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A NOTE ON ENDPOINT BOCHNER-RIESZ ESTIMATES

DAVID BELTRAN  JORIS ROOS  ANDREAS SEEGER

ABSTRACT. We revisit an e-removal argument of Tao to obtain sharp L? —
L"(LP) estimates for sums of Bochner-Riesz bumps which are conditional on
non-endpoint bounds for single scale bumps. These can be used to obtain sharp
conditional sparse bounds for Bochner—Riesz multipliers at the critical index,
refining the conditional weak-type (p,p) estimates of Tao.

1. INTRODUCTION

Let Q be a convex open subset of R%, d > 2, containing the origin. We assume
that  has C*°-boundary with non-vanishing Gaussian curvature. Let

p(&) =inf{t >0: &/t € Q}
be the Minkowski functional of Q. Then p € C*°(R%\ {0}) and p is homogeneous
of degree 1, p(§) > 0 for £ # 0 and p(§) = 1 on the boundary 9. Given A > 0,
consider the Bochner—Riesz type operator
A A
R*:=(1-p(D));-
The critical index for LP — L™ boundedness is defined by
1 1 1
) =d(==5) -5
r=d{;-3) 73
In this note we establish LP — L"(LP) vector-valued inequalities for Bochner—Riesz
bumps, and acting on families of functions {fg} indexed by dyadic cubes ®. We
denote by ©; the dyadic cubes of of sidelength 27,
For M > 1 define Yy as the class of all CM functions y supported on (3,2) so

29
M
that [|xlloar = %0 [IXllee < 1.

Definition 1.1. For 1 < p <r < oo let VBR(p,r) denote the following statement.
There exists M > 0 such that for all collections of functions x; in Yar, the inequality

1y | 2@ - s X ], e < C(E @l k)
QED; Q

7>0
holds for all families { fo}geo of LP functions fq, with supp (fg) C Q.

The statement VBR(p,r) plays a significant role in [1] which deals with essen-
tially sharp sparse domination results for the operator R ?) in the sense that such
sparse bounds follow from VBR(p,r). Satisfactory VBR(p, ) bounds are known for

Date: September 22, 2023.
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FicurE 1. The conclusion of Theorem [[.2] holds in the interior of

the region. The red line corresponds to the line % = m.

example in two dimensions for p,r in the range 1 < p < 4/3, p < r < min{p’/3,2}
and in higher dimensions for p < 251:31) and 7 = 2 (the Stein-Tomas range), see
[13, [14) 16]. Familiar necessary conditions based on Knapp examples show that we
need to have r, < %pg; and thus for p, > 22;?31) we must have r, < 2. Our result
will involve the exponent 7. (p, po, ro) obtained by interpolation of the pairs (po, 7o)
and the Stein-Tomas pair (2Slj31) ,2); the desired vector-valued inequalities for the

latter follow from well-known arguments. It is given by

1/ d+3 1 1011
1 Gy PTG
(1.2) | To) = d+3 1
#(Dy PosTo 2d+D o

Theorem 1.2. Let Q%d:;) < po < % and ro € [po, j—jpg]. Assume that R maps

Lre(RY) to L (RY) for all A > \(ro). Let 2(dd:31) < p < po. Then VBR(p,r) holds
forp <r <rp,po,To)

It is useful to note that r.(p, po,ro) — %p’ as ro N %pg. This implies that

if we have the non-endpoint Bochner-Riesz LP° — L™ assumption for some p, €

[25:31), %) and all r € [po, %pg) then the conclusion of VBR(p, ) holds for the
2(d+1)

full non-endpoint range ===+ < p < po and € [p, %p’).

Theorem corresponds to an off-diagonal version of a theorem of Tao [16] in
which the 7o = p, version was obtained. The purpose of the resulting VBR(p, )
estimate in [I6] was to prove conditional weak type (p,p) bounds for R MP) and
strong type results for a class of related multipliers such as (1—p)? (1—log(1—p)) 7,
based on reductions in [3} 2 13], 16]. These reductions also work in the off-diagonal
case and yield the following endpoint multiplier theorems (we will not provide more
details).
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Corollary 1.3. Let po,7o be as in Theorem [1.3. Assume 1 < p < po, p < r <
T«(Dy Do, 70), ¥ < 2, r < 0 < 0o. Then, for sequences a = {aj}]o-';l € 1° we have the
inequality

(1.3) | Y@@y - o)), S lallelf
>0

The proof of Theorem [I.2] for r > p is a re-elaboration of that of Tao for r = p.
We claim no originality but provide full details of the argument in view of the
applicability in [I] and also in view of Tao’s question [16] concerning the possibility
of e-removal results for LP — L" bounds. As Tao remarks, such bounds would be
especially interesting for the critical line Tmt b %(1 — %) For applicability in [I]

we only need to address the case p < r < r.(p, po, ro); the latter condition becomes

p <1 < reit(p) if we assume VBR(po, 7o) for all ro = %pg —¢eand e — 0.

1.1. Notation. We list some frequently used notation.

o Families of dyadic cubes. We let ® be a fixed dyadic lattice, which may or
may not satisfy the assumptions in the setup by Lerner-Nazarov [10] (this
requirement is only important when considering sparse bounds as in [I]).
Let ©; denote the subset of cubes in ® of sidelength 27, Cubes in D; are

assumed to be half open, i.e. of the form H;-izl [ai, a;+27) for suitable a € R?.
We use Q for general subcollections of ®, and let Q; be the cubes in Q which
are of sidelength 27. The sidelength of a dyadic cube @ is denoted by 2£(@)
with L(Q) € Z.

o Constants. Given a list of objects L and real numbers A, B > 0, we write
A <y Bor B Z; A to indicate A < CpB for some constant Cj which
depends only items in the list L. We write A ~p B to indicate A <; B and
B < A.

o Normalized bump functions. Throughout the paper we shall fix a number
N > d+1, and set Y = Vg+14+n. The functions x; are throughout assumed
to belong to Y.

o Multiplier notation. For m € L‘X’(Rd) we define the multiplier operator
m(D) which acts initially on Schwartz functions by

~

m T) = 1 @€ m
(D)f&) = Gz [, = ImOF ) e

Structure of this note. In §2| we provide some single scale estimates for suitable

frequency or spatially localized bumps associated to Bochner—Riesz multipliers, as
well as a vector-valued Stein-Tomas type estimate. In §3| we present some L2-
estimates based on a finer localization that will feature in the proof of Theorem
In §4 we formulate a discrete variant of Theorem In §5 we recall a stopping
time lemma due to Tao that features in many e-removal arguments. In in which
we give an LP — L" variant of an argument by Tao that deduces Fourier restriction
estimates from non-endpoint Bochner-Riesz assumptions. We present the proof of

Proposition [£.2] in §7] which in turn implies that of Theorem

Acknowledgements. This research was supported through the program Oberwolfach
Research Fellows by Mathematisches Forschungsinstitut Oberwolfach in 2023. The
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2. SINGLE-SCALE ESTIMATES

In this section we provide estimates for suitable frequency and spatially localised
Bochner—Riesz bumps. Before going into details, we make a couple of observations
regarding the function p that will be useful in upcoming arguments. First, we can
use polar coordinates for the distance function p and write £ = o€’ with ¢ € 9Q =

{5 : p(f) = 1}7 and

@1 de= g agaue)  where au(e) = £ aoe)

Second, by the homogeneity and positivity of p there are constants ¢y < 1 and
Cp > 2 such that

(2.2) clé] < p€),  1Vp(6)] < Co
for all £ € R,

2.1. Fractional derivatives and subordination formula. Given LP — L" bounds for
(1 — p(D))% one can derive analogous estimates for the Fourier multiplier opera-

tors x;(27(1 — p(D))) and their spatially localized versions using the subordination
formula [18]

1 o A+1)
2.3 hj(0) = =~ — o)A ds.
(23) 0=t | = e
Here, for smooth h compactly supported in (0, 00), h® for a € (0,00) \ N refers to a
fractional derivative for functions on (0, 00) introduced in [5]. More precisely, when
a € (0,1) one defines

-1 .d [

(a) R | el
PO = gy g,

(s —0)"*h(s)ds,
and for a € (0,00) \ N, a > 1 one defines inductively h(® = diph(a_l). This leads to
the formula

—

h@)(7) = (—iT)%h(r) = (cos T& — isign(r) sin Z2)|7|7h().

Note that h{® coincides with (—1)® times the ordinary derivative of order a when
a is a positive integer. The following lemma will be relevant in the aforementioned
transference of bounds.

Lemma 2.1. For A > —1 we have the inequality
=1, O A

(2.4) / FGDP RO )] dt < 2.
0

Proof. Observe that h; is supported in I; := [l — 277t 1 — 27971 If A + 1 is an
integer we have |hA1 (s)| < 27+ 1;(s) and the asserted inequality is immediate.
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Assume that Kk < A+ 1 < k4 1 for k € Nyg. By the definition of fractional
derivative

(2.5) hg-)‘ﬂ)(g) =0 forp>1—2"1

We claim that

- 93 (A+1) 0 .
- <o<l1.
Sir@aogre 0505

The inequality (2.4)) is now immediate from (2.5)) and ({2.6]).
To show (2.6)), let a = A+ 1 —k € (0,1) and observe that by integration by parts
we have the formulas

et 10 =aa(3) [Te-omo@a -

K+1) S . .
= Cu2 <i>( / (s — Q)n+2fa2](n+2)x§ﬁ+2)<2](1 —5))ds
e

(2.6) D ()

do

J

(2.7b) = ¢, 32/ 42) / (s — o) "2 (29(1 - 5)) ds.
0

From ({2.7b)) we get that |h§-’\+1)(g)] < 27(ta) for g > 1 — 27912 which gives (2.6) in
this range. .
Next assume o < 1 — 2772, We can now differentiate under the integral sign

directly in (2.7a)) and use
B (g) = e / (5 — 0) """ 1x;(2(1 - 5)) ds.
p

We can estimate this integral by 277(1— o) * " Landsincea+r+1=A+1we
obtain (2.6]) also for p < 1 — 2772, O

2.2. Spatial localizations and single scale-estimates. Let ¢g be a C(R?) function
supported in {x : |z] < 1} such that ¢o(z) =1 for |z| < 1/2. For j > 0 define

dj0(x) = go(27 )
(2.8) L L
Gjn(x) = ¢o(277 "x) — (277 gy for no> 1.
For any j > 0, define with x; € J,
(2.9) m;(€) == hj(p(€)),  where h;j(0) == x;(2’(1 - 0)),
and let, for any n > 0,

(2.10) My i= M * Qjn.

In forthcoming arguments, we will use the estimate
(2.11)

N 1 N—1 . — .
min©l S 3 [ [ A 2V I 21— pl€ — sm))ldsd
k=1 0
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for all n > 0. Note that this follows from the vanishing moments of qgj\n and
Taylor’s formula for m;(¢{ — 7), which together with the multidimensional Faa di
Bruno formula allow to write

(2.12)

1 N—-1 . —
i) = [ /0 U 0, DY [ (21— p(€ — sm)))] () ds

N . 1 - ‘
> 2 2jk/0 /bk(sa&77)77a¢j,n("7)x§-k)(2j(1—p(é—sn)))dnds

k=1 ozGNg:|a|:N
for by, € C*°. From (2.11)) we also obtain the pointwise estimate
(2.13) min(€)] S 27N (14271 = p(E)) ™

for all n > 0, where N7 > 0 is arbitrary. This inequality also extends to the case
n = 0 by a straightforward convolution inequality.

One can transfer bounds for (1 — p(D))%} to bounds on m; and mj, through the
following lemma.

Lemma 2.2. Let 1 < p < r < oo and assume that (1 — p(D))?} is bounded from
LP(RY) to L"(RY). Let m; be as in ([2.9), with xj € Vay1. Then we have

(2.14) lm (D) zr—rr S 27

If xj € Y then

(2.15) |mjn (D) zr—srr S 27V29A n>0.
Moreover, if p < g <,

(2.162) Imi (D) zr—spe < 27OHIG—0),

(2.16b) M (D)l ooy pe < 27 NIOHG=0) >,

Proof. Since p is homogeneous of degree 1 we get using (2.3)) for m; = h; o p,

(D)1 < / AR ()] (1L = p(D) /)Xl po 1 ds

(2.17) 0 o L

— 11 = (D) s / $1G =D RO () ds < 27
0

where in the last inequality we have used the hypothesis and Lemma Similarly,
for n = 0 we obtain

lmjo(D)llLe—rr S / (D50 [[ms(D = )|l Lo—srr dy S 272

where we have used the modulation invariance of the operator norm.
For n > 0 we use (2.11) to obtain that ||m;,(D)|/zr—r- is bounded by a constant
times

al 1 N-1

LN . o
Z//O 2 2N V6 ) XSV (2 (1 = p(D = sm))]| ., ds di.
k=1
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§k) are by assumption fixed multiples of YV, functions and

i 2jN|17]N|$J-;(77)] dn = 0(27™V), we get (2.15) by the modulation invariance of the
multiplier norms.

Finally, note that the convolution kernel of m; ,, is supported on a set of diameter
O(27%™). Therefore, using (2.15)) and Holder’s inequality,

Since the functions x

Imin(D)fle =] 3 ma@irrel| 2 (X Imadisrel)

q

QEDj1n QEDj1n
. 11 1/
(X lmpaDlrgll, 20 G
Q€Djin
S(X il
QEDjin
< 2—n(N—d(%—%))Qj(ﬂrd(%—%))Hpr
which is (2.16b)). Inequality (2.16a]) follows after summing in n > 0. O

It is well-known by the work of Fefferman and Stein [§] that R* maps L% (R%) —
L%(RY) for all A > —1/2. Taking this into account we note in the following corollary
that boundedness of the Bochner-Riesz operator R* for a specific pair of exponents
(po, 7o) implies LP — L" bounds for the region in Figure

d—1,1

Corollary 2.3. Let 2%:'31) < po < ﬁdl and 1o € [po, GryDo]. Assume that R maps

LPe(R?) to L™ (R?) for all X\ > \(ro). Let 2%:31) < p1 < po. Then for all e > 0, the
inequalities

I (D)l| o1 s e S 27D

[0 (D) Lo pr Se 27" N2IERAED >0
hold for all py < r < ry(p1,po,70). Moreover, in this range, R* maps LP' to L for
A > A(r).

Proof. By Lemma it suffices to prove this for r = r.(p1,po,7,). By the same
lemma and the boundedness assumption on the Bochner-Riesz operator we have

.0 (D) | Lo 1o Se 27N 2IEFAT)),

2(d+1)
On the other hand, by the same lemma and the aforementioned L™+ (R?) —

L?*(R%) boundedness,

Imjn(D)| a@eny Ko 27N2TIAHE
L d+3 2

Interpolating these two inequalities yields the assertion on the LP* — L7=(P1.po:o0)

operator norm of m;, (D) and summing in n yields the corresponding assertion for

m;(D). The implication on R* follows by the standard decomposition of (1—p(D))}

as a sum of operators of type m;(D) and an L' bounded operator. ]



8 D. BELTRAN J. ROOS A. SEEGER

Remark 2.4. A standard argument using the Stein—-Tomas theorem [7, [§] reveals that

that the LP — L? operator norm of m;(D) is O(277/2) for 1 < p < 2%;1), without
any e-loss. Using the orthogonality of the m;, then running the decomposition
mj = > .2 ,Mjn, and using the support assumptions of m;, we can use this to

upgrade the bounds for m;(D) when r = 2 in Corollary [2.3] - to the estimates

(2.18) |3 3 2mistal], s (X 1fal2)’

7>0Q€eD; QeED

2(d+1)
d+3 -

which correspond to VBR(p,2) for 1 <p <

2.3. A kernel estimate. We finish this section with a pointwise bound for the kernels
associated to the multipliers |m;,|?. This will be used in 7*T arguments in Section
and the proof is based on stationary phase calculations.

Lemma 2.5. For j >0, n >0 let /ijn = FY|m;nl?]. Then
(2.19) sup (1+ |2[) 7 |rjn(x)] < 272"N27.
zeRd

Proof. We give the proof assuming n > 0; a small modification yields the cases
n = 0. Using (2.13)) it is straightforward to see that

(2.20) |kjn(@)] S 2772720,

we use this for |z| < Cp (where Cj is as in (2.2))). Note that x;,(z) = 0 if |z| >
93+n+2

Now assume Cp < |z| < 29772, We use formula (2.12) for m;,, and its complex
conjugate. We then write
Rjn = Kjn0 T Kjnl
where

imola) = (2m) [ it //// sl o)

(~v, V)Y [Xj(2”(1—p(§—81v)))] <—w, VIV (2 (1 = p(€ — s2w)))] dv dw dsy dsp d€
where the set U = U(x, j,n) is defined by

U= {(v,w) : Jo] < g2 2|4, Jw| < g2 T2l

The term &, n[;( ) is the analogous expression where the region U is replaced by
Ut = R24\ /. We first analyze the terms Kjnc(z). We first note that for all
v,w € RY, (s1,592) €[0,1]2,

meas({€ : max{|p(€ — s1v) — 1], |o(¢ — s20) — 1]} < 277+1}) S 27
and interchange the order of integration to apply the integral in ¢ first. For |z| > 1

—_— .
/ . 0N ]G (v)] dy S, 20F™(E=N2) / ‘ o] NNz qy
ol 2/ In|>2—3—n/2|z|1/4
N+d No

S 2N g
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provided we take No > N + d. The same consideration applies to the w-integral.
We use this in conjunction with the second part of the formula (2.12)) we get for all
N1 eN,

(2.21) |67n (@) Sny 27727 M 27N 2] 2 Co.

We now turn to the main term £, 0. By (2.12)), k; 50 is a linear combination of
terms of the form

////u 2j(k1+k2)vaw6@(v)mjkhk2(:v, s1, 82, v, w) dvdw ds; dsg
where o, 3 € N, |a| = |8] = N, 1 < k1,ka < N, and Tk ks 18 given by
(2.22)  Tgy ko (2,81, 82,0, w) =
/ by 1y (€, 51, 52,0, )X (27 (1 = p(€ — s10)x ™ (20(1 = p(€ — sow)) de,

with bkl,kg e C.
We now use polar coordinates ¢ = p(&)Z¢ where Z¢ € 99, with the intent to
apply the method of stationary phase in the variables parametrizing 0€). Some care

is needed since these variables show up in the rough terms Xg-ki)(Qj (1= p(§—sv))),
and for an application of the method of stationary phase we need that the amplitude
behaves reasonably well under differentiation.

Let [v] < (4Cp)~L. Then |p(& — sv) — p(€)| < Colv| < 1/4 and we have
€ — sv=p(§ — sv)E

(2.23) e _
= ps0(p(£),2%) Es0(p(£),E°)

where

(224) ,Os,O(zQa E’) =0, Es,0(97 E) =k

and

(0,Z) = (psw(0,E),Es (0, E))
is a diffeomorphism that maps (%, 2) x 0% into an open set containing (%, %) x 0f)
and contained in (1, 9) x 9Q. For (v,w) € U we have |v] < (8Cp) 1277 7/2|z|1/4 <
(8Cp)~12773/4=n/4H1/2 < (4CH) ! and if 1/4 < ¢ < 3 then also ps, ,(0,Z) ~ 1 and
pSQ,’LU(Q?E) ~ ]"
Using p-polar coordinates we write J, k, in (2.22) as

j]c17k2(x,31,32,7)7w) = // ei<x795>681,82,v,w(gv E) X

0 JON

W@ (1= pay (0 2NN (2 (1 = poy.ul: E))) du(E) de.

For a coordinate patch on 02 with parametrization y — Z(y) we observe that the
y-derivatives of

(2.25) y = X (@1~ pso(0.2))))

vanish for v = 0, by (2.24]). Hence the y-derivatives of order L of the function in
(2.25) are O(1 + (27]v])). By the assumption |v| < 277/2|z|/4] this is O(|z|/4).



10 D. BELTRAN J. ROOS A. SEEGER

The same applies to the entire amplitude of the y integral. By the inequalities
[v], [w| < 27977/2|z|'/*4 we see that the derivatives of total order L in Z are O(|z|%/*).
Since the oscillation parameter is |z|, we are still able to use the method of stationary

phase to see that the inner =-integral is O(\x|7%), uniformly in ¢ and (si,s2) €
[0,1], (v,w) € U. For each (s1,s2,v,w) € [0,1]> x U, the p integration is over a set
of measure O(277) and we obtain for Cy < |z| < 2/Fn+2

|\ Ty oy (2, 51, 82, v, )| < 277 ||~ (@12,

Finally the v, w integrations give a bound of O(27"") each and we arrive at the
estimate

—1

(2.26) I mo(@)] < 27227 |2~ for Cp < |z < 20772,

We finish by combining (2.20)), (2.21)) and (2.26)). O

3. AUXILIARY L? BOUNDS AND FINER LOCALIZATIONS

Let n be a real valued non-negative Schwartz function such that 7 has compact
support in {£ : |{] < 2} and such that n(x) > 1 for max;<;<q |zi| < 2. Let B be a
cube of sidelength R = Rp > 1 and center xp and define

(3.1) np(@) = n(* ;;”B).

Let j > 0 and m; be as in (2.9). For Q € D;, let Bg a family of pairwise disjoint
subcubes of @ of sidelength R. From Plancherel’s theorem and the decay properties
of 1, it is easy to see that for R < 27 and functions {fq B}qen, BeB,

(32) [0 3 3 mstosl], = (Slsaslt)”
Q,B

QG@]' BEBQ

A key insight used in Tao’s work [16] is that certain standard L? bounds can be
improved under the assumptions that the families B¢y are sufficiently separated. We
start with a definition.

Definition 3.1. Let R > 1 and S > 3R. A family B of axis-parallel cubes of
sidelength R is S-separated if dist(xp,xp) > S for all B,B" € B, B # B’, where
xp denotes the center of B.

Proposition 3.2. Let j > 0, R < 2J. For each Q € D; let Sg > 3R and Bg be a
finite family of Sq-separated cubes of sidelength R intersecting Q). Then

33) [mD)[ Y > nefos|
QeD; BeBg

. _d—1 1/2
SR sip (145, R1480) (Y I fo.s13)
Q,B

2



A NOTE ON ENDPOINT BOCHNER-RIESZ ESTIMATES 11

and
B4 [m[ Y Y nesas]|,
QeD, BeBg
< 9ild-1)/2p1/2 s (1+ Sé%Rd_l#BQ)l/z 3 (Z ||fQ,B||%)1/2
Q B

for all families of functions {fo B}

Clearly is a significant improvement over if Sq is large enough for all
Q, specifically if Sg > (R™1#Bg)%/(@-1).

In the proof of Proposition we will work with variants of m; and ng which are
localized in space. We may decompose m; = ZZ?:O Mjn, With m;,, asin .
We also decompose np using a decomposition analogous to . Define

nB,0(z) = ¢o(*7 2 )mp(x)
nBn(T) == (¢0(§n1§§) bo(si—1h= fﬁB))UB(x) forn > 1,

so that ng = ZZO?:O NBm,- Lhe key estimate towards establishing Proposition is
the following lemma (in which the constant N > d+1 is as in the notation section).

Lemma 3.3. Let j >0, R <2/, Q € D;, Sg > 3R and By be a finite family of
Sq-separated cubes of sidelength R. Then

(3.6) Hmj,nl(D)[ > ”Bv”QfB]H2

BeBg

(3.5)

1/2
<2 n1N2 n2N2(2 ]R)1/2 (1+S 2 Rd ]_#B )1/2<ZHfBH§>
B
for all No > 0 and all families of functions {fp} indexed in Bg.
Proof. We first give the proof under the stronger separation condition
(3.7) B,B' € Bg, B# B = dist(2"27?B,2™12B’) > S,
We write

[msm O S mmafsl|. = S (T s s

BeBg B,B'€Bg
where Tg pr is defined by

Tp.p f(x) = 1B 0y (€)M, (D) (13,05 f] ()
and has Schwartz kernel
Kp p(2,y) = 180y (@) F [[myn, 2@ = y)15,0, (y)-
Note that if =,y € supp (1B .n,) then qbo(%) =1 and thus for the case B’ = B

Kp.5(®,Y) = 18,0y (@) F " [aj,B,01m:] (€ = Y)NB.ns (y)
where

aj B (€ /]mj n (2”2+2R) oo (2”2+2Rv) dw.
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Since the operator f + np,f is bounded on L? with operator norm 0(2_”(N2+d))
for all Ny € N, then || T 5/l12-r2 Sy 272202 F) |6 5 ) s llco- By

(27242 R)| g (2242 Ru)|
(1+27[1 = p(§ —v)[)Ns

for any N3 > 0. A computation shows that the integral is < min{1,277+"2R}.
Hence we obtain

dv

|aj7B7n17n2 (£)| SJNQ,Ng 2_2n1N Slgp/

(3.8) ||TBaB”L2~)L2 SN,NQ 2—2711N—2’I’L2(N2+d) min{]_’ 2_J+n2R}‘

We now consider the case B # B’; recall from that dist(B, B') > 2m2710G,.
We use Lemma and together with the pointwise bound for 7p ,, to get
K ()| S 272N o 2neWNatd 9| G0 |1 =5 1y 2 () Ly ()
for all No > 0. By Schur’s test, for B # B’
(3.9) [T 2 S 272m N o 2neNemnad plg=i| 5 | =5,
Now we estimate the left-hand side of by
> I Tesfe fe)l+ > |(Tspfe fe)l=1+II

BeBg B,BIEBQ
B#B

The diagonal terms are estimated using Cauchy-Schwarz and (3.8)), and we get
I Snn, 272 N2 min{1, 27742 RY S | £,
BeBg
Moreover, using instead (3.9) we obtain for the off-diagonal terms that
17 g 27N g N Rlg iS50 37 fsllz Y- Ifwl:
BeBg B'eBg
_ _ —; _d=1
< 27Nty mNRI T |So| 7 #Bg Y 155
BeBg

Thus, under the additional assumption , we have estimated the left-hand side
of by 2-™2¢ times the right-hand side of . For the general case note that
each Sg-separated family of cubes of sidelength R < 35¢ can be split into O(2m2%)
sub-families, each of them SQ2"2+10—separated. Applying Minkowski’s inequality we
lose a factor of O(2"2¢) which leads to (3.6). O

Now we are in position of proving Proposition
Proof of Proposition[3.9. We first consider (3.3) and estimate the left-hand side by
o o0
Z Z Hmj,nl (D)[ Z Z 773,"2fQ,B] H2
n1=0n2=0 Qe®; BEBg

Now fix j,n1,n92, R and set
(310) U = Uj,nl,nQ,R = maX{2]+n1+107 2%2+10R}
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Let Q; C ©; be a family of U-separated 2J-cubes. We use the localization properties
of F71[m;n,] and g, followed by Lemma [3.3| to obtain

i@ 5 52 anntenl], (3 framl 32 wmses)”
BeBg

QGDJ BEBQ

, _d-1 1/2
SNQ ( Z 2—2n1N2—2n2N22—jR(1+SQ 2 Rd—l#BQ) Z HfQ,BH%)

Qen, BeBg
< 92— n1N2 n2N2(2 ]R)l/Q sup (1+S 2 Rd I#B 1/2< Z Z HfQ BH )
Qe QeQ; BeBq

We can write ®; as a union of O((27/U)?%) U-separated families of 2/-cubes. By
an application of the Minkowski and Cauchy-Schwarz inequalities we lose a factor
of O((277U)%?) = O(2(m+12)4/2) and obtain

(3.11) Hmm(D)[ S % anfQ’B]H < o-m(V-ma-D9-iR)} %

QeD; BeBg
1
sup (14557 R480)2 (20 Y llfasl3)”.
QeD; QeD; BeBg

Since N1 > d/2, N2 > d/2, we may sum in nj, nz and obtain (3.3).
We now turn to (3.4) and estimate the left-hand side by

oo oo
> [min DY S wmatos]]
n1=0n2=0 QeD; BeBg

Fix j,n1,m2, R and let U be as in (3.10). We now tile R? by dyadic cubes of
sidelength ~ U. Then

Hmj,nl( Z Z anzfQB H ~ Z Ud/ZHme )[ Z nB,nzfQB]HQ

QeD, BeBg 0 Qe BEBg
le:l;é@
1
< g-m(N- $)-n2(N2=5)0i %5 p3 sup (1+S s Rd 1#8 Z ( Z HfQ,BH%y
QeD; QeD;  BeBo

Here we have used the Cauchy-Schwarz inequality and the localization properties in
the first inequality, and an application of the estimate (3.3 in the last inequality.
Summing in ny,ngy yields (3.4). O

4. DISCRETIZATION

Given 3 € Z%, let g; denote the unique dyadic cube in Q¢ containing 3. Let {Fg;}
be a collection of C™ functions parametrized by (Q,3) € ® x Z% satisfying

(4.1) supp Fg; € 2¢;,NQ and sup sup [[Fg ;e < 1.
Qe ;ezd

We start with a reformulation of Theorem [1.21
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Theorem 4.1. Let (d+3) < Po < % and o € [po, g—ﬂpg]. Assume that R* maps

LPo(R?) to L™ (R?) for all A > \(ro). Let 226[:31) <P <Poy p <71 < 1(PyPo,To).
Then the inequality

(2) [ T[> Y @ik,
j>0 QED; 3eQNZ4
S (2 (k@) e

QeED
holds for all functions v : ® x Z¢ — C and all Fo ; satisfying (4.1)).

Proof of Theorem (assuming Theorem . Let u be a Schwartz function such
that u is compactly supported and u(§) = 1 if p(§) < 2; then clearly m; = mju.
Let ® € C2°(R%) be supported in {z : |z| < 1/2} and such that ®(¢) > 1/2 on the
support of u. Observe that u/ ® is a Schwartz function and therefore convolution
with its inverse Fourier transform is bounded on L". Thus it suffices to prove

w3 S Tmm) Y @xUetoll| £ (X 1Qlsaly) "

j>0 QeD; QeD

Now, given Q € D, 3 € Z4, let
® [ folg,nq)(@)
(4.4) Fo,(x) = :
@ 12l folgnally

and F; = 0 otherwise. Notice that Fy ; is supported in the double of g; and that
|FQ;llcc <1 by Hélder’s inequality. Let

1(@,3) = [lfelgnellp-
Then the left-hand side of (4.3]) becomes

'%mj(D)[ % y(Q,z)FQ,JHT

j>0 QED; ;€74

which by assumption is < (ZQED |Q|(Z I7(Q, 3)|p)r/p)1/r. By definition of ~
this gives the right-hand side of (| and thus the estimate VBR(p,r) claimed in
Theorem [1.2] O

if [ folgnqllp #0

H‘I’”p’

We next reduce the main estimate for the proof of Theorem [4.1] to the situation
where for each @ the function 3 — v(Q, 3) is replaced by the characteristic function
of a finite set £g C 7N Q.

Proposition 4.2. Let 2%:31) < po < d2+dl and ro € [po, j+}pg] Assume that R

maps LPe(RY) to L (RY) for all A > \(ro). Fiz M >2 and § > 0. Let 2((;1131) <p<
Po and p < 1 < 14(p, Po, o). Then the inequality
1

5|2 X X YT sem(D)Fa),, 50 (X IQlsel #E)T)

>0 QeD; 3o QeD
#Eo<M
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holds for all p < p1 < po, all subsets Eg C 7%, all real-valued coefficients Bg and all
families of functions Fq; satisfying (4.1)).

Proof of Theorem (assuming Proposition . Fix p, po,r, 75 as in the assump-
tions. If py > p observe that r.(p1,po,70) < 7T«(P,Po,7o) and r«(p1,Po, 7o) —
7«(PyPo, 7o) as p1 — p. Thus we can choose p; with p < p; < po such that

r< T*(phpo,?“o)-

Let Fg; be functions satisfying and consider a function v : ® x Z¢ — C.
Define 7 (3) := 7(Q,3). Without loss of generality we may assume that [|vql|¢za)
is finite (otherwise there is nothing to prove). Clearly |v(Q,3)| < [[Vqllexze) and
therefore we can decompose yglg =) k>07Q1 £k where

€5 :={3€2'nQ: 27 VP gllway < (@)l <277 lgllm@s}-
For each @ we apply Chebyshev’s inequality to get #5k < 2FF1 Let

~ (@3
552 —9 k/pHVQ”eP(Zd)v Fgéz (,6’ )FQ,a]lgk (3)-
Q

Then for each k the family of functions Fk continues to satisfy . Hence, by
(4.5) with exponents (p1,r), with M = 2]Hrl and 0 < (f - p%) we obtain

|X2Fmo 3 3 a@arad],

Jj>0 QED; 3eQNZ
<ZHZW+ IR DR N H
k>0 >0 QeED;  zegl
1
C(o.p1) Y2 (3 1QUBSI (L))
k>0 QEeD
1
C(6,p1) Y 207 (37 1QI2 77 g llnge] 247 )”
k>0 QEeD

and thus we get

|X2Fmo 3 30 a@arad],

Jj>0 QeED; 3eQNZ4
k(i L % C 5, p
< 60 Y2526 (X 1Qlaln) S S22 (3 [Qllal)
k>0 Qe QeD
Hence (4.2) is established. O

5. A DECOMPOSITION LEMMA

The following lemma is a discretized version of the stopping time argument by
Tao [16, Lemma 4.3].

Lemma 5.1. Let & be a finite subset of Z¢ and V € N. Let {L}\_, be a sequence
of integers such that Ly = 0 and Ly > L1 for k = 1,...,V. Then for each
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0 <k <V —1 there exist indexing sets Ay, satisfying
(5.1) #A, < 2 ()Y

and families {Bj o }aca, with the following properties:
(1) Bia is a collection of dyadic cubes in Dy, .
(ii) Any two different cubes in By have mutual distance at least 21+,
(iit) For each k, oo € A, B € By there exists non-empty subsets &g C €N B

such that
V-1
e-UU U e

k=0 a€Ay BEBkya

Proof. For each v € {0,1}% and each nonnegative integer L we denote by D L the
collection of dyadic cubes Hle [n;2%, (n;+1)2%) where n; = v; mod 2 fori =1,...d.
Notice that for fixed v two different cubes in ©, , have mutual distance at least 2L,
For each 3 € Z¢ and each nonnegative integer L, let B(3, L) be the unique cube in
D1, containing j.

For each 3 € &, let k(3) € [1, N] NN denote the least positive integer such that

#(5 N B(37 Ln(g))) < (#8)5(5)/‘/

Fork=0,...,V —1,let & := {3 € £ : k(3) = k + 1}. Clearly & = ;) &

Let 7, (&) be the collection of cubes in ®p, that contain a point in £;. Each
cube in D, (&) is contained in a unique cube in Dy, ,,. For each v € {0, 1} denote
by Dr, (&) be the family of dyadic cubes B" in ®r, , , which contain a point
in &; hence each such B’ also contains a cube B € Dy, (&).

For B' € ©r,.,, (), enumerate the cubes in D, (£;) that are contained in B’
by

By(B'), with ¢£=1,...,n(B).

By the definition of the stopping time x(3) = k + 1 for 3 € & we have
#H(ENBYB)) > (#EMV, #(EnB) < (#E)FDIV,

and since the cubes By(B') are disjoint this implies n(B’) < (#&£)YV for all cubes
B e @Lk+17y(€k).
Now for fixed k, v € {0, 1}d and 1 </ < (#5)1/V let
By () ={Bi(B'): B €Dp,., (&), n(B') > (}
and
A ={a= w0 :ve {01}, 1< < #EVY, By # 0}

Then clearly #A, < 24#&E)VV. 1f B (v,e) 1s not empty then it consists of cubes
in ®y, (&) which are 2E++1_geparated, and we get properties (i) and (ii). Moreover
for every cube B in @, (€) there is a unique £, v and B’ € D, ., (&) such that

B = By(B’). This implies
& = U U (gk N B) .
(V,E)EAk BEBk’(U’g)
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Recall that £ = U}C/;Ol &, is a disjoint union, and setting & g = £, N B property (iii)
follows. g

6. A FOURIER RESTRICTION BOUND

For the proof of Proposition we shall use a Fourier restriction bound when j
in the sum in (4.5)) is very large. We show that such a Fourier restriction bound is
implied by the non-endpoint Bochner-Riesz assumption in Theorem [I.2]

Proposition 6.1. Let 1 < p <r <2, a > 0. Suppose that R*"* maps LP to L".
Then for all R > 2, the inequality

(6.1) IflocllLr@0) S BN £l o ey
holds for all f supported in a cube of sidelength R.

Remark 6.2. Under the assumption that HﬂBQH Lro(09) S B2\ f1l oo (rdy holds for

2(d+1)
d+3 >

tion result, i.e. for p < po, r < r(p, po, 7o) the operator f — ﬂag maps LP(RY) to
L7(0€2). This is accomplished by an adaptation of Tao’s e-removal argument in [17]
(also based on the previous stopping time argument). This upgrade is not needed
here.

some po > ro < %pg and all o > 0 one can also show a full Fourier restric-

Proof of Proposition [6.1. The proof is an adaptation of Tao’s argument in [I7, Thm.
1.1]. For the sake of completeness we provide the details. Let n € C° (R?) supported
in {z:1/4 < |z| <4} and define for large A

(6.2) Tuf(z) = / e @Dy (1~ ) f(y) dy.

We shall first show that under the L? — L" boundedness assumption on R+ we
have for large A

(6.3) ITallzosir S A%

Let € > 0 so that for every & € 99 the portion of the boundary in Bs.(&p) can
be parametrized by a regular parametrization y — =Z(y) (with y in an open set in
R9~1). Note that by the assumption of convexity with nonvanishing curvature there
is for every x # 0 a unique &(x) € 99 such that x/|z| is the outer unit normal to
0Q at &(z); moreover we may choose a 6 > 0 such that |£(z) — £(Z)| < e for all
x,x with 1/4 < |z|,|Z| < 4 and |z — Z| < 40. We may now construct a finite family
of Cg° functions 7, such that ) n, = 71, where 7, is supported in a ball Bs(x,).
Let T, , be defined as in but with 7, in place of n; it then suffices to prove
ITyallLoir = O(A% 7).

Let w, € C° be supported in By.(&,) such that w,(§) =1 for £ € B.(&,). Let
S, ={x#0: §(ﬁ) € B:(&)} and let y — Z(y) be a regular parametrization of

QN Bg.(&,). By the assumption on RN+ the operator w, (D)RMN")*® is [P — L7
bounded. Let K, be its convolution kernel. For z € &, we can express K, (x) using
p-polar coordinates (see the proof of Lemma by

1
K, (z) = (2n)~ /0 (1— g gt / w, (05 (1)) =W) (2 (), n(Z(y))) dy de.
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We use the assumption that 02 has positive Gaussian curvature. By a standard
asymptotic expansion based on stationary phase calculations in the y-variable and
of asymptotic expansions involving Fourier transforms of x(o)(1 — 0)% ([6 §2.8],
[12], [15, §VIII]), with A = A(r) + «, we see that there is a constant A, > 1 such
that

(64) K,(zx)= b(x)\x]_)‘(r)_“_l_%ei"*(x) forx e 60 =6, N{x:|z| > A}
where b is a standard symbol of order 0, with
O<C1§‘b($)’§01 ifre&)r.

See e.g. [12]. Let Y (z) be the unique critical point for which V,(z,=(y)) = 0. Note
that z is perpendicular to the tangent space Tz(y(;)). Then the phase function p*
is given by

(6.5) p*(x) = (@,E(Y(2))) = sup (,§).
&p(§)<1

It turns out that p* is smooth, homogeneous of degree 1 and that the level sets of p*
are strictly convex hypersurfaces with nonvanishing curvature (see [I1], [9, §5.1] for
these calculations and more background on convex bodies). By Euler’s homogeneity
relation we have p*(z) = (z,Vp*(x)) and thus (z,=(Y(x))) = (x, Vp*(z)). From
the strict convexity property we get

(6.6) Vp*(z) = E(Y (z)).
We now choose A > 84, and define
 ny(@)|z| A
a () = b(Axz) ’

we verify that in view of the symbol and nonvanishing properties of b the functions
uy, 4 form a bounded family of C°-functions. Note that the functions 7, (A~!.) are
supported in & and that from (6.4) we get for all z € R?

d+1

A (A7) ) = A0, (4 ),

—

Clearly |luya(A=1)|l1 = O(1) and therefore the convolution operator with convo-
lution kernel u, 4(A~'z)K,(x) is LP — L" bounded with operator norm uniform
in A. Denote the operator with convolution kernel A_%_/\(T)_O‘Adny(x)eip*(Am) by
Oy, 4; then by scaling we see that O, 4 has LP — L" operator norm O(Ad/p*d/”).
Since p*(z) is homogeneous of degree 1 we get

_d
Ty allLr—rr = AT XOTC4=40,, 4l ooy S AYTY

and (6.3) follows by summing in v, provided that A > max, 8A4,.
We now turn to the Fourier restriction operator. By 0N} is described by
0+ Vp*(0) for x € S9!, and we have

1 1
=

(/. e a©) s ( [, viweenra) < ([ o, T @I dz)’
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as Vp* is homogeneous of degree 0. Our goal is therefore to show, for R > 2V/d,
the estimate

—~ . , 1/r o )
on ([ RS Erds) " SRS, s () © Qu
1<]z|<2
here QR is the cube of sidelength R centered at the origin.

We may choose 7 in the definition of T4 above so that n(w) =11if 1/2 < |w| < 3,
in particular n(z —y) =1 for |y| < 1/2 and 1 < |z| < 2. Then (6.3]) yields

llg L ~ "1 ‘g P lf SLL]Z]C g y N y 27

Changing variables in the oscillatory integral, we get

~ N - 1/r
([ 1w @)r )
1<]e|<2
(6.9) < (/ ) / €_i<R2y’VP*($))R2df(R2y) dy‘T dx> 1/r
T N icpi<e ! ylae<r
where |y|co = maxj<;<q|yi|. We rewrite the phase function using Taylor’s formula:

(y, Vp*(z)) = p*(z —y) — p"(z) — (y, H(z,y)y)

with H(z,y) = fol(l — 5)V2p*(z — sy) ds where V2p* denotes the matrix of second
derivatives of p*. We then see that the right-hand side of is estimated by

iR?p* (z—y) i(Ry,H(z,y)Ry) p2d ¢ ( 2 "
(A;MQ\%;ﬁmle e ¥ f(Ry) dy| dx)

For |z| <2, |w|e < 1 expand

1/r

ei<w’j{($’%)w> — Z Crymo (R)ei(nl,z)ei(ng,w)

(n1,n2)€ZxZ4

with |cnyny (R)] < C(1 + |n1| + |n2])71%% and C independent of R; this is applied
for w = Ry. After taking out the sum in (n1,n2) by Minkowski’s inequality, we can
apply with A = R2, since f(R?-) is supported in {|y|lec < R™'} and R > 2V/d.
We obtain

~ 1/r / |
(/1<| <2 ’fOVp*(JJ)P"dg;) S Z ’cn17n2‘(R2)a7d/p HRde(RQ.)e'L(nZ,R')Hp

(n1,n2)€ZXZ4

which is < R?®| f|,, yielding (6.7). O

7. PROOF OF PROPOSITION

Let p, r be as in the statement of Proposition ie. ng;) <p<pPo,p<r<
T+(Py, Do, To). Let p < p1 < po and r; := max{r, p1 }.
Let § > 0, M > 2. For the proof we will make the choice

(7.1) V=V(0©)=12/5], H=H(®)=v2"
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We estimate the L™ norm of

> > ZQj%ﬁQmj(D)FQ,z-

>0 QeD; ;&g
#EQ<M

We will separately consider the terms with 27 < (2M)H and 27 > (2M)H. The
estimate for the terms with 2/ < (2M)# will rely on the Bochner-Riesz hypothesis
in Theorem which combined with Corollary [2.3] yields

<5 2—nN2j(%+5)

~

a1
(7.2) HQJ 2 mj,n(D)HLpl—le

for alln > 0 and € > 0 and, moreover, that R* maps LP! to L™ for all A > A\(r1). The

estimate for the terms with 2/ > (2M) will rely on the LP* — L™ Fourier restriction

estimate implied by the just mentioned Bochner—Riesz bound via Proposition (6.1
We first estimate the terms with 2/ < (2M)# and prove

@3 | X > > semi(D)Fo,

- 7>0: QED; 3€&g
V<M #EQ<M

L7 (R4)

<M ( X laligal (#eay ™) "

QeD

To prove (7.3) it suffices to establish that for fixed j > 0 with 27 < (2M)#
(7.4)

, )

| 3 3 o e DRy, oy 5520 (X 1GIIRT ()
QEQJ‘ Q)GgQ L (R) Oed

#EQM

then follows from the triangle inequality summing over all j > 0 with 2/ <
(M), Write m; = Y02 mjy, where m;, are as in (2.10). By the support
properties of F~1[m;,] and the triangle inequality, we have for fixed j > 0 (with
2 < (2V0)H)

ng(d+1)/2mj(D)[ Z ZﬁQFQvé]H

T

QE@j 368@

#EQIM
(Y [ermaml X3 sera])”
~ J,n Q Qvﬁ r :
n=0 Q€Djin QeN;:QCQ’ €€

#EQM
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By the support properties, Holder’s inequality, (7.2) with ¢ = % and (4.1)), we
have we then have that for each n > 0 and Q' € D4,

|7 D) Y Y BoFa)

QED;:QCQ’ 3€8¢
HEQ<M

D) Y ZBQFQ@]H”

QED;:QCQ’ 5€€q
#EQ<M

<5 UG =) g nN i G +2H>H ) ZBQFQ@H

QED;:QCQ 5€Eq
#EQ<M
< Q—N(N—d(%_%))2j(%+%)( Z |BQ|p1(#5Q)>1/p1‘

Q€eD;:QCQ’
#EQ<M

S 2(.7"’”)

Furthermore, observe that

1/p1 d 1 1 , ., 1/7,
( E |/3Q\p1(#5Q)) < max{1,2" (55 ﬂ}( } : 1Bol" (#E0) /p1) :
QED;:QCQ’ QeD,:QCq
#EQ=M HEQ<M

this follows for r > p; by Holder’s inequality and for r < p; by the embedding
/" C ¢P1. We can combine the above observations to obtain

ol 5 5 sorl]

QG'DJ 565@
#EQ<M
(N4 a 1/r
5522 n(N+T1)maX{2np172”’%}]\/[5/2( Z Z |QH/8Q|T(#€Q)T/I)1)
n=0 QeD; 3€&q

#EQ<M

where we have used that 2/ < (2M)f. Since N > max{d/pi,d/r} — d/r1, we
immediately obtain (7.4]). Thus ([7.3)) is established.
We now address the terms with 2/ > (2M)# and prove

(7.5) H >y ZQj%ﬁQmj(D)FQ@‘

- j>0: QED; ;&g
27 >(2M)H #Eo<M

L7 (R4)

<0 ( X llisal (e )

QeED
To show ([7.5)) we use Lemma for each non-empty set &g with @ € D, satisfying

#Eo <M < 2/H-L,

specifically we apply it with V' = [2/§], and the integer sequence Ly < --- < Ly
defined by

Lo =0, 2L+ 727110gy(#Eg) < Liy1 < 2Lk + 721 logy(#Eg) + 1
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We then write

V-1
(7.6) = U U &z

k=0 acA} BeBy”
where Ag is an indexing set of cardinality
(7.7) #AY < 24 Q)Y < 270/

and each Bg’a is a family of cubes of sidelength 2L%, with each pair of them having

distance at least 2L#+1. It will be crucial to bound 2%* by a suitable power of M;
note that for £k > 1

b lo #S
(7.8) Ly<y 2+ g2 08247CQ) sz
£=0
as one may check by induction from the definition. Hence, for k=1,...,V —1
ok+1_o

2k+1

(19)  2b <2 (ge) T < ()2 < (2 = a2

and thus, we have
(7.10) 28 < (2m)?" < 22"/H < 93v < 23%/%  provided that 27 > (2M)H

Also, for each o, k and ) € D, the cubes in Bga are 2lx+1_geparated, in particular,

226k (#E4) %—separated.
We will show that

(O D SEED DD DI D Ul

- j20 QeQ; BGBk a(Q) 3€€,0,B
27> (2M)H #Eo<M

(Y iQuser( Y #ebs)™)”

QEQ BEBSQ(Q)

L7 (R4)

uniformly in 0 < k < V, in all subcollections Q C D, and all mappings @ — «a(Q)
where a(Q) is an index in A’é. We may then obtain ([7.5)) by the triangle inequality.

Indeed, enumerate A]é = {1, .., )} where n(k, Q) < 29M%/2. Then from (7.6)
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and
H > X ZQj%ﬁQmj(D)FQ@(

- 7>0: QED; 3€&g
27 >(2M)H #EQ<M

SN VD ol > > 2o o1

1<i<2d)Md/2 7>0: QeD; p B" a7 ;,eg
205 2NO)H Q<M C
n(k,Q)>i

<w/22 > (X @l (X #ebs) ")

1<45<2dM8/2 QED ko
= a(kQ)>i BeBq

<MW (Y (Qlsal (1))
QeED
and since V29M9/2 <5 M9/2 we get (75).
It remains to show . For this we need an auxiliary lemma. For a dyadic
cube B with sidelength Rp recall the definition of np in and note that 7p is
supported in {¢ : [¢] < 2/Rp}.

Lemma 7.1. Let L € N such that 2¥ > 8Cy. For every j > 2L let Q; be a
collection of dyadic cubes of sidelength 27. For every Q) € Q; let Bg be a family of

dyadic subcubes Q, of sidelength 2F. Let Sg > 22L(#BQ)ﬁ and assume that Bg is
Sq-separated for all Q € Qj, 7 > 2L. Then for all 1 < g2 < q1 < 2, the inequality

(7.12) H SN S Y F (s + Go.p)]

Jj>2L QeQ; BeBg

L7 (R4)

L7 (Rd)

q2

<20 (Y 10l Y Icasl)™ )"

J Qe; Be®D;,
holds for all functions Gg g indexed by Q x Dr,.

We first show how the proof of ([7.11)) is concluded, assuming the lemma. Define,
for B € B,

(7.13) fo.B(x

Define the p-annulus

Ap, = {€:1—4Co27 < p(€) < 1+4Co27 ).
We claim that
(7.14) m; (5 * fo,5) = m; (75 * (]]‘Akagv\B))

whenever j > Ly; this condition is certainly guaranteed in our situation by ((7.10)).
To see this, first note that by the mean value theorem and by (2.2) we have
lp(€ + h) — p(&)] < Colh|. Hence if p(¢) < 1 —4Ce27 L% and |h| < 217L% then
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p(€ +h) < 1—2C02 5. Likewise if p(¢) > 1+ 4Co2~ % and |h| < 2'7L* then
p(€+h) > 1420527 L*. The support of 7 is in {h : || < 2!~} and the support
of m; is contained in {£:1— 279" < p(¢) <1 —27971}. Since Cp > 2 we see that
for j > Ly, the supports of m; and 7jp * (]lAng]{gTB) are disjoint, from which

follows.

Hence
3" Bam;(D)Fos = F mjplo.s) = F L [m; (@5 * (1a,, fo.5))]
56853

= F ' [m; (73 Go,p)]  where Go.p = 1a,, fo.p

provided that Q € ©;, j > Ly, B € Bga(Q); otherwise Gg p = 0. Apply Lemma 7.1
with (q1,q2) = (r1,7). This yields

| X X X X yeemoir,

j=0 QED; BEBk’a(Q) Zegk
2> (M) H #Eo<M @ B

@ s (Y Y e Y[ ifesera)”)”

j>Li Q€D Bepta@ AL
#HEQM Q

L7 (R4)

Using p-polar coordinates as in (2.1f) we get

-~ 14+Cp22~ Lk -
/ |fQ,B(§)|7’1 df < / /E)Q ‘fQ,B(Q&I)’h du(f')gdfl dg.

-ALk 1-Co22 Lk

By Proposition with parameters (p1,71), and since fg p is supported in B we
have for every €1 > 0,

L L+Co2 5% d 14" ,d—1
< k€1 - —. -
Ser 2 /10022_Lk o™ fa.s(e™ )|, e" " de

5 14+Co22 Lk
(7.16) <., 2 kal\lfQ,BHZi/l

d p— p—
oI qp < okera I | £

—00227["6

Since np(z) > 1 on B we can bound || fo.Bllp S ﬁQ(#é’g’B)l/Pl using the properties

(4.1). We apply this with

g1 < (527(%71
which implies 2621/71 < 9Lke1 < M9/2 by ([7.9). Use this in (7.16) and plug it into
(7.15)) to obtain that the left-hand side of (|7.15)) is dominated by

W2 (3 S el (Y b))

j>Ly, QED; BeBl*@

Since r1 > p; we can use the embedding ' < £71/P1 50 that

S @b < (X #ehs) < ey

k,a(Q) k,o(Q)
BEBQ BEBQ
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and hence we get (7.11)). O
Finally, we give the proof of Lemma

Proof of Lemma[71. The proof follows by interpolation between the cases
(i) @1 =a =2
(i) =2 ¢=1
(il) ¢1 = g2 = 1.
As before, we use m;(D) (npF [Gg,p]) = F* %(ﬁ]} x+Gg,B)|.
We start with (i). From in Proposition with fo p = F 1Gg.p] we get
using the condition on the Sg and Plancherel’s theorem

@11 22 Y F s+ Gan)l|, £ 2(X X I0asl)

QED]' BEBQ QED]' BEBQ
Since the supports of m; have bounded overlap we get

|2 3 5 2% i o],

Jj>2L Qe; BEBg

S(ZHZ N 2% F Y my (i * Go.p)) H)

j>2L Qe BeBq

/
<2 (Y Q1Y Gasl3)

Jj Qen; Be®p,

1/2

which is the case g1 = g2 = 2 of Lemma
The case (ii) follows in a similar way, using (3.4) in Proposition and the
triangle inequality. Indeed, one has

|5 5 5 2% imytin = Gaw,

j>2L Qe ; BEBg

SE X 3 s« o],

j>2L  QeQ; BeBg

/
<22 S (X I6asld)

Jj>2LQeN; BeDp

as desired.
Finally, we prove (iii), that is,
(7.18)
d+l
| Z > Y Y F e+ Ganll|, $25° D 101 Y IGasl.
J>2L Qe BeEBg J Qe Be®y,

We decompose in a familiar way (see e.g. [4])
=2
vel;

where m7 is supported in a C279/2 x ... x C279/2 x C277 box R;, with long sides
tangential to 002 at some point, and the boxes have bounded overlap. We have
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|F~Hm4]]L = O(1) and #2A; < 27(d=1)/2 Moreover, denote by D(w,2'~L) the ball
of radius 2% centered at w and define

A (w) :={veA;: R;, N D(w,21) # 0}

Then for L < j/2 we have #2,;(w) < 9(=L+3)(d=1) and this bound is uniform in w.
We estimate

177 my (75 * Go,p)]lh </IGQB(W)\/\f_l[mj(-)@(-—W)](x)\dxdw

and get for fixed w

[F 7 myOms =), £ 2% > I1IF s F mGEEDh
ve;(w)

< 2ldygl (w) < 2L2id-D/2,

Consequently,
[27H D2 F (75 + Go,p)]||; S 2727|Go,nl:
and ((7.18) follows. This concludes the proof. O
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