Mathematisches
Forschungsinstitut
Oberwolfach

Oberwolfach
Preprints

Number 2023-11

JEREMY LOVEJIOY
ROBERT OSBURN

Rank Deviations for Overpartitions

July 2023

Association



Oberwolfach Preprints (OWP)

The MFO publishes the Oberwolfach Preprints (OWP) as a series which mainly contains
research results related to a longer stay in Oberwolfach, as a documentation of the
research work done at the MFO. In particular, this concerns the Oberwolfach Research
Fellows program (and the former Research in Pairs program) and the Oberwolfach
Leibniz Fellows (OWLF), but this can also include an Oberwolfach Lecture, for example.

All information about the publication process can be found at
https://www.mfo.de/scientific-programme/publications/owp

All published Oberwolfach Preprints can be found at https://publications.mfo.de

ISSN 1864-7596

License Information

This document may be downloaded, read, stored and printed for your own use within
the limits of § 53 UrhG but it may not be distributed via the internet or passed on to
external parties.

The series Oberwolfach Preprints is published by the MFO. Copyright of the content is
held by the authors.

Mathematisches Forschungsinstitut Oberwolfach gGmbH (MFO)
Schwarzwaldstrasse 9-11

77709 Oberwolfach-Walke

Germany

https://www.mfo.de

DOI 10.14760/OWP-2023-11 @



RANK DEVIATIONS FOR OVERPARTITIONS

JEREMY LOVEJOY AND ROBERT OSBURN

ABSTRACT. We prove general fomulas for the deviations of two overpartition ranks from the
average, namely

D(a, M) := ;(W(a, M,n) — iﬂg))q"

and _
Da(a, M) := Z(ﬁz(a, M,n) — %)qn

where N(a, M,n) denotes the number of overpartitions of n with rank congruent to a modulo
M, Na(a, M,n) is the number of overpartitions of n with Ms-rank congruent to a modulo M
and p(n) is the number of overpartitions of n. These formulas are in terms of Appell-Lerch
series and sums of quotients of theta functions and can be used, among other things, to recover
any of the numerous overpartition rank difference identities in the literature. We give examples
for M = 3 and 6.

1. INTRODUCTION

A partition of a natural number n is a non-increasing sequence of positive integers whose sum
is n. Let p(n) denote the number of partitions of n. The rank of a partition A is the largest part
£(\) minus the number of parts n(A). Let N(a, M,n) be the function which counts the number
of partitions of n into parts with rank congruent to @ modulo M. The study of these counting
functions is one of the major themes in the theory of partitions. There is a vast literature on
generating functions for N(a, M,n), including identities, inequalities, asymptotics and (mock)
modularity properties.

Generating functions for N(a, M, n) were recently revisited by Hickerson and Mortenson [15]
using a calculus for the Appell-Lerch series

-1 (g)zr
m(z,q,z) =~ = Z( D' (1.1)

i(z9) o 1—q" laz

that they developed in their work on mock theta functions [14]. Here, x, ¢ and z are non-zero
complex numbers with |g| < 1, neither z nor zz is an integral power of ¢ and

3(2:4) := (2)oo(q/ )00 (@)oo (1.2)

Date: July 7, 2023.
2020 Mathematics Subject Classification. 11P83, 056A17, 11F37, 11F11, 11F27.
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2 JEREMY LOVEJOY AND ROBERT OSBURN

where we use the standard g-hypergeometric notation
oo
()0 = (259)c := [ (1 — 2q").
k=0
For integers 0 < a < M, Hickerson and Mortenson considered the generating function for the
deviation of the rank from the average,

D(a, M) = (N(a, M,n) — ”5\?) q". (1.3)

n>0

They found simply stated formulas for D(a, M) for any a and M in terms of sums of quotients
of theta functions and Appell-Lerch series.

In this paper we apply the method of Hickerson and Mortenson to overpartition ranks. An
overpartition is a partition in which the first occurrence of each distinct part may be overlined [8].
Here there are two ranks of interest. The first is the same as for ordinary partitions, while the
second, called the Ms-rank, is

()

Mo-rank () = { .

| =t + 0t - xtm)
where 7, is the subpartition consisting of the odd non-overlined parts and x(7) := x(the largest
part of 7 is odd and non-overlined)! [20]. As with partitions, there is an extensive literature on
overpartition ranks. Generating functions for ranks and rank differences for various small M
were computed in [1,9,13,16-18,21,22,27, 28], asymptotic properties were established in [6, 7],
and the modularity was investigated in [2,10,24].

For integers 0 < a < M where M > 2, we consider the overpartition rank deviations

- N (v p(n)\ »
D(a, M) := nzz:o(zv(@ M,n) — W)q (1.4)

and

Do(a, M) = ;;()(]Vg(a,M,n) - 19](\2‘))% (1.5)

where N (a, M,n) denotes the number of overpartitions of n with rank congruent to a modulo
M, Ny(a, M,n) denotes the number of overpartitions of n with Ma-rank congruent to a modulo
M, and p(n) is the number of overpartitions of n. Note that

D(a,M)=D(M — a,M). (1.6)
and B B
Dy(a, M) = Dy(M — a, M), (1.7)
which follow from the symmetries [19,20]
N(a,M,n) = N(M — a, M,n)
and

Na(a,M,n) = No(M —a, M,n).

IThroughout, we use the standard notation X(X) :=1if X is true and 0 if X is false.
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Our main results are explicit computations for the pairs of deviations D(a, M)+ D(a—1, M)
and Do(a, M) + Ds(a — 1, M) in terms of Appell-Lerch series and sums of quotients of theta
series. The fact that we consider pairs of devations is due to the form of the relevant generating
functions. It turns out that there is no loss of generality in doing this - see Remarks 1.4 and 1.5.

To state the results, let

20J35(21/ 20, 9)j (220213 q)
J(2039)7(21:9)3 (2205 q)J (x215 q)

Az, 21, 20;q) = (1.8)

and
xkzk+1JS2 nl q(thrl)Jrkt(—Z)tj(_q(ngl)ﬂlmrnt(_Z)n/zl, ¢ (zz)" an)
i(z0iEa%) = (=) (aynat grt a2y gn?)

Vi(w,2,2"q) = —

(1.9)
where J,, = (¢™;¢™) and j(z1,22;q) := j(21;9)j(22;¢). Following [14], we use the term
“generic” to mean that the parameters do not cause poles in the Appell-Lerch series or in the
quotients of theta functions.

Theorem 1.1. Let 2 < a < M. For generic z', 2” € C, we have the following generating
functions:

(1) If a and M are even, then

D(a, M) + D(a— 1. M) = x(a = M) +2(~D)iq~ Tm((-1) ¥ +1g"T 4 ¢ 2)
M
- 2 \Ija _1
¢ Ve (g Z54%) (1.10)
~1
Z % 1_CM) (C]\_J2jq7CM7_1;q2)'
(1) If a is even and M is odd then
D(a, M)+ D(a—1,M) = 2~ 5 (=1) 55" m(gM (o=, g% )
+ 2(]7(%)2(—1) M+217am(qM(a71)’ qZMQ, 2,,)
— 2030 (q, — 1,2 ¢%) + 205 u (¢, -1, 2" 4P) (1.11)
2 2
o ML . .
— a7 2 G (= GDAG e Gy~ 1 6).
j=1
(#i1) If a and M are odd, then
D(a,M)+D(a—1,M) = x(a= M) — 2q7(M2*a)2(_1)M27am(qMa7q2M27Z/)
+ Qq—(721\/172a+1)2(_1)2M72a+1m(qM(a—M—1)7 q2M2, //)
— 204 (4,1, 25 ) + 2030 (0. -1, 47) (1.12)

*%ZC (1 - GNAG 0. ¢~ 1.
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Theorem 1.2. Let 1 < a < M — 1. For generic 2/, 2" € C, we have the generating function

Da(a, M) + Daa — 1, M) = x(a = 1) + 2(—1)% “m((—1)MT1gM* ~2Ma 207 1)

+2( 1)(1 —a?+2a—1 ((_1)M+1qM2—2M(a—1) 2M2,Z//)

)

+2‘PM(q,—1 Ziq%) =293 (q, -1, 2" %) (1.13)
+ = Z G (1= GAG ¢ —15¢%).

Remark 1.3. If a is odd and M is even, then D(a, M)+ D(a—1, M) is computed from Theorem
1.1 (i) using the fact that

D(a,M) —i—b(a— 1, M) :E(M—a—i- 1, M) +E(M—a,M),
which follows from (1.6).
Remark 1.4. Note that for M odd we have

E(M+1,M)+E(M_ M),

2 2

and so Theorem 1.1 can be used to find a formula for any single D(a, M). Thus, there is no
loss of generality in considering the pairwise sums of the rank deviations for M odd. A similar
remark applies in the case of the Ms-rank in Theorem 1.2.

M-1

1,M):2E(

Remark 1.5. When M is even, there is also no loss in generality in considering the sums of
the rank deviations if one combines Theorems 1.1 and 1.2 with the formulas [3]

(=90 5~ (=)™ "

D(0,2) =2 (1.14)
(@)oo 2 (1+4¢")?
and
n n2+2n
D5(0,2) Joo ) 1.1
(0 Z 1 _|_ q2n ( 5)

For an example, see Corollary 4.5.

Remark 1.6. The results in Theorem 1.1 may be compared with similar formulas of Zhang,
where only one rank deviation is involved in each case [29]. Her work is based on an erroneous
identity, however, casting some doubt on the veracity of her results (see [29, page 691], quoted
from [16, page 251]).

For small M the sums of quotients of theta functions in Theorems 1.1 and 1.2 simplify nicely
for certain choices of the free parameters 2’ and z”. We illustrate this in Section 4 for the
case of the ordinary overpartition rank when M = 3 and 6, and leave other examples to the
reader. In theory, Theorems 1.1 and 1.2 can be used to reduce the proof of any observed
generating function for D(a, M) or Ds(a, M) to a verification of an identity involving modular
forms, although in practice, as M grows, this involves considerable bookkeeping and extensive
computations involving modular forms on I'1(N). The computations can be simplified using a
dedicated computer package such as the one described by Frye and Garvan [12].
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While our focus here is on identities, we note that Theorems 1.1 and 1.2 can be used to estab-
lish the modularity of rank generating functions in arithmetic progressions. Note for example
that if we take 2/ = 2’ = —1 then the non-modular part in equations (1.11)—(1.13) is supported
on only two arithmetic progressions modulo M. In a manner similar to how the work of Hicker-
son and Mortenson yields stronger versions of [4, Theorems 1.3 and 1.4] and [5, Theorem 1.1],
our results could be used to give statements like those in [2, Theorems 1.1 and 1.6], [10, Theorem
1.1] and [24, Theorems 1.1 and 1.2]. For more details on how this works, see [15, Section 7].

The paper is organized as follows. In Section 2, we discuss the relevant background on
properties of Appell-Lerch series and prove two key formulas for computing rank deviations.
In Section 3, we prove Theorems 1.1 and 1.2. In Section 4, we illustrate our results with two
examples (see Propositions 4.1 and 4.4) and show how one can recover certain rank difference
generating functions studied in [18,21].

2. PRELIMINARIES

We begin by recalling the following two results on Appell-Lerch series which will play an
important role in our calculations. The first relates two such series with different generic pa-
rameters z; and zgp [14, Theorem 3.3] while the second is an orthogonality result [14, Theorem
3.9].

Lemma 2.1. For generic z, zg and z; € C*
m(z, ¢, 21) —m(x,q, z0) = Az, 21, 203 q) (2.1)
where A(x, z1, 20; q) is given by (1.8).

Lemma 2.2. Let n and k be integers with 0 < k < n. Let w be a primitive n-th root of unity.
Then

k+1 n

n—1
3w Hm(wte, q,2) = ng () (—2)fm(—gB) TR () ¢ ) 4 (e, 2,2 q) (22)
t=0

where W (z, 2,25 q) is given by (1.9).
We also require [14, Eq. (3.2b))]

and the following well-known fact. Let (, be an n-th root of unity and s € Z. Then
n—1 . _
ZC}? _)n if s = 0 (mod n), (2.4)
= 0 otherwise.

We now prove two key formulas which allow one to explicitly compute rank deviations. Let
N(m,n) denote the number of overpartitions of n with rank equal to m,

R(z;q) :== Z N(m,n)z"q" (2.5)

meZ
n>0

and
S(z1q) = (1 + 2)R(z;q). (2.6)
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Similarly, let No(m,n) denote the number of overpartitions of n with Ma-rank equal to m,

Ro(z;q) : ZNgmn (2.7)
mMmEZ
n>0
and B o
52(21q) := (14 2)Ra(2 q). (2.8)
Proposition 2.3. We have
M—-1
i Z ¢i/75(¢,;q) = D(a, M) + D(a — 1, M) (2.9)
and
1 Mo o _ _
i Z G Sa(Cly3 @) = Da(a, M) + Dafa— 1, M). (2.10)

Proof. First note that from (2.5) and (2.6), it follows

S(z;q) = Z (W(m, n)+ N(m—1, n))zmq”

meZ
n>0
and so applying (2.4) yields
| M =
17 2 ' SGra) = 57 D G S(Gra) Zp
j=1 5=0 n>0
_ . 9 B
= (kM+a,n)+N(k>M+a—1,n)>q”—MZp(n)q”
n>0 \keZ n>0
= D(a,M)+ D(a —1,M).
Using a similar argument, (2.10) is obtained using (2.4), (2.7) and (2.8). O

3. PROOFS OoF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. The overall strategy in proving (1.10)—(1.12) is to decompose the left-
hand side of (2.9) into sums which are amenable to simplification via (2.2) and (2.4). First, we
combine [19, Eq. (1.1)], [25, Eq. (2.10)] and [14, Eq. (4.7)] to obtain

S(z19) = (1= 2)(1 = 2m(22q,¢%, 2)). (3.1)
We then apply (2.1) to switch the third parameter z in the Appell-Lerch series in (3.1) to —1
in order to avoid poles. This yields

Z a]S CM? _]\ZZC 1—CM (1—2m(CM Q7Q7C%4))
7j=1

=1

M—-1
:AZ<Z§M“J‘Z§M(“1 )(Z( m(Cor” ¢, 4%, ~1)
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_ Z gM(a 1)j (C q7q27_ Z C 1_CM (€—2Jq C%m_l;qZ))‘
(3.2)

To prove (1.10), we first use (2.4) to observe that the first two sums in the second line of (3.2)
equal 0 if a < M and 1 if ¢ = M. For the third sum, we split it into two further sums. We then
reindex the resulting second sum by j — % + j, use that C]Tf = C&l, write a = 2t where t > 0,

2

apply (2.3) and take k =t —1,n = %, z=—1,z=¢q"and ¢ — ¢® in (2.2) to obtain

ZC m(G e’ -1 = > GffmG e 1) + Z Grom(G P a.q% -1)
1—7

=2 G mC g% 1)
=0 ’
2 2
= M(=1)'"'q (=)= g M)
M
+q T MU2 (¢ 1,2 6.
For the fourth sum, we similarly split it into two further sums, then reindex the resulting second
M

sum by j — % + j. We then use that (> = —1 to obtain 0. In total, this yields (1.10).

To prove (1.11), we first use (2.4) to note that the first two sums in the second line of (3.2)
equal 0. For the third sum, we first use that if (3 is a primitive M-th root of unity, then so is
(2, as M is odd and then take k = QMJ“, n=M,z=—1,2=gqand g — ¢* in (2.2) to obtain

2M—a\2 2M—a

Zc m(GPq,q% —1) = Mg~ (—1) 2T m(gM @) @2M° 2y

+M‘I’2M o (q,—1,25¢°).
For the fourth sum, we take k = W, n=M,z=—1,2=gqand g — ¢* in (2.2) to obtain
-1
—(a—1)1 _94 _(at+tM—1y2 at+M—1 _ 2
3 Gl TGP g P 1) = Mg (1) m(gM M M2

+M\I’a+M 1( 12,(])

In total, this yields (1.11).
Finally, to prove (1.12), we first use (2.4) to see that the first two sums in the second line of
(3.2) equal 0 unless a = M, in which case the sum is M. For the third sum, we take k = M;a,

n=M,z=—1,z=qand g — ¢* in (2.2) to obtain

M—a

M—a
ZC m(Clq. % 1) = Mg~ (=) m(gM M, )
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+ M\I]M a( 7_172/;(]2)‘
For the fourth sum, we take k = Lf“, n=M,z=—1,2=qand g — ¢* in (2.2) to obtain

—(3Moatly2 M(a—M—1) 2M2, )

Z CMa D7 ]\_42](],(] ) ) = Mgq (_1) 2 m(q »d

+ MUY, 2M—a+1 (¢, 127Q)
2
In total, this yields (1.12). O

Proof of Theorem 1.2. The overall strategy in proving (1.13) is to decompose the left-hand side
of (2.10) into sums in which (2.2) and (2.4) are applicable. To do this, we first combine [23, Eq.
(2.2)] and [14, Egs. (3.2a), (3.2b), (3.2e)] to obtain

Sa(z1q) = —(1 = 2) + 2(1 — 2)m(zq,¢*, q). (3.3)

We then apply (2.1) to switch the third parameter ¢ in the Appell-Lerch series in (3.3) to —1
in order to avoid poles. This yields

M-1
Z GSa(Cia) = 7 Z G (1= Giy) % G (1= Gm(Gra,¢,0)
=1 7=0
1 —~ — (a—1)j 2
=0
M-—1 ) ) M-1 A
- Cz\}(a*mm(dwqa -1+ > G- G)A q,—l;q2)>-

j=0 j=1

(3.4)

To prove (1.13), we first use (2.4) to observe that the first two sums in (3.4) equal 0 unless
a = 1, in which case we obtain 1. For the third sum, we take k =a,n =M, z = —1, x = q and
q — ¢° in (2.2) to obtain

— 2_ 2
Z Grm(Cha, %, —1) = Mg~ (1) m((=1)MHgM M @M 2N+ MW (g, -1, 25 ¢%).
For the fourth sum, we take k =a — 1, n =M, 2 = —1, x = g and ¢ — ¢ in (2.2) to obtain

M-1
Z C]\f/[(afl)]m“u]]wq’qQ’_l) — Mq7a2+2a71(_1)aflm((_l)M+1qM272M(a71)7q2M2’z/I)
j=0

+ MUY (q,-1,2";¢%).

In total, this yields (1.13). O
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4. RANK DIFFERENCES REVISITED

In this section, we demonstrate the universality of our results for computing overpartition
rank deviation generating functions by exhibiting the cases M = 3 and 6 of Theorem 1.1. As
corollaries we show how to recover known generating functions for rank differences for overpar-
titions [18,21].

We will make use of the function

(=@)oo 5~ (—1)"g" "
(Q)oo 1- an

h(z;q) = : (4.1)

nez

which appears frequently in generating functions for overpartition ranks in the literature and is
related to the Appell-Lerch series via [14, Eq. (4.7)]

h(z;q) = —o~'m(z"?q, ¢* 2). (4.2)
We also need the relations [25, Eq. (3.1)]

J4
h(z;q) + h(—x;q) = 2——2—— 4.3
(#50) + h(=2:9) J2j(x% %) (43)
and
h(z:q) = h(z™"q;q). (4.4)
The latter follows upon replacing n by —n — 1 in (4.1).
Proposition 4.1. We have
— — 1 JoJSJ1g
D(3,3) + D(2,3) = —2¢°h(¢% ¢°) + s 525 4.5
(3,3) + D(2,3) q (q,Q)+3J12Jg,Jg, (4.5)
_ — _ 2 JoJS
D(2,3) + D(1,3) = 2D(2,3) = 4¢%h(q" ¢°) — 22238 (4.6)

3 J2J3JE

Proof. We give details for (4.5). Equation (4.6) follows from (4.5) together with the fact that
for any n one has

N(3,3,n) +2N(2,3,n) = p(n),
which gives
D(3,3) +2D(2,3) = 0.
To begin, the case a = M = 3 of (1.12) with 2/ = —1 and 2" = ¢5 gives
D(3,3)+ D(2,3) =1 —2m(q”,¢"*, 1) + 2¢ *m(q™*,¢"%, ¢°)

—2U3(q, —1,-1;¢%) + 2U3(q, -1, ¢% ¢*) w

2
92 . PR
- g Z(l - (g)A(Cg 2JC]> Cgv _1a q2)
Jj=1
Using (4.2) and the identity [14, Eq. (3.3)]

1
m(q,QQ,_l) = 57 (48)
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the first line on the right-hand side of (4.7) is

1—2m(q’, "%, —1) +2¢ *m(q?, ¢"%,¢°) = —2¢°h(¢%; ¢°). (4.9)

As for the second line, we expand the first term using (1.9) to obtain

W(g. -1, 1. %) = Jis (a5 ¢")i(¢% ¢"®)
o J(=1;¢2)5(—=1; ") \ j(—4¢%; ¢'®) 5 (—¢% ¢'8)
(4.10)
2 3@ q™®)j(q%; ¢"®) y 3 (@ ") (q'%; ¢'®)
J(=4%q'®)j(—q% q'®) J(—=q% ¢'8)j(—q*?; ¢1®)
From (1.2), we have the following properties
i(zyq) = j(z g3 q), (4.11)
(@ wiq) = (1) G j(z:q). (4.12)

Using (4.11) and (4.12) we find that inside the parentheses on the right-hand side of (4.10), the
middle term vanishes and the other two terms cancel. This gives

3(q,—1,—1;¢%) = 0. (4.13)
Next, we have from (1.9)

2 713 <0 18, 18 9. ,18

203 (g, 1.5 ) = 2 L8 i il )i (= 734 )

(lq)(qq) J(q;q)( q'®)
(4.14)

Jrj(—qﬁ;qlg)]’(—q”’;qlg)Jr 1 J(=a"% ) (% ¢'®)
3@ ¢'8)j (=% ¢'8) J(q ;g )J( q'o; 8) ’

which unfortunately does not appear to simplify in any significant way.
Finally, we treat the sum in the last line of (4.7). Using properties of (3 and a short compu-
tation we have

_ 1 J1J3Jha
1 —G)A(G? -1;¢)=-=(1 2
( <3) (CS q7 C37 7q ) 2( + C3) J3J2J6 )
1 J1Js T
( C?)) (C3 q7<37 7q) 2( +C3 )J3J2J6’
and so
2
2 —j ; 9i 1J1J3 12
AN G- A Y g, d 15 q?) = 22 415
3]':1C3 ( GIA(G Ve, G5, —197) 3 T3 3 g ( )
Comparing equations (4.7), (4.9) and (4.13)—(4.15), we are left to prove that
6
(4.14) + (4.15) = J2Js s (4.16)

3 J2J3J2
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This is an identity between modular forms, which can be verified with the following finite
computation. Using the dictionary

. 5o oI5 4

j(=1q) = 255 iGa) =, jl—¢q¢)= NNzl i@ q°) =,

! 2 144 (4.17)

. JoJ2 JiJg . J2J3J10
o3y J2Y3 .6y _ 6 .6y _ J2J3J12

i(=a:q”) T’ J(a;4°) T’ i(=¢q) TiTuds

identity (4.16) may be written
2 JoJ12J% o Jods g 2 JoJg Jra i }J1J§J12 _ }JQJ:?JlB (4.18)

20202 dss L RRR, TR Iedss | 3 Jsdide | 3 JRI3IE

Multiplying both sides by JfJg JZ/J2J1s and converting to the notation of modular forms using
the Dedekind eta-function, n(q) := ¢'/?%.J1, equation (4.18) is equivalent to

T (@n*(@)n(a™)n*(a"®) N 7 (@)n® (¢®)n®(¢”)n*(¢*°) N 7 (@)n°(@®)n* (@ )n(q)n?(¢*®)
n?(q*)n(q3°) n2(q3)n?(q*)n*(¢'8) n(g®)n?(q*)n(q3°) (4.19)
192 ()0 (@5 (¢®)n*(¢®)n(g*?) 1 '
G L rarre I AR

Now, using standard criteria for the modularity of quotients of eta-functions [26, Theorems 1.64
and 1.65], one may check that each of the five quotients above is a holomorphic modular form of
weight 8 and level 36. Therefore, using well-known bounds (e.g., [26, Theorem 2.58]), to establish
(4.19) we need only verify the g-expansions of both sides agree up to ¢*®. This completes the
proof of (4.5). O

Proposition 4.1 can be used to recover the following overpartition rank difference generating
functions of the authors [21, Theorem 1.1].

Corollary 4.2. We have

— — L JA
D (N(0,3,3n) = N(1,3,3n)) ¢" = <35, (4.20)
n>0 Jl JG
— — n J3Js
ST (N(0,3,3n+1) — N(1,3,3n + 1)) ¢" = 2=, (4.21)
n>0 1
_ _ J4
> (N(0,3,3n+2) = N(1,3,3n + 2)) ¢" = 45 — 6h(q; ¢°). (4.22)
n>0 J2J3

Remark 4.3. We note that [21, Eq. (2)] has an extra —1 due to a difference of convention.
Here we have assumed that the empty overpartition of 0 has rank 0, and in [21] it was assumed
that the rank of the empty overpartition is undefined.

Proof of Corollary 4.2. From [11, Proposition 11] we have

Jo JgJg JeJs 2 Jg s
72 = 7813 7 4q 6
Ji o J5dis Jg J3

+2q (4.23)
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which gives

JngJlg J@Jé1 JoJ1s 9 J{LS
= 2 4 . 4.24
2R gy T T (4.24)
Using (4.5), (4.6) and (4.24) we have

> (N(0,3,n) = N(1,3,n)) ¢" = D(3,3) + D(2,3) — 2D(2,3)
n>0

JeJ§ JoJ1s J4 (4.25)
= —6 2h 6; 9 9 9 4 2 Y18 .
q"h(q q)+J§J128+qJ3 +qJ6J3
Equations (4.20)—(4.22) can now be read off using (4.4) and (4.25). O
Next, we turn to the case M = 6.
Proposition 4.4. We have
— — 2 Ji
D(0,6) + D(1,6) = = —2—, 4.26
— — 1 JoJ8 T8
D(1,6) + D(2,6) = 2¢*h(¢%; ¢°) — = =23 4.27
(1,6) + D(2,6) = 2¢°h(q"; ¢") 3 IR (4.27)
_ _ 1 JoJS T 2 J4
D(2,6) + D(3,6) = —2¢°h(¢%; ¢°) + 2575 2 (4.28)

3J2J3J2  3J2Js
Proof. We need only show (4.26). Equation (4.27) follows from (4.6) and the fact that
D(1,6) + D(2,6) = D(1,6) + D(4,6) = D(1,3),
while equation (4.28) follows from (4.26) and (4.27) together with
D(0,6) + D(1,6) + D(1,6) + D(2,6) = D(0,6) + D(1,6) + D(4,6) + D(5,6)

and

5
> " D(i,6) = 0.
=0
To begin we take a =6 and M = 6 in (1.10) with 2/ = —1 and apply (4.8) to find that
D(0,6) + D(1,6) = D(6,6) + D(5,6) = —2¢ W3 (¢!, -1, -1;¢%)
5
1 e (4.29)
— 32 (=AY 0. ¢ —1:%).
j=1

A short computation as in the proof of Proposition 4.1 gives
\I/%(qila _17 _17 q2> - 07

leaving us to evaluate

(1-AG Y0 —1;4%).
1

W =

5
=
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To this end, we use (1.8) and properties of (s to calculate that

(1= ) A "0, G —1307) = —%(1 - cf)%,
(1~ DA G L) =50+ @)‘2‘%{,”,
(1= A 0 G ~10%) =0,

(- IAG G —1ia?) = 31+ GO,
(1= QA G~ ti) = —(1 - o) 2

Together this gives

— — 1 JST3 T JiJdTs
D(O,6)+D(1,6):6<3J13J43Jg 70 )

To finish the proof of (4.26) we need to show that

JSI3 e I3 s

B3I Jsdids  JRs

This follows as in the proof of (4.18). We omit the details. O

3

As a first corollary of Proposition 4.4, we illustrate Remark 1.5 and find all of the rank
deviations modulo 6. Let T'(¢) denote the series on the right-hand side of (1.14).

Corollary 4.5. We have
4 Ji ngJngg

— 4 1
D(0,6) = —=¢*h(q% ¢”) + =T = 4.30
(0,6) 34 (q,Q)+3 (q)+9<]12j6 NN (4.30)
_ 4 1 2 Ji 2 JoJS J1s
D(1,6) = =¢*h(¢%; ¢") — =T -2 Zrelse e 4.31
( ) 3q (q Q) 3 (Q)+9J12J6 9J12JgJ92 ( )
_ 2 1 2 J3 1J2J8 Jig
D(2,6) = =¢*h(¢%: ¢") + =T (q) — = —2 — = =372 4.32
(7 ) 3(] (QaQ)+3 (Q) 9J12J6 9J12J3J3 ( )
_ 8 1 4 Ji 4 JoJ8 J1g
D(3,6) = ——¢*h(q% ¢°) — =T(q) — = —2- 4 —“23°2 4.33
Proof. By (1.14), (4.26) and (4.27), we have
D(0,6) +2D(2,6) = D(0,6) + D(2,6) + D(4,6)
= D(0,2)
=T(q) (4.34)
and 4 Ji JoJ8J
_ _ 2
2D(0,6) — 2D(2,6) = —4¢°h(q" ¢°) + - 5 + 2520 (4.35)

3J3Js 3 JRI3IE
Adding (4.34) and (4.35) and multiplying by 1/3 gives the formula for D(0,6) in (4.30). Equa-
tions (4.31)—(4.33) then follow from (4.30) and Proposition 4.4. O
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For our second corollary, we show how Proposition 4.4 can be used to recover the following
rank difference modulo 6 [18, Theorem 1.1].

Corollary 4.6. We have
> (N(0,6,n) + N(1,6,n) — N(2,6,n) — N(3,6,n)) ¢"

n>0
= , (4.36)
_ J18j (% ¢'®) q Jis + 42 Jis —2¢?h(— % ).
Joi(a* 4% Jsi(q%q"®) J6i(% ¢"%) ’
Proof. Using (4.17) and (4.3) we find that (4.36) is equivalent to
D(0,6) + D(1,6) — D(2,6) — D(3,6)
JoJy JoJ1g 2,/,.3 9 (4.37)
= 2 2¢°h(q°; q7).
g ¢"h(q*;q")
We also need the easily verified
Jy JoJg JoJ1s 5 Jig
= 2 . 4.38
g 2ay T TR (4.38)
Now using (4.38) along with (4.24), (4.26) and (4.28) gives (4.37), and the proof of (4.36) is
complete. O
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