that ¢ € I;(i). Thus, t7 € 1_;(7), so that, by Lemma 3.1(i), ;10 f; = r4-1;
equivalently, r}; o f; = 7r}.

From r, C f;or, and r}; o f; = r; we obtain that
* * *
T 0Ty ST 0 fiory =1; 0Ty,
as wanted. O

Corollary 4.6

Assume that T s thick. Let w be an element in W. Then the following hold.
(i)  We have rf ory Criory.
(i)  We have f, Criory.

Proof. (i) There is nothing to show if w = 1. Thus, we assume that w # 1. In this case, we
find elements v in W and i in [ such that v € I (7).

Since 1 € I1(i), we may apply Lemma 4.5 to v and 1 in place of ¢ and u. We obtain that
ry,ory € r)ory;. By induction, we also may assume that 7}, or; C 7] or;. Thus, we have
ryory Crjors.

(il) From Corollary 3.4(ii) we know that f,, C r* ory, from (i) that 7% ory C 7} ory. Thus,
fw Crior. O

Proposition 4.7

Assume that T is thick. Let t and u be elements in W, and assume that t € I,(u). Then
ry,or1 Cryor;.



Proof. There is nothing to show if u = 1. Therefore, we assume that u # 1. In this case, we
find elements u' in W and 4 in [ such that u'i = w and u' € I,(7).

From ¢ € I1(u) and «' € I,(i) we obtain that ¢ € I;(u'); cf. [5; Lemma 2.3.8(i)]. Thus, as
lr(u') = ¢;(u) — 1, induction yields

*

riy 011 Crpor.

From t € [1(u) and v € [,(i) we obtain that tu’ € I1(i); cf. [5; Lemma 2.3.8(i)]. Since
1 € I,(i), we may apply Lemma 4.5 to tu’ and 1 in place of ¢ and u. We obtain that

* *
o ©T1 & Ty O T1-

Summarizing we obtain that r;, ory C 7} ory. O

5. Several Facts About the Bruhat Order

We define
T:={whw|weW,icl}.

Given u and v in W, we say that u is a subelement of v if u = v or if W contains elements
wo, ..., Wy, with u = wy, v = w,, and n a positive integer such that, for each element ¢ in

{1,...,n},

w; w; €T and  Cr(w;_y) < Lr(wy).
Being a subelement is an order on W. This order is called the Bruhat order on W.
Note that 1 is a subelement of each element in W.

The following lemma is the key to all the subsequent results in this section.

Lemma 5.1

Let u and v be elements in W, and assume that w # 1. Then the following conditions are
equivalent.

(a)  The elements u is a subelement of v.

(b)  There exist elements iy, ..., i, in I with n = {;(v) and v = iy - -1, and elements
Jis -y Jm 0 {L,...,n} such that (m = {r(u),) j1 < ... < jm, and u =1, ---1i;,.

(¢c)  For any n elements iy, ..., i, in I with n = £;(v) and v = iy ---i,, there exist
elements j1, ..., jm in {1,...,n} such that (m = (;(u),) 1 < ... < jm, and

U:ijl ol
Proof. This is [2; Corollary 2.2.3]. O

Corollary 5.2
Let t and u be elements in W. Then the following hold.

(i)  Assume that t is a subelement of u. Then, for each element v in W with {t,u} C
I (v), tv is a subelement of uv.

(ii)  Assume that t € I,(u). Then t is a subelement of tu.
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Proof. (i) This follows from Lemma 5.1.

(i) We are assuming that ¢ € I;(u). thus, by [5; Lemma 6.5.2(i)], u=' € I;(¢~!). Thus, as
1 € I,(t7"), we obtain from (i) that ¢! is a subelement of u~'¢~!. It follows that ¢ is a
subelement of tu. O

Lemma 5.3

Let v be an element in W, set n := {;(v), and let iy, ..., i, be elements in I withv =iy ---i,.
Let u be a subelement of v with w # 1, and set m := £;(u). Then {1,...,n} contains elements
Jis oo Jm with J1 < ... < Jp, and u =4y, - - -5, such that the following conditions hold.

(i)  For any two integers | with 1 <1 <m —1 and j with j;+1 < j < jiy1 — 1, we have
iy -+, € D(iy).
(ii)  For each integer j with j, +1 < j <n, we have u € I(i;).
Proof. Since u is a subelement of v, {1,...,n} contains elements ji, ..., j, with

< < Jm and u=ijy -1 ;

cf. Lemma 5.1. Among the m-tuples (ji,...,J,) with j; < ... <, and u = 4;, ---4;, we
choose (ji,...,Jm) such that j; + ...+ j,, is as large as possible. We will see that both
conditions (i) and (ii) hold.

We first show that (i) holds. To do so we assume, by way of contradiction, that there exist
integers [ in {1,...,m—1} and jin {j;+1,..., jiy1 — 1} such that ¢j, ---4; € I_1(i;). Then,
by [2; Theorem 1.5.1], {1,...,{} contains an element k with

iy Y Vg Y = b b

It follows that

Lir Vg Yy T Uty = Y s
and then
=1 . ij

i Y Yk T G Y Ji

However, since j, + 1 < j, we have
ntotimtl<ipt+ At ikt Fa I Fa ot Im,

and that contradicts the choice of (j1,..., Jm)-

To show that (ii) holds, we assume, by way of contradiction, that there exists an integer j
with j, +1 < j <nand u € I_1(i;). Then, by [2; Theorem 1.5.1], {1,...,m} contains an
element k with ;- -5 25, -5, = ut;. It follows that

Jm

Ljn U Yy T U b = U
However, since jp + 1 < j, we have

n+...Fim+l<n+--F k1t Jpgrt o+ Iimtg



which, again, contradicts the choice of (ji, ..., jm)- O

Lemma 5.4

Let j be an element in I, let v’ be an element in 1,(j), and let u be a subelement of v'j. Then
at least one of the elements u and uj is subelement of v'.

Proof. Set n := £;(v'j). Then, since v' € I1(j), {;(v") =n — 1. Thus, I contains elements i,
..., Ip_1 such that v =iy ...4,_1. Set i, := j. Then

VG =y,

We are assuming that u is a subelement of v'j. If w = 1, u is a subelement of v’j, and we
are done. Thus, we assume that u # 1. Thus, by Lemma 5.1, {1,...,n} contains elements
1y« -y Jm With

1< ... <Jm and u=1j -1,

Suppose that j,, # n. Then, by Lemma 5.1, u is a subelement of v', and we are done.

Suppose that j,, = n. Then, as i, = 7, i;,, = j. Thus, as u =4, -~ 4;,,, wj = 45, -4, ;-
Since {j1,...,Jm-1}y C {1,...,n — 1}, this implies that uj is a subelement of v'. Again, we
are done. O

Let v be an element in W, let u be a subelement of v, assume that u # 1, and set n := £;(v).
We say that u is an isolated subelement of v if I contains elements i1, ..., 7, such that v =
i1+, and {1,...,n} contains uniquely determined elements ji, ..., j,, with j; <--- < j,,
and u = i, -+ -4,

Jm
The above definition says that u = ij, - - - 4;,,, but not that m = ¢;(u). From [2; Proposition
1.4.7], however, one obtains that m = ¢;(u).

Does the definiton depend on the choice of the elements 74, ..., 7,7

Note also that, by Lemma 5.3, the elements j;, ..., j,, in the above definition satisfy the
conditions (i) and (ii) in Lemma 5.3.

We say that 1 is an isolated subelement of v if £;(v) = |supp(v)].

Lemma 5.5

Let j be an element in I, let v' be an element in I1(j), and let u be an isolated subelement
of v'j. Then at most one of the elements u and wj is subelement of v'.

Proof. We proceed by induction with respect to £;(u).

Assume first that ¢;(u) = 0. Then u = 1. Thus, as u is assumed to be an isolated subelement
of v'j, 1 is an isolated subelement of vj. This means that ¢;(v'j) = |[supp(v'7)].

We are assuming that v* € I1(j). Thus, as £;(v'j) = |supp(v'j)], j is not subelement of ¢’,
so that we are done in this case.

Set n := {;(v'j). Then, since v' € I,(j), ¢;(v) = n — 1. Thus, I contains elements iy, ...,
In—1 such that v" =4y ...4,_1. Set i, := 7. Then

V' =y,
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Now assume that 1 < ¢;(u). Thus, u # 1. Thus, as u is assumed to be an isolated subelement
of v, we obtain from Lemma 5.1 uniquely determined elements jy, ..., j, in {1,...,n} with

1 <...<Jm and u=1j -1,

m*°

Assume that uj is a subelement of v'. We shall be done if we succeed in showing that u is
not a subelement of v’.

Since uj is a subelement of v/, uj =1 or {1,...,n — 1} contains elements j{, ..., j/, with

g1 < S gy and wj =g iy

Suppose that uj # 1. Then, since j = i,, we obtain from uj = i ---i;  that

Since u is assumed to be an isolated subelement of v'j we conclude from j; < ... < j,, and
u =1 ---1ij, that (ji,...,Jm) = (41, ..., 7., n). This is impossible, since j,, <n — 1.

This shows that uj = 1. As a consequence, u = j. Since j = 1,, this implies that u = i,.

Since u is assumed to be an isolated subelement of v'j, this implies that i, ¢ {iy,... i, 1}
It follows that u is not a subelement of v'. |

Lemma 5.6

Let j be an element in I, let v' be an element in I1(j), and let u be an isolated subelement
of v'j. Then the following hold.

(i)  If u is a subelement of V', w is an isolated subelement of v'.

(ii)  If uj is a subelement of v', uj is an isolated subelement of v'.

Proof. (i) If w is a subelement of v/, u is an isolated subelement of v/, since w is an isolated
subelement of v'7.

(ii) We are assuming that v' € [1(i). Thus, ¢;(v'j) = ¢;(v') + 1. Set n := £;(v'j). Then
lr(v") =n — 1. Thus, I contains elements i, ..., i,_1 such that

v =iy
Assume that ui is a subelement of v'. We will see that uj is an isolated subelement of v'.

Since uj is a subelement of v" and v/ =iy - - - i,,—1, uj = 1 or {1,...,n — 1} contains elements
j17 ,jm Wlth
< ...<jn and wuj=ij i

m*

Suppose first that uj = 1. Then u = j. Since u is an isolated subelement of v, this implies
that ¢;(v") = |supp(v')|. Thus, by definition, 1 is an isolated subelement of v'. Thus, as
uj = 1, uj is an isolated subelement of v’, as wanted.

Suppose now that uj # 1. Then we obtain from wj = 4, - - - ;,, that
w= gy iy,

11



Since u is assumed to be an isolated subelement of v'j, this shows that (ji,...,j,) is the
only finite sequence of elements in {1,...,n — 1} satisfying

1< ...<jn and wuj =i i,

m*

Again, we have shown that uj is an isolated subelement of v'. O

6. The First Two Structure Theorems and Some Consequences
Throughout this section, we assume 7" to be thick.

Theorem 6.1 [First Structure Theorem]
1

Let t, u, and v be elements in W. Assume that f, N (r} or,) is not empty. Then tu™" is a
subelement of v.

Proof. Set q := tu~!. We will see that ¢ is a subelement of v and proceed by induction with
respect to £;(v).

Assume first that ¢;(v) = 0. Then v = 1. Since f, N (r} ory,) is assumed not to be empty,
this means that f; N (r; or,) is not empty. It follows that r;, = r,, and then that ¢t = u.
Thus, as ¢ = tu~!, ¢ = 1, and that implies that ¢ is a subelement of v.

Assume now that 1 < ¢;(v). Then we find elements ¢" in W and 7 in I such that v = v'i and
lr(v) = £;(v") 4+ 1. Note that v" € I(7).

From v € I1(i) and v'i = v we obtain that f, o f; = f,; cf. Lemma 2.2(i). Thus, since
fo N (rfor,) is assumed not to be empty, (f,s o fi) N (rf or,) is not empty. It follows that

(Tt o fv’) N (ru o fz)
is not empty. Let u’ be an element in W such that
rw N (ryo fu) and 7y N (ryo fi)

both are not empty.
Since 7,/ N (r¢0 f,r) is not empty, so is f,,N(r; or, ). Thus, by induction, tu/~! is a subelement
of v/. Set ¢ := tu/~!. Then ¢ is a subelement of v’
Since s N (r, o f;) is not empty, v’ € {iu,u}; cf. Lemma 3.1. Thus, as ¢ = tu/~!, we have
q € {tu ', tu"'}. Tt follows that

¢ € {qi,q}.

Assume first that ¢ = ¢i and ¢;(q) = ¢;(¢') — 1. From ¢;(q) = ¢;(¢') — 1 we obtain that
lr(¢") = l;(q) + 1. Then, as ¢ = qi, ¢ € I;(i). Thus, as ¢’ = gi, we obtain from Corollary
5.2(i) that ¢ is a subelement of ¢’. From ¢ € [1(i) and v = v'i we also obtain that v’ is a
subelement of v; again, by Corollary 5.2(i). Now, as ¢ is a subelement of ¢/, ¢’ is a subelement
of v/, and v’ is a subelement of v, we obtain from the transitivity of the Bruhat order that ¢
is a subelement of v.

12



Next, assume that ¢’ = gi and ¢;(q) = ¢;(¢') + 1. From ¢’ = gi we obtain that ¢ = ¢’i. Thus,
as U1(q) = £;(¢") + 1, ¢ € I(i). Recall also that v" € I1(i) and that ¢’ is a subelement of

v'. Thus, applying Corollary 5.2(ii) to ¢’ and v’ in place of v and v we obtain that ¢ is a
subelement of v.

Assume, finally, that ¢ = ¢. Then, as ¢ is a subelement of v, ¢ is a subelement of v’. Recall
that v = v'i and that v" € I (i). Thus, by Corollary 5.2(i), v’ is a subelement of v. Now,
as ¢ is a subelement of v' and v’ is a subelement of v, we obtain from the transitivity of the
Bruhat order that ¢ is a subelement of v. O

Proposition 6.2

Let v be an element in W, and let u be a subelement of v. Then r}ory Cr}or.

Proof. From Proposition 4.7 we know that r, or; C ry o rq, so that we are done if u = 1.

Assume that u # 1. In this case, we set n := ¢;(v), and we let iy, ..., i, be elements in [
with v =4, - -+ 4,,.

Since u is a subelement of v with u # 1 and m = ¢;(u), Lemma 5.3 provides elements 71, . . .,
Jm in {1,...,n} contains with j; < ... < j, and u = i}, ---4;,, such that i; ---i; € I(i;)
for any two integers [ with 1 <! <m —1 and j with j; +1 < j < ji41 —1 and u € I,(3;) for
each integer j with 7, +1 < j < n.

We now define two (n + 1)-tuples of elements of W,

(ug, ..., u,) and (vg,...,Up).

Let k be an element in {0,...,n}.
If0<k<yj —1, weset u, = 1. (Note that uy = 1.)
If j3 <k < n, we define uy, := ij, ---ij,, where [ is the largest integer in {1,...,k} with
Ji < k. (Note that u,, = u.)
Let k be an element in {1,...,n}, and let [ denote the largest integer in {1,...,k} with
71 < k. Then we have
jl:k or jl—i‘lSk

If jy = k, we have j;_; <k —1, s0 up—1 = 15, ---4;_,, and then uy = up_1i;,.
If ji+1 <k, we have ug_y = 4;, - - - ij, = ug. Thus, as i;, -- -1, € I1(ix), ug—1 € L1 (ix).
Thus, we have

U = Up_12 O UL = Up_1 € ]1(Zk)
We set v, = 1 and, for each element k in {0,...,n — 1}, we define vy := i, - -ix1. (Note
that vy =v71)

From ¢;(v) =n and v = iy - - - i,, we obtain that
Vp—1 = Ul and v € ]1(%)

If uy, = ug_1ix, we apply Lemma 4.3(ii) to ug_1i, vg, and iy in place of ¢, u, and ¢ to obtain

* _ * .
ruk_l © T'Uk—l - /ruk_l © T'Uk"k g r

*

_ *
Uk —11k © Tvk’ =T

w, O Tup-
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If up = up—1 € I1(ix), Lemma 4.5 yields (since ug—; € I1(ix) and vy € I1(ix))

* . * i * _ *
Ty © Toeoy = Tuy_y © Twgi, Cr O Ty, =T, OTy.

Uk—1 Uk

Thus, we have

* *
T’uk,1 © TUI@*I g Tu

k © Tuy,
in both cases.

Now recall that ug = 1, u,, = u, vg = v, and v, = 1. Thus, by induction,
7107, =1y 0Ty C1T, OTy, =T7,0T7].

1 1

On the other hand, applying Lemma 4.2 to v, v™", and v~ in place of ¢, u, and v we obtain
that ) or; = rj or,-1; equivalently, 7} or; = ry or’. Thus, rXory Crlor. a
Theorem 6.3 [Second Structure Theorem]

Let t and v be elements in W. Then t is a subelement of v if and only if f, C r; ory.

Proof. Assume first that ¢ is a subelement of v. Then, by Proposition 6.2, r ory C 7} ory.
In Corollary 3.4(ii), we saw already that f, C r’ory. It follows that f, C r} ory.

Assume, conversely, that f, C r; ory. Then, by Theorem 6.1, ¢ is a subelement of v. O

Corollary 6.4
Let t, u, and v be elements in W. Then the following hold.
(i)  Assume that t € I;(u™") and that tu™" is a subelement of v. Then f, Crfor,.

(i)  Let i be an element in I. Assume that (r(tiu™") = ;(t) + 1+ £;(u™Y) and that tiu™"
15 a subelement of v. Then f, Crfor,.

Proof. (i) We are assuming that ¢t € I;(u~!). Thus, applying Lemma 4.2 to 1 and u™! in
place of v and v we obtain that v or, =77 , ory.
-1

tu
We are assuming that tu~" is a subelement of v. Thus, by Theorem 6.3, f, C 7} . or;.

*
tu

(i) From £;(tiu=) = £;(t) + 1 + £;(u™") we obtain that ti € I;(u™'). Thus, as tiu™! is
assumed to be a subelement of v, we obtain from (i) that f, C r; o r,.

From f, C r;,_y oryand rf or, =1, _, or; we obtain that f, Cr}or,.

Since {t,u} C I(i), we obtain from Lemma 4.5 that r}; or, C 7} or,.

From f, C rf;or, and r}; or, C r; or, we obtain that f, C r} or,. a

Corollary 6.5

Let t, u, and v be elements in W, and assume that f, 0 (r; or,) is not empty. Then the
following hold.

(i)  We have f, Cr}, 10y,
(i)  Assume thatt € I(u™'). Then f, Cr}or,.

Proof. We are assuming that f, N (rf or,) is not empty. Thus, by Theorem 6.1, tu™" is a
subelement of v.

14



(i) Since tu~! is a subelement of v, the claim follows from Theorem 6.3.

1

(ii) Since tu~' is a subelement of v, the claim follows from Corollary 6.4(i). O

Corollary 6.6

Let t and v be elements in W, and assume that f, N (rfory) is not empty. Then f, Crfor;.

Proof. This is the case u = 1 in Corollary 6.5(i).

7. A Reduction Theorem
Our first lemma is an inductive generalization of [1; Lemma 5.139(2)]].

Lemma 7.1
Let t and u be elements in W with t € I (u). Let x and y be elements in X with (y,x) € ry.
Then X contains exactly one element z with (y,z) € f, and (z,x) € T4,.
Proof. We proceed by induction with respect to £;(u).
Assume that v = 1. Then (y,y) € f, and (y,z) € 7. Moreover, if (y,z) € f, and
(z,x) € 14y, then y = 2.
Assume that u # 1. Then there exist elements v’ in (J) and j in J with v = «j and
lr(u) =Llr(v')+ 1. From t € I1(u), u = u'j, and ¢;(u) = £;(u') + 1 we obtain that

teL(u) and tu' € L(j);

cf. [5; Lemma 2.3.8(1)].

Since t € I1(u') and ¢;(u) = ¢;(u') + 1, induction yields that X contains exactly one element
Z" with

(y,2') € fw and (2/,x) € ryy.
Since (2/,x) € ry and tu’ € I1(j), there exists exactly one element z in X such that

(z,2) € f; and (z,2) € Tw;

cf. [1; Lemma 5.139(2)].

From v’ € I,(j) we obtain that f, o f; = f,; cf. Lemma 2.2. Thus, as (y,2’) € f, and
(2/72) € fj7 (ya Z) S fu

So far, we have shown the existence of an element z in X satisfying (y, z) € f, and (z, ) € ry,.
In order to show uniqueness we choose an element z in X satisfying (y, ) € f, and

(Z,) € 1y

We will see that z = z.

From (y, 2) € f, and f,s o f; = f, we obtain an element z’ in X with
(yv Z/) € fu’
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and (Z/,2) € f;.
From (#,%Z) € f; and (Z,z) € ry, we obtain that (2',z) € f; ory. Since u = 'y, this
implies that (Z',z) € f; o 1. On the other hand, as tu’ € I1(j), Corollary 3.3(ii) yields
fj O Tt = Ttu!- ThUS,

(Z' ) € ryy.

From (y,z') € fu and (Z/,2) € ry together with the choice of 2/ we obtain that 2/ = 2z’
Thus, as (Z/,2) € f;,
(2,7 2) S fj'

Thus, as (Z,x) € 14, the choice of z forces z = z. O

Lemma 7.2

Let w be an element in W, let J be a subset of I N I;(w), and let t, u, and v be elements in
(J). Let 2’ and xz be elements in X with (', z) € f,, and let y and z be elements in X with
(y,2) € fo, (2 y) €1y, (2, 2) €y, and (x,y) € 1. Then (x,2) € Tyy-

Proof. We proceed by induction on £7(v) + £7(w).

If v =1,y ==z In this case, t = u. Thus, (z,2) = (x,y) € T = Tww, and we are done.
If w=1, 2’ = x. In this case, (z,z) = (2/, 2) € r, = ryw, and we are done.

We assume that v # 1 and that w # 1.

Since v € (J) and v # 1, there exist elements v' in (J) and k in J with v = v’k and
lr(v) = £;(v") + 1. Thus, by Lemma 2.2, f,, o f = f,. Thus, as (y,z) € f,, X contains an
element 2z’ such that (y,2') € f and (2, 2) € f.

Since w € W and w # 1, there exist elements w’ in W and [ in I with w = w'l and
l1(w) = £;(w') + 1. Thus, by Lemma 2.2, f,s o f; = f,. Thus, as (z/,x) € f,, X_ contains
an element z” such that (2/,2") € f,» and (2", z) € f;.

Since (2/,z) € r, and (z,2') € fi, (¢/,2') € ry 0o fr. On the other hand, by Lemma 3.1,
7w © fro € Ty Ury. Let o' denote the element in W with (2/,2') € ry. Then o' € {ku,u}. In
particular, u’ € (J). Thus, as (x,y) € 7, induction yields that (z,2) € ry,.

From (z,y) € 1y, and (2”,2) € f; we obtain that (2”,y) € f; o r4. On the other hand, as
tw € I_1(l) (by [5; Lemma 2.3.8(i)]) we obtain from Lemma 3.1(i) that f;or, = 4. Thus,
we have (2”,y) € ryy, so that, by induction, (2", z) € Ty

From (z”,x) € f; we obtain that (z,2") € f;. Thus, as (2", 2) € ryw, (,2) € fi0Tyy. On
the other hand, by Lemma 3.1, f; 0y € Tyw U rywr. Thus,

(2,2) €Ty O (T,2) € Ty

Assume that (x,2) € ryy. Then, as (x,2') € ryy and (2, 2) € fi, uvw’ € {kv'w,v'w}. Since
{ku',u'} C (J), this implies that (J)w' = (J)w, contradiction. Thus, (x,2) € ry,. O

Lemma 7.3

Let w be an element in W, let J be a subset of I NI (w), and let t, u, and v be elements in
(J). Then f,N(rfory) = foN(r, ©ruw).
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Proof. We first show that f, N (rf or,) C f, N (7}, © ruw). To do this we let y and z be
elements in X and assume that (y,2) € f, N (rf or,). We will see that (y, z) € 7}, © Tuw.

From (y, z) € r; or, we obtain an element 2z’ in X with (y,2’) € r; and (2/,2) € r,.

From (y,2') € rf we obtain that (2/,y) € .. Thus, as ¢t € I;(w), X contains exactly one
element z with (2/,x) € f,, and (x,y) € ry,; cf. Lemma 7.1.

From (z,y) € 74, we obtain that (y,x) € r},. From (2/,x) € fu, (y,2) € fo, (@',y) € 1y,
(2, 2) € ry, and (2,y) € 74, we obtain that (x,z) € ry,; cf. Lemma 7.2. From (y,x) € 7},
and (z, z) € ry, we obtain that (y, z) € 77, © T'yw.

Since {t,u} C I1(w), we obtain from Corollary 4.4 that 7}, o7y, C 1} or,. O

Lemma 7.3 can be used to prove an interesting generalization of Corollary 4.6(ii). In fact,
we obtain that f, C 7 or, for any two elements v and v in W with supp(v) C I;(u). To
see this, we first notice that, by Corollary 4.6(ii), f, C r} or;. Now, applying Lemma 7.3 to
supp(v), 1, 1, and w in place of J, t, u, and w we obtain that f, N (r;ory) = f, N (r:ory,).
Thus, f, C 7} or,. As a consequence of this observation we obtain that f; C r¥ or, for any
two elements w in W and i in [ (w).

Theorem 7.4 [Reduction Theorem)]

Let v be an element in W. Assume that f, C 1}, ory for any two elements t' and u' in W
with f, N (rf; ory) # 0 and supp(t’) U supp(u’) C supp(v). Then f, C rfor, for any two
elements t and w in W with f, N (rfor,) # 0.

Proof. Let t, u, and v be elements in W, and assume that f, N (r; or,) is not empty. We
have to show that f, C r; or,.

Set J := supp(v). Since f, N (r} or,) is not empty, tu~"' is a subelement of v; cf. Theorem
6.1. Thus, tu~! € (J). It follows that (J)t = (J)u. Let g denote the uniquely determined
element of shortest length in (J)¢ satisfying (J)q = (J)t. Then (J) contains elements ¢’ and
u’ such that

-1

t=tq, uwu=4diq t €l(q), and u € IL(q).

From u’ € I1(q) we obtain that f,or,, = ry; cf. Corollary 3.3(ii). Similarly, ¢’ € I,(q) yields
fq 0 rvqg = ry; equivalently, rj, o fr =r},. Thus, as t = t'q and u = ',

fo(rfory) C fu N (1, 0mwy) € fo N (15,0 fo o faorwy) S fu N (15 0rw).

Since f,N(r; or,) is assumed not to be empty, this shows that f, N (7} or, ) is not empty. On
the other hand, {t/,u'} C (J), so that supp(t') Usupp(«’) C supp(v). Thus, by hypothesis,
fv g T;k/ O Tyl

From f, C r}, o r, together with Lemma 7.3 we obtain that f, C ] or,. O

8. The Case Where the Sagittal has Cardinality at Most 2

In this section, T is assumed to be thick. We shall see that, for any three elements ¢, u, and
vin W, f, Criior, if f, N (rf ory,) is not empty and |supp(v)| < 2; cf. Theorem 8.3. In
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other words, we prove that Conjecture C holds if the support of its sagittal has cardinality
at most 2. We will refer to Theorem 7.4.

Lemma 8.1

Lett, u, and v be elements in W, and assume that f,N(r} ory) is not empty. Assume further
that I contains a subset H with |H| = 2 and {t,u,v} C (H). Assume finally that H contains
elements j and k with {t 71, 0™} CT_1(j) and {v,u™'} C I_ (k). Then f, Cr}or,.

Proof. We first claim that ¢;(t) + 1 < ¢;(v).

Assume, by way of contradiction, that ¢;(v) < £;(t). Then, since |I| = 2 and {t~,v7'} C
I.4(j),t7' € I_;(v™!). Thus, by Lemma 3.2, r; o f, = r,-1;,. On the other hand, we are
assuming that f, N (r; or,) is not empty, and that implies that r, N (r; o f,) is not empty.
Thus, r, = r,-1. It follows that v~='t = w; equivalently, t = vu. Since we are assuming that
Cr(v) < £r(t), this implies that ¢;(v) < £r(vu).

On the other hand, since {v,u'} C I_;(k), we have £;(vu) < ¢;(v) — 1, contradiction.

This contradiction shows that £;(t) +1 < ¢;(v). Since |I| = 2 and {¢t~', v~} C I_(j), this
implies that v™' € I_(t7!), so that

v=tw and L;(v)="L;(t)+{;(w)

for some element w € W\ {1}.
Recall that v € I_1(k). Thus, as v = tw and ¢;(v) = £;(t) + {r(w),

w € I_l(k‘)

From v = tw and ¢;(v) = ¢;(t) + ¢;(w) we also obtain that

fv:ftofw;

cf. Lemma 2.3. Thus, as f, N (7] or,) is assumed not to be empty, the intersection (f; o f,,) N
(rf or,) is not empty. It follows that

(ff ory) N (fwory)

is not empty. On the other hand, by Corollary 3.4(iii), f; o r; = ry. Thus, 1 N (fw o 7))
is not empty. It follows that f, N (r; or,) is not empty. Thus, by Theorem 6.1, u~! is a
subelement of w.

Since {u™',w} C I_1(k) and u™! is a subelement of w, we have
w=su" and f;(w)="L;(s)+Llr(ut)
for some element s in W. Thus, as v = tw and £;(v) = £;(t) + ¢;(w), we have
v=tsu"' and {;(v)=Lr(t)+L(s)+L(ut).

If t € I;(u™'), we know that f, C r} or, already from Corollary 6.5(ii).
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Now assume that ¢ ¢ I;(u~!). Then, ¢;(s) is odd. Thus, there exist elements [ in I and s’
in W such that s =1’ and ¢;(s) = ¢;(s") + 1. It follows that W contains an element ¢ such
that

v=tlu"'q and (;(v)=L;(t)+14+L(ut) +l(q).

Thus, by Corollary 6.4(ii), f, C 7} or,. O

Proposition 8.2

Let t, u, and v be elements in W, and assume that f, 0 (r; or,) is not empty. Assume
further that I contains a subset H with |H| =2 and {t,u,v} C (H). Then f, Crfor,.

Proof. Assume first that v = 1. Then f; N (r; or,) is not empty, whence ¢t = u. It follows
that f, = fi Crfor, =1} or,, sothat we are done in this case. Therefore, we assume that
v # 1. In this case, I contains elements j and k with

v'tel 1(j) and wvel (k).

Case I: Assume that t ™' € I_1(j) and u=! € I_;(k). In this case, we are done by Lemma
8.1.

Case II: Assume that t™' € I;(j) and u™! € I_(k).
Set v/ := ju. Then, as v~ € I_(j),

v=yjv and {;(v)=L;(v")+ 1.
Thus, by Lemma 2.3,

fj o .fv’ - fv-
Since f, N (1} or,) is assumed not to be empty, this implies that (f; o f,/) N (r} ory) is not
empty. It follows that
(fiord) N (fuor)

is not empty. On the other hand, by Lemma 3.1, 7, o f; C rj; Urs. It follows that f; ory C
5 Urf. Thus, one of the intersections

75 0 (foory) and 7N (fyor))

is not empty.

Assume first that 77, N (f,s o 77;) is not empty. Then f,, N (1}, o r,) is not empty. Thus, as
lr(v") = £;(v) — 1, induction yields

*
Jo 15 0Ty

Thus, applying Lemma 4.1(i) to v" and j in place of v and ¢ we obtain that f, C rfor,, as
wanted.

Assume now that 77 N (f, or’) is not empty. Then, by Lemma 3.5,
ri C fyor,.
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From Lemma 3.1 we also know also that r;; C r; o f;; equivalently,
r;t C fjorf.
Thus, since f; o fiv = f,, we have
T;t C fjofwory,=fyor,
It follows that f, N (r}, o ry) is not empty. Thus, as {(jt)~',v~'} C I_1(j) and {v,u""} C
I_1(k), we obtain from Lemma 8.1 that
Jo CTj0omy.

Applying Lemma 4.1(ii) to v and j in place of ‘v and ¢ we now obtain that f, C rfor,, as
wanted.

Case IIT: Assume that ¢! € I_1(j) and w=! € I,(k). This is Case IT with u, ¢, and v~ ! in
place of ¢, v and v.

Case IV: Assume that ¢! € I;(j) and v € I,(k).
Set v/ := jv. Then, as v=* € I_(j),

v=jv and {;(v)=/L;(v)+ 1.
Thus, by Lemma 2.3,
fj o fv’ = fv-

Since f, N (r; or,) is assumed not to be empty, this implies that (f; o f,/) N (r; ory) is not
empty. It follows that

(fior) N (fuoory)
is not empty. On the other hand, by Lemma 3.1, 1, o f; C r;; Urs. It follows that f; or; C
r5, Ury. Thus, one of the intersections

70 (fwrory) and ry 0 (fior)

is not empty.

Assume first that 3, N (f,r o 77;) is not empty. Then f, N (7}, or,) is not empty. Thus, as
Cr(v') = £;(v) — 1, induction yields

*
Jo Sriory.

Thus, applying Lemma 4.1(i) to v" and j in place of v and i we obtain that f, C rfor,, as
wanted.

Assume now that r; N (f, o)) is not empty. Then, by Lemma 3.5,
ri C fyor,.
From Lemma 3.1 we also know that 7, C r; o f;; equivalently,

* *
Th gfjort.
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Thus, since f; o fiv = f,, we have
e © fiofuor, = foor,.

It follows that f, N (r}, or,) is not empty. Thus, as (jt)~" € I_1(j), v € Li(k), and

v € I_1(k), we obtain from Case III that
fo Criory,.

Applying Lemma 4.1(ii) to v and j in place of v and ¢ we now obtain that f, C rfor,, as
wanted. O

Theorem 8.3 [First Main Theorem]

Let t, u, and v be elements in W, and assume that f, 0 (r; or,) is not empty. Assume
further that |supp(v)| < 2. Then f, Crfor,.

Proof. From Proposition 8.2 we know that f, C r} or, for any two elements ¢’ and v’ in W
such that f, N (r}, o ry) is not empty and supp(t') U supp(u’) C supp(v). Thus, the claim
follows from Theorem 7.4. O

9. The Third Structure Theorem

In this section, we show that Condition C holds if the quotient of the subscripts of its
transversals is an isolated subelement of its sagittal.

We begin with an application of Lemma 3.1.

Lemma 9.1

Let w be an element in W, let v be an element in I, and let x, y, and z be elements in X.
Then the following hold.

(i)  Assume that (y,z) € f; and that (z,2) € ry. Then (z,y) € Ty UTy.

(ii)  Assume that (y,z) € f; and that (z,2) € 1. Then (y,x) € Ty Ury.
Proof. (i) From (y, z) € f; we obtain that (z,y) € f;. Thus, as (z,2) € 1y, (x,y) € ry o fi.
On the other hand, by Lemma 3.1, 7, o f; C ry, Ury,. It follows that (x,y) € 7, U Ty,.
(ii) We are assuming that (z,z) € r,. Thus, we have (z,z) € r,-1. Thus, by (i), (z,y) €
Tiw—1 UTy-1. It follows that (y,z) € ry; Ury. O
Lemma 9.2

Let t, u, and v' be elements in W, and let j be an element in I. Let x, z’, and z be elements
in X with (¢, 2) € f; and (x, z) € r,. Suppose that X contains an element y with (y,2') € fu
and (y,x) € r;. Then the following hold.

(i)  Assume that t(ju)™' is not a subelement of v'. Then (x,2") & 1.

(i)  Assume that tu™" is not a subelement of v'. Then (x,2') & r.,.
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Proof. (i) Assume that (z,z’) € r;,. Then, as (y,z) € r}, we have (y,2’) € rf or;,. Since
(y,2') € fo, this implies that f,, N (r} orj,) is not empty, so that, by Theorem 6.1, ¢(ju)~!
is a subelement of v'.

(ii) Assume that (z, z’) € r,. Then, as (y,z) € 1}, we have (y, 2') € rjor,. Since (y,2’) € fu,
this implies that f,» N (r} or,) is not empty, so that, by Theorem 6.1, tu~! is a subelement
of v'. O

Lemma 9.3

Let t, u, and v' be elements in W, and let j be an element in I. Assume that v' € I1(j).
Assume further that f,; O (1} ory) is not empty. Then the following hold.

(i)  Assume that t(ju)~" is not a subelement of v'. Then f, N (rf or,) is not empty.

(i)  Assume that tu™" is not a subelement of v'. Then fy N (rf or;,) is not empty.

Proof. We are assuming that f,; N (r} or,) is not empty. Thus, X contains elements z, y,
and z with (y, 2) € fu,
(y,z) €rf, and (x,2) € ry.

We are assuming that v' € I;(j). Thus, by Lemma 2.2(i), fis o f; = fy;. Since (y,2) € fu;,
this implies that (y, z) € f,s o f;. Thus, X contains an element 2’ with

(y,2') € fy and (2,z2) € f;.

Applying Lemma 9.1(i) to u, j, and 2’ in place of w, i, and y we obtain from (2, z) € f; and
(x,z) € r, that
(x,2') € rjy Ury.

(i) We are assuming that ¢(ju)~! is not a subelement of v/. Thus, by Lemma 9.2(i), (z, 2') ¢

Tjy. It follows that
(x,2") € 1y

From (y, 2') € fu, (y,x) € r}, and (z,2’) € r, we obtain that f, N (rf or,) is not empty.

(ii) We are assuming that tu™" is not a subelement of v. Thus, by Lemma 9.2(ii), (z, 2') & 7.
It follows that
(z,2") € 1y

From (y, 2') € fy, (y,z) € rf, and (z,2') € rj, we obtain that f,, N (r; orj,) is not empty. O

Lemma 9.4

Assume that T is thick. Let t, u, and v' be elements in W, and let i and j be elements in
I. Assume that {t,u} C I,(i) and that v € I,(j). Assume further that ju = ui, and that
forj N (15 0 14i) is not empty. Then t(ju)™' and tu™" both are subelements of v'.

Proof. We are assuming that f,; N (r}; o ry;) is not empty. Thus, X contains elements z, v,
and z with (y, z) € f;,
(y,x) €rfy, and (x,2) € ry;.
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We are assuming that v € I;(j). Thus, by Lemma 2.2(i), f, o f; = fr;. Since (y,2) € fu;,
this implies that (y, 2) € f,» o f;. Thus, X contains an element 2’ with

(y,2') € fo and (Z,z2) € f;.

We are assuming that ju = wi. Thus, as (z, 2) € ry;, (z,2) € r;,. Moreover, since (2/, 2) € f;,
we have (z,2') € f;. It follows that

(z,2') € rjy 0 fj.

We are assuming that u € I1(i). Thus, ¢;(ui) = ¢;(u) + 1. Since ui = ju, this implies that
(r(ju) = £r(u) + 1. Tt follows that (ju)™' € I_1(j), so that, by Lemma 3.1(i),

Tju © fj = Tu.

From (x,2') € rj, 0 f; and r;, o f; = r, we obtain that (z,2') € r,. Thus, as (y,z) € r};,
we conclude that (y, z') € r}; or,. Now recall that (y,2’) € f,,. Thus, f, N (r}; or,) is not
empty.

Since f,» N (r}; or,) is not empty, we obtain from Theorem 6.1 that tiu~' is a subelement of

v’. Since we are assuming that ju = ui, this implies that ¢(ju)~! is a subelement of v'.

We are assuming that 7" is thick and that {¢,u} C I1(i). Thus, we obtain from Lemma 4.5
that r}; or, C ry or,. On the other hand, we have seen that f, N (r}; or,) is not empty.
Thus, f» N (rf or,) is not empty, so that, by Theorem 6.1, tu™! is a subelement of v'. O

Proposition 9.5

Assume that T is thick. Lett, u, and v be elements in W, and assume that tu™" is an isolated
subelement of v. Let i be an element in I with {t,u} C I,(i), and assume that f, N (r}; ory;)
is not empty. Let x, y, and z be elements in X with (y,2) € f,, (y,x) € rf, and (z,2) € 7.
Then X contains an element &' with (2',x) € fi, (y,2') € r};, and (2, 2) € ry;.

Proof. From Lemma 3.1 we know that r;-1 C r;-1 o f;; equivalently, r; C r}; o f;. Since we
are assuming that (y, x) € rf, this implies that (y,z) € ;0 f;. Thus, X contains an element
x’ with

(y,2') €r); and (2',2) € f;.
Applying Lemma 9.1(ii) to u, z, ', and z in place of w, z, y, and z we obtain from (z/, x) € f;
and (z,z) € r, that

(', 2) €Ty Ury.

We shall be done if we succeed in showing that (z/, 2) € ry;.
We proceed by induction with respect to ¢;(v).
If /;(v) =0, v =1. Since we are assuming that (y,z) € f,, this implies that y = z and that

t = u. Thus, as (y,2’) € r};, we obtain that (z,z) € r¥.; equivalently, (', 2) € ry;.

ug)

Assume that 1 < ¢;(v). Then there exist elements v' in W and j in I such that

v=1'j and fl;(v)=L;(0")+ 1.
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From v = v'j and ¢;(v) = ¢;(v') + 1 we obtain that v" € I;(j). Thus, as v = ¢'j, Lemma
2.2(i) yields that f, o f; = f,. Since we are assuming that (y,z) € f,, this implies that
(y,2) € fu o fj, so that X contains an element 2z’ with

(yv Z/) € f» and <2/7Z) € fj‘

We claim that ju # wi. Assume, by way of contradiction, that ju = wi. Then, as
{t,u} € I1(7), v € L1(j), and f, N (r}; 0 ry;) is assumed to be not empty, Lemma 9.4 yields
that ¢(ju)~! and tu~! both are subelements of v'. Since tu~! is assumed to be an isolated
subelement of v, this is impossible; cf. Lemma 5.5. Thus, we have shown that

Ju # ui.

We claim that ju € I1(i). If u=' € I_4(j), this follows from u € I,(i); cf. [5; Lemma
2.3.8(ii)]. Assume that = € I,(j). Then, by [5; Lemma 6.5.2(i)], 5 € I;(u). Thus, as
u € I1(7), ju=wior ju € I;(i). Since ju # ui, this shows that

ju € [1(2)

-1 1

We are assuming that tu™" is an isolated subelement of v. Since tu™" is a subelement of v,
we obtain from Lemma 5.4 that one of the elements tu~! and ¢(ju)! is a subelement of vj.
Assume first that tu™! is a subelement of v". Then, by Lemma 5.6(i),

1. tu~! is an isolated subelement of v’

Since tu~! is assumed to be a subelement of v/, we obtain from Lemma 5.5 that ¢(ju)™" is
not a subelement of v'. Recall also that f, N (r}; o ry;) is assumed not to be empty. Thus,
applying Lemma 9.3(i) to ti and wi in place of t and u we obtain that

2. fu N (rf; 0 7y;) is not empty.
From
(y72/) € fv’a (2,72) 6fj7 (y,l’) 67’:, and (ZL‘,Z) €Ty

together with the fact that ¢(ju)~! is not a subelement of v" we obtain that (x,z") & r;,; cf.
Lemma 9.2(i). Thus, applying Lemma 9.1(i) to u, j, and 2" in place of w, i, and y we obtain
from (', 2) € f; and (2, 2) € r, that

3. (z,2') € ry.
Recall also that
4. (y,2') € fy and (y,z) € r7}.

Thus, by induction, X contains an element z” with
(2", x) e fi, (y,2")ery, and (2",2) € ry.
From (2/,x) € f; and (2", z) € f; we obtain that
(', 2"y e fi or (2,2") € fi

cf. Lemma 2.2.
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Suppose that (2/,2") € f;. Then, as (y,2') € r},, we have (y,z") € rj; o f;.
Since t € I;(i), we have ti € I_1(z). Thus, by Lemma 3.1(i), r)-1 o f; = 74-1; equivalently,
ri;ofi =rf. Thus, as (y,2”) € r};o f;, we conclude that (y,z”) € r}, contrary to (y,z") € r},.

Thus, we have (z/,2”) € f; which means that ' = 2”. Since (2", 2’) € ry;, this implies that
(2, 2") € ry;.

Since (%, z) € f;, we have (z,2') € f;. Applying Lemma 9.1(i) to ui, j, 2, z, and 2’ in place
of w, i, z, y, and z we obtain from (z,2’) € f; and (2/,2') € r,; that

(ZL'/, Z) S T jui U Tyi-

Applying Lemma 9.1(ii) to u, z, 2/, and x in place of w, z, y, and z we obtain from (', x) € f;
and (z,z) € r, that
(', 2) € ryi Ury.
Since ju # wi, jui ¢ {wi,u}. Thus, (2/,2) € ry;, so that we are done in this case.
Assume now that ¢(ju)! is a subelement of v'. Then, by Lemma 5.6(ii),
1. t(ju)~! is an isolated subelement of v'.

Since t(ju)™" is assumed to be a subelement of v/, we obtain from Lemma 5.5 that tu™' is

not a subelement of v'. Recall also that f, N (r}; o ry;) is assumed not to be empty. Thus,
applying Lemma 9.3(ii) to ¢ and wi in place of ¢t and u we obtain that

2. fu N (rf;or;y) is not empty.
From
(y,2") € fu, (Z,2)€ f;, (y,x)€ry, and (x,2)€mr,

together with the fact that tu~! is not a subelement of v' we obtain that (z,2") & r,; cf.
Lemma 9.2(ii). Thus, applying Lemma 9.1(i) to u, 7, and 2’ in place of w, i, and y we obtain
from (', 2) € f; and (2, 2) € r, that

3. (z,7) € 1ju.
Recall also that
4. (y,2") € fu, (y,z) € 1}, and ju € I1(i).

Thus, by induction, X contains an element z” with
(" z) € fi, (y,2")ery, and (2,2) € rju.
From (2/,x) € f; and (2", z) € f; we obtain that
(2" e fi or (22" € f;

cf. Lemma 2.2.

Suppose that (2/,2") € f;. Then, as (y,2) € r},, we have (y,2") € r}; o f;.

Since t € I;(i), we have ti € I_;(i). Thus, by Lemma 3.1(i), r()-1 o f; = r4-1; equivalently,
riofi =rf. Thus, as (y,2”) € r};o f;, we conclude that (y,z”) € r}, contrary to (y,z") € r},.
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Thus, we have (z/,2"”) € f; which means that 2’ = 2”. Since (2", 2') € rj,;, this implies that
(2, 2") € rju.
Since (Z/, z) € f;, we have (z,2') € f;. Applying Lemma 9.1(i) to jui, j, 2/, z, and 2’ in place
of w, i, z, y, and z we obtain from (z,2') € f; and (2/, 2’) € rj,; that
(@, 2) € 1y Urjy.
Applying Lemma 9.1(ii) to u, z, 2’, and z in place of w, z, y, and z we obtain from (z/, x) € f;

and (z,z) € r, that
(', 2) €y Ury.

Since ju # wi, jui ¢ {wi,u}. Thus, (2/,2) € ry;, so that we are done also in this case. a

Corollary 9.6

Assume that T is thick. Let t, u, and v be elements in W, and assume that tu™" is an
isolated subelement of v. Let i be an element in I, and assume that f, N (r}; o ryi) is not
empty. Then we have f, N (rfory,) C f, N (rf;0ry).

1

Proof. Assume first that t € I_1(i) or u € I_;(). In this case, we know from Lemma 4.3(i)
that rf or, Cr} ory. It follows that f, N (rfor,) C f, N (rfory), so that we are done in
this case.

Assume now that {t,u} C I;(i). In this case, we let y and z be elements in X, and we
assume that (y,z) € f, N (r} or,). We have to show (y, z) € r}; o 1y;.

Since (y,z) € rf or,, X contains an element x such that (y,x) € r} and (z, 2) € r,. Thus,
as (y,z) € fy, X contains an element 2’ with (2/,z) € f;, (y,2') € r};, and (2/,2) € ry;; cf.
Proposition 9.5.

From (y,2’) € r}; and (2/, z) € ry; we obtain that (y, z) € rj; o 7y. O

Theorem 9.7 [Third Structure Theorem)]

Assume that T is thick. Let t, u, and v be elements in W, and assume that f, N (r} ory) is
not empty. Assume further that tu™' is an isolated subelement of v. Then f, C 1} or,.

Proof. We proceed by induction with respect to ¢;(u). If ¢;(u) = 0, u = 1. In this case,
the claim follows from Corollary 6.6. Therefore, we assume that 1 < ¢;(u). In this case, [
contains an element ¢ with v € I_1(7).

From w € I_;(i) we obtain that r} or, C r}; ory; cf. Lemma 4.3(i). Thus, as f, N (1} ory)
is assumed to be not empty, f, N (r}; o ry;) is not empty. Moreover, since tu~! is assumed
to be an isolated subelement of v, (¢i)(ui)~! is an isolated subelement of v. From u € I_(7)
we also obtain that ¢;(ui) = ¢;(u) — 1. Thus, by induction,

*
f,U g T4i © T

Since (#7)(ui)~! is an isolated subelement of v and f, N (r} or,) is assumed not to be empty,
we may apply Corollary 9.6 to ¢ and ui in place of t and u. We obtain that

fon(ryory) C fuN(rfory,).
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From f, N (r};0ry) € f, N (1 or,) and f, C r}; or, we obtain that f, Crfor,. O

10. The Case Where the Sagittal has Length at Most 3

Considering Theorem 6.1 the following theorem is an immediate consequence of Theorem

9.7.

Theorem 10.1

Let t, u, and v be elements in W, and assume that f, N (r; or,) is not empty. Assume
further that ¢;(v) = |supp(v)|. Then f, Cr}or,.

Proof. Since {;(v) = |supp(v)|, each subelement of v is isolated. On the other hand, since
fo N (rior,) is assumed to be not empty, tu~! is a subelement of v; cf. Theorem 6.1. Thus,
by Theorem 9.7, f, C r; or,. O

Theorem 10.2 [Second Main Theorem]|
Let t, u, and v be elements in W, and assume that f, 0 (r; or,) is not empty. Assume

further that £;(v) < 3. Then f, Crfor,.

Proof. If ¢;(v) = 2, we have |supp(v)| < 2, so that the claim follows from Theorem 8.3. If
lr(v) = 3, we have |[supp(v)| < 2 or ¢;(v) = [supp(v)|. In the first case, the claim follows
from Theorem 8.3, in the second case, the claim follows from Theorem 10.1. O
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