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Abstract

In this work we prove convergence of renormalised models in the framework of regularity structures [Hai14]
for a wide class of variable coefficient singular SPDEs in their full subcritical regimes. In particular, we
provide for the first time an extension of the main results of [CH16, HS24, BH23] beyond the translation
invariant setting. In the non-translation invariant setting, it is necessary to introduce renormalisation
functions rather than renormalisation constants. We show that under a very general assumption, which
we prove covers the case of second order parabolic operators, these renormalisation functions can be
chosen to be local in the sense that their space-time dependence enters only through a finite order jet of
the coefficient field of the differential operator at the given space-time point. Furthermore we show that
the models we construct depend continuously on the coefficient field.
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1 Introduction

Initiated by the breakthrough works [Hai14, GIP15], the past decade has seen remarkable progress on
the well-posedness for (systems of) singular SPDEs of the form

Lu = F ((∂nu)|n|≤N )+G((∂nu)|n|≤N )ξ (1.1)

where L is a uniformly parabolic operator, F,G are (appropriate) non-linearities and ξ is a random and
distribution-valued noise of regularity such that the equation is subcritical but singular.

In the case where L has constant coefficients, the initial work of Hairer on regularity structures [Hai14]
has been developed over the papers [CH16, BHZ19, BCCH20] (see also [Bru18, BB21, HS24, BH23]) into
a systematic machinery that provides a local in time well-posedness theory for a wide class of equations1

of the type of (1.1) in their entire subcritical regimes. Furthermore, the past few years have seen the
development of several alternative approaches capable of providing solution theories for equations in
their entire subcritical regimes including the flow equation approach of Duch [Duc25, Duc22, DGR23,
CF24a, CF24b] (see also the related works of Kupianen [Kup16]) and the multi-index based alternative to
Hairer’s tree based regularity structures developed by Otto and collaborators [OSSW24, LOT23, LOTT24,
BL24, Tem24, BOS25].

Nonetheless all of these systematic approaches include an assumption that the operator L is a
constant coefficient operator. At first sight, and especially from a PDE perspective, this seems like a
purely technical assumption. However, the passage from the constant to the variable coefficient setting
leads to a meaningful qualitative change in the equation (1.1). Indeed, due to the singular nature of the
equation, the correct interpretation of a solution to (1.1) is as the limit of a sequence of solutions to the
equations

Luε = F ((∂nuε)|n|≤N )+G((∂nuε)|n|≤N )ξε+∑
τ

cτεHτ((∂nuε)|n|≤N ) (1.2)

where ξε is obtained from ξ by regularisation at a length-scale ε and for a suitable choice of ‘counterterms’
cτεHτ((∂nuε)|n|≤N ) . The fact that L is a constant coefficient operator, in combination with an assumed
translation invariance of the noise, leads to a formal translation invariance for the equation (1.1). In
combination with formal scaling symmetries, the translation invariance allows one to heuristically argue
that in the renormalised equation (1.2) we should have that cτε is a deterministic constant. In the setting
where L is a variable coefficient operator, translation invariance is replaced with translation equivariance
so that the same heuristic argument only leads to the conclusion that cτε should be a local function of the
space-time point in the sense that it depends on the space-time point z only through (∂n a(z))|n|≤M for
some value of M .

The qualitative change in the form of the expected counterterm then has knock on effects in any of
the systematic approaches to obtaining a solution theory to (1.1). Indeed, large parts of the literature pro-
viding the algebraic machinery underpinning regularity structures [BHZ19, BL24] rely on the assumption
that renormalisation will involve only renormalisation constants. Furthermore, systematic approaches
to obtaining the required stochastic estimates [CH16, LOTT24, HS24, BH23] all use the fact that the
counterterms are constant through either the algebraic underpinnings or through the assumption that
the stochastic objects that need to be estimated are translation invariant in law. We remark that a similar
assumption is also present in the flow equation approach of Duch [Duc25].

As a consequence, the state of the art in terms of local well-posedness for equations of the form (1.1)
in the situation where the operator has variable coefficients is limited to treating individual equations by

1posed on the quotient of Rd by a crystallographic group (which includes flat compact manifolds, c.f. [Cha12]).
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hand and far from their critical threshold, see e.g. [Sin25, HZZZ24]. Such results fall quite a way short of
the results of the systematic framework available in the constant coefficient setting. Nonetheless, some
ingredients required for such a systematic result in the framework of regularity structures are available in
the variable coefficient setting in the literature.

We recall that roughly speaking, the approach of regularity structures is subdivided into four main
parts. In the first ‘algebraic’ part, one constructs a regularity structure, which typically includes trees
describing the successive Picard iterates of the mild formulation of (1.1). In addition, for a smooth
driving noise (e.g. obtained via an ultraviolet cut-off of a distributional noise), one has to provide a
suitable algebraic recipe for the construction of renormalised models (at this fixed ultraviolet cut-off).
In the constant coefficient setting, this task was originally tackled in the work [BHZ19]. Whilst the
construction of regularity structures given in [BHZ19] applies in the same way to the variable coefficient
setting, the construction of renormalised models does not (since the framework encodes the fact that
renormalisation will be by renormalisation constants). However the more recursive approach to algebraic
renormalisation provided in [Bru18] does adapt very cleanly to the variable coefficient settings as was
demonstrated in [BB21].

In the ‘analytic’ part of the machinery, which is purely deterministic and pathwise, one formulates
and solves an ‘abstract’ fixed-point formulation of (1.1) in a space of modelled distributions assuming
the model is provided. This part of the machinery is provided in [Hai14] (see also [BCCH20, Sections
2 and 5]). We remark that the results of [Hai14] also apply with minimal adaptations in the variable
coefficient setting.

With these first two steps in hand, in a further ‘algebraic’ part, it is necessary to identify how renor-
malisation of the model affects the corresponding equation. In the constant coefficient setting, this was
first done in [BCCH20]. In the variable coefficient setting, the analogue of this result is again provided in
[BB21].

To complete the picture, in a ‘probabilistic’ part of the machinery, it remains to show convergence
of suitably renormalised models as the ultraviolet cut-off is removed. The first systematic result in this
direction was the work [CH16] which is based on Feynman diagram techniques adapted from the QFT
literature. Unfortunately, whilst the result of this paper is extremely flexible, the techniques of the proof
are very involved and have not been simplified in the years following the paper’s appearance. As such, it
seems to be a very challenging technical task to adapt those techniques to more complicated settings
such as the one considered here.

In very recent years, an alternative approach to obtaining stochastic estimates for models based on
the spectral gap inequality has appeared. This line of research was initiated by [LOTT24] which provides
a recursive approach to the stochastic estimates for the model for a particular quasilinear equation in its
full subcritical regime and in the multi-index based setting. The idea of obtaining stochastic estimates
recursively via the spectral gap inequality was subsequently adopted in the tree based setting to obtain a
result of similar practical scope to that of [CH16] in both of the works [HS24, BH23]. Unfortunately, all of
these works use translation invariance at essentially the same point in their respective arguments in what
seems to be a crucial way. Indeed, when applying the spectral gap inequality, in addition to estimating
the Fréchet derivative term, it is necessary to show that the expectation of the model is suitably controlled.
In all of [LOTT24, HS24, BH23] this is done decomposing this quantity into an integral or a sum over
contributions at various scales. The resulting boundary term can be easily controlled as the result of a
qualitative renormalisation condition whilst the bulk term must be controlled only in terms of objects
that appeared previously in terms of an inductive argument. This is achieved by appealing to translation
invariance in law of the model and the fact that the bulk term involves integrating against a test function
that kills constants. It is unclear how one would proceed in dealing with this bulk term without the
assumption of translation invariance.

Therefore, the missing ingredient for a systematic small-time well-posedness result for (1.1) in the
setting where the operator L is a variable coefficient operator is the existence of a choice of renormalisa-
tion procedure such that the resulting models converge as the ultraviolet cut-off is removed. Historically,
this part of the programme seems to form the bottleneck in the machinery. We mention here that the
remaining parts of the machinery have been extended to a number of other settings including to the
setting of discrete approximations [EH19] and to the setting of SPDEs on manifolds [HS23]. However in
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each of these contexts the corresponding general stochastic estimates are missing.
The main goal of this paper is then to bridge this gap in the setting of variable coefficient operators

thus for the first time providing a significant generalisation in scope to the original result of [CH16]. We
refer the reader to Theorem 2.12 for a statement of our main result which provides stochastic estimates
for suitably renormalised models corresponding to variable coefficient differential operators. In addition
to the problem of providing stochastic estimates, we also tackle algebraic problems pertaining to the
form of the counterterm. As remarked upon earlier, it is important that rather than just exhibiting
an arbitrary convergent sequence of models that one exhibits a convergent sequence of models that
correspond to local counterterms at the level of the resulting renormalised SPDE. This issue is somewhat
subtle since the naive BPHZ choice of renormalisation which is standard in the literature will involve
iterated integrals in which the coefficient field is evaluated at a space-time point appearing as a variable
of integration. Therefore this choice of renormalisation will not lead to local counterterms in general.
We refer the reader to Corollary 2.16 for a statement of the locality result that we obtain in this work.

At a very high level, our approach in this work is akin to a ‘freezing of coefficients’ argument at the
level of the model. Therefore, we obtain a result that is very flexible with regards to the probabilistic
assumptions required; essentially generalising all existing BPHZ theorems in regularity structures to the
variable coefficient setting simultaneously. For a more detailed description of our strategy of proof and
its advantages, we refer the reader to Section 2.2 below.

We remark also that beyond the immediate context of obtaining local in time well-posedness for
variable coefficient singular SPDEs, the construction of renormalised models given here has other
implications in the literature.

We mention that in the context of quasilinear SPDEs, the work [BHK24] constructs solutions to a
quasilinear version of the generalised KPZ equation viewed as a perturbation of a suitable variable
coefficient analogue of the corresponding semilinear equation. As a result of this viewpoint, that paper
needs to assume the input of suitably renormalised models corresponding to a variable coefficient
operator. We remark that this assumption is not quite an immediate corollary of our main result due to
the presence of a distinct infinite dimensional component in that problem coming from the fact that
the perturbation to the semilinear problem arising from the quasilinearity involves an operator whose
inverse is formally 0-regularising. Nonetheless, we expect that the main ideas needed to provide the
required input for that paper at a high level of generality are already present in this work.

The present work also has implications for singular SPDEs in geometric settings. It relates to singular
SPDEs on Riemannian manifolds (see [BB16, DDD19, BB19, Mou22, BDFT23a, BDFT23b, EMR24, CO25])
since (scalar valued) SPDEs on manifolds whose universal cover is Rd can be lifted as a non-constant
coefficient equations on Rd . Therefore, we see this work as a significant step towards a geometric
analogue of the black box machinery of [Hai14, BHZ19, BCCH20, CH16], since the only remaining
ingredient in the setting of [HS23] is a geometric BPHZ-type theorem. We mention also that there
has been recent work on geometric singular SPDE beyond the Riemannian setting [BOTW23, MS25,
BCH+25].

Finally, we mention that this work also relates to an ongoing program of homogenisation theory for
singular SPDEs [CX23, CFX24, HS25]. Indeed, a robust understanding of variable coefficient problems is
an obvious prerequisite to study homogenisation problems for singular SPDEs in full generality.
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1.1 Notations and Conventions

We record here some notation that will be used in the paper that is more standard in the literature. We
refer the reader to Appendix D for an index of the less standardised notation introduced in this work.

We will endow Rd with a given scaling s= (s1, · · · ,sd ), and consider the induced distance |y −x|s =∑d
i=1 |xi − yi |1/si and the induced degree |k|s =∑

i si ki of a multi-index k ∈Nd . For convenience, we will
assume that the pairwise ratios between the si are rational.2 We will denote by K a generic compact set
in Rd and by K̄ its 1-fattening.

Some of our statements will be uniform in test functions belonging to Br = {φ ∈ C∞
c : supp(φ) ⊂

Bs(0,1),∥φ∥C r ≤ 1}, where Bs(0,1) denotes the unit ball with respect to | · |s and where by C r we mean
the space of functions having continuous partial derivatives of all orders k with |k|s ≤ r . In most cases,
statements involving Br will involve an ambient regularity structure which will be clear from context.
In these cases (and unless explicitly stated) the value of r is prescribed to be the smallest non-negative
integer such that r +minA> 0, where A is the grading of that regularity structure.

Given a set Swe will denote by P(S) the power set of Sand by 〈S〉 the span of S (namely the free
R-vector space generated by S). When Sis a subset of an ambient vector space V we will identify 〈S〉 as a
subspace of V in the obvious way. We will also use the notation L(E ,F ) to denote the space of bounded
linear maps between given normed spaces E and F .

2 Setting and Main Results

To keep the exposition here relatively short, we assume that the reader has some familiarity with the
contents of [Hai14, BHZ19]. For an overview of the output of [BHZ19] that is suitable for our purposes
we refer to [HS24, Sections 2.1 and 2.2].

As a prototypical example of the context for this paper, we consider a system of uniformly parabolic
semilinear subcritical SPDEs of the form

Ltut = F 0
t (u)+ ∑

l∈L−
F l
t (u)ξl t ∈L+ (2.1)

where L=L+⊔L− is a finite set of types indexing components of the system of equations and the set of
driving noises, Lt are uniformly parabolic differential operators, F l

t are smooth functions and u denotes
the vector generated by the solution u and the lower than leading order derivatives of u.

More precisely, we will assume to have fixed a type set L equipped with a degree assignment | · |s :
L→R such that |L±| ⊂R± alongside a complete, subcritical rule R in the sense of [BHZ19, Definitions
5.7, 5.14, 5.22] which encodes the necessary combinatorial information appearing in the form of the
non-linearity of (2.1).

In addition to the definitions of [BHZ19], we will make the following simplifying technical assumption
which is satisfied by all equations of interest that we are aware of.

Assumption 2.1. We assume that the rule R is such that no tree that conforms to R contains a kernel type
edge e such that |l(e)|s−|e(e)|s < 0.

This assumption says that we never encounter a situation where one convolves with Dk K for a
regularising kernel K with a k so large that Dk K is no longer a regularising kernel. This assumption is
also often already implicitly used in the literature. For example, in the approach to renormalisation of
models via preparation maps of [Bru18] (on which we build in Sections 4 and 5), the assumption is used
when dealing with the integration case of [Bru18, Proposition 3.7].

Definition 2.2. We write (Teq, Geq) for the reduced regularity structure corresponding to R (as defined in3

[BHZ19, Definition 6.23]). We write Teq− for the subspace of Teq spanned by trees of negative degree.

The main goal of this paper is to construct suitably renormalised models on Teq.

2This assumption is implicitly used to allow access to wavelet techniques in technical proofs in the paper. We expect that this
assumption is non-essential.

3We emphasise that in this paper the extended decoration o appearing in [BHZ19] will play no role
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Definition 2.3. A model over Rd on a regularity structure (T, G) consists of a pair of maps (Π,Γ) where

1. Γ :Rd ×Rd → Gis such that Γx yΓy z = Γxz .

2. Π :Rd ×T→ D′(Rd ) is such that ΠxΓx y =Πy .

We additionally assume that the following analytic bounds hold for all γ> 0 and compact sets K⊆Rd :

∥Π∥γ;K
def= sup
ϕ∈Br

sup
α<γ

sup
x∈K

sup
λ∈(0,1]

sup
τ∈Tα

λ−α∥τ∥−1|Πxτ(ϕλx )| <∞, (2.2)

∥Γ∥γ;K
def= sup
β<α<γ

sup
x,y∈K

sup
τ∈Tα

|x − y |β−αs ∥τ∥−1∥Γx yτ∥β <∞. (2.3)

We say that a model is smooth4 if Πx takes values in C (Rd ) for each x ∈ Rd . As usual, we measure the
distance between two models (Πi ,Γi ) for i = 1,2 by replacing Π,Γ in (2.2) and (2.3) by Π1 −Π2 and Γ1 −Γ2

respectively.

An important role will be played by regularising kernels in the spirit of [Hai14, Assumption 5.1]
(see also [BCZ24, Definition 2.3]). These kernels are obtained from the Green’s kernels of differential
operators in terms of a suitable dyadic decomposition. As in [Sin25], it is natural in this paper to track
continuity in the coefficient field of the differential operator which translates to tracking continuity
properties with respect to kernels.

We start by defining spaces Kβ
o of translation invariant β-regularising kernels. Throughout this paper,

given a sequence of Banach spaces (Xn)n≥0 we write
⊕

n∈N Xn for their direct sum with the inductive limit
topology and

⊕̂
n∈NXn for the completion of this vector space under the alternative topology induced by

the norm ∥x∥ = supn∈N ∥x∥Xn .

Definition 2.4. Let β > 0 and o ∈ N. For n ∈ N we define K
β
o,n to be the Banach space of functions

F ∈C 2o(Rd ,R) that are supported in Bs(0,2−n) = {z : |z|s ≤ 2−n}, equipped with the norm

∥F∥
K
β
o,n

= sup
|k|s≤2o

sup
z∈Rd

∣∣∂k F (z)
∣∣

2(|s|−β+|k|s)n
.

A translation invariant β-regularising kernel of order o∈N is an element of the Banach space

K
β
o =⊕̂

n∈NK
β
o,n .

Remark 2.5. The reason for the appearance of 2o instead of o in Definition 2.4 is for consistency with the
definitions of [Hai14, Assumption 5.1] and [BCZ24, Definition 2.3]

Remark 2.6. Given (Kn)n∈N ∈Kβ
o, one can obtain a C 2o-function K :Rd \ {0} →R via K (x) =∑

n≥0 Kn(x).

This justifies the slight abuse of notation of identifiying an element of Kβ
o with a function K which comes

with a distinguished decomposition (Kn)n∈N.

Definition 2.7. A β-regularising kernel of order o∈N is an element of the Banach space

Co(Kβ
o) =⊕̂

n∈NCo(Kβ
o,n).

We will write a typical element of Co(Kβ
o) in the form Rd ∋ w 7→ K w ∈Kβ

o, and think of it as a kernel
G via the transformation G(z, z̄) := K z (z − z̄). We emphasise that G is a regularising kernel in the sense
of [Hai14, Assumption 5.1] up to the fact that we only assume control on finitely many derivatives.
Furthermore, one can check that the map K 7→ G is continuous so long as one measures G in norms
similar to those of [Sin25, Def. 1]. The main difference between our definition and that of Hairer is

4We use the word smooth instead of continuous since smooth models as defined here will play the same role in this paper as
smooth models do elsewhere in the literature



2 SETTING AND MAIN RESULTS 7

that we require uniformity i n the ‘upper slot’ w . This condition captures the uniform ellipticity of the
coefficient field and finitely many of its derivatives.

For a kernel K ∈Co(Kβ
o), we define the convolution K f as the distribution

K f (φ) = ∑
n∈N

f

(ˆ
Rd

dzφ(z)K z
n (z −·)

)
.

This definition is such that under the identification of K with G as above, the convolution at the level of
K induces the usual convolution at the level of G .

Definition 2.8. A kernel assignment of order O∈N on Teq is an element of the Banach space A
eq;O
+ :=⊕

l∈L+ CO(K|l|
O

), equipped with the norm

∥K ∥
A

eq;O
+

:= ∑
l∈L+

∥Kl∥CO(K|l|
O

)
.

Definition 2.9. A noise assignment is an element of the space Aeq− =⊕
l∈L− D′(Rd ) whilst a smooth noise

assignment is an element of the subspace A∞,eq− =⊕
l∈L− C∞(Rd ).

Remark 2.10. Given a noise assignment ξ and a mollifier ρ, one naturally obtains a sequence of smooth
noise assignments ξε that converges to ξ in the space of noise assignments via ξε

l
= ϱε∗ξl.

Definition 2.11. We say that a model (Π,Γ) on a sector W of Teq is admissible (with respect to a kernel
assignment K and noise assignment ξ) if it satisfies the relations

ΠxΞl = ξl, Πx (X k v) = (·−x)kΠx v, Πx Dk v = DkΠx v

for all l ∈L− such that Ξl ∈W and for all k, j ∈N and v ∈W such that X k v,D j v ∈W . We also require that
for l ∈L+ and τ ∈W such that Ilτ ∈W we have that

ΠxIlτ= KlΠxτ−
∑

|k|≤|Ilτ|

(·−x)k

k !
Dk (KlΠxτ)(x).

We write M0(W ) for the space of all smooth admissible models on W and M(W ) for the space of all
admissible models on W with the topology arising from the seminorms of Definition 2.3 on the regularity
structure (W, G).

2.1 Statement of Main Result

We recall that [BB21] shows that given a (state-space dependent) preparation map P :Rd×Teq →Teq (see
[BB21, Definition 5.1]), a smooth noise assignment and a kernel assignment there exists a corresponding
renormalised model. We note that our notion of kernel assignment differs to theirs with the meaningful
difference being that we only control finitely many derivatives (which corresponds to assuming less
regularity of the coefficient field). However, it can be shown that the model constructed in [BB21] still
makes sense on suitable sectors even under these weaker assumptions. We perform a construction of
this type in a related setting in Section 4.2 and sketch the adaptations to [BB21] required in Section 7.1.

Theorem 2.12. Let Bbe a finite set of trees forming the basis of a historic5 sector in Teq. Fix a random
noise assignment ξ :Ω→Aeq− and a mollifier ρ and suppose that the pair (Teq,ξ) satisfies the assumptions
of at least one of [CH16, HS24, BH23]. Suppose also that Assumption 2.1 holds.

Then there exists6 an O> 0 such that for each K ∈A
eq;O
+ there exists a sequence of state-space dependent

preparation maps Pε on the sector 〈B〉 with the property that if Z ε = (Πε,Γε) denotes the model on 〈B〉
5This term is defined in Definition 5.4 below. The reader should view it as a technical condition that says Bcontains enough

trees to construct the renormalised model recursively
6The requirements on Odepend on Teq, Band which of [CH16, HS24, BH23] is assumed as input.
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associated to the preparation map Pε, the noise assignment ξε and the kernel assignment K then there
exists a random model Z = (Π,Γ) such that for each p ∈ [1,∞) and for each compact set K, we have that

E[∥Z ε; Z∥p
〈B〉;K] → 0

as ε→ 0. In particular, Z ε→ Z in probability in M(〈B〉). Furthermore, we have that the map K 7→ Z is

locally Lipschitz continuous from A
eq;O
+ into the space of random variables valued in M(〈B〉) equipped

with the (extended) pseudometric d(Z 1, Z 2) = E1/p [∥Z 1, Z 2∥p
〈B〉;K].

Furthermore, whilst the choice of Pε depends on the mollifier ρ, the limiting model Z is independent
of this choice.

Finally, there exists an integer m such that Pε(z,τ) has the explicit form (ℓεz ⊗ id)∆−
r τ for a family of

linear functionals ℓεz on 〈B〉∩Teq− that depend on z only via (∂k K z )|k|<m where the derivative is with
respect to the variable z. Here ∆−

r is the map defined in [Bru18, Definition 4.2].

Remark 2.13. We recall that statements of the type of Theorem 2.12 can be post-processed to obtain con-
vergence of renormalised models associated to approximations ξε→ ξ that do not come from mollification
via a ‘diagonal argument’ using the fact that the map sending a smooth noise to the renormalised model is
continuous in a strong enough topology on the space of smooth noises. For brevity, we do not perform this
post-processing in this work and instead refer the reader to [GH22, Proposition 4.7] for a suitable abstract
formulation of the diagonal argument and to e.g. [Tem24, Theorem 1.4] for an implementation of this
principle in a related setting.

In the case where K ∈A
eq,∞
+ , it is also possible to post-process the convergence statement above to one

on all of Teq by taking any Bas in the statement containing all trees of negative degree and then making
use of [Hai14, Proposition 3.31, Theorem 5.14] in a similar way to the proof of [Hai14, Theorem 10.7].

Remark 2.14. We note that since all of [CH16, HS24, BH23] assume that the noise ξ is translation invariant
and has moments of all orders, our main result also implicitly makes this assumption. Otherwise, the
role of these papers is to ensure that we have the stochastic estimates for translation invariant models
corresponding to constant coefficient operators in a sufficiently robust manner. The precise estimates
we require as input are simply estimates on the right hand side of the inequalities in Lemma 5.14. We
emphasise that as a result this paper does not rely on a particular choice of assumption amongst spectral
gap inequalities or moment-cumulant bounds for the noise. We view this flexibility as a significant benefit
of our approach.

The relevance of the final claim in Theorem 2.12 is that in the case where the rule corresponds to the
system (2.1), the results of [BB21] show that for fixed ε> 0, the solution of the fixed point problem for
modelled distributions corresponding to (2.1) has a reconstruction which solves a renormalised PDE with
a counterterm that can be written explicitly in terms of ℓε. In particular, the final claim of Theorem 2.12
provides a tool to probe the form of the counterterm. This leads us to formulate the following assumption
under which the counterterm is local in the sense that it depends on z only through the value of the
coefficient field a and finitely many of its derivatives at the point z.

Assumption 2.15. We assume that the kernel assignment K is such that there exists an N such that for
each k with |k| < m, we can write ∂k K z

l
= fk ((∂ j a(z))| j |≤N ) for some function fk valued in K

|l|s
o .

We recall that the kernel assignments appearing in this context are typically given by decomposing
the Green’s kernel for the given operator into a singular part and a sufficiently smooth remainder
and including only the singular part of the kernel in the kernel assignment since this is the only part
that causes the need for renormalisation. In Section 9, we verify that it is possible to exhibit a kernel
decomposition for operators of the form L = ∂t −∑d

i , j=1 ai j (t , x)∂i∂ j for a suitably ‘nice’ coefficient field
a (see Proposition 9.8 for a precise statement) so that the singular part satisfies Assumption 2.15. We
expect that the techniques of this section should generalise to higher order uniformly parabolic operators.
Combining Theorem 2.12 and Assumption 2.15 immediately yields the following corollary.

Corollary 2.16. Suppose that the assumptions of Theorem 2.12 and Assumption 2.15 hold. Then the map
z 7→ ℓεz can be rewritten as a function of (∂ j a(z))| j |<m .
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In particular, if ε> 0 and U ε denotes the solution of the lift of equation (2.1) to the level of modelled
distributions with respect to the model Z ε then combining the main results of [BB21] and Corollary 2.16
yields the existence of functions cετ such that uε =RεU ε solves

Ltuε
t (z) = F 0

t (uε(z))+ ∑
l∈L−

F l
t (u(z))ξεl (z)+ ∑

τ∈T−(R)
cετ[(∂ j a(z))| j |<N ]

Υt[τ,u(z)]

S(τ)

where Υ and S denote the standard ‘elementary differentials’ and ‘symmetry factors’ as were originally
defined in [BCCH20].

In the following subsection, we provide a high level overview of the strategy of proof of Theorem 2.12.
In Subsection 2.3, we describe in more detail the contributions of the individual sections of the paper.
In particular, it is in this subsection that we describe more carefully the challenges addressed in the
implementation of the proof strategy and the comparison to the existing literature.

2.2 Strategy of Proof

Rather than immediately working directly on Teq, inpired by [GH19], we instead construct a regularity
structure TBan whose components are infinite dimensional Banach spaces which is designed to be large
enough to support a family of abstract integration maps realising K z for each z ∈ Rd . Our strategy is
then to show that given a smooth driving noise, it is possible to associate renormalised models to a
preparation map on TBan and that there exists a choice of preparation map (which can be thought of as
the BPHZ choice) such that the annealed form of the required stochastic estimates for this model can be
lifted from the corresponding annealed stochastic estimates for the BPHZ models on a sufficiently large
class of suitably constructed regularity structures with one-dimensional components as considered in
[CH16, HS24, BH23]. We then prove a Kolmogorov criterion for models on TBan that allows us to obtain
quenched estimates for the model on TBan.

In order to transfer this model to a model on Teq, we adapt the framework of pointed modelled dis-
tributions introduced in [HS24]. More precisely, we construct an operator on spaces of pointed modelled
distributions on TBan of Hölder type that lifts the convolution with the non-translation invariant kernel
assignment K . In particular, in combination with the calculus of pointed modelled distributions already
present in [HS24], this allows us to construct a family of pointed modelled distributions indexed by B

whose reconstructions satisfy the requirements for the first component of an admissible model on Teq.
Furthermore, we show that the map sending a model on TBan to this first component is locally Lipschitz
continuous in suitable topologies.

In order to complete the proof, it then remains to show that the object constructed in this way is in fact
the first component of a model on Teq associated to a suitable preparation map. In order to do this, we
provide an alternative and purely algebraic description of the pointed modelled distributions constructed
in the previous step based on a family of characters on a suitable space of trees and a corresponding
coproduct-type operation that is reminiscent of the coproduct used in positive renormalisation. This
algebraic description is sufficiently strong to determine the corresponding preparation map at the level
of Teq. One notable feature is that the resulting preparation map does not agree with the naive BPHZ
choice which seems to be essential in order to obtain the subsequent locality statement.

Let us highlight what we believe are advantages of our approach.

1. We do not need to rely on a choice of probabilistic technique for the stochastic estimates, but
rather we are able to take the BPHZ estimates of any of [CH16, HS24, BH23] directly as an input.
This widens the range of applicability of our result since those papers are based on different (and
not comparable) sets of assumptions on the driving noise.

2. We further develop the function space theory for modelled distributions [Hai14] and pointed
modelled distributions [HS24], which we believe to be of independent interest. In particular,
pointed modelled distributions are demonstrated to be a robust tool for constructing one ‘model-
like object’ from another.

3. Whilst our strategy of proof involves working with regularity structures with infinite dimensional
components, the output is a model on the usual (scalar-valued) regularity structure associated to
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a given equation. In this way, more technical considerations involving the infinite dimensional
nature of TBan can be viewed as hidden in the ‘back-end of the machinery’ and therefore should
not arise when working with the solution to the equation itself. In particular, we expect the
output of this approach would allow one to more easily extend other results that are known in
the constant coefficient setting (such as pathwise approaches to global existence via regularity
structures [MW20, CMW23, EW24, CFW24]) to the variable coefficient setting.

4. As mentioned above, in the setting of non-constant coefficient operators it is well-understood that
renormalisation functions are required in general and it is desirable that these functions should
satisfy constraints such as the locality condition described above (which also ensures translation
equivariance of the renormalised equation). Our construction has the advantage that this property
comes built in (assuming appropriate asymptotic expansions7 of the Green’s kernel) and does not
require extended algebraic post-processing.

5. Finally, we mention that tracking the appearance of the counterterm through our construction
yields an exact formula for the counterterm cετ[(∂ j a(z))| j |<r0 ] in terms of renormalisation constants
c̄τ corresponding to models on a suitable family of regularity structures which are admissible for
constant coefficient operators. We expect that this property may be useful for deducing properties
of the renormalised equation.

Remark 2.17. In order to obtain local-in-time well-posedness for (2.1) an alternative approach would
be to attempt to freeze coefficients at the level of the equation rather than at the level of the model. This
would essentially lead to attempting to lift the SPDE to an appropriate fixed point problem for modelled
distributions on TBan with the initial difficulty being the task of providing a setting coming with an
appropriate notion of abstract integration operator encoding ‘variable coefficient convolution’ whilst using
only the frozen coefficient models.

We note that (up to technical details involving including appropriate weights near the (t = 0)-
hyperplane to allow the treatment of problems with non-trivial initial data) the contents of Section 6
provides these analytic tools. In addition, Section 5 provides the renormalised models that would be needed
to drive this fixed point problem.

We do not pursue this alternative strategy since its output would interface more poorly with the existing
literature due to the fact that the modelled distributions produced as solutions live on TBan rather than the
completely standard Teq. In particular, in order to deduce the form of the renormalised equation, it would
be necessary to prove an analogue of the results of [BB21, BCCH20] in this infinite dimensional setting
rather than simply taking their result ‘off the shelf ’. Furthermore, we would expect any future attempt to
deduce properties of the solution (see the third point above) to be significantly more technically involved
when working with the output of this strategy.

2.3 Article Structure

We now provide an overview of the contributions of the individual sections of this paper and a description
of how they compare to the literature.

Section 3: Construction of Regularity Structures

In Section 3, we construct the required regularity structures supporting abstract integration maps
realising K z for each z ∈Rd simultaneously. Here we are heavily inspired by [GH19]. Roughly speaking,
the idea adopted in that work is that whereas standard tree-based regularity structures associate to each
tree a copy of R and think of each edge as representing a fixed kernel, one now wants to associate to each
edge of a given tree a suitable Banach space (say of regularising kernels or distributions). In particular,
each tree should now correspond to a (projective) tensor product of potentially infinite dimensional

7Roughly speaking, we use as input that the non-constant coefficient heat kernel Γ close to some point z0 can be well approxi-
mated by constant coefficient kernels depending only on the jet of the coefficient field at z0. While such a decomposition is to be
expected, we do provide a detailed proof in the case of non-constant coefficent heat operators.
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Banach spaces rather than a single copy ofR. Whilst the constructions of [GH19] are relatively lightweight,
they have two deficiencies from the perspective of this work.

Firstly, the construction of renormalised models in [GH19] proceeds by directly patching together
models on more standard regularity structures, rather than by adapting an algebraic construction of
renormalised models to the infinite-dimensional setting. This construction, whilst short and certainly
sufficient for the purposes of [GH19], would not carry enough information to identify the resulting model
on Teq after the remaining constructions of this paper. To this end, it is essential that we develop a
stronger algebraic machinery describing models on TBan that is more reminiscent of [BHZ19, Bru18].

Secondly, an unfortunate side effect of the lightweight construction of [GH19] is that the tree product
necessarily becomes non-commutative due to the fact that the tensor products appearing do not reflect
the symmetries of a given tree. This means that product operations that ought to be commutative do
not automatically have that property and instead this must be enforced by hand. Whilst doing this
would be possible, it would also be quite tedious to do at each of the many steps in the machinery
of this paper. As a result, it is convenient to already enforce the appropriate symmetries at the level
of the regularity structure itself by constructing the required algebraic operations on appropriately
symmetrised (projective) tensor products of infinite dimensional Banach spaces.

Both of these issues were previously addressed in the setting in which the Banach spaces ‘glued’ into
edges are finite dimensional in [CCHS22]. This framework was subsequently applied in [HS23, GHM24].
In [CCHS22], the authors define a category SSet of ‘symmetric sets’ with a class of objects that naturally
includes the combinatorial trees appearing in regularity structures and a class of morphisms that respect
the required symmetries. They then show that operations such as the tree product can be realised at the
combinatorial level as morphisms in the category SSet and furthermore that there exists a functor from
SSet into the category TVec of topological vector spaces that sends each tree τ to the corresponding
symmetrised tensor product V ⊗〈τ〉. The functoriality of this construction allows them to push symmetric
operations such as the coproducts required to define the structure group that are defined at the level of
combinatorial trees along the functor to the vector-valued setting.

In addition to more minor technical adaptations needed for our infinite dimensional setting, a more
significant limitation of this construction is that not all maps that one might want to construct are
morphisms that lie in the image of this functor. In particular, when constructing models recursively (as
is done in the preparation map approach of [Bru18, BB21]), it is essential to have a calculus for maps
V ⊗〈τ〉 → C∞(Rd ). Since it does not seem possible to express C∞(Rd ) as a symmetric tensor product
corresponding to a symmetric set supporting a rich enough class of morphisms, we would not expect to
be able to construct such a calculus only by appealing to functoriality.

In any of [CCHS22, HS23, GHM24] this issue is circumvented by writing down a non-recursive
definition of the canonical lift and viewing all renormalisation as acting on trees as in [BHZ19]. Whilst it
would be possible to adopt this approach here, we would run into significant difficulties when trying to
pass the construction back down to Teq since in that latter non-translation invariant setting an analogue
of [BHZ19] does not exist in the literature. In comparison, the approach of preparation maps given in
[Bru18] adapts very cleanly to the non-translation invariant setting, as demonstrated in [BB21].

In order to work with compatible algebraic approaches at the level of both TBan and Teq, we therefore
provide an alternative to the category theory based constructions of [CCHS22] that is based on charac-
terising the space V ⊗̂π〈τ〉 via a suitable universal property in TVec directly. This universal property is
sufficiently powerful to define all of the maps needed to construct renormalised models in the approach
of either of [BHZ19] or [Bru18].

In Remark 3.11, we explain that the fact that V ⊗̂π〈τ〉 satisfies our universal property can be interpreted
as the fact that the functor of [CCHS22] preserves a certain class of colimits. Whilst this observation
would allow us to write down a hybrid of the two approaches, we consider it an advantage that the
universal property allows us to circumvent categorical constructions such as the construction of the
larger category TStruc needed in [CCHS22]. As a result, we adopt a more hands on approach using the
universal property throughout Sections 3 and 4.

The structure of this section is as follows. In Section 3.1 we introduce the universal property defining
V ⊗̂π〈τ〉. Since we will not need properties of V ⊗̂π〈τ〉 beyond those contained in the universal property, we
defer the construction of the (unique) space satisfying this property to Appendix A. In Section 3.2, we
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then apply the universal property to construct the tree product, gradient and the coproduct realising the
structure group in the infinite dimensional setting. We further show that these operations satisfy all of
the necessary properties to yield a regularity structure via the usual Hopf algebraic construction.

Section 4: Renormalised Models on TBan

In Section 4, we perform the construction of renormalised models on TBan via the universal property
of Definition 3.8. In particular, in Section 4.1 we introduce an appropriate notion of admissible model
for the setting and in Section 4.2 we show that it is possible to construct such models from generic
preparation maps. One technical detail tackled in these sections is that since we do not assume the
coefficient field of our operator to be smooth, we only have control on finitely many derivatives of the
Green’s kernels appearing and therefore cannot construct models on the full regularity structure. Since
the construction of models followed here is recursive, it is therefore necessary to construct a minimal set
of trees needed in that construction in order to codify the correct assumptions on the Green’s kernel.
Beyond the setting considered here, we would expect this construction to be of independent interest in
other situations where more care is needed when constructing the model such as in situations where
the Green’s kernel has more limited decay at infinity (as is the case for fractional heat operators) or
in situations where the regularisation mechanism used in the ultraviolet cut-off only yields limited
smoothness of the driving noise.

Section 5: Stochastic Estimates for the BPHZ Model

In Section 5.1, we specialise to preparation maps built from the coproduct type operation ∆−
r introduced

at the level of combinatorial trees in [Bru18]. We establish the existence and uniqueness of a ‘BPHZ
model’ on TBan in Proposition 5.12. Since the BPHZ preparation map is not defined a priori but is rather
constructed during the induction defining the corresponding model, this again requires some care with
regards to the minimal set of trees needed to define the BPHZ preparation map. To this end, we introduce
a notion of the ‘history’ of a set of trees and show that it is possible to construct simultaneously the BPHZ
preparation map and model with respect to a quantity we call the ‘age of a tree’.

In Lemma 5.14 we show that it is possible to lift stochastic estimates for the BPHZ model in their
annealed form from their scalar-valued analogues. This is done by constructing a suitable class of
scalar-valued regularity structures and showing in Lemma 5.13 that the BPHZ model on TBan evaluated
at a fixed ‘elementary symmetric tensor’ coincides with the BPHZ model on an appropriate choice of
such structure for a particular choice of kernel assignment.

In Section 5.2, we then argue that it is possible to post-process the annealed estimates obtained via
Lemma 5.14 to their quenched form. In comparison to the usual scalar-valued setting, the main subtlety
here is the presence of an additional supremum over v ∈V ⊗̂π〈τ〉 which leads to a situation where one
would desire a Kolmogorov criterion for stochastic processes indexed by the elements of an infinite
dimensional Banach space. Since such results are typically quite subtle, we adopt the idea from [GH19]
of obtaining the quenched estimates from the annealed estimates on a larger structure by showing that
the BPHZ model on the smaller structure can be viewed as a continuous and deterministic function of a
process on the larger structure that is indexed by Rd .

Section 6: (Pointed) Modelled Distributions

With the tools to obtain stochastic estimates on TBan in hand, in Section 6, we turn to the development
of the analytic tools needed to transfer the estimates to Teq. To that end, we adapt the framework of
Pointed Modelled Distributions first introduced in [HS24]. In comparison to [HS24], there are two main
differences in this paper. The first is that here we work purely in the setting of modelled distributions
of Hölder type. Whilst this is a special case of the setting of [HS24], due to our stronger assumptions,
it is possible to remove several parameter restrictions appearing in that paper. Since removing those
parameter restrictions is essential in our application of the framework in Section 7, we provide the
necessary adaptations of the statements including a proof of a new reconstruction theorem for Hölder
pointed modelled distributions in Theorem 6.5.
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The second main difference is that we require an abstract integration operator on modelled distribu-

tions on TBan that realises convolution with an element of CO(Kβ

O
), rather than the analogue considered

in [HS24] in which for both the model and the modelled distribution one works with the same transla-
tion invariant kernel. In Section 6.2 we construct such operators and show that they have the desired
mapping properties. Our definition of these operators is in spirit similar to that of [GH19, Equation
4.1], though is conceptually different due to the method of freezing in the coefficient. In [GH19], a
non-linear transformation of the equation under consideration is made so as to allow to freeze at the
value of the coefficient field and still obtain an appropriate convolution operator. Since there is not an
analogous transformation here, an attempt to freeze in the coefficient field and still obtain the right
convolution operator would instead require freezing a sufficiently large jet of derivatives of the coefficient
field in a way that depends non-trivially on the specific structure of the kernel decomposition under
consideration. In order to remain more generic and to track fewer parameters, we instead choose to
freeze in the space-time point which leads to changes in both the form of the definition and the spaces
of distributions that we are required to work with.

A final more minor difference with [HS24] is that we are again more careful in the assumptions
we make on kernel assignments here. In particular, we also carefully track the continuity of various
operations in the kernel assignment in order to eventually obtain continuity of the BPHZ model as a
function of the coefficient-field.

Section 7: Renormalised Models on Teq

In Section 7, we perform the construction of the preparation map on Teq which corresponds to the
model for which we will eventually obtain stochastic estimates.

In particular, we first apply the results of Section 6 to construct a family of modelled distributions
(indexed by trees in Teq) whose reconstruction will yield the first componentΠ of a model on Teq. Whilst
this construction immediately yields the desired estimates due to continuity properties established in
Section 6, it does not provide the more algebraic ingredients such as a suitable recentering map Γ or
a sufficiently strong algebraic description to identify the form of the counterterm in the renormalised
equation that would result from driving a fixed point problem via this model. Therefore, in the remainder
of Section 7 our goal is to show that Π constructed in this way is in fact the first component of a model
associated to a certain preparation map defined in Section 7.1.

To achieve this, we first show in Section 7.2 that the recursively constructed family of modelled
distributions mentioned above admits an alternative and purely algebraic description in terms of a
coproduct type operation ∆̃. In Section 7.3, we then show an approximate commutation type relation
between ∆−

r and ∆̃ that allows us to identify Π as the first component of the model associated to the
desired preparation map in Proposition 7.8.

Section 8: Proof of Theorem 2.12

With all of the ingredients assembled, in Section 8 we provide a proof of Theorem 2.12. Since by this
point all of the hard work has been done, this section is relatively short.

Section 9: Decompositions of Green’s Kernels for Local Counterterms

Whilst Theorem 2.12 provides a BPHZ statement for a sequence of models on Teq, it does not show that
the counterterms in a corresponding renormalised equation would be local ones. To achieve this, one
also has to assume that Assumption 2.15 holds. In Section 9 we show that for operators of the form

∂t −
d∑

i , j=1
ai j (t , x)∂i∂ j −

d∑
i=1

bi (t , x)∂i − c(t , x)

a decomposition of the corresponding Green’s kernel Γ with singular part satisfying Assumption 9.1 does
exist under suitable assumptions on the coefficient fields that are expressed in Assumption 9.1. This
means that in combination with [Hai14, BB21], Theorem 2.12 yields a local in time well-posedness result
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with local renormalisation functions for a general class of second order parabolic subcritical singular
SPDEs with sufficiently nice coefficients.

Our approach comes in two parts. Firstly we briefly provide a construction of Γ as the sum of a certain
Volterra series

∑
k Z ∗ (−E)∗k for suitably chosen Z and E . Whilst such constructions are standard in

the literature (see e.g. [Fri64, Gri04]), we find it useful to recall some of the details to fix notation and
to obtain finer information on the terms in the Volterra series. To this end, we find it convenient to
implement the approach taken in [Gri04]. However, in comparison to [Gri04] our setting has several
technical differences that we account for. Firstly, rather than working with the Laplace-Beltrami operator
on a compact Riemannian manifold, we work on all of R1+d (in particular, allowing the coefficient field
to be time dependent which requires some technical adaptations). Secondly, rather than assuming
smoothness of the coefficients, we assume only a limited amount of Hölder regularity. Whilst we don’t
expect the regularity assumption we make to be optimal, it is useful to track this finer information
since it allows us to show that the objects constructed in this section depend continuously on (a,b,c) as
measured in a suitable Hölder topology.

In the second part of our approach (which is not present in standard constructions of the heat
kernel), we postprocess the construction of Γ as a Volterra series to provide a decomposition satisfying
Assumption 2.15. Since Z ∗ (−E)∗k will typically not be in a form compatible with this assumption, we
proceed by a Taylor expansion argument in the ‘upper slot’ in both Z and E . We then show that at the
level of Z ∗ (−E)∗k this results in a decomposition where all terms arising purely from the main part of
the Taylor expansion of Z and E are of a form that is compatible with Assumption 2.15 whilst all terms
that contain at least one instance of a Taylor remainder are much more regularising and thus can be
safely absorbed into the remainder part of the kernel decomposition Γ= K +R since they will not cause
a need for additional renormalisation.

3 Regularity Structures from Tensor Products of Banach Spaces

In this section, we construct regularity structures whose components are partially symmetrised tensor
products of infinite dimensional Banach spaces. For a discussion of how our approach in this section
relates to the literature, we refer the reader to Section 2.3.

We begin by recalling some definitions from [CCHS22] that will be used in what follows. We recall
that we fixed a set of types L in Section 2.

Definition 3.1. A typed set (T, l) is a (finite) set T equipped with a type map l : T →L. An isomorphism of
typed sets is a type-preserving bijection.

We write SetL for the category of typed sets with morphisms being the isomorphisms of typed sets.

Definition 3.2. A symmetric set is a connected groupoid in SetL.

Remark 3.3. This definition is equivalent to [CCHS22, Definition 5.3], see Remark 5.3 therein. Thus
a symmetric set is a collection of typed sets {a : a ∈ Ob(s)} together with a collection of morphisms
(Homs(a,b))a,b∈Ob(s) such that for each a,b ∈ Ob(s), Homs(a,b) is a non-empty set of isomorphisms
from a to b such that

γ ∈ Homs(a,b) =⇒ γ−1 ∈ Homs(b, a)

γ ∈ Homs(a,b), γ̄ ∈ Homs(b,c) =⇒ γ̄◦γ ∈ Homs(a,c).

We will sometimes refer to the maps Homs(a,b) as ‘symmetries’ in s.
Given a symmetric set sand a ∈ Ob(s), we shall write as for the symmetric set with a single object a

and morphisms Homs(a, a).

We next recall the main example of symmetric sets that we will be interested in, namely those
corresponding to decorated trees. In order to avoid set theoretic issues, we restrict ourselves to trees
‘drawn’ on N. Since the precise vertex set does not play an important role in the theory, this has no
meaningful impact beyond avoiding technical issues.
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Definition 3.4. A decorated tree is an acyclic graph τ with vertex set N (τ) ⊂N and edge set E(τ) ⊂ N (τ)2

which is equipped with a distinguished vertex ρτ called its root, a type map t : E(τ) →L, node decoration
n : N (τ) →Nd and e : E (τ) →Nd . An isomorphism of decorated trees is a graph isomorphism that preserves
the root, type map and decorations.

We write E+(τ) for the set of edges e ∈ E(τ) such that t(e) ∈L+ and call such edges kernel edges. Edges
that are not kernel edges are called noise edges and we write E−(τ) for the subset of E (τ) consisting of noise
edges.

Given a decorated tree τ, we define a corresponding symmetric set 〈τ〉 as follows.

Definition 3.5. We write τ for the isomorphism class8 of the tree τ. We will often refer to elements of τ as
‘drawings’ of τ. We write 〈τ〉 for the symmetric set whose object set is {(E(τ),t) : τ= (N (τ),E(τ),t,n,e) ∈τ}
and whose morphisms are simply the isomorphisms between elements of τ.

We note that each of the trees X k consists of a single node and hence correspond to the symmetric
set whose only object is the empty set and whose only morphism is the trivial map ;→;. This definition
will ensure that in the constructions that follow the component of our regularity structures which
corresponds to X k will always be a copy of R.

Remark 3.6. As in [CCHS22], we pay more attention than is typical in the literature to the difference
between a tree τ and its isomorphism class τ. The reason to do this is that the operation informally
described as ‘gluing’ vector spaces into edges (that we make rigorous later) requires one to be able to talk
concretely about the edge set of the tree and thus to work with the distinguished drawing when defining
the tensor products we work with. On the other hand, operations between these tensor products ought to
be symmetric and thus depend only on the isomorphism class. This makes both perspectives valuable in
the paper. For clarity, we adopt the convention that concrete ‘drawings’ of trees are denoted by symbols
such as τ,σ whilst the corresponding isomorphism classes are denoted by the boldface analogues τ,σ.

3.1 Tensor Products of Banach Spaces Associated to Symmetric Sets

With a suitable notion of symmetric set in hand, we now turn to the corresponding notion of tensor
product. We first fix the Banach spaces we wish to take tensor products of.

Definition 3.7. A Banach space assignment is a collection of Banach spaces V = (Vl)l∈L. Given a typed set
a, we write V ×a =∏

x∈a Vl(x).

We note that given a pair of typed sets a,b and an isomorphism of typed sets γ : a → b, there
is a corresponding map γ : V ×a → V ×b given by γ((vx )x∈a) = (vγ−1(y))y∈b . Given a symmetric set s
and a Banach space Z , we say that a family of maps ( f a : V ×a → Z )a∈Ob(s) is s-symmetric if for every
a,b ∈ Ob(s) and γ ∈ Homs(a,b), f b ◦γ= f a . We note that if ( f a)a∈Ob(s) is s-symmetric and multilinear
then the operator norm ∥ f a∥ is independent of a.

Definition 3.8. Given a symmetric set sand a Banach space assignment V , the s-symmetric tensor product
is a pair (V ⊗̂πs, (⊗a

s )a∈s) where V ⊗̂πs is a Banach space and (⊗a
s )a∈s is an s-symmetric family of norm 1

multilinear maps such that for any complete locally convex topological vector space Z and anys-symmetric
family ( f a : V ×a → Z )a∈Ob(s) of continuous multilinear maps, there exists a unique continuous linear map
f : V ⊗̂πs→ Z that has the property that ∥ f ∥ = ∥ f a∥ in the case where Z is a Banach space and is such that
furthermore for each a ∈ Ob(s)) the following diagram commutes.

V ×a V ⊗̂πs

Z
f a

⊗a
s

f

8Our convention that trees are drawn onN ensures that this isomorphism class is a set.
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In this work, we take the point of view that the only necessary properties of the tensor product
associated to a symmetric set s are encoded in the universal property. In particular, this allows us to
avoid working by hand with a construction of the symmetric tensor product as a certain subspace of∏

a∈Ob(s) V ⊗̂πa where V ⊗̂πa is the usual projective tensor product (which is in particular a Banach space).
Nonetheless, it is of course necessary to show that the definition is non-vacuous. In the setting where

the Banach space assignment is finite dimensional, this can be done by noticing that the tensor product
constructed in [CCHS22] satisfies our universal property. With minor adaptations to take care of the
need for completions and more careful statements about norm boundedness, this construction provides
existence of a suitable tensor product in general. Since the precise presentation of the symmetric tensor
products does not matter in the rest of this work (other than through the universal property), we satisfy
ourselves here by stating an existence result and deferring the adaptation of the construction of [CCHS22]
to Appendix A.

Proposition 3.9. Given a Banach space assignment V and a symmetric set s, there exists a unique (up to
unique isometric isomorphism) s-symmetric tensor product (V ⊗̂πs, (⊗a

s )a∈Ob(s)). Furthermore,

∥v∥V ⊗̂πs = inf

{ ∞∑
i=1

∏
x∈a

∥v i
x∥Vl(x) : v =

∞∑
i=1

⊗a
s (v i

x )x∈a

}
.

Remark 3.10. In fact, we will also not need the formula for the norm in this work. However, even though
it takes a small amount of work to derive it from the construction, we chose to include it in the proposition
above since it takes the same form as the norm for the usual projective tensor product up to replacing the
usual tensor map with the tensor ⊗a

s associated to s. We hope that this serves to reassure the reader that the
universal property really does capture the right notion of “partially symmetrised projective tensor product”.

Remark 3.11. We now compare the construction given in Definition 3.8 to the one in [CCHS22]. This
remark is intended for the interested reader and is not essential for the remainder of the paper.

For this remark, we assume that the Banach space assignment is finite dimensional we are in the
setting of [CCHS22, Section 5]. We also assume familiarity with that setting in this remark. In particular,
the choice of cross norm defining the tensor product will play no role in this remark. We note that we could
reformulate the universal property above purely in terms of linear maps by replacing V ×a with the usual
projective tensor product V ⊗̂πa . Saying that ( f a)a∈Ob(s) is s-symmetric is then the same as saying that for
each a,b ∈ Ob(s) and each γb,a ∈ Homs(a,b), the following diagram commutes.

V ⊗̂πa V ⊗̂πb

Z

γb,a

f a
f b

In the language of category theory this says that (Z , ( f a)a∈Ob(s)) is a cocone over the diagram with objects
{V ⊗̂πa : a ∈ Ob(s)} and morphisms {γb,a ∈ Homs(a,b) : a,b ∈ Ob(s)}. Similarly, (V ⊗̂πs, (⊗a

s )a∈Ob(s)) is a
cocone over the same diagram. The existence of a unique factoring map f for each cocone (Z , ( f a)a∈Ob(s))
is then the assertion that (V ⊗̂πs, (⊗a

s )a∈Ob(s)) is the colimit in TVec of the diagram defined above.
We furthermore note that if Fis the functor of [CCHS22] then V ⊗̂πa =F({a}) where {a} is the symmetric

set whose only object is a and whose only morphism is the identity. Given a symmetric set s, one can
check that s is the colimit in SSet of the diagram whose objects are {{a} : a ∈ Ob(s)} and whose morphisms
are {γb,a ∈ Homs(a,b) : a,b ∈ Ob(s)} where γb,a is interpreted as a morphism in SSet. The image of this
diagram under the functor F is the diagram in TVec considered above. Since V ⊗̂πs = F(s), this means
that (apart from the precise statements about norms) the fact that our universal property holds can be
interpreted in the language of [CCHS22] as saying that the functor Fpreserves a certain class of colimits.

3.2 Operations on Tensor Products associated to Decorated Trees

Our goal is now to use the construction of symmetrised tensor products according to their universal
property to show that the usual operations on a regularity structure (abstract integration, abstract
gradients, the tree product and suitable coproducts) are well-defined in our setting. We first define the
the relevant spaces on which we will define these operations.
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Definition 3.12. We denote by T the set of isomorphism classes of decorated trees. Given a complete,
subcritical rule R, we denote by T(R) the set of elements of Tthat strongly conform to R in the sense of
[BHZ19, Definition 5.8].

We then let T+(R) be the unital monoid (for the tree product) generated by

{X k : k ∈Nd }⊔ {Ik
l τi : τi ∈T(R), |τi |s+|l|s−|k|s > 0}

where | · |s is the usual degree assignment on trees induced by the degree assignment on L. We let T−(R) be
the set of elements of T(R) of negative degree.

For W⊆T, we let
VW= ⊕

f ∈W
V ⊗̂π〈 f 〉 (3.1)

equipped with the inductive limit topology (which in particular makes VW a complete locally convex
topological vector space).

Remark 3.13. It follows from [BHZ19, Proposition 5.15] that

VT(R) =
⊕
α∈A

⊕
τ∈T(R),
|τ|s=α

V ⊗̂π〈τ〉

where A is a subset of Rwhich is locally finite and bounded below. Furthermore, VT+(R) is graded for | · |s
by a locally finite subset of [0,∞].

Remark 3.14. There is an obvious set of canonical inclusions VT−(R) ,→VT(R) ,→VT and VT+(R) ,→VT. In
what follows, we will often identify these spaces with their image under these inclusions without comment.

3.2.1 The Tree Product, Integration and Gradients

Our goal in this subsection is to define in that order the operations of products, integration and gradients
on tensor products arising from symmetric sets coming from combinatorial trees.

We begin with the case of products. We recall from [CCHS22] that there is a notion of tensor product
of symmetric sets given by defining Ob(s1 ⊗s2) = Ob(s1)×Ob(s2) and

Homs1⊗s2 ((a1, a2), (b1,b2)) = Homs1 (a1,b1)×Homs2 (a2,b2).

At the level of symmetric sets coming from combinatorial trees, this corresponds to drawing a forest as a
disjoint union of two trees and declaring the symmetries of the forest to be exactly those symmetries
arising from the symmetries of the individual trees. In this case, we will denote (τ,σ) ∈ Ob(〈τ〉⊗〈σ〉) by
τ⊔σ.

The following lemma is then immediate from the fact that any pair of symmetries in 〈τ〉 and 〈σ〉
respectively naturally induce a symmetry in 〈τσ〉 by identifying the obvious copies of τ and σ inside of
the tree product τσ.

Lemma 3.15. Let τ,σ ∈T. Then (⊗τσ〈τσ〉)τ⊔σ∈Ob(〈τ〉⊗〈σ〉) is a 〈τ〉⊗〈σ〉-symmetric family of norm 1 multi-
linear maps.

We then note that it follows from the definition of the tensor product of symmetric sets that
V ⊗̂π(s1⊗s2) = V ⊗̂πs1 ⊗̂πV ⊗̂πs2 and ⊗(a,b)

s1⊗s2
= (⊗a

s1

)⊗ (⊗b
s2

)
. As a consequence, by applying the universal

property to the family of multilinear maps given in Lemma 3.15, we obtain our analogue of the tree
product.

Definition 3.16. We define⋆ : VT⊗̂πVT→VT to be the unique map such that for eachτ,σ ∈T,⋆|V ⊗̂π〈τ〉⊗̂πV ⊗̂π〈σ〉
factors the family (⊗τσ〈τσ〉)τ⊔σ∈Ob(〈τ〉⊗〈σ〉).

Lemma 3.17. ⋆ is commutative, associative and unital with unit 1 ∈V ⊗̂π〈1〉 =R. Furthermore, the map
⋆|V ⊗̂π〈τ〉⊗V ⊗̂π〈σ〉 has norm 1.
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Proof. The identification of the norm is immediate from the construction via the universal property. It
remains to show the algebraic properties. Commutativity follows from the fact that the tree product for
combinatorial trees is commutative and the canonical identification V ⊗̂π〈τ〉⊗̂πV ⊗̂π〈σ〉 ≃V ⊗̂π〈σ〉⊗̂πV ⊗̂π〈τ〉.
That ⋆ is unital with unit 1 follows from the fact that 1 is the unit for the tree product at the level of
combinatorial trees, along with the canonical identification V ⊗̂π〈τ〉⊗̂πR≃V ⊗̂π〈τ〉.

It then only remains to check that ⋆ is associative. It suffices to consider the action on V ⊗̂π〈τ1〉⊗
V ⊗̂π〈τ2〉⊗V ⊗̂π〈τ3〉. We claim that acting on this space, ⋆(⋆⊗ id) and ⋆(id⊗⋆) both factor the symmetric
multilinear family (⊗τ1τ2τ3

〈τ1τ2τ3〉)τ1⊔τ2⊔τ3∈Ob(〈τ1〉⊗〈τ2〉⊗〈τ3〉) through V ⊗̂π(〈τ1〉⊗〈τ2〉⊗〈τ3〉) so that by uniqueness
of the factoring map in the universal property, they coincide. In the case of ⋆(⋆⊗ id), we write

⋆(⋆⊗ id)⊗τ1⊔τ2⊔τ3
〈τ1〉⊗〈τ2〉⊗〈τ3〉 =⋆

((
⋆◦⊗τ1⊔τ2

〈τ1〉⊗〈τ2〉
)
⊗

(
⊗τ3
〈τ3〉

))
By the definition of ⋆, we have that ⋆◦⊗τ1⊔τ2

〈τ1〉⊗〈τ2〉 =⊗τ1τ2
〈τ1τ2〉 so that

⋆(⋆⊗ id)⊗τ1⊔τ2⊔τ3
〈τ1〉⊗〈τ2〉⊗〈τ3〉 =⋆◦⊗τ1τ2⊔τ3

〈τ1τ2〉⊗〈τ3〉 =⊗τ1τ2τ3
〈τ1τ2τ3〉

where we again applied the definition of ⋆ to obtain the last equality. This completes the proof that
⋆(⋆⊗ id) factors the aforementioned family of multilinear maps. The proof that ⋆(id⊗⋆) factors the
same family is almost identical (since the underlying product of combinatorial trees is associative) so we
omit the details.

Next we define suitable abstract integration maps on VT. For given l ∈L, we view l as a singleton
typed set with the obvious type map. We denote by 〈l〉 the corresponding one object symmetric set whose
only symmetry is the identity map. We note that at the level of combinatorial trees, symmetries of Ilτ

are in bijection with symmetries of τ. Indeed, any symmetry of the former tree preserves incidence at
the root and thus fixes the trunk. It then follows that (⊗l⊔τ

〈l〉⊗〈τ〉)⊔τ∈Ob(〈l〉⊗〈τ〉) is a 〈l〉⊗〈τ〉-symmetric family
of maps.

Definition 3.18. For each l ∈L, we define Il : Vl⊗̂πVT→VT componentwise via the universal property of
V ⊗̂π〈l〉⊗〈τ〉 applied to the diagrams

Vl×V ×τ V ⊗̂π〈l〉⊗〈τ〉

V ⊗̂π〈Ilτ〉 .
⊗Ilτ

〈Ilτ〉

⊗l⊔τ
〈l〉⊗〈τ〉

Il

For ζ ∈Vl, we define Iζ : VT→VT via Iζ =Il(ζ⊗·). We remark that Il is a contraction by construction,
whilst Iζ has norm ∥ζ∥Vl .

In this subsection, it remains to provide suitable abstract gradients in our infinite dimensional setting.
In the scalar valued setting, it is typical to define the gradient as acting only on planted trees Ilτ or
monomials X k . We will see later that in our setting it will be necessary to also take gradients of trees of
the form X kIlτ. Of course, the usual gradient in the scalar setting trivially extends to such trees via the
Leibniz rule. We denote by Tplant the set of trees of the form X kIlτ.

Definition 3.19. Let k ∈Nd . We define Dk : VTplant →VTplant componentwise by the universal property of

V ⊗̂π〈τ〉 applied to the diagrams

V ×τ V 〈τ〉

V ⊗̂π〈Dkτ〉
⊗̂Dk τ

〈Dkτ〉

⊗̂τ〈τ〉

Dk

where we made use of the fact V ×τ =V ×Dkτ. We note that it is immediate that Dk is an isometry.
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3.2.2 Coproducts

In this subsection, we realise the Hopf algebra/comodule structure that is standard in the scalar valued
setting (see [BHZ19]) at the level of our symmetric tensor products. Here the main remaining ingredient
is a suitable coaction ∆ and coproduct ∆+ (defined on appropriate spaces).

Such coactions and coproducts are realised as contraction/extraction operations. With the viewpoint
of our symmetric tensor products as gluing elements of the Banach spaces onto edges of the tree, it
is convenient to have a mechanism that remembers which element to glue to which edge after the
operation of contraction and extraction. To this end, for a fixed τ ∈τ ∈Twe have the following notion of
τ-identified trees.

Definition 3.20. A τ-identified tree is a pair (σ, ι) where σ is a tree and ι : E(σ) → E(τ) is an injective map
which preserves edge types. We write Tτ for the free vector space generated by the set of τ-identified trees.

The τ-identification is precisely the information needed to appropriately ‘glue in’ components of an
element of V ×τ to yield an element of V ⊗̂π〈σ〉. In particular, we have the following definition of lifting
maps.

Definition 3.21. We define L(k)
τ : T ⊗k

τ → { f : V ×τ→V ⊗̂πk
T

} to be the unique linear map such that

L(k)
τ

( k⊗
i=1

(σi , ιi )
)
[(ζe )e∈E(τ)] =

k⊗
i=1

⊗σi
〈σi 〉[(ζιi (e))e∈E(σi )].

One important feature of these lifting maps is that they are invariant under a suitable notion of
isomorphism between identified trees. This will be used to see that the lift of operations defined at the
level of trees is independent of the choice of representative of the isomorphism class of a tree.

Definition 3.22. Let τ, τ̄ ∈ 〈τ〉 ∈Tand let (σ, ι), (σ̄, ῑ) be τ, τ̄ identified trees respectively. An isomorphism
of identified trees between (σ, ι), (σ̄, ῑ) is a pair of tree isomorphisms (γ,η) where γ : τ→ τ̄ and η :σ→ σ̄ are
such that following diagram commutes.

τ̄ τ

σ̄ σ

γ−1

ῑ

η−1
ι

We will refer to the map γ as the base map of the isomorphism.

We note that the diagram above is completely equivalent to a diagram involving γ and η rather than
their inverses. The reason to write the diagram in this way is that the compositions appearing in this
representation are precisely the ones that appear in the proof of Proposition 3.23 below.

Proposition 3.23. Suppose that for i = 1, . . . ,k, (σi , ιi ), (σ̄i , ῑi ) are τ-identified and τ̄-identified trees
respectively such that (σi , ιi ) is isomorphic to (σ̄i , ῑi ) via (γ,ηi ). Then

L(k)
τ̄

[
k⊗

i=1
(σ̄i , ῑi )

]
◦γ=L(k)

τ

[
k⊗

i=1
(σi , ιi )

]
.

In addition, if (σ1, ι1), . . . , (σk , ιk ) are τ-identified trees such that {ιi (E(σi )) : i = 1, . . . ,k} forms a partition
of E(τ) then L(k)

τ [
⊗k

i=1(σi , ιi )] is a continuous multilinear map.

Proof. For the isomorphism equivariance, we take (ζe )e∈E(τ) ∈V ×τ and unpack the definitions to write

L(k)
τ̄

[
k⊗

i=1
(σ̄i , ῑi )

]
◦γ(

(ζe )e∈E(τ)
)=L(k)

τ̄

[
k⊗

i=1
(σ̄i , ῑi )

]
(ζγ−1(e))e∈E(τ̄)

=
k⊗

i=1
⊗σ̄i
〈σ̄i 〉(ζγ−1(ῑi (e)))e∈E(σ̄i ) =

k⊗
i=1

⊗σ̄i
〈σ̄i 〉(ζιi (η−1

i (e)))e∈E(σi ) =
k⊗

i=1
⊗σ̄i
〈σ̄i 〉 ◦ηi (ζιi (e))e∈E(σ̄i )

=
k⊗

i=1
⊗σi
〈σi 〉(ζιi (e))e∈E(σi ) =L(k)

τ

[
k⊗

i=1
(σi , ιi )

](
(ζe )e∈E(τ)

)
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where the third equality followed by the definition of an isomorphism of identified trees and the fifth
equality follows by symmetry of the maps ⊗σi

〈σi 〉. The claims about continuity and multilinearity are

immediate from the definition and the multilinearity of
⊗k

i=1 and ⊗σi
〈σi 〉.

We now recall the definition of the coaction∆ at the level of combinatorial trees. We find it convenient
to reformulate the more common definition in the literature in which one sums over certain subtrees
containing the root as a definition in which one sums over cuts. These two formulations only differ
aesthetically, however we find that the latter type of formulation will make computations in Section 7
clearer and hence we already adopt it here for consistency.

Given τ ∈ τ, we say that C ⊂ E(τ) is a cut of τ if any path in E(τ) with the root of τ as an endpoint
contains at most one edge in C . We denote by C[τ] the set of all cuts of τ and for C ∈C[τ] we write τ ̸≥C

for the subgraph consisting of those edges e ∈ E(τ) such that there does not exist ẽ ∈C with e ≥ ẽ. We
define T(R) =⋃

τ∈T(R)τ to consist of all drawings of (isomorphism classes of) trees in T(R) and define
T+(R) similarly. We define ∆ : 〈T(R)〉→ 〈T(R)〉⊗〈T+(R)〉 via

∆(τ,n,e) = ∑
C∈C[τ]

∑
n ̸≥C ,εC

1

εC !

(
n

n ̸≥C

)
(τ ̸≥C ,n ̸≥C +πεC ,e)⊗PT+(R)(τ/τ ̸≥C , [n −n ̸≥C ],e+εC )

where the sum over n ̸≥C is over node decorations n ̸≥C : N (τ ̸≥C ) →Nd , the sum over εC is a sum over edge
decorations εC : C →Nd , πεC : N (τ ̸≥C ) →Nd is the node decoration obtained via

πεC (v) = ∑
e∈C :v∈e

εC (v), (3.2)

PT+(R) denotes the usual projection onto T+(R), τ/τ ̸≥C denotes the quotient graph9of τ by τ ̸≥C and
[n −n ̸≥C ] is the node decoration on this quotient graph defined via

[n −n ̸≥C ](v) = ∑
w∈N (τ):v=[w]

(n −n ̸≥C )(w)

where [w] denotes the equivalence class of w viewed as a vertex in the quotient graph. We remark that
each of the two trees appearing in a fixed summand of the right hand side of the definition of ∆(τ,n,e)
can be viewed as being τ-identified since their edge sets can naturally be viewed as forming a partition
of E(τ).

Proposition 3.24. Given τ ∈ T(R), the family of maps (L(2)
τ [∆τ])τ∈τ is continuous, multilinear and

〈τ〉-symmetric.

Proof. Multilinearity and continuity are immediate from Proposition 3.23. Therefore it remains only to
check 〈τ〉-symmetry. To this end, we note that if τ, τ̄ ∈τ and γ ∈ Hom〈τ〉(τ, τ̄) then γ induces a bijection
γC : C[τ] → C[τ̄]. Furthermore, for a fixed cut C ∈ C[τ] if we set C̄ = γC(C ) then we see that γ induces
also bijections n ̸≥C 7→ n ̸≥C̄ and εC 7→ εC̄ appearing in the definition of ∆+. Finally, one can check that
if C ,n ̸≥C ,εC correspond to C̄ ,n ̸≥C̄ ,εC̄ via the above bijections then γ also induces (via restriction or
quotient) isomorphisms

η ̸≥C : (τ ̸≥C ,n ̸≥C +πεC ,e) → (τ̄ ̸≥C̄ ,n ̸≥C̄ +πεC̄ , ē)

and
ητ/τ ̸≥C : (τ/τ ̸≥C , [n −n ̸≥C ],e+εC ) → (τ̄/τ̄ ̸≥C̄ , [n̄ −n ̸≥C̄ ], ē+εC̄ )

which are furthermore isomorphisms of identified trees with base maps γ.

9To be completely precise, we should specify how to draw the quotient graph onN (though this detail is not too important at the
level of exposition given here). One choice that ensures the properties of operations we need at the level of drawings is to define
N (τ/σ) = {min N (σ)}⊔ (N (τ) \ N (σ)) and to move all edges that were ingoing to σ to be connected to min N (σ).
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We are then in the situation of the first part of Proposition 3.23. Indeed, we can write

L(2)
τ̄ [∆τ̄]◦γ= ∑

C̄∈C[τ̄]

∑
n ̸≥C̄ ,εC̄

1

εC̄

(
n

n ̸≥C̄

)
L(2)
τ̄

[
(τ̄ ̸≥C̄ ,n ̸≥C̄ +πεC̄ , ē)⊗PT+(R)(τ̄/τ̄ ̸≥C̄ , [n̄ −n ̸≥C̄ ], ē+εC̄ )

]
◦γ

= ∑
C∈C[τ]

∑
n ̸≥C ,εC

1

εC

(
n

n ̸≥C

)
L(2)
τ

[
(τ ̸≥C ,n ̸≥C +πεC ,e)⊗PT+(R)(τ/τ ̸≥C , [n −n ̸≥C ],e+εC )

]
=L(2)

τ [∆τ]

where the second line follows by Proposition 3.23 and a reindexing of the sums based on the induced
bijections between cuts and decorations.

The following definition is then meaningful as a consequence of the universal property for V ⊗̂π〈τ〉.

Definition 3.25. We define ∆ : VT(R) →VT(R)⊗̂πVT+(R) to be the unique continuous linear map such that
for each τ ∈τ ∈T(R), we have that the following diagram commutes.

V ×τ V ⊗̂π〈τ〉

VT(R)⊗̂πVT+(R)

⊗τ〈τ〉

L(2)
τ (∆τ)

∆

We similarly define a map ∆+ : 〈T+(R)〉→ 〈T+(R)〉⊗〈T+(R)〉 via

∆+(τ,n,e) = ∑
C∈C[τ]

∑
n ̸≥C ,εC

1

εC

(
n

n ̸≥C

)
PT+(R)(τ ̸≥C ,n ̸≥C +πεC ,e)⊗PT+(R)(τ/τ ̸≥C , [n −n ̸≥C ],e+εC ).

Remark 3.26. The above definition does coincide with that of [BHZ19] despite the projections appearing
to differ. This is due to the fact that in [BHZ19], the formula for ∆ and ∆+ were unified by having the
projections implicitly specified by the choice of codomain.

It follows in a similar way to the case of ∆ that the following definition makes sense via the universal
property.

Definition 3.27. We define ∆+ : VT+(R) → VT+(R)⊗̂πVT+(R) to be the unique continuous linear map such
that for each τ ∈τ ∈T+(R), we have that the following diagram commutes.

V ×τ V ⊗̂π〈τ〉

VT+(R)⊗̂πVT+(R)

⊗τ〈τ〉

L(2)
τ (∆+τ)

∆+

Our next order of business is to show that the fact that VT+(R) is a Hopf algebra with VT(R) as a Hopf
comodule can be lifted from the combinatorial setting.

Lemma 3.28. We have the relations

(∆+⊗ id)∆+ = (id⊗∆+)∆+, (∆⊗ id)∆= (id⊗∆+)∆.

Proof. Since the proofs are similar, we prove only the first equality. We recall from [BHZ19] that the
corresponding results hold for the underlined versions of ∆,∆+ acting on combinatorial trees.

It is enough for us to consider the restriction to a component V ⊗̂π〈τ〉. The idea of the proof is to
leverage the underlying combinatorial result by showing that both the sides of the equality claimed in
the lemma factor the family of maps

L(3)
τ

(
(∆+⊗ id)∆+τ

)=L(3)
τ

(
(id⊗∆+)∆+τ

)
.
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Upon showing that this family is continuous, multilinear and 〈τ〉-symmetric, the result will then follow
by uniqueness of the factorisation.

We first show that both sides do indeed factor this family. We start by considering (∆+⊗ id)∆+. To fix
notations, we write

∆+τ=
n∑

i=1
ci (τi ⊗τi )

where τi and τi are τ-identified trees. We then write

(∆+⊗ id)∆+⊗τ〈τ〉 [(ζe )e∈E(τ)] = (∆+⊗ id)L(2)
τ [∆+τ][(ζe )e∈E(τ)]

=
n∑

i=1
ci (∆+⊗ id)

[
τi⊗
〈τi 〉

[(ζιτi (e))e∈E(τi )]⊗
τi⊗
〈τi 〉

[(ζι
τi (e))e∈E(τi )]

]

=
n∑

i=1
ciL

(2)
τi

[∆+τi ][(ζιτi (e))e∈E(τi )]⊗
τi⊗
〈τi 〉

[(ζι
τi (e))e∈E(τi )]

=
n∑

i=1

k∑
j=1

ci c j
τi j⊗
〈τi j 〉

[(ζιτi ◦ιτi j (e))e∈E(τi j )]⊗
τ

j
i⊗

〈τ j
i 〉

[(ζιτi ◦ιτ j
i

(e))e∈E(τ
j
i )

]⊗
τi⊗
〈τi 〉

[(ζι
τi (e))e∈E(τi )]

=L(3)
τ [(∆+⊗ id)∆+τ][(ζe )e∈E(τ)]

where we wrote ∆+τi =∑k
j=1 c jτi j ⊗τ j

i and noted that e.g. (τi j , ιτi j ) is a τi -identified tree which induces

the τ-identified tree (τi j , ιτi ◦ ιτi j ). The latter τ-identified tree is precisely the one appearing in (∆+⊗
id)∆+τ. Since the claim for (id⊗∆+)∆+ has an almost identical proof, only changing the order of some
terms everywhere we omit this detail.

It remains only to check that L(3)
τ

(
(∆+⊗ id)∆+τ

)
is continuous, multilinear and 〈τ〉-symmetric. This

follows from the factorisation property above. Indeed, for continuity and multilinearity we note that
e.g. L(3)

τ [(∆+⊗ id)∆+τ] = (∆+⊗ id)∆+⊗τ〈τ〉 is the composition of a continuous multilinear map with two
continuous linear maps. For 〈τ〉-symmetry, we simply note that ⊗τ〈τ〉 is a 〈τ〉-symmetric family.

We define ε : VT+(R) →R to be the projection onto V ⊗̂π〈1〉 ≃R.

Lemma 3.29. (VT+(R),∗,1,∆+,ε) is a topological Hopf algebra10 with VT(R) as a comodule.

Proof. We note that by Lemma B.4 and Remark B.5, for the first claim it suffices to prove that VT+(R) is a
bialgebra. For this we need to check that∆+ is an algebra morphism and that ε satisfies the requirements
for a counit.

We start by checking that ∆+ is multiplicative. We need to show that

∆+ ◦⋆= (⋆⊗⋆)ρ(∆+⊗∆+)

where ρ : V ⊗̂π4
T

→V ⊗̂π4
T

is the map that swaps the second and third components of elementary tensors.
To do this, we again leverage the corresponding combinatorial result. Namely, we claim that when

acting on V ⊗̂π〈τ〉⊗̂πV ⊗̂π〈σ〉 the two maps factor the families L(2)
τσ [∆+τσ] and L(2)

τσ [(M⊗M) ◦ρ ◦ (∆+⊗
∆+)(τ⊗σ)] respectively where M is the (combinatorial) tree product and ρ is the combinatorial analogue

of ρ. The result will then follow from uniqueness of the factorisation since the fact that ∆+ is an algebra
morphism implies that

L(2)
τσ [∆+τσ] =L(2)

τσ [(M⊗M)◦ρ ◦ (∆+⊗∆+)(τ⊗σ)].

We remark that it will follow from the factorisation that e.g. L(2)
τσ [∆+τσ] is continuous, multilinear

and 〈τ〉⊗〈σ〉-symmetric in the same way as in the corresponding part of the proof of Lemma 3.28.

10since this terminology seems to not be completely standardised in the literature, we refer the reader to Appendix B for a
definition and some useful properties.
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We start by showing that ∆+ ◦⋆ factors the left hand side. For this, we write

∆+ ◦⋆◦
τ⊔σ⊗

〈τ〉⊗〈σ〉
[(ζe )e∈E(τ⊔σ)] =∆+⊗τσ〈τσ〉 [(ζe )e∈E(τ⊔σ)] =L(2)

τσ [∆+τσ][(ζe )e∈E(τ⊔σ)]

as desired.
We now turn to the corresponding result for the right hand side. We write

(⋆⊗⋆)ρ(∆+⊗∆+)⊗τ⊔σ〈τ〉⊗〈σ〉 [(ζe )e∈E(τ⊔σ)] = (⋆⊗⋆)ρ(∆+⊗τ〈τ〉⊗∆+⊗σ〈σ〉)[(ζe )e∈E(τ⊔σ)]

= (⋆⊗⋆)ρ(L(2)
τ [∆+τ](ζe )e∈E(τ) ⊗L(2)

σ [∆+σ](ζe )e∈E(σ)).

Now we note that the term in the rightmost bracket can be written as

n∑
i=1

k∑
j=1

ci c j
τi⊗
〈τi 〉

(ζιτi (e))e∈E(τ) ⊗
τi⊗
〈τi 〉

(ζι
τi (e))e∈E(τ) ⊗

σ j⊗
〈σ j 〉

(ζισ j (e))e∈E(σ) ⊗
σ j⊗
〈σ j 〉

(ζι
σ j (e))e∈E(σ)

so that applying ρ yields

n∑
i=1

k∑
j=1

ci c j
τi⊗
〈τi 〉

(ζιτi (e))e∈E(τ) ⊗
σ j⊗
〈σ j 〉

(ζισ j (e))e∈E(σ) ⊗
τi⊗
〈τi 〉

(ζι
τi (e))e∈E(τ) ⊗

σ j⊗
〈σ j 〉

(ζι
σ j (e))e∈E(σ).

We then note that

⋆

(
τi⊗
〈τi 〉

(ζιτi (e))e∈E(τ) ⊗
σ j⊗
〈σ j 〉

(ζισ j (e))e∈E(σ)

)
=⋆

(
τi⊔σ j⊗

〈τi 〉⊗〈σ j

[(ζιτi ⊔ισ j (e))e∈E(τ⊔σ)]

)

=
τiσ j⊗
〈τiσ j 〉

[(ζιτi ⊔ισ j (e))e∈E(τ⊔σ)].

Treating the second instance of ⋆ similarly we see that

(⋆⊗⋆)ρ(∆+⊗∆+)⊗τ⊔σ〈τ〉⊗〈σ〉 [(ζe )e∈E(τ⊔σ)] =
∑

i

∑
j

ci c j
τiσ j⊗
〈τiσ j 〉

[(ζιτi ⊔ισ j (e))e∈E(τ⊔σ)]⊗
τiσ j⊗
〈τiσ j 〉

[(ζι
τi ⊔ισ j (e))e∈E(τ⊔σ)]

=L(2)
τσ [(M⊗M)ρ(∆+⊗∆+)(τ⊗σ)](ζe )e∈E(τ⊔σ)

as required.
It now remains to check that the counit ε is a counitary algebra morphism. The algebra morphism

property is immediate from the definitions. For the counitary property, we note that

(ε⊗ id)∆+⊗τ〈τ〉 [(ζe )] = (ε⊗ id)L(2)
τ [∆+τ](ζe ) =

n∑
i=1

ci (ε⊗ id)

(
τi⊗
〈τi 〉

(ζe )⊗
τi⊗
〈τi 〉

(ζe )

)
=⊗τ〈τ〉[(ζe )]

since the projection onto the linear span of 1 is the counit for ∆+. The result for (id⊗ε)∆+ is similar.
We now turn to the claim that VT(R) is a comodule over VT+(R). Since Lemma 3.28 includes the fact

that (id⊗∆+)∆= (∆⊗ id)∆, we need only show that (id⊗ε)∆= id. This latter claim follows in a similar
way to the proof of the counitary property above. For brevity, we omit the details.

In particular, we now recover a regularity structure in the sense of the original definition given in
[Hai14, Definition 2.1] which we emphasise is general enough to allow for the infinite dimensional
components seen here.

Definition 3.30. We define the regularity structure TBan = (VT(R), G) where Gis the group of continuous
characters on VT+(R) acting on VT(R) via Γg v = (id⊗ g )∆+v.
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Remark 3.31. The fact that (g , v) 7→ Γg v defines a (left) group action of Gon VT+(R) follows from the
comodule structure given in Lemma 3.29

It is clear that TBan comes with a product ⋆ and a family of integration maps Iζ indexed by ζ ∈Vl,
l ∈L+. In the latter case, it still remains for us to check that these integration maps interact correctly with
the action of the structure group.

Lemma 3.32. For every g ∈ G, l ∈L+, ζ ∈Vl and τ ∈T(R) such that Ilτ ∈T(R) we have that

IζΓg −Γg I
ζ : V ⊗̂π〈τ〉 →VTpoly , where Tpoly = {X k : k ∈Nd }.

Proof. It suffices to check the result for elements of the form ⊗τ〈τ〉[(ζe )e∈E(τ)]. We recall that

∆Ilτ= (Il⊗ id)∆+τ+ ∑
|k|s<|Ilτ|s

X k

k !
⊗Ik

l τ.

As a result, we note that (writing ζ for the distribution associated to the trunk)

∆
Ilτ⊗
〈Ilτ〉

[(ζe )e∈E(τ) ⊔ {ζ}] =L(2)
Ilτ

[∆Ilτ][(ζe )e∈E(τ) ⊔ {ζ}]

=L(2)
Ilτ

[(Il⊗ id)∆τ][(ζe )e∈E(τ) ⊔ {ζ}]+ ∑
k:|Ik

l
τ|s>0

L(2)
Ilτ

[
X k

k !
⊗Jk

l τ

]
[(ζe )e∈E(τ) ⊔ {ζ}]

= ζ⊗L(2)
τ [∆τ](ζe )+∑

k

X k

k !
⊗

Ik
l
τ⊗

〈Ik
l
τ〉

[(ζe )⊔ {ζ}]

= (Iζ⊗ id)∆
τ⊗
〈τ〉

[(ζe )]+∑
k

X k

k !
⊗

Ik
l
τ⊗

〈Ik
l
τ〉

[(ζe )⊔ {ζ}]. (3.3)

Upon applying (id⊗ g ) to both sides, the result immediately follows.

4 Models on Regularity Structures with Infinite Dimensional Components

In this section we recursively construct algebraically renormalised models on TBan in the spirit of [Bru18].
Here we consider only smooth models constructed from a fixed noise assignment ξ.

4.1 Admissible Models on TBan

We now define a notion of admissible model (see [BHZ19, Definition 6.9] for the usual scalar valued
definition) that is well adapted to our setting. Throughout this section we will assume that a Banach
space assignment V has been fixed and will omit it from the notation for simplicity.

We first fix an appropriate notion of kernel assignment that we wish to be realised by the abstract
integration maps {Iζ}ζ∈Vl

that we constructed in the previous section. This should be nothing other
than a way of assigning a translation invariant integral kernel to each element of Vl for each l ∈L+.

Definition 4.1. A kernel assignment of order o ∈N on TBan(V ) is a collection of bounded linear maps
Al : Vl → K

|l|
o indexed by l ∈ L+. We write Ao+ = ⊕

l∈L+ L(Vl,K
|l|
o ) for the Banach space of all kernel

assignments of order o equipped with the norm

∥A∥Ao+ := ∑
l∈L+

sup
ζ∈Vl,

∥ζ∥Vl
≤1

∥Al(ζ)∥
K

|l|
o

.

Given ζ ∈Vl, we write Al(ζ) =∑
n≥0 A(n)

l
(ζ) for the decomposition as in Remark 2.6.
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We also introduce a corresponding notion of noise assignment on TBan. We will eventually be
interested in specialising to the case where the Banach space assignment V satisfies Vl = R for each
l ∈L− in which case the notion of noise assignment introduced below will coincide with our notion of
noise assignment on Teq. However, since it introduces very little extra work to allow for more general
noise assignments in this section and it is reasonable to imagine applications where one would wish to
freeze coefficients at the level of the noise, we allow for the extra generality here.

Definition 4.2. A noise assignment on TBan(V ) is a collection of continuous linear maps Nl : Vl → D′(Rd )
indexed by l ∈ L−. We write A− for the space of all noise assignments. A smooth noise assignment on
TBan(V ) is a noise assignment such that Nl is a continuous map into C∞(Rd ) with its usual Fréchet
topology. We write A∞− for the space of all smooth noise assignments.

We also recall that given a sector W of a regularity structure (T, G) then (W, G) is also a regularity
structure. This means that it makes sense to talk about models on a sector of a regularity structure.

Definition 4.3. We say that a model (Π,Γ) on a sector W in TBan is admissible with respect to a kernel
assignment A and a noise assignment N if it satisfies the following three sets of relations. Firstly we require
that

Πx v = Nl(v), Πx X k = (·−x)k

for all l ∈L−, for all v ∈V ⊗̂π〈Ξl〉∩W and all k ∈Nd such that X k ∈W . Secondly, we require that

Πx (X k v) = (·−x)kΠx v, Πx Di v = DiΠx v

whenever k ∈Nd , i ∈ {1, . . . ,d} and v ∈W are such that X k v,Di v ∈W . Finally we require that for l ∈L+,
we have that

ΠxI
ζv = Al(ζ)∗Πx v − ∑

|k|s<|Iζv |s

(·−x)k

k !
(Dk Al(ζ)∗Πx v)(x) (4.1)

for every v ∈W and ζ ∈Vl such that Iζv ∈W .

Remark 4.4. We recall from [Hai14, Remark 5.10] that the correct way to interpret (4.1) is via

ΠxI
ζv(φ) = ∑

n≥0

ˆ
dyφ(y)Πx v

(
A(n)
l

(ζ)(y −·)− ∑
|k|s<|Iζv |s

(y −x)k

k !
Dk A(n)

l
(ζ)(x −·)

)
.

In order for this expression to be well-defined for a generic model (Π,Γ), it is necessary to require that
o> |k|s−a where a is the lowest degree of a component in the smallest sector containing v. In particular,
due to (4.1), the definition of admissibility on a sector W is a meaningful one only if o is sufficiently large.

4.2 Algebraic Renormalisation on TBan

Our goal in this section is to show that the construction of a model associated to a smooth driving
noise from a preparation map as introduced in [Bru18] can be adapted to our setting. This provides a
generalisation of the results of [Bru18] in two ways. Firstly, we do not assume that the kernel assignment
is of infinite order. As discussed in Remark 4.4, this poses problems when constructing a model on
the full regularity structure. One option to circumvent this issue is to exploit smoothness of the noise,
translation invariance of the kernel and an integration by parts argument to move all derivatives in (4.1)
onto Πx v . This would lead to a new definition of admissibility for a smooth model that would allow
for the construction of a model on the full regularity structure. This would have two disadvantages.
Firstly, we will later want to talk about models built from preparation maps and non-translation invariant
regularising kernels of finite order on Teq. In this setting, the argument based on integration by parts
is not available. Secondly, when later obaining quantitative estimates we will need tools such as the
Extension Theorem provided in [Hai14, Theorem 5.14]. This result would not apply with the new
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definition of admissibility. In both cases, it would therefore still be necessary to restrict to a smaller sector.
Therefore, rather than introducing a new notion of admissibility, we prefer to show that it is possible
to construct models from preparation maps on suitable sectors rather than on the whole regularity
structure immediately.

The second and more significant generalisation of [Bru18] comes with our infinite dimensional
setting. A first difference is that one no longer has access to a distinguished basis in the form of trees.
Since elementary tensors do not form a linearly independent set, this means that more care is required
when checking that the natural definition actually yields a well-defined object. The second difference
is that the appropriate continuity in terms of the norm on V ⊗̂π〈τ〉 is no longer a consequence of mere
linearity and thus requires again more care. Both of these differences will be handled by appealing to the
universal property given in Definition 3.8.

We will use the following notations for projection operators on TBan(V ). Given τ ∈T(R) we denote
by Qτ the projection onto V ⊗̂π〈τ〉. Given η ∈Rwe denote by Qη the projection onto ⊕|τ|s=ηV ⊗̂π〈τ〉 and we
define Q<η,Q≤η, etc, analogously.

Definition 4.5. A preparation map on VT(R) on a sector W is a bounded linear map P : W →VT(R) such
that Qσ(P − Id)|V ⊗̂π〈τ〉 ̸= 0 implies that

1. |τ|s < |σ|s,

2. |τ|# > |σ|# where |τ|# denotes the number of noise edges in τ,

3. τ ̸=Ξl, X k ,Ik
l
σ

such that P additionally has the commutativity properties

P |
V ⊗̂π〈X kτ〉 = X k P |V ⊗̂π〈τ〉 , PΓ= ΓP for all Γ ∈G+.

In order to perform a recursive construction of a model with respect to a preparation map on a
sector W , it will be important that P : W →W . Since it will eventually be important to allow for different
models to be constructed on the same sector (for example when obtaining convergence results), we here
introduce a notion of sector that is appropriate for the constructions that follow in this section.

Definition 4.6. We say that a sector W in VT(R) is good if it can be written as W =⊕
τ∈BW V ⊗̂π〈τ〉 for some

set of trees BW ⊂T(R) (which we refer to as the generating set for W ) with the property that Ik
l
τ ∈BW

implies τ ∈BW and τσ ∈BW implies that τ ∈BW . Given a preparation map P defined on W , we say
that the sector W is P-good if it is good and P : W →W .

We note that it is automatic that if W is a P-good sector in TBan then the set of trees BW in the above
definition spans a sector in Teq.

Remark 4.7. If B is a finite subset of T(R) then it is possible to prove that if W is the smallest P-good
sector containing

⊕
〈τ〉∈BV ⊗̂π〈τ〉 then BW is a finite set of trees. Since we will not explicitly need this fact

in this section and will need a similar fact for a related construction adapated to the type of preparation
maps that are actually used in practice, we do not provide a proof here and refer the interested reader to
the related Lemma 5.5.

The following definition encodes the analogues in our setting of the usual recursive relations used to
define a preparation map. The main difference to [Bru18] is that the recursive definitions are not only
imposed on a distinguished basis.

Definition 4.8. Given a preparation map P on a P-good sector W , a kernel assignment A ∈Ao+ and a
smooth noise assignment ξ ∈A∞− , we say that a triple (ΠP ,ΠP,×,ΓP ) is associated to (P, A,ξ) on W if

1. ΠP
x ,ΠP,×

x : W →C∞(Rd ) and ΓP
x y : W →W ,

2. ΠP,×
x v = Nl(v) for each l such that Ξl ∈BW and each v ∈V ⊗̂π〈Ξl〉,
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3. ΠP,×
x X k = (·−x)k for each k such that X k ∈W ,

4. ΠP,×
x (v ⋆w) =ΠP,×

x v ·ΠP,×
x w whenever v, w, v ∗w ∈W ,

5. If v ∈W , ζ ∈Vl are such that Iζ,k v ∈W then

ΠP,×
x Iζ,k v = Dk Al(ζ)∗ΠP

x v − ∑
| j |s<|Iζ,k v |s

(·−x) j

j !
Dk+ j Al(ζ)∗ΠP

x v(x),

6. ΠP
x =ΠP,×

x P,

7. ΓP
x y = (id⊗ (g P

x )−1(g P
y ))∆ where each g P

x ∈ Gsatisfies g P
x (Xi ) =−xi , and whenever v ∈W , ζ ∈Vl and

k ∈Nd are such that Iζ,k v ∈VT+(R)

g P
x (Iζ,k v) =− ∑

| j |s≤|Iζ,k
l

v |s

(−x) j

j !
D j+k Al(ζl)∗ΠP

x v(x).

Remark 4.9. The final point of the last definition specifies the value of g P
x only on V ⊗̂π〈τ〉 for 〈τ〉 lying in

the subalgebra generated by

B̄W = {X k : k ∈Nd }∪ {Il
kτ ∈T+(R) :τ ∈BW }.

However, any extension of g P
x defined in this way to an element of Gwill have the same action on W . Since

the imporant object is the map ΓP
x y and not the corresponding characters, we do not distinguish between

such extensions. This corresponds to viewing W as a regularity structure whose structure group is the
quotient of Gby the kernel of the action of Gon W .

One should of course check that at least one extension of g P
x to an element of Gexists. To this end, we

note that B̄c
W :=T+(R) \ B̄W is such that

VT+(R) =
( ⊕
τ∈B̄W

V ⊗̂π〈τ〉
)
⊕

 ⊕
τ∈B̄c

W

V ⊗̂π〈τ〉


with
⊕
τ∈B̄c

W
V ⊗̂π〈τ〉 being an algebra ideal in VT+(R). In particular, it follows that the projection π onto⊕

τ∈B̄W
V ⊗̂π〈τ〉 along

⊕
τ∈B̄c

W
V ⊗̂π〈τ〉 is continuous and multiplicative so that g P

x ◦π is a suitable extension.

The following definition will be used to ensure that we assume a high enough order of kernel
assignment to apply the Extension Theorem given in [Hai14, Theorem 5.14] on the sector W .

Definition 4.10. If W is a good sector then we define its order via11

ord(W ) := max
{
|τ|s+|l|s+max(s), |k|s−⌊minAW ⌋ : Ik

l τ ∈BW

}
.

Here we recall that AW denotes the set of degrees appearing in the sector W .

Our next goal is to prove the existence and uniqueness of a triple (ΠP ,ΠP,×,ΓP ) as in Definition 4.8.
To do this, we adapt the construction from [Bru18] in the scalar valued setting. The approach of [Bru18]
is to construct the model by induction with respect to the ordering ≺ defined below.

Definition 4.11. We define a partial order ⪯ on Tby declaring that

σ≺τ ⇐⇒ |σ|# < |τ|# or |σ|# = |τ|#, |σ|s < |τ|s.
11The presence of the term max(s) may look surprising at first. When tracking the order of the kernels used in the Extension

Theorem of [Hai14, Theorem 5.14], this term comes from applying the anisotropic Taylor formula (see e.g. Lemma C.1 or [Hai14,
Proposition A.1]). We expect that this condition could be improved at the cost of replacing the norm on regularising kernels by
suitable Hölder norms.
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Remark 4.12. It is not the case that for any fixed tree τ there are finitely many trees σ such that σ≺τ. For
example, any tree with two noises is preceded by all trees with one noise. The reader may then worry that
induction with respect to ≺ is not justified. However we note that it is the case that ≺ is a well-founded
binary relation. Indeed, for any non-empty set of trees S0 one can first consider the subset S1 consisting of
all trees in S0 with the fewest number of noises. Then one can consider the subset S2 of S1 consisting of
those trees of least degree (this is possible by the assumption that Ais locally finite and bounded below).
Any element τ ∈S2 then has the property that σ≺ τ implies that σ ̸∈S0 as required. This means that in
place of usual induction, in this type of context it is possible to instead appeal to Noetherian induction.

Proposition 4.13. Suppose that P is a preparation map defined on a P-good sector W , A ∈ Ao+ with
o> ord(W ) and that ξ ∈A∞− . Then there exists a unique triple (ΠP ,ΠP,×,ΓP ) associated to (P, A,ξ) on W .

In preparation for the proof of this result, it will be useful to have prepared a result allowing us to
construct multiplicative maps via the universal property contained in Definition 3.8.

Lemma 4.14. Suppose that Z is a complete commutative topological algebra and that τ = ∏n
i=0τi

with τi = I
ki
li
σi for i = 1, . . . ,n and τ0 = X k . Suppose further that for each i = 0, . . . ,n we are given a

continuous linear map fi : V ⊗̂π〈τi 〉 → Z such that 〈τi 〉 = 〈τ j 〉 implies that fi = f j . Then there exists a
unique continuous linear map f τ such that the following diagram commutes.

V ×τ V ⊗̂π〈τ〉

Z

⊗τ〈τ〉

M⊗n
Z ◦⊗n

i=0( fi⊗τi
〈τi 〉)

n
i=0

f τ

Furthermore, f τ defined in this way is multiplicative in the stronger sense that ifτ=σ1σ2 and vi ∈V ⊗̂π〈σi 〉
then f τ(v1⋆ v2) = f σ1 (v1) f σ2 (v2).

Remark 4.15. Since Ξl =Il1, the above lemma covers all trees in T.

Proof. We remark that by commutativity of ∗Z , the leftmost arrow does not depend on the order of the
τi and so is completely specified by the information τ ∈τ.

By appealing to the universal property of V ⊗̂π〈τ〉, to show that f is well-defined we only need to show
that the τ-indexed family of leftmost arrows is multilinear, continuous and 〈τ〉-symmetric.

Multilinearity is clear due to the bilinearity of ∗Z , linearity of fi and multilinearity of ⊗τi
〈τi 〉. Continuity

is clear by componentwise continuity and the continuity of the multiplication on Z . This leaves us only
to consider symmetry. We fix τ, τ̄ ∈τ and γ ∈ Hom〈τ〉(τ, τ̄). We need to show that

M⊗n
Z

n⊗
i=0

(
fi⊗τ̄i

〈τ̄i 〉
)
◦γ=M⊗n

Z

n⊗
i=0

(
fi⊗τi

〈τi 〉
)

.

To that end, we write τ=∏n
i=0τi , τ̄=∏n

i=0 τ̄i with τ0 = τ̄0 = X k , τi =I
ki
li
σi and τ̄i =I

k̄i

l̄i
σ̄i . We note that

since γ preserves incidency at the root, we can equivalently think of γ as being specified by a bijection
γρ : {1, . . . ,n} → {1, . . . ,n} and a family of isomorphisms γi ∈ Hom(τγ−1

ρ (i ), τ̄i ). The equivalence is obtained

via the relation γ(e) =∑
i γi (e)1e∈E(τ

γ−1
ρ (i )). With this notation in hand, we can compute

M⊗n
Z

n⊗
i=0

(
fi⊗τ̄i

〈τ̄i 〉
)
◦γ (ζe )e∈E(τ) =M⊗n

Z

n⊗
i=0

(
fi ⊗τ̄i

〈τ̄i 〉
(
ζγ−1

i (e)

)
e∈E(τ

γ−1
ρ (i ))

)

=M⊗n
Z

n⊗
i=0

(
fi ⊗

τ
γ−1
ρ (i )

〈τ
γ−1
ρ (i )〉

(
ζγe

)
e∈E(τ

γ−1
ρ (i ))

)
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where to reach the second line, we used 〈τ〉-symmetry of the maps
(
⊗τ〈τ〉

)
τ∈τ. By assumption, fi = fγ−1

ρ (i ).

Therefore

M⊗n
Z

n⊗
i=0

(
fi⊗τ̄i

〈τ̄i 〉
)
◦γ (ζe )e∈E(τ) =M⊗n

Z

n⊗
i=0

(
fγ−1

ρ (i ) ⊗
τ
γ−1
ρ (i )

〈τ
γ−1
ρ (i )〉

(
ζγe

)
e∈E(τ

γ−1
ρ (i ))

)
=M⊗n

Z

n⊗
i=0

(
fi⊗τi

〈τi 〉
)

(ζe )e∈E(τ)

as desired, where to pass to the second line we used commutativity of the product in Z .
It remains to prove the stronger form of multiplicativity. For this, by appealing to the uniqueness part

of the definition of V ⊗̂π(〈σ1〉⊗〈σ2〉), we need to show that f τ ◦⋆◦⊗σ1⊔σ2
〈σ1〉⊗〈σ2〉 =MZ ( f σ1 ⊗ f σ2 )◦⊗σ1⊔σ2

〈σ1〉⊗〈σ2〉.
We note that by definition of ⋆, we have that ⋆◦⊗σ1⊔σ2

〈σ1〉⊗〈σ2〉 =
⊗τ

〈τ〉 so that by definition of f τ, the left

hand side is nothing other than M⊗n
Z

(⊗n
i=0 fi

⊗τi
〈τi 〉

)
. Meanwhile, by construction of the tensor product

of symmetric sets, the right hand side is MZ ( f σ1
⊗σ1

〈σ1〉⊗ f σ2
⊗σ2

〈σ2〉). The result then follows from the
definition of f σi and the associativity of the product in Z .

With this multiplication result in hand, we are now ready to proceed with the proof of Proposition 4.13.

Proof of Proposition 4.13. In a first part of the proof, we consider the maps ΠP ,ΠP,×. We define the
statement Φ(τ) to be that there exists a unique pair of continuous linear maps

ΠP
x ,ΠP,×

x :
⊕

σ∈BW
σ⪯τ

V ⊗̂π〈σ〉 →C∞(Rd )

that satisfies the relations specified in Definition 4.8. We remark that it is straightforward to check that
this set of relations indeed only refers to components corresponding to trees satisfying σ≺τ. We prove
by Noetherian induction that Φ(τ) holds for all τ ∈BW . This means we have to show that(∀σ≺τ,Φ(σ)

) =⇒ Φ(τ).

It is straightforward to show that the set of statements Φ(σ) for σ≺τ implies the existence of a unique
pair of mapsΠP

x ,ΠP,×
x satisfying the recursive relations and defined on

⊕
σ≺τV ⊗̂π〈σ〉. Therefore, it suffices

to show that each of these maps is uniquely defined and continuous on V ⊗̂π〈τ〉. Furthermore, since
Qσ(P − id)v ̸= 0 for v ∈ V ⊗̂π〈τ〉 implies that σ≺ τ, the relation ΠP

x =ΠP,×
x +ΠP,×

x (P − id) implies that ΠP
x

is uniquely defined and continuous on V ⊗̂π〈τ〉 as soon as ΠP,×
x is. Therefore it remains only to consider

ΠP,×
x .

As in the scalar valued setting, we can divide into the cases where τ ∈ {X k ,Ξl}, where τ is planted
and where τ is a non-trivial product of planted trees. The first case is immediate from the definitions so
we focus on the latter two. In fact, the case of multiplication is precisely the situation of Lemma 4.14 so
that it remains to consider the case of planted trees.

Our strategy is now to show that the recursive definition uniquely defines the required map via the
universal property stated in Definition 3.8. We write τ=Ik

l
σ and we will show that the family of maps

(ζ∗)⊔ (ζe )e∈E(σ) 7→ΠP,×
x Iζ∗,k

σ⊗
〈σ〉

(ζe )e∈E(σ) (4.2)

indexed by τ = Ik
l
σ ∈ τ is a multilinear, continuous, 〈τ〉-symmetric family. Once this is proven, the

universal property will yield ΠP,×
x : V ⊗̂π〈τ〉 →C∞(Rd ) as the unique factoring map. We note that it follows

by a simple argument using linearity, density and continuity that the required recursive relation then
holds on an arbitrary element of the form Iζv ∈V ⊗̂π〈τ〉.

Multilinearity follows from the fact that convolution is bilinear, ⊗σ〈σ〉 is multilinear and Al and ΠP
xσ

are both linear. Symmetry follows from the fact that any symmetry between τ=Ilσ and τ̄=Ilσ̄ maps
the trunk of τ (the unique edge incident to the root of τ) to the trunk of τ̄ and induces a symmetry from
σ to σ̄. The result then follows from the fact that ⊗σ〈σ〉 is a 〈σ〉-symmetric family of maps.
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To complete the first part of the proof, we have to show that (4.2) is continuous from V ×τ =V ×σ×Vl

to12 C∞(Rd ). Since the map (4.2) is multilinear, it suffices to prove that the right-hand side thereof is
bounded in each of the ∥ · ∥C r (K) norms by a constant multiple of ∥ζ∗∥∏

e∈E(σ) ∥ζe∥. To that effect, it
suffices to prove that for all r,K,

∥Al(ζ∗)∗DkΠP
x

σ⊗
〈σ〉

(ζe )e∈E(σ)]∥C r (K) ≲r,K ∥ζ∗∥
∏

e∈E(σ)
∥ζe∥, (4.3)

since this is enough to control all terms appearing in the recursive definition of the right-hand side of
(4.2). For that purpose, on the one hand we know by assumption that ΠP

x
⊗σ

〈σ〉 : V ×σ→C∞(Rd ) itself is
continuous, so that for all r,K,

∥DkΠP
x

σ⊗
〈σ〉

(ζe )e∈E(σ)∥C r (K) ≲r,K

∏
e∈E(σ)

∥ζe∥.

On the other hand, by the Definition 2.7, we obtain that given any kernel K ∈K
|l|
0 , for all f ∈ C∞(Rd )

∥K ∗ f ∥C r (K) ≤ ∥K ∥L1 ∥ f ∥C r (K̄) ≲ ∥K ∥
K

|l|
0
∥ f ∥C r (K̄) by Young’s convolution inequality. Applying this to

K = Al(ζl) and f = DkΠP
x

⊗σ
〈σ〉(ζe )e∈E(σ), we get the desired inequality (4.3), since by Definition 4.1 we

have ∥Al(ζl)∥K|l|
0
≲ ∥ζl∥. This completes the first part of the proof.

It remains to show that the maps ΓP are uniquely well-defined on W by the last point in Definition 4.8.
This follows by a similar Noetherian induction to the case ofΠP

x ,ΠP,×
x . Since the new ideas in comparison

to the scalar valued case are already demonstrated in the argument above, for brevity we omit the details
here.

It now remains to show that if (ΠP ,ΠP,×,ΓP ) is the unique triple associated to (P, A,ξ) on a P-good
sector W then (ΠP ,ΓP ) is in fact a model. To prove this, we have to check that the algebraic relations for
ΓP hold and that both ΠP and ΓP satisfy the required analytic estimates. At this stage these estimates
are allowed to leverage the smoothness of the driving noise but importantly must be quantitative in the
norm on V ⊗̂π〈τ〉.

In order to check that ΠP
x Γ

P
x y =ΠP

y , it is convenient to construct an intermediate functionalΠP such

that ΠP
x =ΠΓg P

x
. SinceΠP (and its multiplicative analogue) will also be used to define the BPHZ model,

we introduce it here.

Definition 4.16. Given a preparation map P on a P-good sector W , a kernel assignment A ∈Ao+ and a
smooth noise assignment ξ ∈A∞− , we say that a pair (ΠP ,ΠP,×) is associated to (P, A,ξ) on W if

1. ΠP ,ΠP,× : W →C∞(Rd ),

2. ΠP,×v = Nl(v) for each l such that Ξl ∈BW and each v ∈V ⊗̂π〈Ξl〉,

3. ΠP,×X k = (·−x)k for each k such that X k ∈W ,

4. ΠP,×(v ⋆w) =ΠP,×v ·ΠP,×w whenever v, w, v ∗w ∈W ,

5. If v ∈W , ζ ∈Vl are such that Iζ,k v ∈W thenΠP,×Iζ,k v = Dk Al(ζ)∗ΠP v,

6. ΠP =ΠP,×P.

Similarly to Proposition 4.13, we have the following existence and uniqueness result for such pairs.

Proposition 4.17. Suppose that P is a preparation map defined on a P-good sector W and that A ∈Ao+
with o> ord(W ) and that ξ ∈A∞− . Then there exists a unique pair (ΠP ,ΠP,×) associated to (P, A,ξ) on W .

Since the proof is very similar to that of Proposition 4.13, we omit the details here.

12We recall that we endow C∞(Rd ) with its natural Fréchet topology induced by the family of seminorms ∥ ·∥C r (K), where r ∈N
and K⊂Rd runs through any (countable) exhaustion of compact sets.
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Lemma 4.18. With the definitions above ΠP
x Γ

P
x y =ΠP

y . In addition, the map ΓP
x y is multiplicative with

respect to ⋆ and satisfies the relations ΓP
x yΓ

P
y z = ΓP

xz and ΓP
xx = Id.

Proof. The latter two claims follow from the fact that the precomposition by the antipode is the inverse
map for the character group of a Hopf algebra equipped with the convolution product. Multiplicativity
of ΓP

x y follows by writing

ΓP
x y = (id⊗ g P

x A)∆+(id⊗ g P
y )∆+

and exploiting multiplicativity of each of the constituent maps.
Therefore we check only the first claim. To do this, we use the usual idea of showing that

ΠP
x =ΠPΓg P

x
(4.4)

for every x which implies that ΠP
x Γ

P
x y =ΠPΓg P

x A◦g P
y
=ΠP

y .

We show (4.4) by Noetherian induction over BW with respect to ≺. In fact, we prove also the claim
that ΠP,×

x =ΠP,×Γg P
x

. As before, we separate the cases where τ ∈ {X k ,Ξl}, where τ is planted and where τ

is a product of planted trees. The first case is straightforward since ∆+Xi = Xi ⊗1+1⊗Xi ,∆+v = v ⊗1
for each v ∈V ⊗̂π〈Ξl〉 (as in the scalar valued case) and P acts trivially. We next consider the case where
τ is a product of planted trees. We first consider the result for ΠP,×

x . By the universal property, it is
sufficient to consider elements of the form

⊗τ
〈τ〉(ζe ). We then utilise first the definition of ⋆ and then the

multiplicativity ofΠP,× and Γg P
x

to write

ΠP,×Γg P
x

τ⊗
〈τ〉

=ΠP,×Γg P
x
⋆⊗(n−1)

⊔n
i=1τi⊗

⊗n
i=1〈τi 〉

=
n∏

i=1
ΠP,×Γg P

x

τi⊗
〈τi 〉

.

Since τi ≺τ for each i , by multiplicativity of ΠP,×
x we conclude that

ΠP,×Γg P
x

τ⊗
〈τ〉

=
n∏

i=1
ΠP,×

x

τi⊗
〈τi 〉

=ΠP,×
x

τ⊗
〈τ〉

.

For the claim involving ΠP
x , we use the fact

ΠPΓg P
x
=ΠP,×Γg P

x
P

since P commutes with the structure group. We then write P = (P − id)+ id and consider the resulting
terms separately. The result for the second term is exactly the previous claim so it suffices to consider
only the first. Here, we use the second enumerated point in Definition 4.5 and the fact that we may
assume the result for all σ≺τ to conclude thatΠP,×Γg P

x
(P − id) =ΠP,×

x (P − id). Therefore, in this case we

obtainΠP,×Γg P
x

⊗τ
〈τ〉 =ΠP,×

x
⊗τ

〈τ〉 which implies that

ΠPΓg P
x

τ⊗
〈τ〉

=ΠP,×PΓg P
x

τ⊗
〈τ〉

=ΠP,×Γg P
x

P
τ⊗
〈τ〉

=ΠP,×
x P

τ⊗
〈τ〉

=ΠP
x

τ⊗
〈τ〉

.

It remains to consider the case where τ=I
j
l
σ. By the universal property, it is again enough to consider

elements of the form
⊗τ

〈τ〉[(ζe )].

By applying the formula for Γg
⊗I

j
l
τ

〈Ij
l
τ〉

[{ζl}⊔ (ζe )] which follows immediately from the equality (3.3)

obtained in the proof of Lemma 3.32, we see that

ΠPΓg P
x

I
j
l
τ⊗

〈Ij
l
τ〉

[{ζl}⊔ (ζe )] = D j Al(ζl)∗ΠPΓg P
x

τ⊗
〈τ〉

[(ζe )]+∑
k

(·)k

k !
g P

x

 I
k+ j
l

τ⊗
〈Ik+ j

l
τ〉

[{ζl}⊔ (ζe )]


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= D j Al(ζl)∗ΠP
x

τ⊗
〈τ〉

[(ζe )]−∑
k

∑
ℓ

(·)k (−x)ℓ

ℓ!k !
D j+k+l Al(ζl)∗ΠP

x

τ⊗
〈τ〉

[(ζe )](x)

= D j Al(ζl)∗ΠP
x

τ⊗
〈τ〉

[(ζe )]−∑
k

(·−x)k

k !
Dk+ j Al(ζl)∗ΠP

x

τ⊗
〈τ〉

[(ζe )](x)

=ΠP
x

I
j
l
τ⊗

〈Ij
l
τ〉

[{ζl}⊔ (ζe )]

where the second line follows by the result for all σ ≺ τ. The result for ΠP,×
x follows in the same way

because P acts trivially on planted trees.

In order to conclude the section on algebraic renormalisation it remains to show that (ΠP ,ΓP ) satisfy
the analytic requirements for a model. We emphasise that at this stage, this is necessary only for a fixed
smooth driving noise. In particular no uniformity with respect to something like a mollification scale
is needed. However, we also point out that in comparison to the scalar valued setting some more care
is needed since we cannot exploit finite dimensionality and linearity to get the right dependence on
∥v∥V ⊗̂π〈τ〉 . We will first prove the bounds on ΠP and ΠP,× and then show that bounds on ΓP follow as a
corollary in a more generic way.

It is convenient to subdivide the model norm into its components corresponding to individual trees.
To this end, we introduce

∥Π∥τ;K = sup
ϕ∈Br

sup
λ∈(0,1]

sup
x∈K

sup
v∈V ⊗̂π〈τ〉

|Πx v(ϕλx )|
λ|τ|s∥v∥V ⊗̂π〈τ〉

(4.5)

∥Γ∥τ;K = sup
x,y∈K

0<|x−y |s<1

sup
α<|τ|s

sup
v∈V ⊗̂π〈τ〉

∥Γx y v∥α
|x − y ||τ|s−αs ∥v∥V ⊗̂π〈τ〉

(4.6)

which are analogues of the usual model norms restricted to V ⊗̂π〈τ〉, and where we denoted ∥ · ∥α =
∥Qα · ∥⊕|σ|s=αV ⊗̂π〈σ〉 . In order to conclude the bounds on ΓP , we will need the following lemma which will
be useful several times in this paper.

Lemma 4.19. Suppose that for i = 1,2, (Πi ,Γi ) satisfy all of the requirements of an admissible model on
a good sector W of order ord(W ) < o except for possibly the analytic bounds where admissibility is with
respect to a pair of noise assignments ξi ∈A− and a pair of kernel assignments Ai ∈Ao+ . Then for every
τ ∈BW there exists a finite set Bτ ⊂BW such that σ ∈Bτ implies that σ≺ τ and such that there exists
Cτ,Rτ,kτ > 0 such that

∥Γ1∥τ;K ≲Cτ

(
1+ max

σ∈Bτ

(∥Π1∥σ;K+B(Rτ) +∥Γ1∥σ;K+B(Rτ)
))kτ

.

Furthermore for each τ ∈BW

∥Γ1 −Γ2∥τ;K ≲ ∥A1 − A2∥Ao+ + max
σ∈BW

∥Π1 −Π2∥σ;K+B(Rτ) +∥Γ1 −Γ2∥σ,K+B(Rτ),

where the implicit constant can be chosen to depend polynomially on

max
σ∈Bτ

max
i

(∥Πi∥σ,K+B(Rτ) +∥Γi∥σ;K+B(Rτ) +∥Ai∥Ao+
)
.

Proof. We prove both claims by Noetherian induction over BW with respect to ≺. As usual we split into
the cases where τ ∈ {X k ,Ξl}, where τ is planted and where τ is a product of planted trees.

In the first case, if τ=Ξl it follows from the fact that Γi
x y ∈ Gthat Γi

x y acts as the identity on V ⊗̂π〈τ〉.
In the case τ= X k , it follows from the fact that Γi

x y ∈ Gand ΠxΓx y =Πy that Γi
x y X k = (X +x − y)k . Both

claims for such τ then follow immediately. It remains to consider the cases where τ is planted or is
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a product of planted trees. Since QαΓ
1
x y factors the multilinear, continuous and τ-symmetric family

QαΓ
1
x y

⊗τ
〈τ〉, for the first claim it suffices to bound QαΓ

1
x y

⊗τ
〈τ〉 as a multilinear map. A similar claim also

holds for Γ1 −Γ2.
In the case where τ=∏n

i=0τi is a product of planted trees, we use the definition of ⋆ to write

∥∥∥Γ1
x y

τ⊗
〈τ〉

(ζe )
∥∥∥
α
=

∥∥∥Γ1
x y ⋆

⊗n
( τi⊗
〈τi 〉

(ζe )
)n

i=0

∥∥∥
α
=

∥∥∥⋆⊗n Γ1
x y

( τi⊗
〈τi 〉

(ζe )
)n

i=0

∥∥∥
α
≤ ∑
α=α0+···+αn

n∏
i=0

∥∥∥Γ1
x y

τi⊗
〈τi 〉

(ζe )
∥∥∥
αi

where to obtain the final inequality we used the fact that ⋆ respects the grading and is a norm-1 bilinear
map. Since each τi satisfies τi ≺τ, in this case we may set Bτ = {τi : i = 0, . . . ,n} so that the inequality
above immediately implies the desired bound. For the difference Γ1 −Γ2 one argues similarly. It remains
to consider the case whereτ is a planted tree. As above, we may appeal to the universal property to reduce

to obtaining bounds for symmetric elementary tensors. Since
⊗Ik

l
τ

〈Ik
l
τ〉(ζe )e∈E(Ik

l
τ) =Iζ;k ⊗τ

〈τ〉(ζe )e∈E(τ)

where ζ is the entry in (ζe )e∈E(Ik
l
τ) associated to the trunk, this means that the bound for such a tree is

essentially the situation of the Extension Theorem13 given in [Hai14, Theorem 5.4] so that we can take
BIk

l
τ to be the basis of trees for the smallest sector containing τ in T(R). Whilst [Hai14, Theorem 5.14]

does not cover the case of two models which are admissible with respect to different kernels, the result
in this case is a minor adaptation which contributes the term ∥A1 −A2∥Ao+ above. Since the adaptation
is straightforward, for brevity we omit the details.

Lemma 4.20. Suppose that P is a preparation map defined on a P-good sector W , that A ∈Ao+ with o>
ord(W ) and that ξ ∈A∞− . If (ΠP ,ΠP,×,ΓP ) is the unique triple associated to (P, A,ξ) as in Proposition 4.13
then (ΠP ,ΓP ) defined above is an admissible model on W and (ΠP,×,ΓP ) is a model on W .

Proof. It remains only to prove the analytic bounds. We start by considering the bounds for ΠP . Here,
we will prove by Noetherian induction over BW with respect to ≺ that the stronger bound

|ΠP
x v(y)|+ |ΠP,×

x v(y)| ≤Cτ∥v∥V ⊗̂π〈τ〉 |y −x||τ|ss

holds uniformly over v ∈ V ⊗̂π〈τ〉, locally uniformly in x and uniformly over y such that |y − x|s ≤ 1 for
some constant Cτ.

As usual, we divide into the cases where τ ∈ {Ξ, X k }, τ is planted and where τ is a product of planted
trees. We note that the case where τ = X k coincides with the scalar valued case and the case where
τ=Ξl follows immediately from the fact that for each compact set K, supy∈K |Nl(v)(y)|≲ ∥v∥V ⊗̂π〈τ〉 by

continuity of the map Nl : Vl →C∞(Rd ). Therefore, we need only consider the cases of planted trees and
products of planted trees in what follows.

For the case where τ is planted, ΠP
x and ΠP,×

x coincide on V ⊗̂π〈τ〉 so it suffices to consider only the
first of them. We want to simply appeal to Taylor’s Theorem. To get the correct dependence on ∥v∥V ⊗̂π〈τ〉
we recall that by construction, for all x ∈ Rd , τ ∈ T(R) the map ΠP

x τ : V ⊗̂π〈τ〉 → C∞(Rd ) is linear and
continuous, that is, for all r ∈N, all compacts K⊂Rd , and v ∈V ⊗̂π〈τ〉

∥ΠP
x v∥C r (K) ≲r,K,τ ∥v∥V ⊗̂π〈τ〉 .

Therefore it is indeed the case that the desired bound in this case follows from Taylor’s Theorem since the
definition of an admissible model involves exactly the right Taylor jet for trees of this type. Therefore, it
remains only to treat the case where τ=∏n

i=0τi where τ0 = X k and for i ≥ 1, τi =Ik
l
σi . We first consider

ΠP,×
x and we note that if evy : C∞(Rd ) →R is the evaluation at y then evy ◦ΠP,×

x : V ⊗̂π〈τ〉 →R factors the

multilinear, continuous and 〈τ〉-symmetric family
(
evy ◦ΠP,×

x ◦⊗τ
〈τ〉

)
τ∈τ. Therefore, by appealing to the

statement regarding norms in Definition 3.8 it suffices to consider the case where v is an elementary

13We note that [Hai14, Theorem 5.14] assumes to be given a kernel of infinite order however examining the proof shows that on
the sector W , o> ord(W ) is all that is actually used.
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symmetric tensor. Therefore we assume that v =⊗τ〈τ〉(ζe )e∈E(τ). In this case, we apply multiplicativity
and the induction hypothesis to write

|ΠP,×
x ⊗τ〈τ〉 (ζe )e∈E(τ)(y)| =

∣∣∣∣∣ n∏
i=1

ΠP,×
x ⊗τi

〈τi 〉 (ζe )E(τi )(y)

∣∣∣∣∣ .

Since each τi satisfies τi ≺τ, we obtain

|ΠP,×
x ⊗τ〈τ〉 (ζe )e∈E(τ)(y)|≲

n∏
i=1

|y −x||τi |
s ∥⊗τi

〈τi 〉 (ζe )e∈E(τi )∥V ⊗̂π〈τi 〉 ≲ |y −x||τ|s

∏
e∈E(τ)

∥ζe∥Vl(e)

where the last inequality follows since ⊗τi
〈τi 〉 is a norm-1 multilinear map.

For the corresponding bound for ΠP
x v(y) note that

ΠP
x v(y) =ΠP,×

x v(y)+ΠP,×
x (P − id)v(y).

Since we already obtained the required bound for ΠP,×
x , it suffices to consider the latter term on the right

hand side. For this, we note that by the definition of a preparation map, we can write

|ΠP,×
x (P − id)v(y)| ≤∑

σ
|ΠP,×

x QσP v(y)|

where the sum runs over those σ such that Qσ(P − id)v ̸= 0. Then since P is continuous and such σ
necessarily satisfy σ≺τ, we obtain by induction hypothesis that

|ΠP,×
x (P − id)v(y)|≲∑

σ
∥v∥V ⊗̂π〈τ〉 |y −x||σ|ss ≲ ∥v∥V ⊗̂π〈τ〉 |y −x||τ|ss

where the last inequality follows from the assumption that |y −x|s ≤ 1.
It now remains to prove the corresponding bound for ΓP

x y . However these follow by a straightforward

(Noetherian) induction from the corresponding bounds on ΠP by use of Lemma 4.19.

5 Stochastic Estimates for Models on TBan

In this section, our goal is to show that stochastic estimates for a particular choice of renormalised model
on TBan (the BPHZ model) can be lifted from versions of the same estimate for suitably constructed scalar
valued regularity structures. Since this requires a more precise choice of kernel and noise assignment we
specialise here to the setting of Theorem 2.12. From this point onwards we work only with scalar noise
assignments, i.e. we make the assumption that Vl =R for each l ∈L−. We will often view ⊗τ〈τ〉 as a map

with domain
∏

e∈E+(τ) Vl by abuse of notation by writing ⊗τ〈τ〉(ζe )e∈E+(τ) :=⊗τ〈τ〉(ζ̄e )e∈E(τ) where

ζ̄e =
{
ζe , e ∈ E+(τ),

1 otherwise.

In particular, this implies that the notions of noise assignment A− on TBan and Aeq− on Teq coincide. We
expect that a similar strategy with suitable higher dimensional noise assignments could be implemented
in future work.

5.1 Stochastic Estimates for the BPHZ Model on TBan – Annealed Estimates

We begin by defining a particular class of preparation maps that will include the BPHZ choice. As
in the scalar valued setting (cf [Bru18, BB21]), this is done by introducing an analogue of the extrac-
tion/contraction map used in [BHZ19] that only extracts subtrees at the root. Since by this stage we
have made many similar applications of our universal property, we omit the proof that this map is
well-defined.
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Definition 5.1. We define ∆−
r : VT→VT⊗̂πVT to be the unique continuous linear map such that for each

τ ∈τ ∈Tthe following diagram commutes

V ×τ V ⊗̂π〈τ〉

VT⊗̂πVT

⊗τ〈τ〉

L(2)
τ (∆−

r τ)
∆−

r

where ∆−
r is the coproduct defined at the level of combinatorial trees by

∆−
r (τ,n,e) = ∑

C∈C[τ]

∑
n ̸≥C ,εC

1

εC

(
n

n ̸≥C

)
PT−(R)(τ ̸≥C ,n ̸≥C +πεC ,e)⊗ (τ/τ ̸≥C , [n −n ̸≥C ],e+εC )

where we adopt the same notations as in the definition of ∆ and ∆+ and further have defined T−(R) =⋃
τ∈T(R)τ.

Remark 5.2. The notation∆−
r is reserved for the coproduct acting on drawing of trees. Note however that by

taking the ‘trivial’ Banach space assignment V = (R)l∈L, the above yields the version of this coproduct acting
on isomorphism classes of trees, which we will also henceforth denote by ∆−

r : 〈T(R)〉→ 〈T−(R)〉⊗〈T(R)〉.
The BPHZ model on TBan will be an instance of a preparation map of the form (ℓ⊗ id)∆−

r , with ℓ a
suitable functional on T−(R). However, if we wish to appeal to the results of Section 4.2, we have to be
careful about the following points. On the one hand, the choice of preparation map will typically depend
on a noise assignment which in turn in practice depends on the choice of ultraviolet cut-off at scale ε. In
order to make sense of convergence of the corresponding models, it is necessary to construct them on
the same sector thus necessitating the construction of a sector that is simultaneously Pε-good for every
ε. A second technical issue comes from the fact that the BPHZ preparation map P̂ (at fixed ε) is not given
a priori but rather is constructed in tandem with the BPHZ model Π̂.

This leads us to introduce the notion of the history of a set of trees in T(R). The definition is designed
to provide a sector that is P-good for every P of the form (ℓ⊗ id)∆−

r such that the sector is also closed
under the operation (id⊗1)∆−

r where 1 is the constant map. The latter point is required for the intertwined
construction of the BPHZ model and preparation map.

Definition 5.3. Given a set of trees S⊂T(R), we denote by Hist(S) the smallest set of trees such that the
following properties hold:

1. S⊂ Hist(S).

2. Hist(S) is the generating set of a good sector in TBan.

3. For all ℓ ∈ 〈T(R)〉∗,
[
(id⊗ℓ)∆−

r (Hist(S))
]∪ [

(ℓ⊗ id)∆−
r (Hist(S))

]⊂ 〈Hist(S)〉.
Definition 5.4. We say that a set S⊂T(R) is historic if Hist(S) =S. Analogously, we say that a good sector
W of TBan is historic if Hist(BW ) =BW .

Lemma 5.5. If S⊂T(R) is finite then so is Hist(S).

Proof. Hist(S) can be constructed explicitly as

Hist(S) = ⋃
n≥0

Hn(S) (5.1)

where H0(S) =Sand for k ≥ 0,

H3k+1(S) = {σ ∈T(R) : ∃Γ ∈ G,τ ∈H3k (S) such that QσΓτ ̸= 0}

H3k+2(S) = {σ ∈T(R) : ∃ℓ ∈ 〈T(R)〉∗ and τ ∈H3k+1(S) such that Qσ(ℓ⊗ id)∆−
r τ ̸= 0}

∪ {σ ∈T(R) : ∃ℓ ∈ 〈T(R)〉∗ and τ ∈H3k+1(S) such that Qσ(id⊗ℓ)∆−
r τ ̸= 0}

H3k+3(S) = {σ ∈T(R) : ∃l,k such that Ik
l σ ∈H3k+2(S)}

∪ {σ ∈T(R) : ∃τ such that τσ ∈H3k+2(S)}.
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We first claim that the map k 7→Hk (S) is eventually constant. If not, there would exist an infinite sequence
τ j ∈Hk j+1 (S) \Hk j (S) for some strictly increasing sequence j 7→ k j . It is then easy to check by division of

cases that the map j 7→ (|τ j |#, |τ j |s) is a strictly decreasing sequence inN2 with the lexicographic ordering.
But no such sequence exists, leading to a contradiction. The stated result then follows by noting that a
straightforward induction (dividing into cases) implies that if S is finite then so is Hk+1(S) \Hk (S).

Lemma 5.6. Let W be a historic sector on TBan. Suppose that ℓ ∈ (VT−(R) ∩W )∗ is such that ℓ ↾V ⊗̂π〈τ〉= 0
for every τ ∈T(R) of the form Iσ, X kσ. Then Pℓ := (ℓ⊗ id)∆−

r is a preparation map on W . Furthermore,
the sector W is Pℓ-good as per Definition 4.6.

Proof. We start with the claim that Pℓ is a preparation map on W . For brevity, we demonstrate only that
Pℓ commutes with the structure group. It suffices to show that (∆−

r ⊗ id)∆+ = (id⊗∆+)∆−
r . This follows

from the purely combinatorial analogue of this result (which is the contents of [Bru18, Proposition 4.6])
in the same way as in the proof of coassociativity for ∆+ so we omit the details. Finally, the fact that W is
Pℓ-good directly follows from the assumption that W is historic.

We are now ready to introduce the partial order with respect to which we will inductively construct
the BPHZ model on TBan.

Definition 5.7. We define the age of a tree τ ∈T(R) to be the length of the longest chain in the (finite) poset
(Hist({τ}),≺). More precisely,

Age(τ) = max
{
n ∈N : ∃σ1, · · · ,σn ∈ Hist({τ}) with σ1 ≺ ·· · ≺σn

}
.

This notion comes with the following convenient inductive properties.

Lemma 5.8. Let τ ∈T(R). For all σ ∈ Hist({τ}) \ {τ}, σ≺ τ and therefore Age(σ) < Age(τ). In particular,
the following properties hold.

1. If τ=∏n
i=0τi then Age(τi ) < Age(τ) for all i ∈ {0, · · · ,n}.

2. If τ=Ik
l
σ for some l ∈L+, k ∈Nd , then Age(σ) < Age(τ).

3. If σ is of the form σ= (ℓ⊗ id)∆̊−
r τ or σ= (id⊗ℓ)∆̊−

r τ for some ℓ ∈ 〈T(R)〉∗, then Age(σ) < Age(τ).
Here we have written ∆̊−

r =∆−
r − (id⊗1)− (1⊗ id).

Proof. The first claim follows by the construction (5.1) of Hist({τ}), since by case separation one readily
establishes that if σ ∈ Hn+1 \ Hn then14 σ ≺ Hn . To obtain the second claim, it suffices to note that
by the first claim, if σ1 ≺ ·· · ≺ σn is any chain in Hist({σ}), then σ1 ≺ ·· · ≺ σn ≺ τ is a strictly longer
chain in Hist({τ}). Finally, the items 1 to 3 are an immediate consequence of the second claim and the
Definition 5.3 of Hist({τ}).

Given a historic sector W of TBan, it will be convenient to ‘filter’ it with respect to the age as follows.

Definition 5.9. Let BW be the set of generating trees of a historic sector W of TBan. We decompose
W =⋃

n∈NWn by setting Wn to be the historic sector with generating set BWn := {
τ ∈BW : Age(τ) ≤ n

}
.

Thus far, we have worked in a purely deterministic setting. We now turn to defining the BPHZ model
associated to a random smooth noise assignment.

Definition 5.10. Let W be a historic sector, A ∈Ao+ be a kernel assignment and ξ :Ω→Aeq,∞− be a random
smooth noise assignment. We say that a deterministic functional ℓ ∈ (VT−(R) ∩W )∗ is the BPHZ functional
associated to (A,ξ) on W if ℓ ↾V ⊗̂π〈τ〉= 0 for every τ ∈T−(R)∩BW of the form Iσ, X kσ, and if furthermore

E[ΠPℓv(0)] = 0 for all v ∈V ⊗̂π〈τ〉 with τ ∈T−(R)∩BW .

14We note that here we use Assumption 2.1 to deal with the case of integration.
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Since this definition requires that the expectation actually makes sense, we need to show that
integrability of the driving noise propagates to integrability ofΠP . SinceΠP was constructed realisation-
by-realisation, it is useful to have a result that connects realisation-by-realisation constructions using
the universal property to their Lp (Ω) analogues (where (Ω,F,P) will always denote the underlying
probability space).

Lemma 5.11. Suppose that X is a Banach space, that s is a symmetric set and that for eachω ∈Ω, ( f a(ω, ·) :
V ×a → X )a∈Ob(s) is a s-symmetric family of continuous and multilinear maps. Suppose additionally that
for each a, f a : V ×a → Lp (Ω; X ) is continuous. For each ω ∈Ω, let f (ω, ·) be the unique map such that for
each a ∈ Ob(s), the following diagram commutes.

V ×a V ⊗̂πs

X

⊗a
s

f a (ω,·)
f (ω,·)

Then f : V ⊗̂πs→ Lp (Ω; X ) continuously and for each a ∈ Ob(s) the following diagram commutes.

V ×a V ⊗̂πs

Lp (Ω; X )

⊗a
s

f a
f

Proof. By the universal property applied to the s-symmetric family of continuous multilinear maps
( f a)a∈s, we see that there exists a unique continuous map g : V ⊗̂πs→ Lp (Ω; X ) such that the diagram

V ×a V ⊗̂πs

Lp (Ω; X )

⊗a
s

f a
g

commutes. We simply need to show that f (v) = g (v) almost surely for each v ∈ V ⊗̂πs. It follows from
the definitions that for each (ζe )e∈s, we have that g (⊗a

s (ζe ))(ω) = f (ω,⊗a
s (ζe )) for almost all ω ∈Ω. Then

by linearity, we see that for each v ∈ spanRan(⊗a
s ), we have that g (v)(ω) = f (ω, v) for almost all ω ∈Ω

(where we emphasise that the nullset is allowed to depend on v). Finally, for generic v ∈ V ⊗̂π〈τ〉, we
appeal to density of spanRan(⊗a

s ) to find a sequence vn ∈ spanRan(⊗a
s ) such that vn → v in V ⊗̂πs. It then

follows that g (vn) → g (v) in Lp (Ω; X ). By passing to a subsequence and relabelling we may assume that
this convergence holds almost surely. We also know that for each fixed ω ∈Ω, f (ω, vn) → f (ω, v). Since
g (vn) = f (·, vn) almost surely, we conclude that also g (v) = f (·, v) almost surely, as was required.

We are now ready to show existence and the uniqueness of the BPHZ preparation map on a historic
sector.

Proposition 5.12. Let W be a historic sector. Fix a kernel assignment A ∈ Ao+ with o> ord(W ). Fix a
random smooth noise assignment ξ :Ω→Aeq;∞− such that for all z ∈Rd and l ∈L−, the random variable
ξl(z) has moments of all orders and such that the field ξl is translation invariant in law. Then there exists
a unique BPHZ functional ℓ̂ associated to (A,ξ) on W .

We will call the preparation map given by P̂ = (ℓ̂⊗ id)∆−
r the BPHZ preparation map associated to

(A,ξ) on W and the corresponding model (Π̂, Γ̂) the BPHZ model on W .

Proof. We let Wn be as in Definition 5.9. We prove by induction in n ∈N that

1. there is a unique BPHZ functional ℓn on Wn ,

2. the map v 7→ DkΠPℓn ,×v(0) is continuous from V ⊗̂π〈τ〉 to Lp (dP) for every p ≥ 1, k ∈ Nd and
τ ∈BWn ,
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3. the map v 7→ DkΠPℓn v(0) is continuous from V ⊗̂π〈τ〉 to Lp (dP) for every p ≥ 1, k ∈Nd and τ ∈BWn

where (ΠPℓn ,ΠPℓn ,×) is the pair associated to (Pℓn , A,ξ) on Wn as defined in Definition 4.16.
In the base case n = 1, we note that W1 ⊆V ⊗̂π〈1〉 ≃R so the result is clear. We turn to the induction

step, assuming the statements for k ≤ n and establishing them for n +1. We first establish the second
of the induction hypotheses by noting that the definition ofΠPℓn+1 ,× on Wn+1 given in Definition 4.16
depends only on ℓn so that it remains to prove the continuity property. Let τ ∈BWn+1 . If τ is a noise
or a polynomial, the result is clear, so that we may assume that τ is planted or a product of planted
trees. Furthermore, we note that for each fixed ω ∈Ω, since evaluation at 0 is a continuous map from
C∞(R) to R, we have thatΠMℓn+1 ,× · (0) factors the 〈τ〉-symmetric family of continuous multilinear maps
ΠPℓn+1 ,×⊗τ〈τ〉 ·(0). By Lemma 5.11 with f τ =ΠPℓn+1 ,×⊗τ〈τ〉 ·(0) it thus suffices to check that for each τ ∈τ,

we have that (ζe )e∈E+(τ) 7→ΠPℓn+1 ,×⊗τ
〈τ〉(ζe )e∈E+(τ)(0) is a continuous map from V ×τ to Lp (Ω) (and by

multilinearity it in turn suffices to check only boundedness).
To check this boundedness, we divide as usual into cases. In the case where τ=∏n

i=1τi with i > 1
and τi ̸= 1, then we have τi ∈BWn and we note that

ΠPℓn+1 ,× τ⊗
〈τ〉

(ζe )e∈E+(τ)(0) =
n∏

i=1
ΠPℓn ,×

τi⊗
〈τi 〉

(ζe )e∈E+(τi )(0)

so that the result follows from continuity of the product map
∏n

i=1 Lpi → Lp for p−1 =∑n
i=1 p−1

i .
It remains only to consider the case where τ is planted. In this case,

E
1
p

[∣∣∣ΠPℓn+1 ,×
Ik
l
τ⊗

〈Ik
l
τ〉

(
(ζe )e∈E+(τ) ⊔ {ζ}

)
(0)

∣∣∣p]
≤
ˆ ∣∣Dk Al(ζ)(−y)

∣∣dy E
1
p

[∣∣∣ΠPℓn

τ⊗
〈τ〉

(ζe )e∈E+(τ)(0)
∣∣∣p]

where we used Minkowski’s integral inequality and translation invariance ofΠP,×⊗τ
〈τ〉(ζe )e∈E+(τ). The

result then follows from the induction hypothesis and the fact that ∥Dk Al∥L1 ≲ ∥A∥Ao+ <∞ by definition
of a kernel assignment and Assumption 2.1.

Still in the induction step, we turn to the proof of item 1. For that purpose, it suffices to see that ℓn+1

is uniquely characterised on VT− ∩Wn+1 by the expression

ℓn+1(v) =−E[ΠPℓn ,×v(0)]− (ℓn ⊗E[ΠPℓn ,× · (0)])∆̊−
r (v),

which defines a continuous linear form by item 2 of the induction loop. Here we use the fact that ∆̊−
r

strictly reduces the age to appeal to the induction hypothesis.
Finally, item 3 follows fromΠPℓn+1 =ΠPℓn+1 ,×(ℓn+1 ⊗ id)∆−

r and the fact that (ℓn+1 ⊗ id)∆−
r is continu-

ous since ℓn+1 is.

Whilst the above result shows that the BPHZ lift of a smooth driving noise is well-defined in our
infinite dimensional setting, it does not show the required stochastic estimates to obtain stability as
a smoothing mechanism is removed. Our goal for the remainder of this subsection is to obtain the
annealed forms of such stochastic estimates for the BPHZ model on TBan for an arbitrary Banach space
assignment V and kernel assignment A.

Our strategy to do this is to lift the statement from the corresponding scalar valued results given
in any of [CH16, HS24, BH23]. The key idea is to construct for each tree τ a scalar-valued regularity
structures according to the recipe of [BHZ19] which contains a sufficient amount of information to
obtain the estimates on the range of ⊗ττ. We now do this for fixed τ ∈ τ ∈T(R). We define a new set of
edge types

L(τ) = {(l,e) : e ∈ E+(τ), l= lτ(e)}

equipped with the degree map induced by the degree map on L and rule

Rτ(l,e) = {(
(α1,k1), . . . , (αn ,kn)

)
: n ∈N,ki ∈Nd ,αi = (li ,ei ) ∈L(τ),

(
(l1,k1), . . . , (ln ,kn)

) ∈ R(l)
}
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which we note is automatically subcritical, normal and complete so long as the same was true of the rule
R . We denote by T τ the reduced regularity structure (in the sense of [BHZ19]) corresponding to this type
set/rule pair. This construction is designed in such a way that if σ ∈σ ∈T(R) is such that

l(E(σ)) ⊆ l(E(τ))

then T τ contains a distinct copy of σ for each way of assigning an edge of τ of type l to each edge of σ
of type l. In particular, if σ ∈σ ∈ T(R) is equipped with a τ-identification ι : σ→ τ then we obtain an
element σ∗ of T τ by assigning to each edge e of σ the new type (l(e), ι(e)) and then defining σ∗ to be the
resulting isomorphism15 class.

We recall that a kernel assignment of order o on T τ is simply a choice of Aτ(l,e) ∈ K
|l|
o for each

(l,e) ∈ L+(τ). Given (ζe )e∈E+(τ) ∈ V ×τ and a kernel assignment A ∈ Ao+ , we obtain an induced kernel
assignment of order o and noise assignment on T τ by setting

Aτ(l,e) = Al(ζe ), ξ(l,e) = ξl . (5.2)

Let W be a historic sector of TBan of order ord(W ) < o and τ ∈τ ∈BW . For a fixed tuple (ζe )e∈E+(τ), a
kernel assignment A ∈Ao+ and a random smooth noise assignment ξ : Ω→A∞− satisfying the assump-
tions of Proposition 5.12, we define (Π̂τ, Γ̂τ) to be the BPHZ model for the kernel assignment Aτ and noise
ξ on the regularity structure T τ as defined in [BHZ19, Theorem 6.18]. The purpose of this construction is
that the distribution Π̂x ⊗τ〈τ〉 (ζe )e∈E+(τ) can be recovered from Π̂τ.

Finally, we observe that for each tree σ∗ ∈ Hist(τ∗) and each drawing σ ∈σ∗ the map

E(σ) → E(τ), e 7→π2(lσ(e)) (5.3)

is injective. Therefore each drawing σ ∈σ∗ induces a τ-identified tree (σ̄, ισ̄) where σ̄ has the same edge
set as σ but equipped with the L-valued type map π1 ◦ lσ and where the τ-identification ισ̄ is the map
given in (5.3).

Lemma 5.13. Let W be a historic sector of TBan, let τ ∈ τ ∈BW and let (ζe )e∈E+(τ) ∈ V ×τ. Fix a kernel
assignment A ∈ Ao+ with o > ord(W ) and a random smooth noise assignment ξ : Ω→ A∞;eq− on TBan

satisfying the assumptions of Proposition 5.12. Fix the induced noise assignment and kernel assignment
on T τ as in (5.2). Then, the BPHZ model (Π̂τ, Γ̂τ) on 〈Hist(τ∗)〉 ⊂ T τ is well defined and it holds that for
any drawing σ of σ∗ ∈ 〈Hist(τ∗)〉

Π̂τxσ
∗ = Π̂x ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) . (5.4)

Proof. We prove by standard induction with respect to Age(σ∗) the following five claims.

1. Π̂×
x ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = Π̂τ,×

x σ∗,

2. Π̂
×⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = Π̂τ,×

σ∗,

3. if σ∗ is of negative degree then ℓ̂
(⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄)

)= ℓ̂τ(σ∗) where ℓ̂, ℓ̂τ denote the BPHZ func-

tionals on TBan and T τ respectively,

4. Π̂⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = Π̂τ
σ∗,

5. Π̂x ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = Π̂τxσ∗.

When either σ= X k for some k ∈Nd (which includes the base case σ= 1) or σ=Ξt for some t ∈L−
all five parts of the induction hypothesis follows immediately from admissibility of all models involved
and the fact that the BPHZ functionals vanish on such trees by assumption.

15We note that for elements of T τ we have broken our convention that isomorphism classes receive bold symbols. This is justified
by the fact that we will only be interested in trees in T τ in which each edge receives a distinct type so that each drawing has no
non-trivial symmetries.
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In the case where σ∗ is planted, we can write σ=Ik
l

w for some l ∈L+, k ∈Nd . We note that the first
and the second points coincide with the fourth and the fifth points respectively. Furthermore, the third
condition is trivial since the functionals again vanish by assumption. We demonstrate how to show the
fourth part of the induction hypothesis in this case since the proof of the fifth is similar. It follows from
admissibility and the induction hypothesis applied to w that

Π̂⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = Dk Al(ζισ̄(e∗))∗ Π̂⊗w̄
〈w̄ww〉 (ζιw̄ (e))e∈E+(w̄) = Dk Aτ(l, ισ̄(e∗))∗ Π̂τ

w∗ = Π̂τ
σ∗.

where e∗ denotes the trunk of σ which we recall is of type (l, ισ̄(e∗)) ∈L(τ) by definition of ισ̄.
It now remains only to treat the case where σ = ∏n

i=0σi . Here we prove each of the induction
hypotheses in the order they are presented. Since the second is similar to the first and the fourth is
similar to the fifth, we will omit the details for the second and fourth claims. For the first of the induction
hypotheses, we note that due to its definition via Lemma 4.14, we can write

Π̂×
x ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) =

n∏
i=0

Π̂×
x ⊗σ̄i

〈σ̄i 〉 (ζισ̄i (e))e∈E+(σ̄i ) =
n∏

i=0
Π̂τ,×

x σ∗
i = Π̂τ,×

x σ∗

where the second equality follows from the induction hypothesis and Lemma 5.8.
For the third part of the induction hypothesis, we note that by definition we have that

ℓ̂
(⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄)

)=−E[Π̂
×⊗σ̄i

〈σ̄i 〉 (ζισ̄i (e))e∈E+(σ̄i )(0)]− (ℓ̂⊗E[Π̂
× · (0)])∆̊−

r ⊗τi
〈τi 〉 (ζe )e∈E+(τi ). (5.5)

By the second claim in the induction hypothesis, we can immediately identify the first term as−E[Π̂
τ,×
σ∗(0)].

To conclude that the second terms agrees with (ℓ̂τ⊗E[Π̂
τ,× ·(0)])∆̊−

r σ
∗, we simply appeal to the induction

hypothesis and the third point of Lemma 5.8. This allows us to conclude that ℓ̂
(⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄)

) =
ℓ̂τ(σ∗) as required. It remains to prove the fifth claim in the induction hypothesis in the case σ=∏n

i=0σi .
This now follows from the definitions and the previous hypotheses since

Π̂x ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = (ℓ̂⊗ Π̂×
x )∆−

r ⊗σ̄〈σ̄〉 (ζισ̄(e))e∈E+(σ̄) = (ℓ̂τ⊗ Π̂τ,×
x )∆−

r σ
∗ = Π̂×

xσ
∗.

With this identification in hand, the annealed forms of the stochastic estimates can be lifted as a
corollary of their scalar valued counterparts, so long as those scalar valued counterparts are assumed to
be suitably uniform in the kernel assignment and to hold on the regularity structures T τ defined above
rather than only on Teq.

Lemma 5.14. Let W be a historic sector of TBan, let τ ∈ τ ∈BW and let (ζe )e∈E+(τ) ∈ V ×τ. Fix a kernel
assignment A ∈Ao+ with o> ord(W ) and a random smooth noise assignment ξ : Ω→A∞;eq− satisfying the
assumptions of Proposition 5.12. The BPHZ model on W satisfies the estimate

sup
v∈V ⊗̂π〈τ〉

E
1
p

[∣∣Π̂x v
(
φλx

)∣∣p]
∥v∥V ⊗̂π〈τ〉

≤ ∥A∥|E+(τ)|
Ao+

sup
Aτ

E
1
p

[∣∣Π̂τxτ∗(
φλx

)∣∣p]∏
e∈E+(τ) ∥Aτ(l(e))∥

K
|l(e)|
o

(5.6)

for each x ∈K,φ ∈Br ,λ ∈ (0,1], 1 ≤ p <∞ and for each compact K⊂Rd where the supremum over Aτ on
the right hand side runs over all kernel assignments on T τ and Π̂τx denotes the BPHZ model on T τ for the
kernel assignment Aτ.

Furthermore, given a pair of random smooth noise assignments ξ1,ξ2 : Ω→A∞;eq− and a fixed kernel
assignment A ∈Ao+ , writing now Π̂i

x for the BPHZ models on TBan with respect to the noise assignments ξi

and kernel assignment A, we have that

sup
v∈V ⊗̂π〈τ〉

E
1
p

[∣∣(Π̂1
x − Π̂2

x )v
(
φλx

)∣∣p]
∥v∥V ⊗̂π〈τ〉

≤ ∥A∥|E+(τ)|
Ao+

sup
Aτ

E
1
p

[∣∣(Π̂τ,1
x − Π̂τ,2

x )τ∗
(
φλx

)∣∣p
]

∏
e∈E+(τ) ∥Aτ(l(e))∥

K
|l(e)|
o

(5.7)

where Π̂τ,i
x denotes the BPHZ model on T τ for the kernel assignment A and noise assignment ξi .
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Proof. We start with the first claim where we recognise the left hand side as the norm of the map
v 7→ Π̂x v(φλx ) ∈ Lp (Ω). By Lemma 5.11, it then suffices to prove the bound in the case where v =⊗τ〈τ〉(ζe )
is a symmetric elementary tensor and with ∥v∥V ⊗̂π〈τ〉 replaced by

∏
e∈E+(τ) ∥ζe∥Vl(e) . To do this we note

that if we write Π̂τx [Aτ] for the BPHZ model on T τ with kernel assignment Aτ(l,e) = Al(ζe ) of order o,
then by Lemma 5.13 we have that

E
1
p [|Π̂x v(φλx )|p ] = E 1

p [|Π̂τx [Aτ]τ∗(φλx )|p ] ≤C
∏

e∈E+(τ)
∥Al(ζe )∥

K
|l(e)|
o

≤C∥A∥|E+(τ)|
Ao+

∏
e∈E+(τ)

∥ζe∥Vl(e)

for all x ∈K and λ ∈ (0,1] where C denotes the right hand side of (5.6). This yields the desired estimate
immediately.

Since the case of two noise assignments follows almost exactly as in the case of a single model, we
omit the details of this case.

5.2 Stochastic Estimates for the BPHZ Model on TBan – Quenched Estimates

Let o∈N. We now consider the Banach space assignment V = (K|l|
o )l∈L+ , and the kernel assignment of

order o defined by Al = Id: K|l|
o →K

|l|
o on the regularity structure TBan(V ). Let W be a historic sector of

order ord(W ) < o in TBan(V ).
The goal of this section is to deduce quenched, i.e. almost sure, estimates in the model seminorms

on (Π̂, Γ̂) and on (Π̂1 − Π̂2, Γ̂1 − Γ̂2), in terms of the suprema over x,λ and φ of the left-hand side of (5.6)
and (5.7) respectively. This essentially involves passing suprema through expectations. For the suprema
over x, λ, and φ we will be able to proceed similarly to as in the scalar-valued case, see for instance the
Kolmovorov-type theorem for models in [Hai14, Theorem 10.7] or [HS24, Theorem B.1]. Here the main
difficulty comes from the supremum over v , which needs to be pulled inside the expectation.

Let us briefly describe our strategy, which is inspired by the one employed in [GH19]. Since Kol-
mogorov criteria for stochastic processes indexed by Banach spaces are very subtle, our almost sure

estimate will not be uniform over v ∈K|l|
o . Instead, we now fix throughout this section a kernel assign-

ment K ∈A
eq;O
+ of order O∈N on Teq(R). Within K

|l|
O

, we consider the curve (K c
l

)c∈Rd , which we embed

into a linear space by duality, i.e. by considering the vector space {ζ(K (·)
l

)} spanned by a suitable space of
distributions ζ acting on the upper variable.

One of the reasons to restrict ourselves to the curve (K c
l

)c∈Rd in kernel space is the following identity,
rigorously established in Lemma 5.22 below,

Π̂x v = v
(
c 7→ Π̂x

τ⊗
〈τ〉

(
K ce
le

)
e∈E+(τ)

)
, for v ∈ (Cα

w )⊗̂π〈τ〉 (5.8)

where in the right-hand side Π̂ denotes the BPHZ model on (an appropriate historic sector of) the

regularity structure TBan
(
(K|l|

o )l∈L+ ), while in the left-hand side Π̂ denotes the BPHZ model on (an
appropriate historic sector of) TBan

(
(Cα

w )l∈L+ ) for an appropriate choice of α. Here w is a weight16 of
the form w(x) := (1+|x|s)l where l ∈R and the corresponding spaces Cα

w are defined below.

Definition 5.15. Let α ∈ R \N. We define Cα
w ⊂ D′(Rd ) to be the Banach space of distributions ζ when

α< 0 and function g when α> 0, such that, with r := min{ j ∈N : j >−α},

∥ζ∥Cα
w

:= sup
x∈Rd

sup
λ∈(0,1]

sup
ϕ∈Br

|ζ(ϕλx )|
w(x)λα

<+∞, if α< 0 ,

∥g∥Cα
w

:= sup
x∈Rd

|g (x)|
w(x)

+ sup
x∈Rd

sup
|h|s≤1

∣∣g (x +h)−∑
|k|s<α

1
k !∂

k g (x)hk
∣∣

w(x) |h|αs
<+∞, if α> 0.

The proof of the following lemma is standard, e.g. using (Daubechies) wavelets.

16For notational consistency, from Lemma 5.16 onwards, the letter w will be typically reserved for weights which decay at infinity,
whilst w∗ will denote weights which grow at infinity.
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Lemma 5.16. Letα< 0,α∗ > 0 along with weights w, w∗ satisfyingα+α∗ > 0 and
´
Rd dx w(x)w∗(x) <∞.

Then the usual distributional pairing extends (uniquely) to a pairing such that for ζ ∈Cα
w , g ∈Cα∗

w∗

|ζ(g )|≲ ∥ζ∥Cα
w
∥g∥Cα∗

w∗
.

We come back to our discussion of (Π̂, Γ̂). We shall show that the BPHZ model (Π̂, Γ̂), defined on
an appropriate historic sector of TBan

(
(K|l|

o )l∈L+
)
, gives rise to an almost surely admissible model on

(historic sectors of) the smaller regularity structure TBan
(
(Cα

w )l∈L+
)

(for α, w to be fixed later) over the
Banach space assignment (Cα

w )l∈L+ , with respect to the kernel assignment

Al : Cα
w −→ K

|l|
o

ζ 7−→ K ζ
l

,

where K ζ
l

: Rd −→ R

x 7−→ ζ(K (·)
l

(x)).

(5.9)

More precisely, K ζ
l

is the kernel decomposition with components K ζ
l,n(x) = ζ(K (·)

l,n(x)) for n ∈N.

Lemma 5.17. Assume that O≥ o+max(s), O≥−α+max(s) and
´
Rd dx w(x) <∞. Then A defined in (5.9)

is a kernel assignment of order o on TBan
(
(Cα

w )l∈L+
)

in the sense of Definition 4.1. Furthermore, the linear

map A
eq;O
+ ∋ K 7→ A ∈Ao+ is continuous.

Proof. We fix l ∈L+ and suppress appearances of l in the notation in this proof. Let ζ ∈Cα
w . We estimate

the kernel norm ∥A∥
K

|l|
o

. By the anisotropic Taylor formula of Lemma C.1 and the fact that K ∈CO(Kl
O

),

we see that the n-th dyadic component An := K ζ
l,n is of regularity C 2o provided O≥ o+max(s), and

∂k An(x) = ζ(∂k K (·)
n (x)

)
for |k|s ≤ 2o.

Furthermore, let w∗ ≡ 1, and choose α∗ > 0 with α∗+α> 0 sufficiently small so that by the assumption
O≥−α+max(s) and the anisotropic Taylor formula of Lemma C.1, we have for any x ∈Rd ,

∥∂k K (·)
n (x)∥Cα∗

w∗
≲ ∥∂k K (·)

n (x)∥CO ≲ ∥K ∥
CO(K|l|

O
)
2(|s|−|l|+|k|s)n .

In turn, by the pairing Lemma 5.16, |∂k An(x)|≲ ∥K ∥
A

eq;O
+

∥ζ∥Cα
w

2(|s|−|l|+|k|s)n which implies that ∥A(ζ)∥
K

|l|
o
≲

∥K ∥
A

eq;O
+

∥ζ∥Cα
w

. This yields the desired boundedness of both linear maps ζ 7→ A(ζ) and K 7→ A.

In preparation for our almost-sure model estimate, let us now recall a version of Kolmogorov’s
continuity theorem in weighted spaces, the proof of which we omit since it can be obtained in the same
fashion as the usual (local) Kolmogorov Continuity Theorem.

Lemma 5.18. Let N ∈N and let s ∈RN+ be a scaling in RN . Let β> 0, p > max(1,2|s|/β), and let w∗ be a
weight such that

´
RN dx w∗(x)−p <∞. Let X : RN →R be a random function such that ∂k Xc exists for all

|k|s <β. Then,

E
1
p

[
∥X ∥p

C
β−2|s|/p
w∗

]
≲ sup

c∈RN
E

1
p [|Xc |p ]+ sup

c∈RN
sup
|h|s≤1

E
1
p
[∣∣Xc+h −∑

|k|s<β
1
k !∂

k Xc hk
∣∣p]

|h|βs
. (5.10)

We now apply the above Kolmogorov Continuity Theorem in the situation of interest here.

Lemma 5.19. Let W be a historic sector in TBan
(
(K|l|

o )l∈L+
)

of order ord(W ) < o. Let (Π̂, Γ̂) be the
BPHZ model on W associated to the identity kernel assignment and a random smooth noise assignment

ξ : Ω→A∞;eq− . Let K ∈A
eq;O
+ and τ ∈ τ ∈BW . Assume that O≥ o+max(s) and let α∗ > 0, p ≥ 1 be such

that α∗ ≤O−max(s)−2|s||E+(τ)|/p. Let w∗ be a weight such that
´
Rd |E+(τ)| dx w∗(x)−p <∞. Then for all

x ∈Rd , λ ∈ (0,1] and φ ∈Br ,

E
1
p

[∥∥∥(Rd )E+(τ) ∋ c 7→ Π̂x

τ⊗
〈τ〉

(
K ce
le

)
e∈E+(τ)

(
φλx

)∥∥∥p

Cα∗
w∗

]
≲ ∥K ∥|E+(τ)|

A
eq;O
+

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂x v

(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

. (5.11)
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Moreover, if Π̂1 and Π̂2 denote the BPHZ models on W with respect to two smooth noise assignments ξ1,ξ2,

and if K 1,K 2 ∈A
eq;O
+ , then

E
1
p

[∥∥∥(Rd )E+(τ) ∋ c 7→
(
Π̂1

x

τ⊗
〈τ〉

(
K ce ;1
le

)
e∈E+(τ) − Π̂2

x

τ⊗
〈τ〉

(
K ce ;2
le

)
e∈E+(τ)

)(
φλx

)∥∥∥p

Cα∗
w∗

]
(5.12)

≲ ∥K 1 −K 2∥
A

eq;O
+

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣(Π̂1

x − Π̂2
x

)
v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

,

where the implicit constant can be chosen to depend polynomially on

∥K 1∥
A

eq;O
+

+∥K 2∥
A

eq;O
+

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂1

x v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂2

x v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

.

Proof. We only prove (5.11) since (5.12) can be proved with an analogous argument using the multilin-

earity of the map Π̂x
⊗τ

〈τ〉 : ((K|l|
o )l∈L+ )×τ→ D′. Hence, we consider the random field

X : (Rd )E+(τ) ∋ c 7→ Π̂x

τ⊗
〈τ〉

(
K ce
le

)
e∈E+(τ)

(
φλx

)
,

to which we apply the Kolmogorov continuity theorem of Lemma 5.18, where we identify (Rd )E+(τ) ≃
RN :=d |E+(τ)|, in combination with the anisotropic Taylor formula of Lemma C.1, yielding

E
1
p

[
∥X ∥p

Cα∗
w∗

]
≲ max

|ke |s≤O
sup
c∈RN

E
1
p

[∣∣∣Π̂x

τ⊗
〈τ〉

(
∂

ke
ce

K ce
le

)
e∈E+(τ)

(
φλx

)∣∣∣p]
.

To conclude, it suffices to appeal to the fact that the symmetric set tensor product (⊗a
s )a∈s is a collection of

norm 1 multilinear maps (recall Definition 3.8), so that for all c ∈Rd |E+(τ)|, and (ke )e∈E+(τ) with |ke |s ≤O,∥∥∥ τ⊗
〈τ〉

(
∂

ke
ce

K ce
le

)
e∈E+(τ)

∥∥∥
((K|l|

o )l∈L+ )⊗̂π〈τ〉
≤ ∏

e∈E+(τ)

∥∥∂ke
ce

K ce
le

∥∥
K

|l|
o
≤ ∥K ∥|E+(τ)|

A
eq;O
+

.

This yields the claimed bound (5.11).

We now recover and estimate the BPHZ model on (appropriate historic sectors of) the regularity
structure TBan(Cα

w ) with the kernel assignment (5.9). For that purpose, we will use the following pairing
between symmetric-set tensor products of weighted Hölder spaces.

Lemma 5.20. Let s be a symmetric set and a ∈ Ob(s). Let α< 0, α∗ > 0 along with weights w : Rd → R,
w∗ : Rd |a| →R, satisfying

α∗+|a|α> 0,

ˆ
Rd |a|

dx w⊗|a|(x) w∗(x) <∞.

Then there exists a unique (bilinear) pairing

(Cα
w (Rd ))⊗̂πs×Cα∗

w∗ (Rd |a|) →R, (5.13)

making the following family of diagrams indexed by g ∈Cα∗
w∗ (Rd |a|) commute

(Cα
w )×a (Cα

w )⊗̂πs

R
(πa (⊗·))(g )

⊗̂a
s

·(g )
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where πa = |Homs(a, a)|−1 ∑
γ∈Homs(a,a)γ is the symmetrisation map from s. Furthermore

|ζ(g )|≲ ∥ζ∥(Cα
w )⊗̂πs ∥g∥Cα∗

w∗
, (5.14)

uniformly over ζ ∈ (Cα
w (Rd ))⊗̂πs and g ∈Cα∗

w∗ (Rd |a|).

We note that in this statement we have performed a slight abuse of notation in writing Rd |a|, since
the order of the variables does matter to identify the pairing and should be considered to be fixed.

Proof. By our universal property of Definition 3.8 it suffices to prove that the maps (πa ⊗·)(g ) are well-
defined, s-symmetric, multilinear and continuous. To prove that it is well-defined, we appeal to the
pairing Lemma 5.16: it suffices to prove that given ζ= (ζ1, · · · ,ζn:=|a|) ∈ (Cα

w )×a , one has πa(⊗ f ) ∈C α̃
w̃ for

w̃ = w⊗n and α̃= nα. By definition, for such a ζ,

πa(⊗ζ) = |Homs(a, a)|−1
∑

γ∈Homs(a,a)
ζγ(1) ⊗·· ·⊗ζγ(n) ∈ (Cα

w )⊗n . (5.15)

Recall e.g. the wavelet characterisation of Cα
w [HL15, Proposition 2.4], which in particular implies a

‘tensorisation property’ of the Hölder norms, namely for α< 0 that (Cα
w )⊗n ⊂C nα

w⊗n with

∥ζ1 ⊗·· ·⊗ζn∥C nα
w⊗n

≲
n∏

i=1
∥ζi∥Cα

w
.

We deduce that πa(⊗ζ) ∈C nα
w⊗n with

∥πa(⊗ζ)∥C nα
w⊗n

≲
n∏

i=1
∥ζi∥Cα

w
.

It follows that the map (πa(⊗·))(g ) is well-defined. It is s-symmetric by (5.15). It is also clearly multilinear
and by Lemma 5.16 bounded with norm

∥(πa(⊗·))(g )∥≲ ∥g∥Cα∗
w∗

,

so that the continuity estimate (5.14) follows from the fact that the factoring map ·(g ) has the same norm
as each of the factored maps

(
(πa(⊗·))(g )

)
a∈Ob(s), recall Definition 3.8.

By construction, the pairing (5.13) is linear in the first variable. The fact that it is also linear in the
second variable is a direct consequence of the uniqueness of the factoring map in Definition 3.8.

One simple but useful observation about the pairing defined above is that if g ∈ Cα∗
w∗ (Rd |a|) is s-

symmetric then the pairing takes a particularly simple form.

Lemma 5.21. Suppose that s is a symmetric set and a ∈ Ob(s). If g ∈ Cα∗
w∗ (Rd |a|) is s-symmetric in the

sense that g ◦γ= g for all γ ∈ Homs(a, a) then for (ζe )e∈a ⊂Cα
w (Rd ),

a⊗
s

(ζe )(g ) =⊗
e∈a

(ζe )(g ).

Proof. By its definition we can write

a⊗
s

(ζe )(g ) = |Homs(a, a)|−1
∑

γ∈Homs(a,a)

⊗
e∈a

(ζγ−1(e))(g ) = |Homs(a, a)|−1
∑

γ∈Homs(a,a)

⊗
e∈a

(ζe )(g ◦γ)

=⊗
e∈a

(ζe )(g ),

as claimed.
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Equipped with the pairing of Lemma 5.20, we now prove that the BPHZ models on appropriate his-

toric sectors of TBan(K|l|
o ) and TBan(Cα

w ) are related by (5.8), and furthermore establish a corresponding
estimate. In order to clarify the notations due to working in these two structures, in the remainder of
this section, we will decorate by the superscripts Kand C objects that correspond to these respective
regularity structures.

More precisely, we fix a historic sector W =W K of order ord(W K) < o in TBan
(
(K|l|

o )l∈L+
)
. We will

use the notation (Π̂K, Γ̂K) to denote the BPHZ model on W with identity kernel assigment and a given

random smooth noise assignment ξ : Ω→A∞;eq− . Furthermore, given a kernel assigment K ∈A
eq;O
+ and

parameters α, w satisfying the assumptions of Lemma 5.17, we will use the notation (Π̂C , Γ̂C ) to denote
the BPHZ model on the historic sector (which we will denote by W C ) of TBan

(
(Cα

w )l∈L+ ) with generating
set of trees BW , with respect to the kernel assignment (5.9) and noise assignment ξ. Similarly, when

considering two noise assigments ξ1,ξ2 and two kernel assignments K 1,K 2 ∈ A
eq;O
+ , we will use the

notations Π̂C ;1,Π̂C ;2 and Π̂K;1,Π̂K;2 to denote the corresponding models.

Lemma 5.22. Let K ∈A
eq;O
+ and τ ∈τ ∈BW . Assume that O≥ o+max(s), and

0 >α> max(s)−O

|E+(τ)| +2|s|,
ˆ
Rd

dx w(x) (1+|x|s)2|s| <∞. (5.16)

Then for all x ∈Rd , λ ∈ (0,1], φ ∈Br and v ∈ (Cα
w )⊗̂π〈τ〉 one has the relation

Π̂C
x v(φ) = v

(
c 7→ Π̂K

x

τ⊗
〈τ〉

(
K ce
le

)
e∈E+(τ)

(
φ

))
, (5.17)

and moreover, for all 1 ≤ p <∞

E
1
p

[∣∣∣∣∣ sup
v∈(Cα

w )⊗̂π〈τ〉

|Π̂C
x v(φλx )|

∥v∥(Cα
w )⊗̂π〈τ〉

∣∣∣∣∣
p]

≲ ∥K ∥|E+(τ)|
A

eq;O
+

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂K

x v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

. (5.18)

Furthermore, in the case of two models,

E
1
p

[∣∣∣∣∣ sup
v∈(Cα

w )⊗̂π〈τ〉

|(Π̂C ;1
x − Π̂C ;2

x )v(φλx )|
∥v∥(Cα

w )⊗̂π〈τ〉

∣∣∣∣∣
p]

≲ ∥K 1 −K 2∥
A

eq;O
+

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
∣∣(Π̂K;1

x − Π̂K;2
x

)
v
(
φλx

)∣∣p

∥v∥
(K|l|

o )⊗̂π〈τ〉
, (5.19)

where the implicit constant can be chosen to depend polynomially on

∥K 1∥
A

eq;O
+

+∥K 2∥
A

eq;O
+

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂K;1

x v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

+ sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1
p
[∣∣Π̂K;2

x v
(
φλx

)∣∣p]
∥v∥

(K|l|
o )⊗̂π〈τ〉

.

Proof. The fact that the right-hand side of (5.8) is well-defined with the bounds (5.18) and (5.19) follows
from combining Lemma 5.19 and Lemma 5.20, where we have chosen w∗(x1, · · · , x|E+(τ)|) =∏|E+(τ)|

i=1 (1+
|xi |s)|s| therein.

It remains to prove that (5.8) coincides with the BPHZ model on the historic sector of TBan(Cα
w ) with

generating set of trees BW . More precisely we will prove by Noetherian induction over BW with respect
to ≺ that for every elementary symmetric tensor ⊗τ〈τ〉(ζe ) we have that

1. Π̂×
x ⊗τ〈τ〉 (ζe )(y) =⊗τ

〈τ〉(ζe )
[

c 7→ Π̂×
x ⊗τ〈τ〉 (K ce

le
)(y)

]
,

2. Π̂
×⊗τ〈τ〉 (ζe )(y) =⊗τ

〈τ〉(ζe )
[

c 7→ Π̂
×⊗τ〈τ〉 (K ce

le
)(y)

]
,

3. ℓ̂(
⊗τ

〈τ〉(ζe )) =⊗τ〈τ〉(ζe )
[

c 7→ ℓ̂(⊗τ〈τ〉(K ce
le

)
]

,

4. Π̂⊗τ〈τ〉 (ζe )(y) =⊗τ
〈τ〉(ζe )

[
c 7→ Π̂⊗τ〈τ〉 (K ce

le
)(y)

]
,
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5. Π̂x ⊗τ〈τ〉 (ζe )(y) =⊗τ
〈τ〉(ζe )

[
c 7→ Π̂x ⊗τ〈τ〉 (K ce

le
)(y)

]
where for a given tree τ, the statements will be verified in the order that they are listed above, and where
we have omitted the superscripts C and K in the corresponding models Π̂ for notational convenience.
As usual, we treat separately the cases where τ ∈ {Ξ, X k }, where τ is planted and where τ is a product of
planted trees.

In the first case τ ∈ {Ξ, X k } so that each of the statements above follows from the definitions immedi-
ately. Therefore it suffices to fix a tree τwhich we can assume is either planted τ=Ik

l
σ or is a non-trivial

product of planted trees τ=∏n
i=1τi with n > 1 and τi =Ik

li
σi .

In the former case, statement 3 above is trivial since both sides vanish and statements 1 and 2
coincide with statements 4 and 5. Hence in this case, we can consider only the first two statements. Since
the proofs are very similar (only differing by the potential presence of recentering in the admissibility
condition), we demonstrate only the first of these claims in this case. We fix a drawing τ of τ and consider
(ζe )e∈E+(τ) ∈V ×τ. We denote by ζ the value of ζe for e being the trunk of τ. We then have

Π̂×
x ⊗τ〈τ〉 (ζe )(y) = Dk Al(ζ)∗ Π̂x ⊗σ〈σ〉 (ζe )(y)− ∑

| j |<|Ik
l
τ|s

(y −x) j

j !
Dk+ j Al(ζ)∗ Π̂x ⊗σ〈σ〉 (ζe )(x). (5.20)

By the induction hypothesis and the definition of Al, we can rewrite the first term on the right hand side
as

ζ(Dk K •
l )∗⊗σ〈σ〉(ζe )

[
Π̂x ⊗σ〈σ〉 (K •e

le
)
]

(y) = ζ⊗
σ⊗
〈σ〉

(ζe )
[

Dk K •
l ∗ Π̂x ⊗σ〈σ〉 (K •e

le
)(y)

]
where the distributional pairing is in the variables denoted by • and the convolution is in the remaining
variables. Rewriting the summand in the same way, we then note that the right hand side of (5.20) is

ζ⊗
σ⊗
〈σ〉

(ζe )
[

Dk K •
l ∗ Π̂x ⊗σ〈σ〉 (K •e

le
)(y)

]
− ∑

| j |s<|Ik
l
τ|

(y −x) j

j !
ζ⊗

σ⊗
〈σ〉

(ζe )
[

Dk+ j K •
l ∗ Π̂x ⊗σ〈σ〉 (K •e

le
)(x)

]
.

By admissibility of the BPHZ model on W , we recognise this as the right hand side of the first equation in
our induction hypothesis.

It remains to treat the case where 〈τ〉 is a non-trivial product of planted trees. In this case, we must
check all five of our induction hypotheses in order. We now consider the first of our five hypotheses. We
note that Π̂×

x ⊗τ〈τ〉 (K •e
le

)(y) is a 〈τ〉-symmetric test function in the •e -variables so that by Lemma 5.21, we
can write

τ⊗
〈τ〉

(ζe )
[
Π̂×

x ⊗τ〈τ〉 (K •e
le

)(y)
]
= ⊗

e∈E+(τ)
(ζe )

[
Π̂×

x ⊗τ〈τ〉 (K •e
le

)(y)
]
=

n∏
i=1

⊗
e∈E+(τi )

(ζe )
[
Π̂×

x ⊗τi
〈τi 〉 (K •e

le
)(y)

]
wherefor the second equality we used that by the multiplicative definition of Π̂×

x ,[
c 7→ Π̂×

x ⊗τ〈τ〉 (K ce
le

)(y)
]
=⊗n

i=1

[
c 7→ Π̂×

x ⊗τi
〈τi 〉 (K ce

le
)(y)

]
.

Lemma 5.21 then shows that

⊗
e∈E+(τi )

(ζe )
[
Π̂×

x ⊗τi
〈τi 〉 (K •e

le
)(y)

]
=

τi⊗
〈τi 〉

(ζe )
[
Π̂×

x ⊗τi
〈τi 〉 (K •e

le
)(y)

]
so that we may deduce from the induction hypothesis that

τ⊗
〈τ〉

(ζe )
[
Π̂×

x ⊗τ〈τ〉 (K •e
le

)(y)
]
=

n∏
i=1

Π̂×
x

⊗
e∈E+(τi )

(ζe )(y) = Π̂×
x

τ⊗
〈τ〉

(ζe )(y).
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This completes the proof of the first claim in our induction hypothesis in this case.
Since the second claim in the induction hypothesis follows by essentially the same approach (replac-

ing Π̂x by Π̂) we omit the details for this part and move to the third claim in the induction hypothesis.
We note that by definition of the BPHZ model, if ∆̊−

r =∆−
r − id⊗1−1⊗ id then

ℓ̂

(
τ⊗
〈τ〉

(ζe )

)
=−E

[
Π× τ⊗

〈τ〉
(ζe )(0)

]
− ∑
τ1,τ2

ℓ̂

(
τ1⊗
〈τ1〉

(ζe )

)
E

[
Π×

τ2⊗
〈τ2〉

(ζe )(0)

]

By the induction hypothesis and the previous parts of this induction step, the right hand side is equal to

−E
[

τ⊗
〈τ〉

(ζe )

(
Π× τ⊗

〈τ〉
(K •e

le
)(0)

)]
− ∑
τ1,τ2

τ1⊗
〈τ1〉

(ζe )

(
ℓ̂

(
τ1⊗
〈τ1〉

(K •e
le

)

))
E

[
τ2⊗
〈τ2〉

(ζe )

(
Π×

τ2⊗
〈τ2〉

(K •e
le

)(0)

)]

By Bochner integrability (which can also be checked by Noetherian induction), we may commute
expectations and the application of distributions to the effect of

ℓ̂

(
τ⊗
〈τ〉

(ζe )

)
=−

τ⊗
〈τ〉

(ζe )

(
E

[
Π× τ⊗

〈τ〉
(K •e

le
)(0)

])
− ∑
τ1,τ2

τ1⊗
〈τ1〉

(ζe )

(
ℓ̂

(
τ1⊗
〈τ1〉

(K •e
le

)

))
τ2⊗
〈τ2〉

(ζe )

(
E

[
Π×

τ2⊗
〈τ2〉

(K •e
le

)(0)

])
.

By Lemma 5.21, we recognise the right hand side as

−
τ⊗
〈τ〉

(ζe )

(
E

[
Π× τ⊗

〈τ〉
(K •e

le
)(0)

])
− ∑
τ1,τ2

⊗
e∈E+(τ1)

(ζe )

(
ℓ̂

(
τ1⊗
〈τ1〉

(K •e
le

)

)) ⊗
e∈E+(τ2)

(ζe )

(
E

[
Π×

τ2⊗
〈τ2〉

(K •e
le

)(0)

])

=−
τ⊗
〈τ〉

(ζe )

(
E

[
Π× τ⊗

〈τ〉
(K •e

le
)(0)

])
− ∑
τ1,τ2

⊗
e∈E+(τ)

(ζe )

(
ℓ̂

(
τ1⊗
〈τ1〉

(K •e
le

)

)
E

[
Π×

τ2⊗
〈τ2〉

(K •e
le

)(0)

])

=−
τ⊗
〈τ〉

(ζe )

(
E

[
Π× τ⊗

〈τ〉
(K •e

le
)(0)

])
− ⊗

e∈E+(τ)
(ζe )

(
E[Π×(ℓ̂⊗ id)∆̊−

r

τ⊗
〈τ〉

(K •e
le

)(0)]

)
.

By applying Lemma 5.21 again, we see the right hand side is nothing other than
⊗τ

〈τ〉(ζe )
(
ℓ̂

(⊗τ
〈τ〉(K •e

le

))
,

completing our proof of the third part of our induction step.

At this stage, we know that the BPHZ model (Π̂C , Γ̂C ) on a historic sector W C of TBan(Cα
w ) of order

ord(W C ) < o, with respect to the kernel assignment A defined in (5.9), satisfies the ‘semi-annealed’
estimate (5.18). We now post-process this estimate into an almost-sure estimate on the model norm of
(Π̂, Γ̂), by means of a Kolmogorov-type theorem for models. This is a standard argument once (5.18) is
known, see e.g. [Hai14, Theorem 10.7] which relies on a countable characterisation of the model norm
based on wavelets, and which we (partially) reproduce for convenience. See also [HS24, Theorem B.1] for
an alternative wavelet-free approach which could be implemented here with a bit more technical effort.

Lemma 5.23. Let W C be a historic sector in TBan
(
(Cα

w )l∈L+
)

of order ord(W C ) < o, with finite generating

set of trees BW . Let K ∈A
eq;O
+ . Let κ> 0. Assume that O≥ o+max(s), and that the assumption (5.16) of

Lemma 5.22 holds for all τ ∈τ ∈BW ∩T−(R). Then for all compact sets K⊂Rd , and all p ∈ [1,∞),

E
1
p
[∥(Π̂C , Γ̂C )∥p

W C ;K

]
≲ 1,

where the implicit constant can be chosen to depend polynomially on

∥K ∥
A

eq;O
+

+ sup
τ∈BW

sup
x∈K+B(RW )

sup
λ∈(0,1]

sup
φ∈Br

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1

qτ,p
[∣∣Π̂K

x v
(
φλx

)∣∣qτ,p
]

∥v∥
(K|l|

o )⊗̂π〈τ〉 λ
|τ|s+κ
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for some choice of radius RW > 0 and integrability exponents q = qτ,p ∈ [1,∞). Furthermore,

E
1
p
[∥(Π̂C ;1, Γ̂C ;1); (Π̂C ;2, Γ̂C ;2)∥p

W C ;K

]
≲ ∥K 1 −K 2∥

A
eq;O
+

+ sup
τ∈BW

sup
x∈K+B(RW )

sup
λ∈(0,1]

sup
φ∈Br

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1

qτ,p
[∣∣(Π̂K;1

x − Π̂K;2
x

)
v
(
φλx

)∣∣qτ,p
]

∥v∥
(K|l|

o )⊗̂π〈τ〉 λ
|τ|s+κ ,

where the implicit constant can be chosen to depend polynomially on

∥K 1∥
A

eq;O
+

+∥K 2∥
A

eq;O
+

+ sup
i∈{1,2}

sup
τ∈BW

sup
x∈K+B(RW )

sup
λ∈(0,1]

sup
φ∈Br

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1

qτ,p
[∣∣Π̂K;i

x v
(
φλx

)∣∣qτ,p
]

∥v∥
(K|l|

o )⊗̂π〈τ〉λ
|τ|s+κ .

Proof. In the proof, we suppress the superscripts C and K from the notations for convenience. We
only deal with the case of one model, since the adaptation to the comparison of two models proceeds
analogously. More precisely, we prove by Noetherian induction on BW with respect to ≺ the property,
which we call Φ(τ), that for all p ∈ [1,∞) and K⊂Rd , it holds that E1/p [∥Π̂∥p

τ;K]≲ 1 and E1/p [∥Γ̂∥p
τ;K]≲ 1 ,

with the implicit prefactor being as in the statement. Let us denote byΦΠ(τ) the claim on Π̂ and byΦΓ(τ)
the claim on Γ̂ in Φ(τ). We first observe that for all τ ∈BW , {Φ(σ)}σ≺τ implies ΦΓ(τ): indeed, this is a
straightforward consequence of Lemma 4.19 in combination with Hölder’s inequality.

Thus, it remains to prove that for all τ ∈BW , the properties {Φ(σ)}σ≺τ and ΦΓ(τ) imply the property
ΦΠ(τ). To that effect, we divide into cases depending on the sign of |τ|s. In the case where |τ|s = 0, then
τ= 1 and the model bound is clear. If |τ|s > 0, then by tracking for which trees17 we require control of
the model in the proof of [Hai14, Proposition 3.31], we have

∥Π̂∥τ;K ≲ sup
σ∈BW ,σ≺τ

∥Π̂∥σ;K̄ ∥Γ̂∥τ;K̄,

whence the desired E1/p [∥Π̂∥p
τ;K]≲ 1 by our induction hypothesis and Hölder’s inequality.

Finally, consider the case where |τ|s < 0. Then, by [Hai14, Proposition 3.32] (again tracking for which
trees we need to control the model in the proof)

∥Π̂∥τ;K ≲
(
1+∥Γ̂∥τ;K

)
sup
n≥0

sup
x∈Λn

s∩K̄
sup
σ∈BW ,
|σ|s≤|τ|s

sup
v∈(Cα

w )⊗̂π〈σ〉
2n|σ|s

∣∣Π̂x v
(
ϕ2−n

x

)∣∣
∥v∥(Cα

w )⊗̂π〈σ〉
.

We recall that in the above ϕ denotes the scaling function of some fixed sufficiently regular multiresolu-
tion analysis, Λn

s = {
∑d

j=1 2−ns j k j e j ,k j ∈Z} is the dyadic lattice associated to the scaling s, and K̄ is the
1-fattening of the compact set K. Now taking the p-th power, replacing the suprema over n, x,σ by sums,
and applying Cauchy–Schwarz, we deduce that

E
[∥Π̂∥p

τ;K

]
≲ E

1
2
(
1+∥Γ̂∥τ;K

)2p ∑
n≥0

∑
x∈Λn

s∩K̄

∑
σ∈BW ,
|σ|s≤|τ|s

2np|σ|s E
1
2

[∣∣∣∣∣ sup
v∈(Cα

w )⊗̂π〈σ〉

∣∣Π̂x v
(
ϕ2−n

x

)∣∣
∥v∥(Cα

w )⊗̂π〈σ〉

∣∣∣∣∣
2p]

.

On the one hand, by the induction hypothesis, E1/2
[
(1+∥Γ̂∥τ;K

)2p]
≲ 1. On the other hand, by assump-

tion, we may apply Lemma 5.22 to σ ∈BW ∩T−(R), yielding

E
[∥Π̂∥p

τ;K

]
≲

∑
n≥0

2n(|s|−pκ),

which is finite for p large enough in function of κ, which concludes the inductive step.

Remark 5.24. We note that this result is actually not restricted to the choice of the BPHZ model but would
apply more generally to any pair of models related by the expression (5.17).

17here we use the triangularity of Γ̂ with respect to ≺
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6 (Pointed) Modelled Distributions

In this section we discuss the behaviour of modelled distributions on TBan. Throughout, we will use the
definition of modelled distributions given in [Hai14, Definition 3.1], which we emphasise is blind to the
dimension of the homogeneous components of the given regularity structure and so makes perfect sense
in the setting of TBan. In particular, for a model Z = (Π,Γ) and a sector W , we will denote by Dγ(Z ,W )
the space of modelled distributions with respect to Z valued in W , and will use the shorter notation
Dγ(Z ), Dγ(W ) or simply Dγ whenever the sector and/or model is clear from the context. We will denote
by R the corresponding reconstruction map.

6.1 Multiplication and Multi-Level Schauder on TBan

In what follows, we show that the usual calculus of modelled distributions is compatible with the norm
structure on TBan. Since the multiplication results of [Hai14, Theorem 4.7, Proposition 4.10] apply
verbatim in our setting, we only provide a slight adaptation of the usual multi-level Schauder estimates.

Theorem 6.1. Let V = (Vl)l∈L+ be a Banach space assignment, and let A ∈Ao+ be a kernel assignment of
order o∈N. Let ζ ∈Vl with |l| =β, let W ⊂TBan(V ) be a sector of regularity a ∈R supporting the abstract
integration map Iζ. Fix an admissible model Z = (Π,Γ) on TBan(V ) and γ > 0. For f ∈ Dγ(Z ,W ), let

K
ζ
γ f be defined by

K
ζ
γ f (x) =Iζ f (x)+ Jζ(x) f (x)+ (Nζ

γ f )(x)

where Jζ, Nζ
γ are defined as in [Hai14, Equations (5.11), (5.16)] with respect to the kernel Al(ζ). Suppose

that γ+β ̸∈N and that o> max{γ+β+max(s),−a}. Then

∥Kζ
γ f ∥γ+β;K ≲ ∥ζ∥Vl∥ f ∥γ;K̄∥Π∥γ;K̄(1+∥Γ∥γ+β;K̄)(1+∥A∥Ao+ ),

and RK
ζ
γ f = Al(ζ)∗Rf .

Furthermore, given a second kernel assignment Ā ∈Ao+ , admissible model Z̄ = (Π̄, Γ̄), modelled distri-
bution f̄ ∈ Dγ(Z̄ ,W ) and ζ̄ ∈Vl we have that

∥Kζ
γ f ;K̄ζ̄

γ f̄ ∥γ+β;K ≲ ∥ f ; f̄ ∥γ;K̄+∥Π− Π̄∥γ;K̄+∥Γ− Γ̄∥γ+β;K̄+∥ζ− ζ̄∥Vl +∥A− Ā∥Ao+ (6.1)

where the implicit constant can be chosen to depend polynomially on

∥ f ∥γ;K̄+∥ f̄ ∥γ;K̄+∥Π∥γ;K̄+∥Π̄∥γ;K̄+∥Γ∥γ+β;K̄+∥Γ̄∥γ+β;K̄+∥ζ∥Vl +∥ζ̄∥Vl +∥A∥Ao+ +∥Ā∥Ao+ .

Proof. This is mostly just a minor adaptation of the proof of [Hai14, Theorem 5.12] making use of the
fact that ∥Iζ∥+∥Al(ζ)∥

K
β
o
≲ (1+∥A∥Ao+ )∥ζ∥Vl and being careful to track the norms of the trees involved.

The only real difference when proving (6.1) is that terms in the difference of kernels appear. For example,
when applying expressions of the type [Hai14, Equation 5.47] one will pick up an extra term of the form

Π̄x
(
Qδ( f̄ (x)−Γx y f̄ (y))

)(
Dk Kn(x −·)−Dk K̄n(x −·)).

Since ∥K −K̄ ∥
K
β
o
= ∥Al(ζ− ζ̄)+(Al− Āl)(ζ̄)∥

K
β
o
≤ ∥A∥Ao+ ∥ζ− ζ̄∥Vl+∥ζ̄∥Vl∥A− Ā∥Ao+ , the only effect of such

terms is contributing instances of the final two terms on the right hand side of (6.1).
Finally, let us note that the condition o> max{γ+β+max(s),−a} does not appear in [Hai14], since

therein the kernel is assumed to belong to
⋂
o∈NK

β
o, but it follows from tracking the regularity of kernels

that is needed in the computations (see also [BCZ24, Theorem 4.13] where such a condition appears in
the case of the Euclidean scaling).

We record the following corollary, which immediately follows by applying (6.1) with Z = Z̄ and f = f̄ .
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Corollary 6.2. In the setting of Theorem 6.1, the map

L(Vl,K
|l|
o )×Vl −→ L(Dγ(Z ,W ), Dγ+|l|(Z ,W ))

(Al,ζ) 7−→ K
ζ
γ,

is affine18 in Al, linear in ζ and continuous.

We now recall from [HS24] the notion of pointed modelled distribution, which will be the key analytic
tool to push models on TBan to models on Teq. Here, our setting is in one way somewhat simpler than
that of [HS24] since we only need Hölder pointed modelled distributions.

Definition 6.3. Given x ∈Rd , γ,ν ∈R and a model Z = (Π,Γ), we define Dγ,ν;x (Z ) to be the space of those
f ∈ Dγ(Z ) such that19

sup
y∈Bs(x,λ)

∥ f (y)∥ζ≲λν−ζ, sup
y∈Bs(x,λ)

sup
|h|s≤λ

∥ f (y +h)−Γy+h,y f (y)∥ζ
|h|γ−ζs

≲λν−γ

uniformly over λ ∈ (0,1]. We define ∥ f ∥γ,ν;x to be the smallest implicit constant in the above.
Given a second model Z̄ = (Π̄, Γ̄) and f̄ ∈ Dγ,ν;x (Z̄ ), we write

∥ f ; f̄ ∥γ,ν;x = sup
ζ<γ

sup
λ∈(0,1]

sup
y∈Bs(x,λ)

∥( f − f̄ )(y)∥ζ
λν−ζ

+ sup
ζ<γ

sup
λ∈(0,1]

sup
y∈Bs(x,λ)

sup
|h|s≤λ

∥∆̄h f (y)∥ζ
|h|γ−ζs λν−γ

where
∆̄h f (y) = f (y +h)−Γy+h,y f (y)− f̄ (y +h)+ Γ̄y+h,y f (y).

As in the non-pointed case, the standard multiplication results apply verbatim in our setting since
the proof and statement of [HS24, Proposition 3.11] apply even in the case of Banach components. We
now reproduce the contents of this statement for the convenience of the reader, and refer to [HS24] for
the proof.

Theorem 6.4. Let V = (Vl)l∈L+ be a Banach space assignment. Let γ1,ν1,γ2,ν2 ∈R. Let W1,W2 be sectors
of TBan(V ) of regularity a1 and a2 ∈R such that (W1,W2) is γ-regular, where γ= (γ1+a2)∧(γ2+a1). Given
a model Z = (Π,Γ) and modelled distributions f1 ∈ Dγ1,ν1;x (Z ,W1), f2 ∈ Dγ2,ν2;x (Z ,W2), then

f1⋆γ f2 :=Q<γ( f1⋆ f2) ∈ Dγ,ν1+ν2;x (Z ),

with

∥ f1⋆γ f2∥γ,ν1+ν2;x ≲ ∥ f1∥γ1,ν1;x∥ f2∥γ2,ν2;x (1+∥Γ∥γ1∨γ2,Bs(x,2))
2.

Furthermore, given a second model Z̄ = (Π̄, Γ̄) and modelled distributions f̄1 ∈ Dγ1,ν1;x (Z̄ ,W1), f̄2 ∈
Dγ2,ν2;x (Z̄ ,W2), then

∥ f1⋆γ f2; f̄1⋆γ f̄2∥γ,ν1+ν2;x ≲ ∥ f1; f̄1∥γ1,ν1;x +∥ f2; f̄2∥γ2,ν2;x +∥Γ− Γ̄∥γ1∨γ2,Bs(x,2),

where the implicit constant can be chosen to depend polynomially on

∥ f1∥γ1,ν1;x +∥ f̄1∥γ1,ν1;x +∥ f2∥γ2,ν2;x +∥ f̄2∥γ2,ν2;x +∥Γ∥γ1∨γ2,Bs(x,2) +∥Γ̄∥γ1∨γ2,Bs(x,2).

In this work, we will need a variant of the reconstruction theorem that is not included in [HS24]. This
is because [HS24] is primarily interested in a B

γ
2,∞-type variant of pointed modelled distributions and

needs to obtain strong estimates for Hölder type norms of the reconstruction which can be expected
only for a limited range of values of γ (see [HS24, Theorem 3.15] for a precise statement). Since here we
use Hölder-type norms for both distributions and modelled distributions that restriction can be lifted.

18The reason why this map is affine and not linear in Al is due to the presence of the term Iζ in the definition of Kζ
γ.

19in line with the language of [HL17], we will refer to the leftmost estimate here as the ‘local bound’ and the rightmost estimate
as the ‘translation bound’
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Theorem 6.5. Suppose that γ> 0, ν ∈R and f ∈ Dγ,ν;x takes values in a sector of regularity a ≤ 0. Then

|〈Rf ,φλx 〉|≲λν∥ f ∥γ,ν;x∥Π∥γ;Bs(x,2)
(
1+∥Γ∥2

γ;Bs(x,2)

)
,

uniformly over λ ∈ (0,1] and φ ∈Br , provided r >−a.
Furthermore, given a second model Z̄ = (Π̄, Γ̄) with associated reconstruction operator R̄, and a second

modelled distribution f̄ ∈ Dγ,ν;x , then

|〈Rf − R̄ f̄ ,φλx 〉|≲λν
(∥ f ; f̄ ∥γ,ν;x +∥Π− Π̄∥γ;Bs(x,2) +∥Γ− Γ̄∥γ;Bs(x,2)

)
,

where the implicit constant can be chosen to be uniform over λ ∈ (0,1], φ ∈Br (again provided r >−a)
and to depend polynomially on

∥ f ∥γ,ν;x +∥ f̄ ∥γ,ν;x +∥Π∥γ;Bs(x,2) +∥Π̄∥γ;Bs(x,2) +∥Γ∥γ;Bs(x,2) +∥Γ̄∥γ;Bs(x,2).

Proof. We give the proof only in the case of a single model since that of two models follows similarly. As
in the proof of [HS24, Theorem 3.15], by localisation we can find fλ ∈ Dγ,ν;x such that fλ is supported in
Bs(x,2λ), fλ = f on Bs(x,λ) and

∥ fλ∥γ;Bs(x,2) ≲λν−γ∥ f ∥γ,ν;x (1+∥Γ∥2
γ;Bs(x,2))

where ∥ ·∥γ;K is the usual seminorm for Hölder modelled distributions.
Then by the Reconstruction Theorem in its original form [Hai14, Theorem 3.10], we deduce that

|〈Rf −Πx f (x),φλx 〉| = |〈Rfλ−Πx fλ(x),φλx 〉|≲λν∥Π∥γ;Bs(x,2)∥ f ∥γ,ν;x
(
1+∥Γ∥2

γ;Bs(x,2)

)
.

We then note that the local bound for pointed modelled distributions implies that Q<ν f (x) = 0. Mean-
while, for ζ≥ ν the local bound with λ= 1 implies that ∥ f (x)∥ζ ≤ ∥ f ∥γ,ν;x . In particular, we can deduce
that

|〈Πx f (x),φλx 〉|≲
∑

ν≤ζ<γ
λζ∥Π∥γ;Bs(x,2)∥ f ∥γ,ν;x ≲λν∥Π∥γ;Bs(x,2)∥ f ∥γ,ν;x .

The result then follows by combining these two estimates and the triangle inequality.

We now provide an adaptation of the pointed multi-level Schauder estimates of20 [HS24, Theo-
rem 3.19].

Theorem 6.6. Let V = (Vl)l∈L+ be a Banach space assignment, and let A ∈Ao+ be a kernel assignment of
order o∈N. Let ζ ∈Vl with |l| =β, let W ⊂TBan(V ) be a sector of regularity a ≤ 0 supporting the abstract
integration map Iζ. Fix an admissible model Z = (Π,Γ) on TBan(V ) and γ> 0, ν ∈R. For f ∈ Dγ,ν;x (Z )

let Kζ,x
γ,ν f be defined by

K
ζ,x
γ,ν f (y) =Iζ f (y)+ Jζ(y) f (y)+ (Nζ

γ f )(y)−T ζ,x
γ,ν f (y)

where

T ζ,x
γ,ν f (y) =Q<γ+β

( ∑
|k|s<ν+β

(X + y −x)k

k !
(Dk Al(ζ)∗Rf )(x)

)
.

Suppose that γ+β ̸∈N and that o> max{γ+β+max(s),ν+β+max(s),−a}. Then

∥Kζ,x
γ,ν f ∥γ+β,ν+β;x ≲ ∥ζ∥Vl∥ f ∥γ,ν;x∥Π∥γ;Bs(x,2)(1+∥Γ∥γ+β;Bs(x,2))(1+∥A∥Ao+ ),

and

RK
ζ,x
γ,ν f = Al(ζ)∗Rf − ∑

|k|s<ν+β

(·−x)k

k !
(Dk Al(ζ)∗Rf )(x).

20we note that the condition 0 < γ < min(W \N) appearing in [HS24, Theorem 3.19] is superfluous in our setting due to the
absence of the corresponding parameter restriction in our reconstruction result.
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Furthermore, given a second kernel assignment Ā ∈Ao+ , admissible model Z̄ = (Π̄, Γ̄), modelled distri-
bution f̄ ∈ Dγ,ν;x (Z̄ ) and ζ̄ ∈Vl we have that

∥Kζ,x
γ,ν f ;K̄ζ̄,x

γ,ν f̄ ∥γ+β,ν+β;x ≲ ∥ f ; f̄ ∥γ,ν;x +∥Π− Π̄∥γ;Bs(x,2) +∥Γ− Γ̄∥γ+β;Bs(x,2) +∥ζ− ζ̄∥Vl +∥A− Ā∥Ao+ ,

where the implicit constant can be chosen to depend polynomially on

∥ f ∥γ,ν;x +∥ f̄ ∥γ,ν;x +∥Π∥γ;Bs(x,2) +∥Π̄∥γ;Bs(x,2)+∥Γ∥γ+β;Bs(x,2) +∥Γ̄∥γ+β;Bs(x,2)

+∥ζ∥Vl +∥ζ̄∥Vl +∥A∥Ao+ +∥Ā∥Ao+ .

Proof. This follows by a minor adaptation of the proof of [HS24, Theorem 3.19] in the same way that the
proof of Theorem 6.1 is an adaptation of the proof of [Hai14, Theorem 5.12]. We recall that the fact that
the convolution in T ζ,x

γ,ν is well-defined is not immediately obvious, however it can be justified thanks to
the assumption on o, see [HS24, Remark 3.17].

6.2 Variable Coefficient Abstract Integration on TBan(Cα
w )

Our eventual goal is to construct a model on Teq by defining Πeq as the reconstruction of suitable
modelled distributions on TBan(Cα

w ). Admissibility of this model on Teq will be defined with respect to a
given kernel assignment K ∈A

eq
+ . As a result, we need to lift convolution with Kl (as a function of z, z̄) to

an operation on modelled distributions on TBan. In this subsection, we assume to have fixed a regularity
exponentα ∈R\N and a weight w , and define the corresponding Banach space assignment V = (Cα

w )l∈L+ ,

as introduced in Subsection 5.2 above. We also fix a kernel assignment K ∈A
eq;O
+ in Teq of given order

O∈N. We then endow the Banach space assignment V = (Cα
w )l∈L+ with the kernel assignment A defined

from K by Lemma 5.17. We recall that it is well-defined and of order o ∈ N provided O≥ o+max(s),
O≥−α+max(s) and

´
w <∞, which we assume to hold throughout this subsection. We also fix some

l ∈L+ and denote β= |l|.
Theorem 6.7. Let Z = (Π,Γ) be an admissible model on TBan(Cα

w ) with respect to the kernel assignment
A, and let W be a sector of regularity a ≤ 0 supporting the abstract integration maps Iζ. Fix γ> 0 and
m ∈N. For f ∈ Dγ(Z ,W ), define Kγ,m f via

Kγ,m f (x) =Q<γ̄

( ∑
|k|s<m

X k

k !
K

(−∂)kδx
γ f (x)

)
. (6.2)

where γ̄ = min{γ+β,m,m + a +β}. Assume also that γ+β ∉ N, γ̄ > 0, 0 < m ≤ −α− |s| −max(s) and
o> max{γ+β+max(s),−a}. Then

∥Kγ,m f ∥γ̄;K ≲ ∥ f ∥γ;K̄∥Π∥γ;K̄(1+∥Γ∥γ+β;K̄)(1+∥K ∥
A

eq;O
+

) (6.3)

and

RKγ,m f (φ) = KlRf (φ) :=Rf

(ˆ
K z
l (z −·)φ(z)dz

)
.

Furthermore, given a second kernel assignment K ∈A
eq;O
+ , admissible model Z̄ = (Π̄, Γ̄) and modelled

distribution f̄ ∈ Dγ(Z̄ ) we have that

∥Kγ,m f ;K̄γ,m f̄ ∥γ̄;K ≲ ∥ f ; f̄ ∥γ;K̄+∥Π− Π̄∥γ;K̄+∥Γ− Γ̄∥γ+β;K̄+∥K − K̄ ∥
A

eq;O
+

(6.4)

where the implicit constant can be chosen to depend polynomially on

∥ f ∥γ;K̄+∥ f̄ ∥γ;K̄+∥Π∥γ;K̄+∥Π̄∥γ;K̄+∥Γ∥γ+β;K̄+∥Γ̄∥γ+β;K̄+∥K ∥
A

eq;O
+

+∥K̄ ∥
A

eq;O
+

.

Remark 6.8. We have stated Theorem 6.7 in terms of an arbitrary parameter m ∈ N for the sake of
generality. Note however that the expression (6.2) does not depend on m as soon as m ≥ γ+max{β,−a}.
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Remark 6.9. The condition m ≤−α−|s|−max(s) in Theorem 6.7 is used to ensure that (−∂)kδx ∈Cα
w for

all |k|s < m, so that in turn K
(−∂)kδx
γ is well-defined on TBan(Cα

w ) by Theorem 6.1.

Proof of Theorem 6.7. We begin with the single model case and first consider the local bound. For a
compact set K⊆Rd , x, y ∈K and η< γ̄, we write, by definition of the modelled-distribution norm,∥∥∥∥∥ ∑

|k|1<m

X k

k !
K

(−∂)kδx
γ f (x)

∥∥∥∥∥
η

≤ ∑
|k|1<m

sup
x∈K

∥K(−∂)kδx
γ f ∥γ+β;K

≤ ∑
|k|1<m

sup
x∈K

∥(−∂)kδx∥Cα
w
∥ f ∥γ;K̄∥Π∥γ;K̄(1+∥Γ∥γ+β;K̄)(1+∥K ∥

A
eq;O
+

),

where in the second inequality we have applied Theorem 6.1. The desired bound follows from noting
that supx∈K ∥(−∂)kδx∥Cα

w
<∞, since we have assumed m ≤−α−|s|−max(s).

We turn to the translation bound. Using the multiplicativity of Γ, we first decompose

Kγ,m f (x)−Γx yKγ,m f (y) =T1 +T2,

where

T1 :=Q<γ̄

[ ∑
|k|s<m

X k

k !
K

(−∂)kδx
γ f (x)− Γx y X k

k !
Γx yK

(−∂)kδy
γ f (y)

]
,

T2 := (
Q<γ̄Γx y −Γx yQ<γ̄

) ∑
|k|s<m

X k

k !
K

(−∂)kδy
γ f (y).

The desired bound on the ‘truncation error’ T2 follows as for the local bound after noting that Q<γ̄Γx y −
Γx yQ<γ̄ =Q<γ̄Γx yQ≥γ̄. Hence we focus on T1, which we further decompose as

T1 =
∑

|k|s<m

X k

k !

[
K

(−∂)kδx
γ f (x)− ∑

|k+l |s<m

(x − y)l

l !
Γx yK

(−∂)k+lδy
γ f (y)

]

= ∑
|k|s<m

X k

k !
(T1,1(k)+T1,2(k)),

with

T1,1(k) :=K
(−∂)kδx
γ f (x)− ∑

|k+l |s<m

(x − y)l

l !
K

(−∂)k+lδy
γ f (x) =K

ζ
x,y
k,m
γ f (x),

T1,2(k) := ∑
|k+l |s<m

(x − y)l

l !

(
K

(−∂)k+lδy
γ f (x)−Γx yK

(−∂)k+lδy
γ f (y)

)
,

where in the definition of T1,1 we have written

ζ
x,y
k,m

:= (−∂)kδx −
∑

|k+l |s<m

(x − y)l

l !
(−∂)k+lδy (6.5)

and used linearity of the map ζ 7→K
ζ
γ. We note that the powers of −1 appearing in (6.5) are exactly such

that this term acts on test functions via Taylor expansion. We bound the terms in T1,1 and T1,2 separately.

On the one hand, the desired bound on T1,2 follows from applying Theorem 6.1 to K
(−∂)kδy
γ f with y fixed.

On the other hand, applying again Theorem 6.1 we obtain∥∥∥∥∥ ∑
|k|s<m

X k

k !
T1,1(k)

∥∥∥∥∥
η

≤ ∑
|k|s<m

∥∥T1,1(k)
∥∥
η−|k|
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≲
∥∥∥ζx,y

k,m

∥∥∥
Cα

w
∥ f ∥γ;K̄∥Π∥γ;K̄(1+∥Γ∥γ+β;K̄)(1+∥K ∥

A
eq;O
+

)

≲K |x − y |m−|k|s
s ∥ f ∥γ;K̄∥Π∥γ;K̄(1+∥Γ∥γ+β;K̄)(1+∥K ∥

A
eq;O
+

),

where in the third inequality we made use of the anisotropic Taylor formula of Lemma C.1, the fact that
x, y ∈K and the assumption m ≤−α−|s|−max(s). Finally, we note that the summands in the left-hand
side only contribute if η> |k|s+ (a +β)∧0 since the latter term is a lower bound on the degree of any

symbol in X k T1,1(k). Hence this bound is of order |x − y |m+(a+β)∧0−η
s as required.

We turn to the proof that RKγ,m f = KRf (where we write K in place of Kl for notational conve-
nience). Fix φ ∈C∞

c . By the uniqueness part of the Reconstruction Theorem, it suffices to prove that
|(ΠxKγ,m f (x)−KRf )(φλx )| = oλ→0(1) locally uniformly in x. We write

Πx (Kγ,m f (x))(φλx ) = ∑
|k|s<m

Πx

(
X k

k !
K

(−∂)kδx
γ f (x)

)
(φλx )−Πx

(
Q≥γ̄

∑
|k|s<m

X k

k !
K

(−∂)kδx
γ f (x)

)
(φλx ).

The second term in the right-hand-side is already of order λγ̄ (locally uniformly in x) by the local bounds
and the definition of a model. Thus, we may consider only the first term, for which we write by the
assumption of admissibility of (Π,Γ) (see Definition 4.3)

∑
|k|s<m

Πx

(
X k

k !
K

(−∂)kδx
γ f (x)

)
(φλx ) = ∑

|k|s<m
Πx

(
K

(−∂)kδx
γ f (x)

)(
(·−x)k

k !
φλx (·)

)
.

Now applying the reconstruction statement of the usual multi-level Schauder estimates of Theorem 6.1
at fixed x and k, we arrive at(

Πx (Kγ,m f (x))−KRf
)
(φλx ) = K̃ x;mRf (φλx )+O(λγ̄),

where we have written for z, z̄ ∈Rd

K̃ x;m(z, z̄) :=−K z (z − z̄)+ ∑
|k|s<m

(z −x)k

k !
∂k

x K x (z − z̄) =−K ζz,x
0,m (z − z̄),

where ζz,x
0,m ∈Cα

w is defined in (6.5). The remainder of the argument is analogous to the classical Schauder
estimates, we spell out some of the details for completeness. Using the dyadic decomposition of K , we
express

K̃ x;mRf (φλx ) = ∑
n≥0

Rf

(ˆ
dzφλx (z)K

ζz,x
0,m

n (z −·)
)

.

Thanks to our assumptions, we can readily check that
ˆ

dzφλx (z)K
ζz,x

0,m
n (z − z̄) =λm2−nβ (

ψ[x,λ,n])2−n∨λ
x (z̄),

for test functions ψ[x,λ,n] such that supp(ψ[x,λ,n]) ⊂ Bs(0,2) and supx∈K supλ∈(0,1] supn≥0 ∥ψ[x,λ,n]∥Co <
∞. Since Rf ∈C a and o>−a, we deduce after summing the geometric series that K̃ x;mRf (φλx ) =O(λγ̄)
locally uniformly in x, yielding the desired reconstruction bound.

We now turn to the case of two models, where for brevity we provide only a sketch of the translation
bound since the local bound follows by easier applications of the same ideas. We write

Kγ,m f (x)−Γx yKγ,m f (y)−K̄γ,m f̄ (x)+ Γ̄x yK̄γ,m f̄ (y)

=Q<γ̄
∑

|k|s<m

[
X k

k !
(K(−∂)kδx

γ f (x)−K̄
(−∂)kδx
γ f̄ (x))− Γx y X k

k !
(Γx yK

(−∂)kδy
γ f (y)− Γ̄x yK̄

(−∂)kδy
γ f̄ (y))

]
+ (Q<γ̄Γx y −Γx yQ<γ̄)Kγ,m f (y)− (Q<γ̄Γ̄x y − Γ̄x yQ<γ̄)K̄γ,m f̄ (y)
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where we have used that Γ and Γ̄ have the same action on the polynomial structure.
Since the first term in the right-hand side is treated via the same strategy as in the single model case

(making use of the parts of Theorem 6.1 that apply to the case of two models and two kernel assignments),
we treat only the last line of the above display. We can write∥∥(Q<γ̄Γx y −Γx yQ<γ̄)Kγ,m f (y)− (Q<γ̄Γ̄x y − Γ̄x yQ<γ̄)K̄γ,m f̄ (y)

∥∥
η

≤ ∥∥(Q<γ̄Γx y −Γx yQ<γ̄−Q<γ̄Γ̄x y + Γ̄x yQ<γ̄)Kγ,m f (y)
∥∥
η

+∥∥(Q<γ̄Γ̄x y − Γ̄x yQ<γ̄)(Kγ,m f (y)−K̄γ,m f̄ (y))
∥∥
η.

Noting that Q<γ̄Γx y −Γx yQ<γ̄ = Q<γ̄Γx yQ≥γ̄ (and similarly for the first term on the right hand side of
the above display), we conclude via the local bounds that the right hand side of the previous display is
bounded by a term of order(∥Π− Π̄∥γ,K̄+∥Γ− Γ̄∥γ+β;K̄+∥ f ; f̄ ∥γ;K̄+∥K − K̄ ∥

A
eq;O
+

) |x − y |γ̄−ηs

as required.

We now turn to the corresponding result for pointed modelled distributions. We note that the proof
of the above result relied only on the constant coefficient abstract integration and the fact that the map

ζ 7→K
ζ
γ is a continuous linear map. This suggests that one should define

K̃x
γ,ν,m f (y) =Q<γ̄

( ∑
|k|s<m

X k

k !
K

(−∂)kδy ,x
γ,ν f (y)

)
.

However, we are ultimately interested in defining a model on Teq by setting Πxτ=Rf τx for a suitably
defined pointed modelled distribution f τx on TBan(Cα

w ). Given f τx , it is natural to postulate that f Iτ
x =

K̃x
γ,ν,m f τx . We note that with the above definition, this would lead to

ΠxIτ(y) = K y ∗Πxτ(y)− ∑
|k|s<|Iτ|s

(y −x)k

k !
Dk K y ∗Πxτ(x)

whilst the correct admissibility condition would be

ΠxIτ(y) = [KΠxτ](y)− ∑
|k|s<|Iτ|s

(y −x)k

k !
Dk [KΠxτ](x)

= K y ∗Πxτ(y)− ∑
|k|s<|Iτ|s

(y −x)k

k !
Dk [z 7→ K z ∗Πxτ(z)]z=x

= K y ∗Πxτ(y)− ∑
|k|s<|Iτ|s

(y −x)k

k !

∑
j≤k

(
k

j

)
D j K (−∂)k− jδx ∗Πxτ(x).

This means that we will have to tweak the definition of our variable coefficient abstract integration to
realise the correct Taylor jet. Since it will be convenient to use K̃ x

γ,ν,m as a reference point when obtaining

the desired estimates, we first record the multi-level Schauder estimate for K̃ x
γ,ν,m . Since the result follows

from the constant coefficient case in essentially the same way as the proof of Theorem 6.7, we omit the
proof.

Theorem 6.10. Let Z = (Π,Γ) be an admissible model on TBan(Cα
w ) with respect to the kernel assignment

A, and let W be a sector of regularity a ≤ 0 supporting the abstract integration maps Iζ. Fix γ> 0, ν ∈R
and m ∈N. For f ∈ Dγ,ν;x (Z ,W ), define K̃x

γ,ν,m f via

K̃x
γ,ν,m f (y) =Q<γ̄

( ∑
|k|s<m

X k

k !
K

(−∂)kδy ,x
γ,ν f (y)

)
.
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where γ̄ = min{γ+β,m,m + a +β}. Assume also that γ+β ∉ N, γ̄ > 0, 0 < m ≤ −α− |s| −max(s) and
o> max{γ+β+max(s),ν+β+max(s),−a}. Then

∥K̃x
γ,ν,m f ∥γ̄,ν+β;x ≲ ∥ f ∥γ,ν;x∥Π∥γ;Bs(x,2)(1+∥Γ∥γ+β;Bs(x,2))(1+∥K ∥

A
eq;O
+

).

Furthermore, given a second kernel assignment K̄ ∈A
eq;O
+ , admissible model Z̄ = (Π̄, Γ̄) and modelled

distribution f̄ ∈ Dγ,ν;x (Z̄ ) we have that

∥K̃x
γ,ν,m f ; ˜̄Kx

γ,ν,m f̄ ∥γ̄,ν+β;x ≲ ∥ f ; f̄ ∥γ,ν;x +∥Π− Π̄∥γ;Bs(x,2) +∥Γ− Γ̄∥γ+β;Bs(x,2) +∥K − K̄ ∥
A

eq;O
+

where the implicit constant can be chosen to depend polynomially on

∥ f ∥γ,ν;x +∥ f̄ ∥γ,ν;x +∥Π∥γ;Bs(x,2) +∥Π̄∥γ;Bs(x,2) +∥Γ∥γ+β;Bs(x,2) +∥Γ̄∥γ+β;Bs(x,2) +∥K ∥
A

eq;O
+

+∥K̄ ∥
A

eq;O
+

.

With this preparatory result in hand, we now turn to correcting the x-centered Taylor jet realised by
the abstract integration map.

Theorem 6.11. Let Z = (Π,Γ) be an admissible model on TBan(Cα
w ) with respect to the kernel assignment

A, and let W be a sector of regularity a ≤ 0 supporting the abstract integration maps Iζ. Fix γ> 0, ν ∈R
and m ∈N. For f ∈ Dγ,ν;x (Z ,W ), define Kx

γ,ν,m f via

Kx
γ,ν,m f (y) =Q<γ̄

( ∑
|k|s<m

X k

k !
K

(−∂)kδy
γ f (y)− ∑

j ,l :| j+l |s<ν+β

Γy x X j+l

j !l !
D j K (−∂)lδx ∗Rf (x)

)
.

where γ̄= min{γ+β,m,m +a +β}. Assume also that γ+β ∉N, γ̄> 0, ν+β≤ m ≤−α−|s|−max(s) and
o> max{γ+β+max(s),ν+β+max(s),−a}. Then

∥Kx
γ,ν,m f ∥γ̄,ν+β;x ≲ ∥ f ∥γ,ν;x∥Π∥γ;Bs(x,2)(1+∥Γ∥γ+β;Bs(x,2))(1+∥K ∥

A
eq;O
+

),

and

RKx
γ,ν,m f = KlRf − ∑

|k|s<ν+β

(·−x)k

k !
Dk (KlRf )(x).

Furthermore, given a second kernel assignment K̄ ∈A
eq;O
+ , admissible model Z̄ = (Π̄, Γ̄) and modelled

distribution f̄ ∈ Dγ,ν;x (Z̄ ) we have that

∥Kx
γ,ν,m f ;K̄x

γ,ν,m f̄ ∥γ̄,ν+β;x ≲ ∥ f ; f̄ ∥γ,ν;x +∥Π− Π̄∥γ;Bs(x,2) +∥Γ− Γ̄∥γ+β;Bs(x,2) +∥K − K̄ ∥
A

eq;O
+

where the implicit constant can be chosen to depend polynomially on

∥ f ∥γ,ν;x +∥ f̄ ∥γ,ν;x +∥Π∥γ;Bs(x,2) +∥Π̄∥γ;Bs(x,2) +∥Γ∥γ+β;Bs(x,2) +∥Γ̄∥γ+β;Bs(x,2) +∥K ∥
A

eq;O
+

+∥K̄ ∥
A

eq;O
+

.

Remark 6.12. Just as in Remark 6.8, note that although we have stated Theorems 6.10 and 6.11 in
terms of an arbitrary parameter m ∈N, these statements do not depend on m anymore as soon as m ≥
max{γ+β,γ−a,ν+β}.

Proof. We give the proof only in the case of a single model since that of two models follows similarly. We
note that we can rewrite

Kx
γ,ν,m f (y) = K̃x

γ,ν,m f (y)+Q<γ̄
( ∑
|k|s<m

∑
| j |s<ν+β

X k

k !

Γy x X j

j !
D j K (−∂)kδy ∗Rf (x)

− ∑
j ,l :| j+l |s<ν+β

Γy x X j+l

j !l !
D j K (−∂)lδx ∗Rf (x)

)
.
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By Theorem 6.10, it suffices for us to consider H(y) =Kx
γ,ν,m f (y)−K̃x

γ,ν,m f (y).
For this, we first consider the local bounds. Since H(y) is valued in the polynomial part of the

structure, this means that we want to estimate its coefficients in each X η term for |η|s < γ̄. We write
QX ηH(y) = T1 +T2 where

T1 =QX η

( ∑
| j |s<ν+β

Γx y X j

j !

∑
k:|k+ j |s<ν+β

X k

k !

[
D j K (−∂)kδy ∗Rf (x)

− ∑
l :|k+ j+l |s<ν+β

(y −x)l

l !
D j K (−∂)k+lδx ∗Rf (x)

])

T2 =QX η

( ∑
| j |s<ν+β

∑
ν+β≤|k+ j |s<m+| j |s

X k

k !

Γy x X j

j !
D j K (−∂)kδy ∗Rf (x)

)
.

We treat the terms T1 and T2 separately. For T1, we write

T1 =
∑

j ,k:| j+k|s<ν+β

(
j

η−k

)
(y −x) j+k−η

j !k !
D j K

ζ
x,y
k, j ∗Rf (x)

with

ζ
x,y
k, j = (−∂)kδy −

∑
l :|k+ j+l |s<ν+β

(y −x)l

l !
(−∂)k+lδx . (6.6)

We now note that for any ζ ∈Cα
w , by recalling Definition 2.4 and Theorem 6.5 we have for | j |s < ν+β that

|D j K ζ∗Rf (x)| =
∣∣∣∣ ∑
n≥0

Rf (D j K ζ
n(x −·))

∣∣∣∣
≲

∑
n≥0

2−n(β+ν−| j |s)∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ζ∥
K
β
r

≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥
A

eq;O
+

∥ζ∥Cα
w

, (6.7)

where we used Lemma 5.17 and also the assumption on o so that we could appeal to Theorem 6.5.

Since ∥ζx,y
k, j ∥Cα

w
≲ |y −x|ν+β−|k+ j |s

s uniformly in y ∈ Bs(x,1), by a straightforward computation using

the assumption ν+β≤−α−|s|−max(s), we get

|D j K
ζ

x,y
k, j ∗Rf (x)|≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥

A
eq;O
+

|y −x|ν+β−|k+ j |s
s , (6.8)

which gives us

|T1|≲
∑

j ,k:| j+k|s<ν+β
∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥

A
eq;O
+

|y −x|ν+β−|k+ j |s
s |y −x|| j+k|s−η

s

≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥
A

eq;O
+

|y −x|ν+β−ηs

as required. To complete the proof of the local bounds it remains to treat T2. To this effect, we write

|T2| =
∣∣∣∣∣ ∑
| j |s<ν+β

∑
k:ν+β≤| j+k|s<m+| j |s

(
j

η−k

)
(y −x) j+k−η

j !k !
D j K (−∂)kδy ∗Rf (x)

∣∣∣∣∣
≲ |y −x|ν+β−ηs ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥

A
eq;O
+

as required, where we used (6.7) and the fact that ∥(−∂)kδy∥Cα
w
≲ 1 over y ∈ Bs(x,1).

It now remains to treat the translation bounds. We define

H̊(y) = ∑
|k|s<m

∑
| j |s<ν+β

X k

k !

Γy x X j

j !
D j K (−∂)kδy ∗Rf (x)− ∑

j ,k:| j+k|s<ν+β

Γy x X j+k

j !k !
D j K (−∂)kδx ∗Rf (x)
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so that H =Q<γ̄H̊ and

QX η [H(y)−Γy z H(z)] =QX η [H̊(y)−Γy z H̊(z)]+QX η (Q<γ̄Γy z −Γy zQ<γ̄)H̊(z). (6.9)

We now estimate each term on the right hand side separately, starting with the ‘truncation error’

QX η (Q<γ̄Γy z −Γy zQ<γ̄)H̊(z) =QX ηΓy zQ≥γ̄H̊(z).

We now note that we can further decompose H̊(y) = H̊1(y)+ H̊2(y) where

H̊1(y) = ∑
j ,k

| j+k|s<ν+β

X k

k !

Γy x X j

j !
D j K (−∂)kδy ∗Rf (x)− Γy x X j+k

j !k !
D j K (−∂)lδx ∗Rf (x),

H̊2(y) = ∑
| j |s<ν+β

∑
k:ν+β≤| j+k|s≤m+| j |s

X k

k !

Γy x X j

j !
D j K (−∂)kδy ∗Rf (x).

We will again estimate each of these terms separately. For H̊1, we note that

H̊1(y) = ∑
j ,k

| j+k|s<ν+β

X k

k !

Γy x X j

j !
D j K

ζ
x,y
k, j ∗Rf (x)

with ζx,y
k, j defined in (6.6). A short computation shows that

QX ηΓy zQ≥γH̊1(z) = ∑
j ,k

| j+k|s<ν+β

∑
l≤ j

|l |s≥γ̄−|k|s

∑
k̂,l̂

|k̂+l̂ |s=η

1

k̂ !l̂ !

(y − z)k+l−k̂−l̂

(k − k̂)!(l − l̂ )!

(z −x) j−l

( j − l )!
D j K

ζx,z
k, j ∗Rf (x).

Therefore, making use of (6.8), we obtain the estimate

|QX ηΓy zQ≥γH̊1(z)|≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥
A

eq;O
+∑

j ,k
| j+k|s<ν+β

∑
l≤ j

|l |s≥γ̄−|k|s

∑
k̂,l̂

|k̂+l̂ |s=η

|y − z||k+l |s−η
s |z −x|| j−l |s+ν+β−| j+k|s

s .

Since we are interested in the regime |y − z|s, |z −x|s ≤λ, we have the bound

|QX ηΓy zQ≥γH̊1(z)|≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥
A

eq;O
+

|y − z|γ̄−ηs λν+β−γ̄

which was the desired estimate. Therefore to complete our estimate of the term coming from the
truncation error, it remains to estimate the term coming from H̊2. We can again compute that

QX ηΓy zQ≥γ̄H̊2(z)

= ∑
| j |s≤ν+β

∑
k

ν+β≤| j+k|s≤m+| j |s

∑
l≤ j

|l |s≥γ̄−|k|s

∑
|n|s=η

(
l +k

n

)
(z −x) j−l (y − z)k+l−η

k !l !( j − l )!
D j K (−∂)kδz ∗Rf (x).

From this, we immediately obtain the estimate

|QX ηΓy zQ≥γ̄H̊2(z)|≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥
A

eq;O
+

|y − z|γ̄−ηs λν+β−γ̄

on the domain of y, z of interest. This completes our treatment of the truncation error.
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We are now left to treat the first term on the right hand side of (6.9). This term can be rewritten as

QX η [H̊(y)−Γy z H̊(z)] =QX η

( ∑
| j |s<ν+β

∑
|k|s<m

X k

k !

Γy x X j

j !

[
D j K

ζ̃
y,z
k, j ∗Rf (x)

])

= ∑
| j |s<ν+β

∑
|k|s<m

∑
0≤l≤ j

|l+k|s=η

(y −x) j−l

k !l !( j − l )!
D j K

ζ̃
y,z
k, j ∗Rf (x),

where

ζ̃
y,z
k, j = (−∂)kδy −

∑
l :|k+ j+l |s<m

(y − z)l

l !
(−∂)k+lδz .

We deduce that

|QX η [H̊(y)−Γy z H̊(z)]|
≲ ∥Π∥γ;Bs(x,2)(1+∥Γ∥γ;Bs(x,2))∥ f ∥γ,ν;x∥K ∥

A
eq;O
+

∑
| j |s<ν+β

∑
|k|s<m

∑
0≤l≤ j

|l+k|s=η

|y −x|| j−l |s
s |y − z|m−|k|s

s ,

which concludes the proof since the assumption m ≥ ν+β implies that each of the summands is of order

|y − z|γ̄−ηs λν+β−γ̄.

7 Renormalised models on Teq

In this section, we show that one can leverage the calculus of pointed modelled distributions provided in
the previous section to obtain models on the usual scalar-valued regularity structure Teq associated to a
complete, subcritical rule R from models on an appropriate instance of TBan(Cα

w ).
As in Section 4, in order to work with kernels for which we assume control on only finite many

derivatives, we need to restrict our attention to carefully chosen sectors. We fix a finite set of trees
B⊂T(R) that is the generating set for a historic sector. The reader should have in mind that we aim to
construct Π̂xτ for τ ∈Bwhere Π̂x is (part of) a model coming from a preparation map on T(R). Our
strategy will be to use the results of the previous section to construct a family of modelled distributions
f τx on TBan(Cα

w ) indexed by x ∈ Rd and τ ∈Band define Π̂xτ=Rf τx . In order to do this we will need
to ensure that we are given a model on a good sector of TBan(Cα

w ) that contains the range of each f τx .
Whilst there is room to optimise here, for simplicity we will appeal to a relatively crude construction
involving only the regularity of the modelled distributions.

Definition 7.1. Given γ0 > 0, we define γτ ∈R recursively via

γτ = γ0 for τ ∈ {Ξ, X k }, γτσ = min{γτ+a∗,γσ+a∗}, γIk
l
τ = γτ+|l|s−|k|s

where a∗ = minAwhere Ais the grading for Teq. We say that γ0 is admissible for B if γτ ∈R+ \N for all
τ ∈B.

At this point, we would like to mimic the construction of [HS24, Equations (4.1 - 4.4)] adapting for
the fact that we wish to describe a model itself rather than the corresponding Malliavin derivative as is
done there. One subtlety in comparison to [HS24] is that due to the definition of the variable coefficient
abstract integration map given in Theorem 6.11, in the setting considered here, the pointed modelled
distribution associated to a tree Iτ (defined below) will take values in the sector spanned by polynomials,
planted trees and products of polynomials with a single planted tree rather than the sector spanned by
only the first two of these. In particular, it is necessary to extend the abstract gradient to act on trees of
the form X kIlτ. At the analytic level, we can simply enforce the Leibniz rule which causes no problems
in the construction of the model since trees of the form X kIlτ see no renormalisation at their root.
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This means that one only has to check that the trees that result from formally applying the Leibniz rule
conform to the resulting rule. Since derivatives appearing when applying the Leibniz rule may hit the
polynomials rather than the edge itself, this requires us to know that our rule is stable under reducing
the derivative decoration on edges.

Definition 7.2. Given a rule R, we define its derivative completion R̄ to be the rule defined by

R̄(t) = {(ti ,ki )n
i=1 : there exist ji ∈N such that (ti , ji )n

i=1 ∈ R(t) and ki ≤ ji }.

Replacing R by its derivative completion causes no problems due to the following technical result.
Since details about rules are not the main focus of this paper and the main challenge of the proof is in
appropriately reformulating definitions of [BHZ19], we provide only a sketch of proof here.

Lemma 7.3. Suppose that R is a complete and subcritical rule. Then so is its derivative completion R̄.

Sketch Proof. Normality (cf. [BHZ19, Definition 5.7]) of R̄ is immediate from the definition. To check
subcriticality, one simply notes that any regularity assignment as in [BHZ19, Definition 5.14] exhibiting
subcriticality of R also exhibits subcriticality of R̄ since removing derivatives increases regularity. Check-
ing Θ-completeness of R̄ (cf. [BHZ19, Definition 5.20]) is more tedious. Roughly speaking, one can prove
that a normal rule is Θ-complete if and only if the set of trees conforming to the rule is closed under the
operation of contracting subtrees of negative degree and distributing derivatives appropriately on the
outgoing edges of the contracted subtree. Since one can also prove that the set of trees conforming to R̄
are precisely those trees that can be obtained by reducing edge decorations of a tree conforming to R,
the result then follows in a straightforward manner.

We recall that we have fixed a complete subcritical rule R generating the regularity structure Teq. We
fix R̄ to be the derivative completion of R. All instances of TBan in what follows will be built over the
underlying set of combinatorial trees T(R̄).

Given γ0 that is admissible for B, we define the historic sector Wγ0 of TBan to be the historic sector
with generating set of trees given by Hist({τ ∈T(R̄) : |τ|s < γ∗}) where γ∗ = max{γτ : ∃ j such that D jτ ∈
B} where we have extended the definition of γτ via γIk

l
τ = γ

I
j
l
τ
+| j −k|s if k ≤ j and I

j
l
τ ∈B. This

construction accounts for the fact that Bneed not be closed under the operation of removing derivatives
at the trunk. We also define a∗ to be the regularity of the sector Wγ0 and m∗ = max{γ∗−a∗, |Ilτ|s : ∃k ∈
Nd ,Ik

l
τ ∈B}.

Proposition 7.4. Let γ0 be admissible for Band suppose that −α> m∗+|s|+max(s). Then there exists
o> 0 depending only on γ∗ and the rule R such that if Z = (Π,Γ) is a model on Wγ0 that is admissible
with respect to A ∈Ao+ and ξ ∈Aeq− then there exists a unique family of pointed modelled distributions
f τx ∈ Dγτ,|τ|s;x satisfying the recursive relations

f τx =Q<γ0Γy xτ for τ ∈ {Ξ, X k }, f τσx = f τx ⋆γτσ f σx , f
Ik
l
τ

x = DkKx;l
γτ,|τ|s,m∗ f τx

where Kx;l
γ,ν,m denotes the integration operator as in Theorem 6.11 corresponding to Il. Furthermore,

given a second model Z̄ on Wγ0 which is admissible for Ā ∈Ao+ and ξ̄ ∈Aeq− , denoting by f̄ τx the respective
modelled distributions, there is an r > 0 such that for every τ ∈B it holds that

∥ f τx ∥γτ,|τ|s;x ≲ 1, ∥ f τx ; f̄ τx ∥γτ,|τ|s;x ≲ ∥Z ; Z̄∥Wγ0 ,Bs(x,r ) +∥A− Ā∥Ao+

where the implicit constants can be chosen to depend polynomially on ∥Z∥Wγ0 ,Bs(x,r ) +∥Z̄∥Wγ0 ,Bs(x,r ) +
∥A∥Ao+ +∥Ā∥Ao+ .

We remind the reader that for τ ∈ {X k ,Ξl}, V ⊗̂π〈τ〉 ≃ R so that it is legitimate to identify τ with
1 ∈V ⊗̂π〈τ〉 (which matches the usual scalar valued setting).
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Proof. At this point, we have all the ingredients to reduce the proof to a (Noetherian) induction over
B. For τ ∈ {Ξ, X k }, one can check that Q<γΓ·,xτ ∈ Dγ,|τ|s;x for every γ> 0. The claim in the case of two
models for these values of τ follows by noting that

f τx (y)− f̄ τx (y) =Q<γ0 (Γy x − Γ̄y x )τ.

Stability under integration and differentiation follows from Theorem 6.11 (recalling Assumption 2.1)
whilst stability under multiplication follows from [HS24, Proposition 3.11]. Here we make use of the fact
that Bgenerates a good sector to appeal to the induction hypothesis.

For the remainder of this section, we assume that a finite set of trees B⊂T(R) and an admissible21

γ0 for Bhave been fixed. We assume also that −α> m∗+|s|+max(s).

Definition 7.5. Given a model Z on Wγ0 , we define Φx (Z ) : B→ D′(Rd ) via Φx (Z )τ=Rf τx .

The idea is that we will eventually show thatΦx (Z ) =Πeq
x |B for a model Z eq = (Πeq

x ,Γeq) on 〈B〉 ⊂Teq.
In particular, bounds obtained for Φx (Z ) will also immediately imply bounds for the model Z eq. With
this in mind, we note here that combining the reconstruction theorem for pointed modelled distributions
given in Theorem 6.5 with the result of Proposition 7.4 immediately yields the following quantitative
estimates. In the following statement ∥ ·∥τ;K is as defined in (4.5).

Lemma 7.6. Given a pair of models Z , Z̄ on Wγ0 that are admissible with respect to A, Ā ∈ Ao+ and
ξ, ξ̄ ∈Aeq− respectively with o as in Proposition 7.4, for each τ ∈B

∥Φ(Z )∥τ;K ≲ 1, ∥Φ(Z )−Φ(Z̄ )∥τ;K ≲ ∥Z ; Z̄∥Wγ0 ,K+Bs(x,r+1) +∥A− Ā∥Ao+

where the implicit constants can be chosen to depend polynomially on ∥Z∥Wγ0 ,Bs(x,r ) +∥Z̄∥Wγ0 ,Bs(x,r ) +
∥A∥Ao+ +∥Ā∥Ao+ .

7.1 An Exact Formula for Models on Teq

In this section, we assume to have fixed parameters O≥ o+max(s), O≥−α+max(s),
´

w <∞, a smooth

noise assignment ξ ∈A∞;eq− and a kernel assignment K ∈A
eq,O
+ on Teq. Furthermore we recall that if

TBan =TBan
R̄

(Cα
w ) then the kernel assignment K also induces a kernel assignment A :

⊕
l∈L+ Cα

w →K
|l|s
o

as described in Section 5.2. This kernel assignment is such that K y
l

(y − x) = Al(δy )(y − x). Given this

data, we aim to exhibit a preparation map on the historic sector22 of Teq generated by B such that if
we denote the corresponding model by (Πeq,Γeq) then we have Πeq

x τ=Φx (Z Ban)τ for all τ ∈Bwhere
Z Ban = (ΠBan,ΓBan) is the BPHZ model on the historic sector of TBan generated by B. In fact, the results
of this section would apply to any preparation map on TBan of the form specified in Lemma 5.6.

We recall here that the correct notion of preparation map on Teq is that of a state-space dependent
preparation map as is defined in [BB21, Definition 5.1]. We remark that in principle the construction
of a model from a state-space dependent preparation map in our setting does not quite follow from
[BB21] due to our weaker assumptions on kernel assignments (required to deal with the coefficient field
in C r rather than C∞ topologies). However, the adaptation to [BB21] runs along similar lines to the
adaptation to the translation invariant setting considered in Section 4. The only significant difference is
that one does not expect Πxτ to be smooth in this setting since we cannot appeal to integration by parts
to move derivatives off of the kernels Kl. However this issue can be circumvented by instead constructing

Πxτ ∈ L∞
loc

(
d y

|y−x||τ|ss

)
and noting that in place of appealing to Taylor expansion to controlΠxI

k
l
τ, one can

instead appeal to a straightforward adaptation of the proof of the Extension Theorem given in [Hai14,
Theorem 5.14] to obtain the right mapping properties of Kl on these spaces. In order to avoid significant
repetition, we leave the details to the reader.

21Note that such a γ0 exists since we have assumed that B is finite.
22We note that the usual scalar valued regularity structures are a special case of our vectorial construction with the Banach space

assignment Vl =R so that it makes sense to talk about historic sectors in this context.
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For our purposes, the most important class of state-space dependent preparation maps are those
arising from ∆−

r in a similar way to Lemma 5.6. We recall that given a state-space dependent functional
ℓy : Teq− → R such that the dependence on y is continuous, P (y,τ) = (ℓy ⊗ id)∆−

r defines a state-space
dependent (strong) preparation map. This means that in order to exhibit a preparation map on Teq, it
suffices to exhibit ℓeq

y .

To do this, in order to capture the difference between taking derivatives on TBan where the “upper
slot” is frozen and on Teq where derivatives may hit the “upper slot”, it is convenient to introduce an
intermediary class of trees with an extra decoration that accounts for the use of the Leibniz rule on Teq

to split derivatives between the upper and lower slot before passing to TBan.

Definition 7.7. An over-decorated tree is a decorated tree23 τ= (τ,n,e) equipped with an additional edge
decoration k : E+(τ) →Nd such that for each e ∈ E+(τ), |ke |s < m∗. We will often write τ= (τ,n,e,k) to
denote an over-decorated tree and will write T̃(R) = {(τ,n,e,k) : (τ,n,e) ∈ T(R)}. We extend the degree
map to over-decorated trees by writing

|(τ,n,e,k)|s = |(τ,n,e)|s
and write T̃−(R) for the set of elements of T̃(R) of negative degree.

We then define a linear map ιx : 〈T̃〉→TBan via

ιx (τ,n,e,k) =⊗τ〈τ〉
[(

(−∂)keδx
)

e∈E+(τ)

]
(7.1)

which we note is independent of the choice of τ ∈ (τ,n,e,k).
With this notation in hand, we are ready to define our state-space dependent preparation map on

Teq. We define ℓeq
y on Teq− via ℓeq

y = ℓBan
y ◦ ιy ◦D where

D(τ,n,e) = ∑
k,ℓ

1

k !

(
e

ℓ

)
pT̃− (τ,n+πk,e−ℓ,k+ℓ) (7.2)

where the sum ranges over all edge decorations k,ℓ on (τ,n,e) ∈ Teq− ⊂ Teq. We note that the sum
appearing above is a finite sum due to the binomial coefficient and the projection onto T̃−(R). We
remind the reader that the map π converts edge decorations of a tree to node decorations via

πk(v) = ∑
w∈N (τ):v<w
e=(v,w)∈E(τ)

k(e)

where < denotes the usual partial order on the vertices of a rooted tree. Our goal in this section is then to
establish the following proposition.

Proposition 7.8. Suppose that B⊂T(R) is the generating set of an historic sector in Teq. Fix a smooth

noise assignment ξ ∈A∞;eq− and a kernel assignment K ∈A
eq;O
+ . Denote by A ∈Ao+ the kernel assignment

on TBan(Cα
w ) associated to K as described in Section 5.2.

Fix γ0 that is admissible for B and suppose that o > ord(Wγ0 ) and that O> ord(〈B〉). Let Z eq =
(Πeq,Γeq) denote the model on 〈B〉 associated to the preparation map Py = (ℓeq

y ⊗ id)∆−
r , the noise assign-

ment ξ and the kernel assignment K . Then we have that

Π
eq
x τ=Φx (Z Ban)τ

for every τ ∈Bwhere Z Ban is the BPHZ model on Wγ0 with noise assignment ξ and kernel assignment A.

We note that it straightforward to establish this proposition when Z Ban and Z eq are replaced with
the corresponding canonical lifts. As such, the main challenge is dealing with renormalisation at the
algebraic level. We note that the definition of Φx (Z Ban) via the recursive definition of the corresponding
f τx is not particularly convenient for dealing with this challenge. As a result, before turning to the proof
of Proposition 7.8, we will reformulate the definition of f τx in terms of a coproduct-type operation that
can be formulated non-recursively.

23Strictly speaking, a decorated tree will be an isomorphism class of such trees where the relevant notion of isomorphism also
preserves the ‘over-decoration’
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7.2 An Algebraic Representation of f τx
In this subsection we derive an explicit algebraic expression of the pointed modelled distribution f τ

defined in Proposition 7.4, based on a new character χ and a new map ∆̃which acts on trees by a suitable
cut operations reminiscent of positive renormalisation. We assume that all objects as in the statement of
Proposition 7.8 are fixed. We define

T∼(R) = {
τ= X j

∏
i
I

ki
l
τi : τ conforms to R, γ

I
ki
l
τ
> 0

}
and denote by pT∼ : 〈T(R)〉→ 〈T∼(R)〉 the associated projection. We note that 〈T∼〉 is an algebra for the
tree product. Furthermore, we define B∼ ⊂T∼ to consist of those τ as above such that each τi lies in
B. The following definition will be used to describe the coefficients of f τx in the polynomial part of the
regularity structure.

Definition 7.9. Given x, y ∈Rd , we define an algebra morphism χx
y : 〈B∼〉→R by setting χx

y (Xi ) = yi −xi

and

χx
y (Ik

l τ)

= k !QX k

(∑
l

X l

l !

(
J (−∂)lδy ;l(y) f τx (y)+N

(−∂)lδy ;l
γτ f τx (y)

)
− ∑

| j+l |s<|τ|s+|l|s

Γy x X j+l

j !l !

(
D j Al((−∂)lδx )∗Rf τx

)
(x)

)
.

Note that we can write

f
I

j
l
τ

x (y) =Q<γ
I

j
l
τ

( ∑
|k|s<m∗

[
D j

(
X k

k !
I

(−∂)kδy

l
f τx (y)

)
+ D j X k

k !
χx

y (Ik
l τ)

])
which has polynomial part

Q<γ
I

j
l
τ

( ∑
|k+ j |s<m∗

X k

k !
χx

y (Ik+ j
l

τ)

)
.

For a tree τ ∈ T̃, we will write Ie,k
l
τ for its planted version where the trunk carries decoration e and

over-decoration k.

Definition 7.10. Let ∆̃ : 〈T(R)〉→ 〈T̃(R̄)〉⊗〈T∼(R)〉 be the linear map recursively defined by

1. ∆̃Ξ=Ξ⊗1 and ∆̃Xi = Xi ⊗1+1⊗Xi ,

2. ∆̃(τ ·σ) = (
Q<γτ·σ ⊗ id

)(
∆̃τ · ∆̃σ)

,

3. ∆̃Ij
l
τ= (

Q<γ
I

j
l
τ
⊗ id

)(∑
l≤ j

∑
|k+l |s<m∗

( j
l

)( X k

k ! I
j−l ,k+l
l

⊗ id
)
∆̃τ+∑

|k+ j |s<m∗
X k

k ! ⊗I
k+ j
l

τ
)
,

We remark that a straightforward induction shows that ∆̃(B) ⊂ 〈T̃(R̄)〉⊗〈B∼〉 so that in particular,
the expression (id⊗χx

y )∆̃ is well defined on 〈B〉.
Lemma 7.11. For any x, y ∈Rd and any τ ∈B, the following identity holds

f τx (y) = (ιy ⊗χx
y )∆̃τ . (7.3)

Proof. We proceed by Noetherian induction over B. It is clear that (7.3) holds if τ ∈ {Ξl, X k } so that it
suffices to consider separately the cases where τ is planted and where τ is a product of planted trees. In
the latter case, the result is straightforward since all objects involved are multiplicative. Therefore, we
consider only the case of planted trees. In this case, we write

(ιy ⊗χx
y )∆̃Ik

l τ= (ιy ⊗χx
y )

(
Q<γ

I
j
l
τ
⊗ id

)( ∑
l≤ j

∑
|k+l |s<m∗

(
j

l

)( X k

k !
I

j−l ,k+l
l

⊗ id
)
∆̃τ+ ∑

|k+ j |s<m∗

X k

k !
⊗I

k+ j
l

τ
)

= (
Q<γ

I
j
l
τ
⊗ id

)( ∑
l≤ j

∑
|k+l |s<m∗

(
j

l

)( X k

k !
D j−lI

(−∂)k+lδy

l
⊗ id

)
(ιy ⊗χx

y )∆̃τ+ ∑
|k+ j |s<m∗

X k

k !
χx

y

(
I

k+ j
l

τ
))

.
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We then write

∑
l≤ j

∑
|k+l |s<m∗

(
j

l

)( X k

k !
D j−lI

(−∂)k+lδy

l
⊗ id

)
(ιy ⊗χx

y )∆̃τ= ∑
l≤ j

∑
|k̄|s<m∗

(
j

l

)
D l X k̄

k̄ !
D j−lI

(−∂)k̄δy

l
f τx (y)

= D j
( ∑
|k̄|s<m∗

X k̄

k̄ !
I

(−∂)k̄δy

l
f τx (y)

)

where we made use of the induction hypothesis to pass to the second line. Treating the term with

χx
y (Ik+ j

l
τ) similarly, we see that the induction hypothesis implies that

(ιy ⊗χx
y )∆̃Ik

l τ= D j Q<γIlτ

( ∑
|k̄|s<m∗

X k̄

k̄ !
I

(−∂)k̄δy

l
f τx (y)+ ∑

|k|s<m∗

X k

k !
χx

y

(
Ik
l τ

))

= D jKx;l
γτ,|τ|s,m∗ f τx (y) = f

I
j
l
τ

x (y)

as desired.

We now show that in a similar way to ∆ and ∆+, it is possible to reformulate the definition of ∆̃
non-recursively. This will be essential to identify how it interacts with ∆−

r . Since the operation ∆̃ acts
solely at the level of combinatorial trees, rather than on TBan, in the remainder of this section we are in
a setting analogous to the one considered in [BHZ19] where it suffices to work with the distinguished
basis of (isomorphism classes of) combinatorial trees. As such, the difference between drawings and
isomorphism classes becomes less important in the arguments that follow. In order to simplify notations
and bring our proofs more in line with the similar arguments given in [BHZ19] we will therefore make
sense of operations on isomorphism classes at the level of drawings in the remainder of this section with
the implicit understanding that the operations considered are independent of the choice of drawing and
thus define operations on isomorphism classes.

Similarly to [BHZ19], it will be convenient to formulate the action of ∆̃ in terms of colourings. A
coloured tree is then an (over-)decorated tree τ together with a distinguished subset of edges τ̂⊂ E(τ)
which is the edge set of a subtree of τ containing its root. We will write (τ, τ̂,n,e) and (τ, τ̂,n,e,k) for
coloured decorated and over-decorated trees respectively. Finally, we define the contraction operation C
via

C(τ, τ̂,n,e,k) = (τ/τ̂, [n]τ̂,e,k) (7.4)

where [n]τ̂(v) =∑
w∈∪e∈τ̂e n(w). Here we implicitly identify E(τ/σ) as a subset of E(τ) in order to restrict

edge decorations to the quotient graph. We extend this definition to decorated coloured trees by
identifying a decorated coloured tree with its over-decorated analogue with k≡ 0.

Proposition 7.12. The map ∆̃ has the explicit form

∆̃(τ,n,e) = ∑
C̃∈C+[τ]

∑
n ̸≥C̃

∑
ℓ̸≥C̃ ,k̸≥C̃

∑
εC̃

(
n

n ̸≥C̃

)(
e

ℓ̸≥C̃

)
1

k̸≥C̃ !

1

εC̃ !
(7.5)

Q<γ(τ,n,e) (τ ̸≥C̃ ,n ̸≥C̃ +π(k̸≥C̃ +εC̃ ),e− ℓ̸≥C̃ , k̸≥C̃ + ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+εC̃ ) ,

where C+[τ] =C[τ]∩P(E+(τ)), the second sum is over maps n ̸≥C̃ : Nτ ̸≥C̃
→Nd , the third sum is over maps

ℓ̸≥C̃ , k̸≥C̃ : E(τ ̸≥C̃ ) →Nd , and the last sum is over maps εC̃ : C̃ →Nd .

Proof. We prove that the right-hand side of (7.5) satisfies the inductive identities of Definition 7.10. We
cover separately the various cases, leaving the cases where (τ,n,e) is either a noise or monomial to the
reader.
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Case of ∆̃(τσ): We assume to be given τ= (τ,nτ,eτ) and σ= (σ,nσ,eσ), such that ∆̃τ and ∆̃σ satisfy the
explicit expression (7.5). In the definition of ∆̃τσ, we note that we can write C+[τσ] = C+[τ]⊕C+[σ]
where we set C+[τ]⊕C+[σ] = {C1 ⊔C2 : C1 ∈ C+[τ],C2 ∈ C+[σ]}. Furthermore, for a fixed C = Cτ⊔Cσ ∈
C+[τ]⊕C+[σ], we can write ℓ̸≥C = ℓ̸≥Cτ + ℓ̸≥Cσ with ℓ̸≥Cτ (e) = ℓ̸≥C (e)1e ̸≥Cτ,e∈E(τ) and similarly for k̸≥C .
We also write εC = εCτ +εCσ with εCτ (e) = εC (e)1e∈Cτ . Finally, we write n ̸≥C = n̊ ̸≥Cτ + n̊ ̸≥Cσ +nρ where
nρ(v) = n ̸≥C (ρ)1v=ρ and n̊τ

̸≥Cτ
(v) = n ̸≥C (v)1v ̸≥Cτ,v∈N (τ)\{ρ} where ρ denotes the root of τσ.

Substituting in these decompositions, and adopting the usual convention that sums run over decora-
tions with the correct support, the expression (7.5) can be rewritten as

∆̃(τσ) = ∑
Cτ∈C+[τ]
Cσ∈C+[σ]

∑
n̊ ̸≥Cτ
n̊ ̸≥Cσ

nρ

∑
ℓ̸≥Cτ ,k̸≥Cτ
ℓ̸≥Cσ ,k̸≥Cσ

∑
εCτ
εCσ

(
nτ

n̊ ̸≥Cτ

)(
nσ

n̊ ̸≥Cσ

)(
nτ+nσ

nρ

)(
eτ
ℓ̸≥Cτ

)(
eσ
ℓ̸≥Cσ

)
1

k̸≥Cτ !

1

k̸≥Cσ !

1

εCτ !

1

εCσ !

Q<γτσ
(
τ ̸≥Cτ σ̸≥Cσ , n̊ ̸≥Cτ + n̊ ̸≥Cσ +nρ +π(k̸≥Cτ +εCτ )+π(k̸≥Cσ +εCσ ),

(eτ− ℓ̸≥Cτ )+ (eσ− ℓ̸≥Cσ ), (k̸≥Cτ + ℓ̸≥Cτ )+ (k̸≥Cσ + ℓ̸≥Cσ )
)

⊗pT∼C
(
τσ,τ ̸≥Cτ ∪ σ̸≥Cσ , (nτ− n̊ ̸≥Cτ )+ (nσ− n̊ ̸≥Cσ ), (eτ+εCτ )+ (eσ+εCσ )

)
.

We now use the Chu–Vandermonde identity in the form(
nτ+nσ

nρ

)
= ∑

nρ=n
ρ
τ+n

ρ
σ

(
nτ

nρ
τ

)(
nσ

nρ
σ

)
.

The result then follows by substituting in the result of Chu-Vandermonde, again re-indexing the summa-
tion via n ̸≥Cτ = n̊ ̸≥Cτ +nρ

τ and similarly for σ and noting the multiplicativity properties(
τ ̸≥Cτ σ̸≥Cσ , n̊ ̸≥Cτ + n̊ ̸≥Cσ +nρ +π(k̸≥Cτ +εCτ )+π(k̸≥Cσ +εCσ ),

(eτ− ℓ̸≥Cτ )+ (eσ− ℓ̸≥Cσ ), (k̸≥Cτ + ℓ̸≥Cτ )+ (k̸≥Cσ + ℓ̸≥Cσ )
)

= (
τ ̸≥Cτ ,n ̸≥Cτ +π(k̸≥Cτ +εCτ ),eτ− ℓ̸≥Cτ , k̸≥Cτ + ℓ̸≥Cτ

)
· (σ̸≥Cσ ,n ̸≥Cσ +π(k̸≥Cσ +εCσ ),eσ− ℓ̸≥Cσ , k̸≥Cσ + ℓ̸≥Cσ

)
,

and

C
(
τσ,τ ̸≥Cτ ⊔ σ̸≥Cσ ), (nτ−n ̸≥Cτ )+ (nσ−n ̸≥Cσ ), (eτ+εCτ )+ (eσ+εCσ )

)
=C

(
τ,τ ̸≥Cτ ,nτ−n ̸≥Cτ ,eτ+εCτ

) ·C(
σ, σ̸≥Cσ ,nσ−n ̸≥Cσ ,eσ+εCσ

)
,

along with the multiplicativity of pT̃ and the identity

Q<γτσ (τ̃σ̃) =Q<γτσ
(
(Q<γτ τ̃) · (Q<γσ σ̃)

)
,

which follows from the definition of γτσ.

Case of ∆̃Ij
l
τ: We assume τ= (τ,nτ,eτ) is such that ∆̃τ satisfies (7.5). We write ρ for the root of Ij

l
τ and

e∗ for the unique edge adjacent to ρ. In particular, e∗ has type l and decoration j so that we can write

I
j
l
τ= (Ilτ,nτ,eτ+ j 1e∗ ) where we extend nτ,eτ to I

j
l
τ by 0. We then divide the contribution of the sum

over cuts in the expression (7.5) for Ij
l
τ into the case where the cut C = {e∗} and the remaining cases

where C ⊂ E(τ).
In the former case, since n(ρ) = 0 we have that the sums over ℓ̸≥C , k̸≥C and n ̸≥C are trivial. Further-

more, for this cut ((Ilτ) ̸≥C ,n+πεC ,e,0) = X k. Therefore this case contributes the term

∑
k

1

k !
Q<γ

I
j
l
τ

X k ⊗pT̃(Ilτ,n,e+k + j ) = ∑
k:|k+ j |s<m∗

1

k !
Q<γ

I
j
l
τ

X k ⊗ (Ilτ,n,e+k + j )
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where the projection pT̃ can be removed since the same condition is enforced by the projection Q<γ
I

j
l
τ

on the other term and the fact that the effective range of summation is over k which satisfy |k + j |s < m∗
follows from the fact that the projection on the first term enforces that |k + j |s < γIlτ < m∗ by the
definition of m∗. We recognise this as the second summation in the recursive definition (3) so it remains
to show that the contribution where the cut is above the trunk contributes the remaining terms in that
recursive definition.

The contribution where the cut is above the trunk can be written as

∑
C∈C+[τ]

∑
n ̸≥C

∑
k̸≥C ,ℓ̸≥C

∑
εC

(
nτ

n ̸≥C

)(
eτ+ j 1e∗
ℓ̸≥C

)
1

k̸≥C !

1

εC !
Qγ

I
j
l
τ
(Ilτ ̸≥C ,n ̸≥C +π(k̸≥C +εC ),eτ+ j 1e∗− ℓ̸≥C , k̸≥C + ℓ̸≥C )

⊗pT̃C(τ,τ ̸≥C ,nτ−n ̸≥C ,eτ+εC ) (7.6)

where to exclude the trunk in the second component of the tensor, we used the fact that the node

decoration at the root of Ij
l
τ vanishes so that removing the trunk leads to the same tree after contraction.

We now decompose ℓ̸≥C = ℓτ̸≥C +ℓ∗ where ℓ∗ = ℓ̸≥C 1e∗ and k̸≥C =kτ̸≥C +k∗ where k∗ = k̸≥C 1e∗ . Due
to the disjoint supports, we can write(

eτ+ j 1e∗
ℓ̸≥C

)
=

(
eτ
ℓτ̸≥C

)(
j

ℓ∗

)
,

1

k̸≥C !
= 1

kτ̸≥C !

1

k∗!
.

Furthermore, we have that

(Ilτ ̸≥C ,n ̸≥C +π(k̸≥C +εC ),eτ+ j 1e∗− ℓ̸≥C , k̸≥C + ℓ̸≥C )

= X k∗
I

j−ℓ∗,k∗+ℓ∗
l

(τ ̸≥C ,n ̸≥C +π(kτ̸≥C +εC ),eτ−ℓτ̸≥C ,kτ̸≥C +ℓτ̸≥C ).

Therefore, we can rewrite (7.6) as

(Q
γ

j
l
τ
⊗ id)

[ ∑
k∗,ℓ∗

(
j

k∗

)(
X k∗

k∗!
I

j−ℓ∗,k∗+ℓ∗
l

⊗ id

)
∆̃τ

]
.

To complete the proof, it remains to see that the effective range of summation satisfies |k∗+ℓ∗|s < m∗. We
note that the projection on the first component of the tensor enforces that a∗+k∗+ℓ∗+|l|s−| j |s < γIj

l
τ

.

Since |l|s−| j |s > 0 by Assumption 2.1 and γ
I

j
l
τ
≤ m∗+a∗ by assumption, the desired restriction on the

range of summation follows.

7.3 The Proof of Proposition 7.8

With the ingredients of the previous subsection in place, we are in position to prove Proposition 7.8. The
proof will be by induction in Age(τ) over τ ∈B. The part of the inductive step that deals with the case of
products of planted trees will involve a lengthy combinatorial computation which we separate out into
a lemma which is stated and proven after the remainder of the proof which is presented immediately
below.

Proof of Proposition 7.8. We proceed by induction in the age and also enhance the induction hypothesis
to include the statement

Π
eq,×
x τ=R× f τx

where R× denotes the reconstruction operator associated to the model Z Ban,× = (ΠBan,×,ΓBan). We note
that since both models have second component ΓBan, the notion of modelled distributions agree for
Z Ban and Z Ban,× so that R× f τx is well-defined.

In any of the cases where τ ∈ {X k ,Ξl} (which includes the base case τ= 1), the result follows immedi-
ately from the definitions. Therefore, as usual, we need only consider separately the case of planted trees
and products of planted trees.
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In the case of planted trees, we note that Πeq,×
x and Πeq

x agree on such trees and that f τx takes values
in the subsector of Wγ0 generated by trees of the form X kIlσ, X k . Since ΠBan and ΠBan,× agree on this
sector it suffices only to prove the result comparing Πeq and ΠBan for such trees.

For this, we write

Rf
I

j
l
τ

x =RD jKx;l
γτ,|τ|s,m∗ f τx = D jRKx;l

γτ,|τ|s,m∗ f τx

By Theorem 6.11, this is nothing but

Rf
I

j
k
τ

x = D j KlRf τx − ∑
|k|s<|Ij

l
τ|s

(·−x)k

k !
Dk+ j KlRf τx (x)

so that by the induction hypothesis and admissibility of Πeq
x , the result for the case of planted trees

follows.
In the case where τ=∏n

i=0τi is a product of planted trees, we treat Πeq,×
x and Πeq

x separately. In the
former case, we write

Π
eq,×
x τ(y) =

n∏
i=0

Π
eq,×
x τi (y) =

n∏
i=0

ΠBan,×
y f τi

x (y)(y) =ΠBan,×
y f τi

x (y)(y) =R× f τx (y)

where we have made use of the fact that for smooth models, the reconstruction is given by diagonal
evaluation of the model applied to the modelled distribution.

Therefore, it remains only to consider Πeq
x . To this end, we use the definition of Πeq

x , the induction
hypothesis and Lemma 7.11 to write

Π
eq
x τ(y) = (ℓeq

y ⊗Πeq,×
x )∆−

r τ(y) = (ℓeq
y ⊗ΠBan,×

y f ·
x (y)(y))∆−

r τ

= (ℓeq
y ⊗ [ΠBan,×

y ◦ ιy [·](y)]⊗χx
y )(id⊗ ∆̃)∆−

r τ.

On the other hand, we have

Rf τx (y) = ([ΠBan
y ◦ ιy ]⊗χy

x )∆̃τ(y) = ([ℓBan ⊗ΠBan,×
y )∆−

r ιy ]⊗χx
y )∆̃τ(y).

We then extend ∆−
r to T̃(R̄) by simply having it ignore24 the over-decoration. We note that with this

definition,

∆−
r ιy (τ,n,e,k) =∆−

r

τ⊗
〈τ〉

[(−∂)keδy ]e∈E+(τ) =L(2)
τ [∆−

r τ]((−∂)keδy )e∈E+(τ) = (ιy ⊗ ιy )∆−
r (τ,n,e,k).

Therefore, we obtain

Rf τx (y) = (ℓBan ◦ ιy ⊗ΠBan,×
y ◦ ιy [·](y)⊗χx

y )(∆−
r ⊗ id)∆̃τ.

Therefore the result follows if we can show that

(ℓeq
y ⊗ [ΠBan,×

y ◦ ιy [·](y)]⊗χx
y )(id⊗ ∆̃)∆−

r τ=Rf τx (y) = (ℓBan ◦ ιy ⊗ΠBan,×
y ◦ ιy [·](y)⊗χx

y )(∆−
r ⊗ id)∆̃τ.

This is the result of a combinatorial computation that we separate out in to Lemma 7.13 below.

Lemma 7.13. In the context of Proposition 7.8, suppose that τ ∈B. Then

(ℓeq
y ⊗ [ΠBan,×

y ◦ ιy [·](y)]⊗χx
y )(id⊗ ∆̃)∆−

r τ= (ℓBan ◦ ιy ⊗ΠBan,×
y ◦ ιy [·](y)⊗χx

y )(∆−
r ⊗ id)∆̃τ.

24If ∆−
r τ=σ1 ⊗σ2 in Sweedler’s notation, then the edge sets of σi can be naturally identified with those of τ. We simply carry

the over-decoration along this identification.
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Before proving this lemma, let us introduce some pieces of notation which we will need. For a given
tree τ and an edge decoration f (i.e. a function f : Eτ →Nd+1) we shall write for a given set of edges
C ⊂ E

f >C (e) := f (e)1e∈∪c∈C E>c , f =C (e) := f (e)1e∈C (7.7)

as well as f ≥C = f >E + f =C and f ̸≥C (e) = f − f ≥C .
Next we define an extension of ∆̃ to coloured trees by

∆̃(τ, τ̂,n,e) = ∑
C̃∈C+[τ]
C̃∩Eτ̂=;

∑
n ̸≥C̃

∑
ℓ≥C
̸≥C̃

,k≥C
̸≥C̃

∑
kC̃

(
n

n ̸≥C̃

)(
e

ℓ≥C
̸≥C̃

)
1

k≥C
̸≥C̃

!

1

kC̃ !
(7.8)

Q<γC(τ,τ′ ,n,e)
(τ ̸≥C̃ , τ̂,n ̸≥C̃ +π(k≥C

̸≥C̃
+kC̃ ),e−ℓ≥C

̸≥C̃
,k≥C

̸≥C̃
+ℓ≥C

̸≥C̃
)

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+kC̃ ) ,

where in the middle line we used the extension of the projection maps Q<γ to coloured trees given by

Q<γ(τ, τ̂,n,e) = 1|C(τ,τ̂,n,e)|<γ(τ, τ̂,n,e) . (7.9)

These extensions are chosen such that the following lemma holds.

Lemma 7.14. For every coloured tree (τ, τ̂,n,e), such that (τ,n,e) ∈B

∆̃◦C(τ, τ̂,n,e) = (C⊗ id)∆̃(τ, τ̂,n,e) .

Proof. First note that by definition CQ<γ(τ, τ̂,n,e) =Q<γC(τ, τ̂,n,e). By unraveling the definition of the
right hand side we then find that

(C⊗ id)∆̃(τ, τ̂,n,e) = ∑
C̃∈C+[τ]

C̃∩E(τ̂)=;

∑
n ̸≥C̃

∑
ℓ≥C
̸≥C̃

,k≥C
̸≥C̃

∑
kC̃

(
n

n ̸≥C̃

)(
e

ℓ≥C
̸≥C̃

)
1

k≥C
̸≥C̃

!

1

kC̃ !

Q<γC(τ,τ̂,n,e)C(τ ̸≥C̃ , τ̂,n ̸≥C̃ +π(k≥C
̸≥C̃

+kC̃ ),e−ℓ≥C
̸≥C̃

,k≥C
̸≥C̃

+ℓ≥C
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+kC̃ ) .

Comparing to ∆̃C(τ, τ̂,n,e) the claim follows directly from the formula (7.5) by recalling the canonical
bijection between the edges of the tree C(τ, τ̂) and the set E \ E(τ̂) and a simple application of the
Chu-Vandermonde identity in order to see that the node decoration at the root agrees on both sides.

Proof of Lemma 7.13. Our strategy of proof is to unravel the definitions of (∆−
r ⊗ id)∆̃τ and

(
id⊗ ∆̃)

∆−
r τ

respectively and perform several changes of variables in the resulting sums. This step is analagous to
the proof of [BHZ19, Proposition 3.11] with the main difference being that we do not have the extended
decoration o considered there but do have an additional ‘over-decoration’. Unlike in [BHZ19], it is
not true that a procedure of repeated substitutions will show that the two terms match since negative
renormalisation does not commute with the projection Q<γτ and we do not introduce an extended
decoration to handle this mismatch. Instead, we show that due to the definition of γτ, this mismatch
vanishes when ΠBan

y [·](y) is applied.
Throughout the proof, we will adopt the convention that C denotes a generic element of C[τ] and

C̃ denotes a generic element of C+[τ]. For a pair of cuts C1,C2, we write C1 ≥ C2 if for every e1 ∈
C1 there exists an e2 ∈ C2 with e1 ≥ e2. We define C1 ≤ C2 similarly. We warn the reader that the
quantifiers appearing mean that it is not true that C1 ≥C2 if and only if C2 ≤C1. By Proposition 7.12 and
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Definition 5.1, we have

(∆−
r ⊗ id)∆̃(τ,n,e)

= ∑
C ̸≥C̃

∑
n ̸≥C̃

n ̸≥C∪C̃

∑
k̸≥C̃ ,ℓ̸≥C̃

∑
εC ,εC̃

(
n

n≥C̃

)(
n ̸≥C̃ +π(k̸≥C̃ +εC̃ )

n ̸≥C∪C̃

)(
e

ℓ̸≥C̃

)
1

k̸≥C̃ !

1

εC !

1

εC̃ !
1|(τ ̸≥C̃ ,n ̸≥C̃+π(k̸≥C̃+εC̃ ,e−ℓ̸≥C̃ )|s<γ(τ,n,e)

pT̃− (τ ̸≥C∪C̃ ,n ̸≥C∪C̃ +πεC ,e− ℓ̸≥C̃ , k̸≥C̃ + ℓ̸≥C̃ )

⊗C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ −n ̸≥C∪C̃ +π(k̸≥C̃ +εC̃ ),e− ℓ̸≥C̃ +εC , k̸≥C̃ + ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+εC̃ ).

We define L(τ,n,e) = (id⊗Q>0⊗id)(∆−
r ⊗id)∆̃(τ,n,e) and note that (ℓBan◦ιy⊗ΠBan,×

y ◦ιy [·](y)⊗χx
y )L(τ,n,e) =

0 so that omitting L(τ,n,e) will not affect the final result. We then have that

(∆−
r ⊗ id)∆̃(τ,n,e)−L(τ,n,e)

= ∑
C ̸≥C̃

∑
n ̸≥C̃

n ̸≥C∪C̃

∑
k̸≥C̃ ,ℓ̸≥C̃

∑
εC ,εC̃

(
n

n≥C̃

)(
n ̸≥C̃ +π(k̸≥C̃ +εC̃ )

n ̸≥C∪C̃

)(
e

ℓ̸≥C̃

)
1

k̸≥C̃ !

1

εC !

1

εC̃ !
1|(τ ̸≥C̃ ,n ̸≥C̃+π(k̸≥C̃+εC̃ ,e−ℓ̸≥C̃ )|s<γ(τ,n,e)

pT̃− (τ ̸≥C∪C̃ ,n ̸≥C∪C̃ +πεC ,e− ℓ̸≥C̃ , k̸≥C̃ + ℓ̸≥C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ −n ̸≥C∪C̃ +π(k̸≥C̃ +εC̃ ),e− ℓ̸≥C̃ +εC , k̸≥C̃ + ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+εC̃ ).

We then note that since ∆−
r τ=

∑
τ1 ⊗τ2 implies that |τ2|s ≥ |τ|s, we have that

|C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ −n ̸≥C∪C̃ +π(k̸≥C̃ +εC̃ ),e− ℓ̸≥C̃ +εC , k̸≥C̃ + ℓ̸≥C̃ )|s ≥ |(τ ̸≥C̃ ,n ̸≥C̃ +π(k̸≥C̃ +εC̃ ,e− ℓ̸≥C̃ )|s.

Since γ(τ,n,e) > 0, this implies that

(∆−
r ⊗ id)∆̃(τ,n,e)−L(τ,n,e) (7.10)

= ∑
C ̸≥C̃

∑
n ̸≥C̃

n ̸≥C∪C̃

∑
k̸≥C̃ ,ℓ̸≥C̃

∑
εC ,εC̃

(
n

n≥C̃

)(
n ̸≥C̃ +π(k̸≥C̃ +εC̃ )

n ̸≥C∪C̃

)(
e

ℓ̸≥C̃

)
1

k̸≥C̃ !

1

εC !

1

εC̃ !

pT̃− (τ ̸≥C∪C̃ ,n ̸≥C∪C̃ +πεC ,e− ℓ̸≥C̃ , k̸≥C̃ + ℓ̸≥C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ −n ̸≥C∪C̃ +π(k̸≥C̃ +εC̃ ),e− ℓ̸≥C̃ +εC , k̸≥C̃ + ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ ,e+εC̃ ).

We now turn to consider (id⊗ ∆̃)∆−
r (τ,n,e). By Proposition 7.12 and Definition 5.1, we have

(id⊗ ∆̃)∆−
r (τ,n,e) =∑

C̃≥C

∑
n ̸≥C ,n ̸≥C̃

∑
εC ,εC̃

∑
ℓ≥C
̸≥C̃

∑
k≥C
̸≥C̃

(
n

n ̸≥C

)(
n −n ̸≥C

n ̸≥C̃

)(
e+εC

ℓ≥C
̸≥C̃

)
1

εC !

1

εC̃ !

1

k≥C
̸≥C̃

!
1|C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃+π(k≥C

̸≥C̃
+εC̃ )|s<γC(τ,τ ̸≥C ,n−n ̸≥C ,e+εC )

pT− (τ ̸≥C ,n ̸≥C +πεC ,e)

⊗C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ +π(k≥C
̸≥C̃

+εC̃ ),e−ℓ≥C
̸≥C̃

+εC ,k≥C
̸≥C̃

+ℓ≥C
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C −n ̸≥C̃ ,e+εC +εC̃ ).

We again separate the right hand side into two parts depending on the sign of the degree of the middle
tree in the tensor product. We note that since since γσ was constructed recursively starting from γ0 that
is admissible for Band B is the generating set of a historic sector, we have that γC(τ,τ ̸≥C ,n−n ̸≥C ,e+εC ) > 0 .
Therefore, as before we can drop the indicator function in the part of the sum where the middle tree in
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the tensor is of negative degree. This leads us to

(id⊗ ∆̃)∆−
r (τ,n,e)−R(τ,n,e) =∑

C̃≥C

∑
n ̸≥C ,n ̸≥C̃

∑
εC ,εC̃

∑
ℓ≥C
̸≥C̃

∑
k≥C
̸≥C̃

(
n

n ̸≥C

)(
n −n ̸≥C

n ̸≥C̃

)(
e+εC

ℓ≥C
̸≥C̃

)
1

εC !

1

εC̃ !

1

k≥C
̸≥C̃

!

pT− (τ ̸≥C ,n ̸≥C +πεC ,e)

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C ,n ̸≥C̃ +π(k≥C
̸≥C̃

+εC̃ ),e−ℓ≥C
̸≥C̃

+εC ,k≥C
̸≥C̃

+ℓ≥C
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C −n ̸≥C̃ ,e+εC +εC̃ )

where (ℓBan ◦ ιy ⊗ΠBan,×
y ◦ ιy [·](y)⊗χx

y )R(τ,n,e) = 0. We now perform a series of substitutions into the

above expression to bring (id⊗ ∆̃)∆−
r (τ,n,e)−R(τ,n,e) closer to the form of (∆−

r ⊗ id)∆̃(τ,n,e)−L(τ,n,e).
We begin by writing C appearing in the sum above as C∗⊔C † where C † =C ∩ C̃ . We note that this

implies that C∗ ̸≥ C̃ and that given C∗ and C̃ we can uniquely recover C † = {e ∈ C̃ : ̸ ∃e ′ ∈C∗,e > e ′}. We
also decompose εC = εC∗ +εC † . We can then write

(id⊗ ∆̃)∆−
r (τ,n,e)−R(τ,n,e) =∑

C∗ ̸≥C̃

∑
n ̸≥C∗∪C̃ ,n ̸≥C̃

∑
εC∗ ,εC † ,εC̃

∑
ℓ≥C∗
̸≥C̃

∑
k≥C∗
̸≥C̃

(
n

n ̸≥C∗∪C̃

)(
n−n ̸≥C∗∪C̃

n ̸≥C̃

)(
e+εC∗

ℓ≥C∗
̸≥C̃

)
1

εC † !εC∗ !

1

εC̃ !

1

k≥C∗
̸≥C̃

!

pT− (τ ̸≥C∗∪C̃ ,n ̸≥C∗∪C̃ +π(εC∗ +εC † ),e)

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ ,n ̸≥C̃ +π(k≥C∗
̸≥C̃

+εC̃ ),e−ℓ≥C∗
̸≥C̃

+εC∗ ,k≥C∗
̸≥C̃

+ℓ≥C∗
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n−n ̸≥C̃ −n ̸≥C̃ ,e+εC † +εC̃ )

where we made use of the supports of εC∗ and εC † and the fact that the contraction operator is invariant
under changing the edge decoration on the coloured component in order to simplify expressions.

We now make the substitutions ε̄C̃ = εC̃ + εC † , n̄ ̸≥C̃ = n ̸≥C∗∪C̃ +n ̸≥C̃ and n̄ ̸≥C∗∪C̃ = n ̸≥C∗∪C̃ +πεC † .

We introduce the convention that 1
k ! = 0 if k < 0 so that the resulting constraints on the domains of

summation are automatically encoded in the multinomial coefficients. This leads to

(id⊗ ∆̃)∆−
r (τ,n,e)−R(τ,n,e) =∑

C∗ ̸≥C̃

∑
n̄ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
εC∗ ,εC † ,ε̄C̃

∑
ℓ≥C∗
̸≥C̃

∑
k≥C∗
̸≥C̃

(
n

n̄ ̸≥C∗∪C̃ −πεC †

)(
n− n̄ ̸≥C∗∪C̃ +πεC †

n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +πεC †

)(
e+εC∗

ℓ≥C∗
̸≥C̃

)
1

εC † !εC∗ !

1

(ε̄C̃ −εC † )!

1

k≥C∗
̸≥C̃

!
pT− (τ ̸≥C∗∪C̃ , n̄ ̸≥C∗∪C̃ +π(εC∗ ),e)

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +π(k≥C∗
̸≥C̃

+ ε̄C̃ ),e−ℓ≥C∗
̸≥C̃

+εC∗ ,k≥C∗
̸≥C̃

+ℓ≥C∗
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ )

We then note that(
n

n̄ ̸≥C∗∪C̃ −πεC †

)(
n − n̄ ̸≥C∗∪C̃ +πεC †

n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +πεC †

)
=

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃

n̄ ̸≥C∗∪C̃ −πεC †

)
,

1

εC † !

1

(ε̄C̃ −εC † )!
=

(
ε̄C̃

εC †

)
1

ε̄C̃ !
.

Substituting in these identities and noting that the trees do not depend on εC † , we see that the sum over
εC † factors out in the form

∑
εC †

(
n̄ ̸≥C̃

n̄ ̸≥C∗∪C̃ −πεC †

)(
ε̄C̃

εC †

)
=

(
n̄ ̸≥C̃ +πε̄C̃

n̄ ̸≥C∗∪C̃

)
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where the equality follows from the Chu-Vandermonde identity (see also [BHZ19, Lemma 2.1]). Therefore,
we obtain that

(id⊗ ∆̃)∆−
r (τ,n,e)−R(τ,n,e) =∑

C∗ ̸≥C̃

∑
n̄ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
εC∗ ,ε̄C̃

∑
ℓ≥C∗
̸≥C̃

∑
k≥C∗
̸≥C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +πε̄C̃

n̄ ̸≥C∗∪C̃

)(
e+εC∗

ℓ≥C∗
̸≥C̃

)
1

εC∗ !

1

ε̄C̃ !

1

k≥C∗
̸≥C̃

!

pT− (τ ̸≥C∗∪C̃ , n̄ ̸≥C∗∪C̃ +π(εC∗ ),e)

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +π(k≥C∗
̸≥C̃

+ ε̄C̃ ),e−ℓ≥C∗
̸≥C̃

+εC∗ ,k≥C∗
̸≥C̃

+ℓ≥C∗
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ ).

We now observe that the left-most tree in the above expression and in (7.10) differ. This is accounted for
by the fact that we apply ℓBan ◦ ιy to the left-most tree in the latter expression but ℓeq

y = ℓBan ◦ ιy ◦D to
the left-most slot in the former expression where we recall that D was defined in (7.2). We have that that
D◦pT− =D since |(τ,n+πk,e−ℓ,k+ℓ)|s ≥ |(τ,n,e)|s. Therefore,

(D⊗ id⊗ id)
(
(id⊗ ∆̃)∆−

r (τ,n,e)−R(τ,n,e)
)=∑

C∗ ̸≥C̃

∑
n̄ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
εC∗ ,ε̄C̃

∑
ℓ≥C∗
̸≥C̃

ℓ̸≥C∗∪C̃

∑
k≥C∗
̸≥C̃

k̸≥C∗∪C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +πε̄C̃

n̄ ̸≥C∗∪C̃

)(
e+εC∗

ℓ≥C∗
̸≥C̃

)(
e

ℓ̸≥C∗∪C̃

)
1

εC∗ !

1

ε̄C̃ !

1

k≥C∗
̸≥C̃

!

1

k̸≥C∗∪C̃ !

pT̃− (τ ̸≥C∗∪C̃ , n̄ ̸≥C∗∪C̃ +π(εC∗ + k̸≥C∗∪C̃ ),e− ℓ̸≥C∗∪C̃ , ℓ̸≥C∗∪C̃ + k̸≥C∗∪C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +π(k≥C∗
̸≥C̃

+ ε̄C̃ ),e−ℓ≥C∗
̸≥C̃

+εC∗ ,k≥C∗
̸≥C̃

+ℓ≥C∗
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ ).

We now write (
e+εC∗

ℓ≥C∗
̸≥C̃

)
=

(
e

ℓ>C∗
̸≥C̃

)(
e+εC∗

ℓ=C∗
̸≥C̃

)
=

(
e

ℓ>C∗
̸≥C̃

) ∑
ℓ=C∗
̸≥C̃

=ℓ̂=C∗
̸≥C̃

+ℓ̃=C∗
̸≥C̃

(
e

ℓ̂=C∗
̸≥C̃

)(
εC∗

ℓ̃=C∗
̸≥C̃

)

where the last equality follows by Chu-Vandermonde. Writing ℓ̸≥C̃ = ℓ̂=C∗
̸≥C̃

+ℓ>C∗
̸≥C̃

+ ℓ̸≥C∗∪C̃ , this yields

(D⊗ id⊗ id)
(
(id⊗ ∆̃)∆−

r (τ,n,e)−R(τ,n,e)
)=∑

C∗ ̸≥C̃

∑
n̄ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
εC∗ ,ε̄C̃

∑
ℓ̸≥C̃

ℓ̃=C∗
̸≥C̃

∑
k≥C∗
̸≥C̃

k̸≥C∗∪C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +πε̄C̃

n̄ ̸≥C∗∪C̃

)(
e

ℓ̸≥C̃

)(
εC∗

ℓ̃=C∗
̸≥C̃

)
1

εC∗ !

1

ε̄C̃ !

1

k≥C∗
̸≥C̃

!

1

k̸≥C∗∪C̃ !

pT̃− (τ ̸≥C∗∪C̃ , n̄ ̸≥C∗∪C̃ +π(εC∗ + k̸≥C∗∪C̃ ),e− ℓ̸≥C∗∪C̃ , ℓ̸≥C̃ + k̸≥C∗∪C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̄ ̸≥C∗∪C̃ +π(k≥C∗
̸≥C̃

+ ε̄C̃ ),e− ℓ̸≥C̃ − ℓ̃=C∗
̸≥C̃

+εC∗ ,k≥C∗
̸≥C̃

+ ℓ̸≥C̃ + ℓ̃=C∗
̸≥C̃

)

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ ).

To prepare to perform the sum over ℓ̃=C∗
̸≥C̃

, we substitute ε̄C∗ = εC∗ − ℓ̃=C∗
̸≥C̃

, n̂ ̸≥C∗∪C̃ = n̄ ̸≥C∗∪C̃ +πℓ̃=C∗
̸≥C̃

and
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k̂≥C∗
̸≥C̃

=k≥C∗
̸≥C̃

+ ℓ̃=C∗
̸≥C̃

. This yields

(D⊗ id⊗ id)
(
(id⊗ ∆̃)∆−

r (τ,n,e)−R(τ,n,e)
)=∑

C∗ ̸≥C̃

∑
n̂ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
ε̄C∗ ,ε̄C̃

∑
ℓ̸≥C̃

ℓ̃=C∗
̸≥C̃

∑
k̂≥C∗
̸≥C̃

k̸≥C∗∪C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +πε̄C̃

n̂ ̸≥C∗∪C̃ −πℓ̃=C∗
̸≥C̃

)(
e

ℓ̸≥C̃

)(
ε̄C∗ + ℓ̃=C∗

̸≥C̃

ℓ̃=C∗
̸≥C̃

)
1

(ε̄C∗ + ℓ̃=C∗
̸≥C̃

)!

1

ε̄C̃ !

1

(k̄≥C∗
̸≥C̃

− ℓ̃=C∗
̸≥C̃

)!

1

k̸≥C∗∪C̃ !
pT̃− (τ ̸≥C∗∪C̃ , n̂ ̸≥C∗∪C̃ +π(ε̄C∗ + k̸≥C∗∪C̃ ),e− ℓ̸≥C∗∪C̃ , ℓ̸≥C̃ + k̸≥C∗∪C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̂ ̸≥C∗∪C̃ +π(k̂≥C∗
̸≥C̃

+ ε̄C̃ ),e− ℓ̸≥C̃ + ε̄C∗ , k̂≥C∗
̸≥C̃

+ ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ )

where we note that the constraints on the domain of summation appearing due to our substitutions are
encoded by our convention on the multinomial coefficients. We note that(

ε̄C∗ + ℓ̃=C∗
̸≥C̃

ℓ̃=C∗
̸≥C̃

)
1

(ε̄C∗ + ℓ̃=C∗
̸≥C̃

)!

1

(k̄≥C∗
̸≥C̃

− ℓ̃=C∗
̸≥C̃

)!
=

(
k̂≥C∗
̸≥C̃

ℓ̃=C∗
̸≥C̃

)
1

¯εC∗

1

k̂≥C∗
̸≥C̃

!
.

Substituting this in, we see that the sum over ℓ̃=C∗
̸≥C̃

factors out in the form

∑
ℓ̃=C∗
̸≥C̃

(
k̂≥C∗
̸≥C̃

ℓ̃=C∗
̸≥C̃

)(
n̄ ̸≥C̃ +πε̄C̃

n̂ ̸≥C∗∪C̃ −πℓ̃=C∗
̸≥C̃

)
=

(
n̄ ̸≥C̃ +π(ε̄C̃ + k̂≥C∗

̸≥C̃
)

n̂ ̸≥C∗∪C̃

)

where the equality follows by Chu-Vandermonde. In total, we have obtained that

(D⊗ id⊗ id)
(
(id⊗ ∆̃)∆−

r (τ,n,e)−R(τ,n,e)
)=∑

C∗ ̸≥C̃

∑
n̂ ̸≥C∗∪C̃ ,n̄ ̸≥C̃

∑
ε̄C∗ ,ε̄C̃

∑
ℓ̸≥C̃

∑
k̂≥C∗
̸≥C̃

k̸≥C∗∪C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +π(ε̄C̃ + k̂≥C∗

̸≥C̃
)

n̂ ̸≥C∗∪C̃

)(
e

ℓ̸≥C̃

)
1

ε̄C∗ !

1

ε̄C̃ !

1

k̄≥C∗
̸≥C̃

!

1

k̸≥C∗∪C̃ !

pT̃− (τ ̸≥C∗∪C̃ , n̂ ̸≥C∗∪C̃ +π(ε̄C∗ + k̸≥C∗∪C̃ ),e− ℓ̸≥C∗∪C̃ , ℓ̸≥C̃ + k̸≥C∗∪C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − n̂ ̸≥C∗∪C̃ +π(k̂≥C∗
̸≥C̃

+ ε̄C̃ ),e− ℓ̸≥C̃ + ε̄C∗ , k̂≥C∗
̸≥C̃

+ ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ ).

We now substitute ň ̸≥C∗∪C̃ = n̂ ̸≥C∗∪C̃ +πk̸≥C∗∪C̃ and set k̸≥C̃ = k̂≥C∗
̸≥C̃

+k̸≥C∗∪C̃ . We note that since k̸≥C∗∪C̃

and k̂≥C∗
̸≥C̃

have disjoint supports, both can be uniquely recovered from k̸≥C̃ . This gives us

(D⊗ id⊗ id)
(
(id⊗ ∆̃)∆−

r (τ,n,e)−R(τ,n,e)
)=∑

C∗ ̸≥C̃

∑
n̄ ̸≥C̃

ň ̸≥C∗∪C̃

∑
k̸≥C̃ ,ℓ̸≥C̃

∑
ε̄C∗ ,ε̄C̃

(
n

n̄ ̸≥C̃

)(
n̄ ̸≥C̃ +π(ε̄C̃ + k̸≥C̃ − k̸≥C∗∪C̃ )

ň ̸≥C∗∪C̃ −πk̸≥C∗∪C̃

)(
e

ℓ̸≥C̃

)
1

k̸≥C̃ !

1

ε̄C∗ !

1

ε̄C̃ !

pT̃− (τ ̸≥C∗∪C̃ , ň ̸≥C∗∪C̃ +πε̄C∗ ,e− ℓ̸≥C∗∪C̃ , ℓ̸≥C̃ + k̸≥C̃ )

⊗Q≤0C(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − ň ̸≥C∗∪C̃ +π(k̸≥C̃ + ε̄C̃ ),e− ℓ̸≥C̃ + ε̄C∗ , k̸≥C̃ + ℓ̸≥C̃ )

⊗pT∼C(τ,τ ̸≥C̃ ,n− n̄ ̸≥C̃ ,e+ ε̄C̃ )

where for the edge decorations in the middle tree, we made use of the fact that the contraction is invariant
under changing either edge decoration on the coloured component. We now note that (up to relabelling)
this matches the expression (7.10) except for in the second multinomial coefficient evaluated at vertices
in τ ̸≥C∗∪C̃ .
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However, we can observe that

ΠBan
y ◦ ιyC(τ ̸≥C̃ ,τ ̸≥C∗∪C̃ , n̄ ̸≥C̃ − ň ̸≥C∗∪C̃ +π(k̸≥C̃ + ε̄C̃ ),e− ℓ̸≥C̃ + ε̄C∗ , k̸≥C̃ + ℓ̸≥C̃ ) = 0

unless n̄ ̸≥C̃ − ň ̸≥C∗∪C̃ +π(k̸≥C̃ + ε̄C̃ ) = 0 on τ ̸≥C∗∪C̃ sinceΠBan
y [ιyσ](y) = 0 if σ has a non-vanishing polyno-

mial decoration at the root. This implies that the problematic part of the second multinomial coefficient
is identically 1 on the region of summation that contributes to (ℓeq

y ⊗ΠBan
y ◦ ιy [·](y)⊗χx

y )(id⊗∆̃)∆−
r (τ,n,e).

By a similar argument, the contribution of vertices in τ ̸≥C in the second multinomial coefficient of
(7.10) is identically 1 on the region of summation that contributes to (ℓBan ◦ ιy ⊗ΠBan

y ◦ ιy [·](y)⊗χx
y )(∆−

r ⊗
id)∆̃(τ,n,e)). Therefore we have established that

(ℓeq
y ⊗ΠBan

y ◦ ιy [·](y)⊗χx
y )(id⊗ ∆̃)∆−

r (τ,n,e) = (ℓBan ◦ ιy ⊗ΠBan
y ◦ ιy [·](y)⊗χx

y )(∆−
r ⊗ id)∆̃(τ,n,e)).

8 Proof of Theorem 2.12 - Convergence of Renormalised Models

The goal of this subsection is to assemble the ingredients of the rest of the paper to obtain the proof
of Theorem 2.12. Since the vast majority of the hard work has been performed in earlier sections, this
mostly involves appropriately tracking the parameters and arranging the individual parts in the right
way.

Proof. We fix Bas in the statement of the result and a value of O> 0 which is assumed to satisfy a finite
number of constraints that are collected throughout the proof. We fix also an arbitrary choice of γ0 that
is admissible for B (as defined in Definition 7.1). We fix a regularity parameter α<−m∗−|s|−max(s)
where m∗ is defined above Proposition 7.4 and we fix a weight w that is to be specified later in the
proof. We let Wγ0 be the corresponding sector of TBan(Cα

w ) as defined above Proposition 7.4. We remind
the reader that TBan(Cα

w ) is defined with respect to the rule R̄ arising as the derivative completion of

R as defined in Definition 7.2. For K1,K2 ∈A
eq;O
+ , we let A1, A2 ∈Ao+ denote the corresponding kernel

assignments on TBan(Cα
w ) where we require throughout the proof that o+max(s) ≤O.

For fixed ε> 0, we define the (state-space dependent) preparation map Pε on 〈B〉 via

Pε;i (y,τ) = (ℓeq;i
y ⊗ id)∆−

r

where ℓeq;i is defined as in Section 7.1 (see (7.2) and the preceeding discussion) where ℓBan appearing
there denotes the BPHZ functional on Wγ0 with respect to the kernel assignment Ai as and the noise
assignment ξε as defined in Lemma 5.12. We denote by (Πε,i ,Γε,i ) the corresponding models on T(R).

We first obtain a uniform in ε bound in Lp (Ω) for ∥Z ε∥〈B〉;K. For notational convenience, we tem-
porarily suppress the decoration i . We note that the proof of Lemma 4.19 did not use that the kernel
assignments were translation invariant. As a consequence, it suffices to obtain bounds on ∥Πε∥〈B〉;K.

As a consequence of Lemma 7.6 and Proposition 7.8, if o (and hence O) are sufficiently large in a way
that depends only on the parameter γ0 and the rule R , we find that for every compact set K there exists a
compact set K̄ and k ∈N such that

E
1
p [∥Πε∥p

〈B〉;K]≲ 1+∥A∥k
Ao+

+
(
E

1
p̄

[
∥Ẑ ε∥p̄

Wγ0 ;K̄

])k

where we have set p̄ = kp and where Ẑ ε denotes the BPHZ model on Wγ0 with respect to the kernel
assignment A and noise assignment ξε. Therefore, for our uniform estimate, it suffices to bound the
expectation appearing on the right hand side above. By Lemma 5.23, for this purpose it is sufficient to
bound

sup
τ∈BWγ0

sup
x∈K̃

sup
λ∈(0,1]

sup
φ∈Br

sup
v∈(K|l|s

o )⊗̂π〈τ〉

E
1

qτ,p̄
[∣∣Π̂ε;K

x v
(
φλx

)∣∣qτ,p̄
]

∥v∥
(K|l|

o )⊗̂π〈τ〉 λ
|τ|s+κ
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uniformly in ε where qτ,p̄ ∈ [1,∞] is a fixed parameter depending on τ and p̄, K̃ is a compact set
depending on K̄ and BWγ0

and κ > 0 is a parameter that we are free to choose (so long as we do so

uniformly in ε). Here Ẑ ε,K= (Π̂ε;K, Γ̂ε;K) denotes the BPHZ model associated to the noise assignment

ξε and kernel assignment given by the identity map on the historic sector of TBan(K|l|s
o ) generated by

BWγ0
.

The required bound on this quantity follows from Lemma 5.14 so long as we can bound

sup
τ∈BWγ0

sup
x∈K̃

sup
λ∈(0,1]

sup
φ∈Br

sup
Aτ

E
1

qτ,p̄
[∣∣Π̂τ;ε

x τ∗
(
φλx

)∣∣qτ,p̄
]

λ|τ|s+κ∏
e∈E+(τ) ∥Aτ(l(e))∥

K
|l(e)|
o

uniformly in εwhere for each τwe fixed an arbitrary choice of τ ∈τ and denoted by Ẑ τ;ε = (Π̂τ;ε, Γ̂τ;ε) the
BPHZ model associated to the kernel assignment Aτ and the noise assignment induced by ξε as defined
in (5.2) on the regularity structure T τ defined above Lemma 5.13 with respect to the rule R̄. We recall
that the supremum over Aτ is a supremum over all kernel assignments of order o on T τ.

We note that since T τ is the regularity structure with one-dimensional components corresponding to
a complete subcritical rule and Aτ are translation invariant kernel assignments, we are in the setting
of any of [CH16, HS24, BH23] and therefore the required uniform bound will follow from any of these
papers25 as soon as we verify their hypotheses on each regularity structure T τ. It is then a straightforward
exercise to check that for each of these papers, the required assumptions on T(R̄) imply the same
assumptions on T τ. This is essentially because T τ differs from T(R̄) only by introducing duplicate copies
of trees allowing edges of the same type to correspond to different kernels. Since the important detail
from the perspective of [CH16, HS24, BH23] is the regularising effect of the kernel rather than the precise
choice of kernel, this does not affect the assumptions. Since T(R̄) differs from T(R) only by removing
derivatives from edges, it is in turn straightforward to see that any of the required sets of assumptions
are stable under passing from T(R) to T(R̄). This completes our proof of the uniform in ε bounds.

To prove convergence of Z ε as ε→ 0, one follows the same line of argumentation for the quantity
E1/p [∥Z ε, Z δ∥p

〈B〉;K]. Indeed, by Lemma 7.6 and Proposition 7.8 in combination with Hölder’s inequality

and the uniform bounds on moments of ∥Ẑ ε;i∥Wγ0 ;K̄ established in the previous part of the proof, we

obtain the existence of p̄ ∈ [1,∞] and a compact set K̃ such that

E
1
p

[
∥Πε;1 −Πδ;2∥p

〈B〉;K
]
≲ ∥A1 − A2∥Ao+ +E 1

p̄

[
∥Z ε;1; Z δ;2∥p̄

Wγ0 ;K̃

]
where the implict constant depends polynomially on ∥Ai∥Ao+ .

As a consequence of Lemma 5.17 and Lemma 5.23, we therefore deduce that there exists a compact
set K̃ such that

E
1
p

[
∥Πε;1 −Πδ;2∥p

〈B〉;K
]

≲ ∥K 1 −K 2∥
A

eq;O
+

+ sup
τ∈BWγ0

sup
x∈K̃

sup
λ∈(0,1]

sup
φ∈Br

sup
v∈(K|l|

o )⊗̂π〈τ〉

E
1

qτ,p̄
[∣∣(Π̂K;ε

x − Π̂K;δ
x

)
v
(
φλx

)∣∣qτ,p̄
]

∥v∥
(K|l|

o )⊗̂π〈τ〉 λ
|τ|s+κ (8.1)

where the implicit constant depends polynomially on ∥K i∥
A

eq;O
+

and where we emphasise the fact that

the models appearing on the right hand side are the BPHZ models associated to noise assignments ξε,ξδ

respectively and the kernel assignment given by the identity map. By taking K 1 = K 2 in the above and

25Strictly speaking, those papers yield the bound without the extra κ in the power of λ. Since B is a finite set, this can be
absorbed into redefining the degree assignments on T τ. Since this kind of argument is standard in the literature, we omit the
details. Furthermore, we note that [HS24, BH23] do not track the requirements on kernels as finely as we require here. However,
the proofs do yield the input required here in a straightforward manner so long as o is sufficiently large. In the case of [HS24]
(which shares more analytic tools with this paper), the required modifications are very close to those that we perform in Sections 6
and 7.
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appealing to the last estimate of Lemma 5.14 in combination with any one of [CH16, HS24, BH23] as in
the uniform bounds part, we see that for any compact set K

E
1
p [∥Z ε; Z δ∥p

〈B〉;K] → 0, as ε,δ→ 0. (8.2)

By Markov’s inequality, it follows that Z ε is Cauchy in probability in M(〈B〉) and hence converges in
probability to a limiting model Z . The fact that E[∥Z ε; Z∥p

〈B〉;K] → 0 for each K then follows by passing to
an almost surely convergent subsequence in δ in (8.2) and sending δ→ 0 with the help of Fatou’s lemma.

With the convergence result in hand, the locally Lipschitz dependence on the kernel assignment
follows by sending ε,δ→ 0 along almost surely convergent subsequences in (8.1), again with the help
of Fatou’s lemma. The final statement of Theorem 2.12 pertaining to the form of the counterterm is
immediate from the definition of ℓeq given in Section 7.1.

9 Decompositions of Green’s Kernels for Parabolic Operators

In this section, we provide the remaining ingredient to show that Corollary 2.16 covers the case of suitably
nice variable coefficient heat operators. More precisely, we prove that Assumption 2.15 holds in the
setting of heat kernels of second-order differential operators on26 R1+d of the form

L = ∂t −
d∑

i , j=1
ai j (t , x)∂i∂ j −

d∑
i=1

bi (t , x)∂i − c(t , x). (9.1)

Due to the assumed form of the operator, we now assume that the scaling s is given by s= (2,1, . . . ,1).

9.1 Setting and Statement of Heat Kernel Decomposition

Throughout this section, we make the following assumptions on the coefficient fields a, b, c. We fix an
ellipticity radius λ> 0.

Assumption 9.1. For some ϱ ∈N, the coefficient fields a : R1+d → Sym(d), b : R1+d →R1+d and c : R1+d →
R, satisfy:

1. (Uniform parabolicity): For all z ∈R1+d , and all ζ ∈Rd ,

λ|ζ|2 ≤
d∑

i , j=1
ai j (z)ζiζ j ≤λ−1|ζ|2, where |ζ|2 =

d∑
i=1

ζ2
i .

2. (Regularity): For i , j ∈ {1, · · · ,d}, the functions ai j , bi , and c, are of class Cϱ, with

∥a∥ϱ = max
i , j∈{1,··· ,d}

∥ai j ∥Cϱ <∞, ∥b∥ϱ = max
i∈{1,··· ,d}

∥bi∥Cϱ <∞, ∥c∥ϱ = ∥c∥Cϱ <∞

where Cϱ denotes the space of (globally) ϱ-Hölder functions with respect to the scaling s.

Definition 9.2. We will denote by Aϱ the vector space of triples (a,b,c) satisfying Assumption 9.1, which we
endow with the corresponding norm ∥(a,b,c)∥ϱ = ∥a∥ϱ+∥b∥ϱ+∥c∥ϱ. We also define A =⋂

ϱ∈NAϱ, which
we endow with the family of semi-norms (∥ ·∥ϱ)ϱ∈N.

It is well-known (see e.g. [Fri64, Gri04]) that the heat kernel of L can be expressed as the ‘Volterra
series’

Γ= Z ∗
∞∑

k=0
(−E)∗k , (9.2)

where:

26in this section, contrary to the rest of this paper, we work in the ambient space R1+d instead of Rd , in order to capture the
different role of the time and space directions
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1. ∗ refers to the space-time convolution operator, defined by the expression

u ∗ v(z, z̄) =
ˆ
R1+d

dζu(z,ζ)v(ζ, z̄), for z, z̄ ∈R1+d (9.3)

whenever the integral converges.

2. Z : R1+d ×R1+d →R is explicitly expressed as

Z (z, z̄) =W z̄ (z − z̄), (9.4)

where W w denotes the fundamental solution of the differential operator Lw = ∂t −∑
i , j ai j (w)∂i∂ j

whose coefficient is “frozen” at w ∈R1+d , which is in turn given by

W w (t , x) := 1

(4π)d/2 det(a(w))1/2

1{t>0}

t d/2
exp

(−∑d
i , j=1 ai j (w)xi x j

4t

)
. (9.5)

Note that here and throughout we denote by ai j the entries of the inverse matrix a−1 of a.

3. E is equal to LZ away from the diagonal where by convention the differential operator L acts on
the first 1+d variables of Z . Explicitly, we have that

E(z, z̄) =
d∑

i , j=1
(ai j (z̄)−ai j (z))∂i∂ j Z (z, z̄)−

d∑
i=1

bi (z)∂i Z (z, z̄)− c(z)Z (z, z̄). (9.6)

In order to construct a kernel assignment satisfying Assumption 2.15 we will need a more refined
decomposition based on Taylor expansion in the coefficient field. For the first term in the Volterra series
and to first order in the expansion, a similar Taylor expansion in the coefficient field was used in [Sin25,
Lemma 2.7] in order to show that due to symmetry assumptions Z ∗ (−E ) does not contribute a need for
renormalisation in the situations considered there. At the level of generality considered here, appealing
to qualitative symmetry assumptions is not possible and so we instead use Taylor expansion in the
coefficient field for a different purpose. Namely, we show that all parts of the kernel that contribute a
genuine need for renormalisation can be written in the precise form described in Definition 9.3 below.
To the best of our knowledge, no decomposition to arbitrary order and obtaining a form such as in
Definition 9.3 is available in the literature. Therefore, the remainder of this subsection is dedicated to
providing such a decomposition, see Proposition 9.8 below.

We introduce a class Λ of (families of) translation-invariant kernels, which encode a property of
‘locality in the coefficient field’.

Definition 9.3. Let a, b, c satisfy Assumption 9.1 with respect to ϱ ∈N, and let r ≤ ϱ. We say that a family
(K w )w∈R1+d of translation-invariant kernels belongs to the space Λr (we simply write Λ when r, a,b,c are
clear from context), if it can be expressed as a (finite) linear combination of kernels of the form

K w
F,N ,P (z − z̄) = F (w)

ˆ
dy1 · · ·dyN

I∏
i=0

P [i ](yi − yi+1)W w (yi − yi+1), (9.7)

for I ∈N, with the convention y0 = z, yN+1 = z̄. Furthermore, in (9.7) we require that

1. the P [i ] are rational fractions of the form

P [i ](t , x) = t−1/2 Q [i ](t 1/2, t−1/2x), for some polynomial Q [i ],

2. the function F is a polynomial in the entries of a, a−1, b, c and their derivatives of degree up to r i.e.

F (w) = p
(
(∂l ai , j (w),∂l ai , j (w),∂l bi (w),∂l c(w))|l |s≤r ;i , j∈{1,··· ,d}

)
, for some polynomial p. (9.8)
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Remark 9.4. We note that the spaces Λ thus defined depend on a,b,c through (9.8) and the appearance
of W w in (9.7). One may readily prove that the integral in (9.7) is (absolutely) convergent outside the
diagonal z = z̄.

Remark 9.5. We note that by the transpose-of-comatrix formula expressing the entries of a−1 as rational
fractions in the entries of a, the function F in (9.8) is also a rational fraction in the entries of a, b, c and
their derivatives, with nowhere vanishing denominator. In particular, it is thus a smooth function thereof.

Example 9.6. As a simple example, note that the family (W w )w∈R1+d defined by (9.5), belongs to Λr=0. In
this case, N = 0 and P [0] = F = 1.

Recall that the spaces Kβ
r of translation-invariant regularising kernels from Definition 2.4 are not

strictly speaking spaces of functions F , but rather spaces of dyadic decompositions (Fn)n∈N. As already
noted in Remark 2.6, one can pass from the decompositions to a function F by summing the coefficients
Fn . In the converse direction there is no unique way of constructing the coefficients Fn given a function
F . In this section, we will prescribe a way of performing such a decomposition by fixing once and for all
a suitable dyadic partition of unity. More precisely, we now fix once and for all a smooth cut-off function

χ ∈C∞
c (R1+d ), such that 1Bs(0,1/2) ≤χ≤ 1Bs(0,1), (9.9)

and define for z = (t , x) ∈ R1+d , φ(z) = χ(z) −χ(4t ,2x), along with the dyadically rescaled φn(z) =
φ(22n t ,2n x). Thus, by telescoping, one has 1 = (1−χ)+∑

n≥0φn on R1+d \ {0}, whence the decom-
position F = R +∑+∞

n=0 Fn with R = (1−χ)F and Fn =φnF . Note that by construction, one automatically
has for all n ∈N that supp(Fn) ⊂ {(z, z̄) : |z̄ − z|s ≤ 2−n}, so that in the remainder of this section when we

write that F ∈Kβ
r we will mean the corresponding statement for the family (Fn)n∈N.

Definition 9.7. We define χΛr to be the space of kernels of the form K w (z − z̄) =χ(z − z̄)K̃ w (z − z̄) with
K̃ ∈Λr .

Given r ∈N, we will denote by C r
loc,t the space of functions on R1+d ×R1+d of class C r (for the scaling

s), endowed with the family of semi-norms

∥F∥C r
loc,t (T ) = sup

| j1|s+| j2|s≤r
sup

x,y∈Rd
sup

|t−s|≤T

∣∣∂ j1
1 ∂

j2
2 F (z, z̄)

∣∣, for T > 0.

We are now ready to state the main result of this section.

Proposition 9.8. For all r, M ∈N, there exists ϱ= ϱ(r, M ,d) ∈N such that if the coefficient fields a, b and c
satisfy Assumption 9.1 with respect to ϱ, then the kernel Γ defined by the series (9.2) can be decomposed in
two ways, as

Γ(z, z̄) = K z (z − z̄)+R(z, z̄), (9.10)

= K̄ z̄ (z − z̄)+ R̄(z, z̄), (9.11)

where K , K̄ ,R, R̄ depend only on r (and a,b,c, but not on M) and

K , K̄ ∈C M (K2
M )∩χΛϱ, R, R̄ ∈C r

loc,t .

Furthermore, the decomposition can be performed in such a way that the following maps are continuous:

Aϱ −→ C M (K2
M )⊕C r

loc,t
(a,b,c) 7−→ (K ,R),

Aϱ −→ C M (K2
M )⊕C r

loc,t
(a,b,c) 7−→ (K̄ , R̄).

(9.12)

We note that the output of Proposition 9.8 implies that the locality property encoded in Assump-
tion 2.15 holds for a value of N which depends only on r, M and d . Indeed, K ∈ χΛr implies that
K z = f ((∂l a(z),∂l b(z),∂l c(z))|l |s≤r ) for some function f , and similarly for derivatives in the ‘upper slot’
of K since Λr is stable under differentiation.
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Remark 9.9. The decomposition (9.11) is not an immediate consequence of (9.10). Indeed, since our
strategy is based on the Volterra series (9.2), each summand of which is not symmetric in z and z̄ (see e.g.
(9.4), (9.6)), inverting the roles of z and z̄ in our proof requires an argument. To that effect, we use the fact
that Γ(z, z̄) = Γ∗(z̄, z), where Γ∗ is the heat kernel of the adjoint differential operator

L∗ =−∂t −
d∑

i , j=1
ai j (z)∂i∂ j −

d∑
i=1

(
2

d∑
j=1

∂ j ai j (z)−bi (z)
)
∂i −

(
c(z)−

d∑
i=1

∂i bi (z)+
d∑

i , j=1
∂i∂ j ai j (z)

)
.

See [Fri64, Chapter 1,Section 8] for a relevant discussion of the adjoint equation. In particular, one may
construct Γ∗ as the series Γ∗ =∑

k≥0 Z∗ ∗ (−L∗Z∗)∗k , where Z∗(z, z̄) =W z̄ (z̄ − z), where W is as in (9.4).
Up to interchanging the role of t and t̄ in the various scales of spaces Ψ, Φ, C (Ψ), C (Φ) which we shall
introduce in this section, the decomposition (9.10) can be established in the same way as (9.11). Thus, in
what follows we concentrate on establishing the latter decomposition.

Let us also record the following (straightforward) corollary in the case where all derivatives of the

coefficient field are controlled. We define the space C∞(Kβ
∞) =⋂

M∈RC M (K2
M ), which we endow with its

natural Fréchet topology.

Corollary 9.10. In the context of Proposition 9.8, for any r ∈N, the following map is continuous

A −→ C∞(Kβ
∞)⊕C r

loc,t
(a,b,c) 7−→ (K ,R).

Remark 9.11. The remainder R does not play a crucial role in the rest of this paper since it is not included
in the construction of the model. However, if one wishes to apply the corresponding solution theory of
[Hai14, BCCH20] it must enjoy a number of properties, some of which we now briefly comment upon.

For example, in the setting of spatially periodic problems, to directly apply the results of the papers
mentioned above, R must be itself periodic in space and of sufficiently fast decay at infinity in time. If the
coefficient field is assumed to be periodic in space then both of these properties can be read off analagous
properties of Γ itself by writing R(z, z̄) = Γ(z, z̄)−K z (z − z̄).

Furthermore, we note that [Hai14, BCCH20] assume that R is smooth, while Proposition 9.8 only
provides a remainder of class C r . This is not problematic since the results of those papers remain valid
provided r is large enough in function of the equation under consideration, which can be guaranteed in
our context provided the coefficient field is itself chosen regular enough.

9.2 Proof of Heat Kernel Decomposition

This section is devoted to the proof of Proposition 9.8 which proceeds by first showing suitable conver-
gence of the Volterra series and then by post-processing it to obtain the locality statement.

For the convergence, we find it convenient to follow the approach of [Gri04]. We introduce in
Definition 9.12 a scale Ψ= (Ψα

r )r∈N,α>0 of spaces which are a minor adaptation of [Gri04, Definition 2.1]
and are, sometimes called a ‘heat calculus’. These spaces satisfy various stability properties, in particular
with respect to multiplication and convolution which allow us to control each term of the Volterra series
(9.2). Since this part of the proof is only a minor adaptation of the construction given in [Gri04], we only
briefly sketch the details.

The main point of this section is that the heat calculus mentioned above is insufficient to account
for the locality property that we demand in the form K ∈ χΛρ . Indeed, on the one hand, while Z
satisfies the claimed decomposition by Example 9.6, the same is not true of LZ , due to the presence
of the terms ai j (z), bi (z), c(z) in the right-hand-side of (9.6). Furthermore, the following property of
a kernel F , “F (z, z̄) = F z̄ (z − z̄) for some (F w )w ∈ Λ”, is not stable by convolution, since F ∗F (z, z̄) =´

dζF ζ(z−ζ)F z̄ (ζ− z̄) needs not be of the desired form, due to the presence of ζ instead of z̄ in the ‘upper
slot’ of the first factor in the integral.

To resolve this difficulty, the idea is to perform Taylor expansions in the coefficient field within each
term of the Volterra series, which leads to expressions of the desired form modulo terms coming from
the Taylor remainders which we show to be much more regularising.
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We now recall the definition of the ‘heat calculus’ scale Ψ= (Ψα
r )r∈N,α>0. We note that our definition

slightly differs from the one in [Gri04], since here we allow for time-dependent coefficient-fields and
work onRd rather than a compact Riemannian manifold. In comparison to [Gri04], we have also changed
the convention for the exponent α so that here α> 0 represents the regularising degree of the kernel.

Definition 9.12. Let α ∈R and r ∈N. We define Ψα
r to be the space of functions F :R1+d ×R1+d →R such

that there exists a function F̃ :R1+d ×R1+d+ →R such that

F (z, z̄) = 1t>t̄ (t − t̄ )
α−d−2

2 F̃

(
z̄, (t − t̄ )1/2,

x − x̄

(t − t̄ )1/2

)
(9.13)

and such that for each T ∈R+, n ∈Nwe have that

∥F∥α,r ;T,n = sup
z∈R1+d

sup
t∈[0,T 1/2]

sup
x̄∈Rd

sup
| j |s+|k|s≤r

(1+|x̄|)n |∂ j
1∂

k
2 F̃ (z̄, z)| <∞. (9.14)

In particular, the family of semi-norms (9.14) turn Ψα
r into a Fréchet space.

We will also consider the subspace of Ψα
r consisting of translation invariant kernels.

Definition 9.13. We define Φαr to be the subspace of Ψα
r consisting of translation invariant kernels

(equivalently, F̃ defined in (9.13) depends only on (t − t̄ )1/2 and (x−x̄)
(t−t̄ )1/2 ), endowed with the induced family

of semi-norms.

We note that contrary to the spaces Kα
r , the spaces Φαr do not come with the assumption of having

support in the unit ball. Examples of functions belonging to Ψα
r with suitable α are provided in the

following lemma, which can be established by elementary computations involving the chain rule and
Taylor’s theorem. The most subtle term treated below is the contribution of E as defined in (9.6).

The important point for this term is that whilst taking two derivatives typically loses two degrees
of regularising effect, the term ai j (z̄)− ai j (z) above restores a degree of regularising effect by Taylor
expansion at the cost of the loss of one derivative (which corresponds to up to two degrees of regularity
due to the parabolic scaling). For brevity, we leave the remaining elementary computations required for
the following lemma to the reader.

Lemma 9.14. Under Assumption 9.1, we have that Z ∈Ψ2
ϱ, ∂i Z ∈Ψ1

ϱ, ∂i∂ j Z ∈Ψ0
ϱ for i , j ∈ {1, · · · ,d}, and

E ∈Ψ1
ϱ−2. Furthermore the following maps are continuous27

Z : Aϱ→Ψ2
ϱ, ∂i Z : Aϱ→Ψ1

ϱ, ∂i∂ j Z : Aϱ→Ψ0
ϱ, E : Aϱ→Ψ1

ϱ−2.

In what follows, a key role is played by families (Fw )w∈R1+d of functions uniformly belonging to Ψα
r ,

which we introduce now.

Definition 9.15. Let α ∈ R, r ∈ N. We say that a function F = Fw (z, z̄) of the variables w, z, z̄ ∈ R1+d ,
belongs to C r (Ψα

r ), if furthermore for all m ∈N1+d with |m|s ≤ r and all w ∈ R1+d one has ∂m
w Fw ∈Ψα

r ,
and if for all n ∈N and T > 0,

∥F∥α,r ;T,n = sup
w∈R1+d

sup
|m|s≤r

∥∂m
w Fw∥α,r ;T,n <∞. (9.15)

The family of semi-norms (9.15) turns C r (Ψα
r ) into a Fréchet space.

Similarly, the space C r (Φαr ) is the space of C r curves on R1+d (with the scaling s) valued intoΦαr , which
we endow with the family of semi-norms induced by (9.15).

Example 9.16. One can prove similarly to Lemma 9.14 that the function Fw (z, z̄) =W w (z − z̄) belongs to
Cϱ(Φ2∞). Furthermore the corresponding map Aϱ ∋ (a,b,c) 7→W ∈Cϱ(Φ2∞) is continuous.

The most important property of these spaces is their stability under convolution.

27Here we slightly abuse notation by identifying Z with the map from (a,b,c) to Z and similarly for the other maps.
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Proposition 9.17. Let r ∈N, α,β> 0. Then the convolution map (9.3) defines a bilinear and continuous

map from Ψα
r ×Ψβ

r → Ψ
α+β
r (and hence from Φαr ×Φβr → Φ

α+β
r ), as well as from C r (Ψα

r )×C r (Ψβ
r ) →

C r (Ψα+β
r ) (and hence from C r (Φαr )×C r (Φβr ) →C r (Φα+βr )). Furthermore, we have the following estimate,

valid for both families of seminorms (9.14) and (9.15): for all α> d and n ∈N,

∥F ∗G∥α+β,0;T,n ≲n,d B
(α−d

2
,
β

2

)
∥F∥α,0;T,n∥G∥β,0;T,n+d+1, (9.16)

where B(a,b) = ´ 1
0 ds (1− s)a−1 sb−1 is the beta function.

Proof. Since this is similar to [Gri04, Proposition 2.6] we remain brief here. Taking Fw (z, z̄) = F (z, z̄),

one sees that the result in C r (Ψα
r )×C r (Ψβ

r ) → C r (Ψα+β
r ) implies the one on Ψα

r ×Ψβ
r →Ψ

α+β
r . Thus,

we consider the former case throughout. Writing explicitly the integral expression (9.3) of convolution,
with integration variable ζ= (s, y), and performing the successive changes of variables s ← (s − t̄ )/(t − t̄ ),

y ← y − sx − (1− s)x̄, and y ← (
s(1− s)(t − t̄ )

)−1/2 y , we obtain an expression of the form

Fw ∗Gw (z, z̄) = 1{t>t̄ } (t − t̄ )
α+β−(d+2)

2 �F ∗Gw

(
t̄ , x̄,

√
t − t̄ ,

x − x̄p
t − t̄

)
,

for the function �F ∗Gw of the variables w ∈R1+d , (t , x) ∈R1+d , u ∈R+, and v ∈Rd , explicitly given by

�F ∗Gw (t , x,u, v) =
ˆ 1

0
ds (1− s)

α
2 −1s

β
2 −1

ˆ
Rd

dy G̃w

(
t , x,u

p
s, y

p
1− s + v

p
s
)

F̃w

(
t +u2s,uy

√
s(1− s)+x +uv s,u

p
1− s, v

p
1− s − y

p
s
)
. (9.17)

From that expression one may readily insert the bounds (9.15) on F and G and deduce the claimed
continuity after some elementary calculations. We rather prove (9.16) in detail, since it will be an
important estimate later. Plugging the assumptions on F and G in the explicit expression (9.17),

∣∣�F ∗Gw (t , x,u, v)
∣∣≤ ∥F∥α,0;T,n∥G∥β,0;T,n+d+1

ˆ 1

0
ds (1− s)

α
2 −1s

β
2 −1

ˆ
Rd

dy
1

(1+|vp1− s − y
p

s|n)(1+|yp1− s + v
p

s|n+d+1)
.

Noting that (1+ |vp1− s − y
p

s|2)(1+ |yp1− s + v
p

s|2) ≥ 1+ |v |2, the latter spatial integrand may be
bounded by a constant multiple of (1+|v |n)−1(1+|yp1− s + v

p
s|d+1)−1. Plugging into the integral and

performing the change of variable y ← y
p

1− s + v
p

s therein, we obtain (9.16).

We note that the convolution map defined above is associative in the obvious sense as a corollary of
Fubini’s Theorem since all integrals in the proof are absolutely convergent. Iterating the final statement
in the above result then yields the following corollary.

Lemma 9.18. Suppose that β> 0 and that M is such that Mβ> d. Then for all j ∈N,

∥R∗(M+ j )∥(M+ j )β,0;T,r ≲ ∥R∗M∥Mβ,0;T,r ∥R∥ j
β,0;T,r+d+1

j∏
i=1

B

(
(M + i −1)β−d

2
,
β

2

)
with the convention that the product is 1 if j < 1.

Proof. The proof is by induction in j . The base case j = 0 is trivial whilst the induction step follows by
applying Proposition 9.17 and the induction hypothesis.

With this result in hand, we provide the required convergence result for the Volterra series defining Γ.
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Lemma 9.19. Suppose that ϱ≥ 2. Then the series

Γ= ∑
k≥0

Z ∗ (−E)∗k

converges in Cϱ−2(Rd ×Rd \∆) for ∆= {(z, z̄) : t ̸= t̄ } to a heat kernel for L. Furthermore, there exists K such
that the map

Aϱ ∋ (a,b,c) 7→ ∑
k≥K

Z ∗ (−E)∗k ∈Cϱ−2
loc,t

is continuous.

Proof. Since all bar the final statement in this result are a direct analogue of [Gri04, Proposition 2.10], we
focus on proving the final statement (which also implies the convergence statement). We fix j1, j2 with
| j1|s+| j2|s ≤ r = ϱ−2.

We note that if k is chosen so that k > d + r then

sup
z,z̄

|t−t̄ |<T

|∂ j1
1 ∂

j2
2 (Z ∗ (−E)∗k )(z, z̄)|≲ T

k−| j1 |s−| j2 |s−d
2 ∥∂ j1

1 ∂
j2
1 Z ∗ (−E)∗k∥2+k−| j1|s−| j2|s,0;T,0.

We now estimate the right hand side by use of Proposition 9.17 and Lemma 9.18. We have

∥∂ j1
1 ∂

j2
2 Z ∗ (−E)∗k∥2+k−| j1|s−| j2|s,0;T,0 ≲B

(
2+M −| j1|s−d

2
,

(k −M)−| j2|s
2

)
∥∂ j1

1 Z ∗ (−E)∗M∥2+M−| j1|s,0;T,0∥∂ j2
2 (−E)∗(k−M)∥(k−M)−| j2|s,0;T,d+1

under the assumption that first M is chosen large enough so that 2+M − r > d and under the restriction
to k large enough so that k −M > r .

It follows straightforwardly by differentiating the expression (9.13) that

∥∂ j1
1 Z ∗ (−E)∗M∥2+M−| j1|s,0;T,0 ≲ (1+T )

| j1 |s
2 ∥Z ∗ (−E)∗M∥2+M ,| j1|s;T,0.

Meanwhile, by Proposition 9.17 and a similar derivative bound, we have

∥∂ j2
2 (−E)∗(k−M)∥k−M−| j2|s,0;T,d+1

≲B

(
k −2M −d

2
,

M −| j2|s
2

)
(1+T )

| j2 |s
2 ∥(−E)∗(k−2M)∥k−2M ,0;T,d+1∥E∗M∥M ,| j2|s;T,2d+2

under the assumption that M > r and restricting to k > 2M +d . Then by Lemma 9.18, we have that

∥(−E)∗(k−2M)∥k−2M ,0;T,d+1 ≲ ∥E∗M∥M ,0;T,d+1∥E∥k−3M
1,0;T,2d+2

k−3M∏
i=1

B

(
M + i −1−d

2
,

1

2

)
,

under the assumption that M > d and restricting to k ≥ 3M .
Combining these estimates and absorbing all terms that do not depend on k in the implicit constant

(which we can do since we are interested in summability in k), we obtain

sup
z,z̄

|t−t̄ |<T

|∂ j1
1 ∂

j2
2 (Z ∗ (−E)∗k )(z, z̄)|≲ T

k
s0 ∥E∥k−3M

1,0;T,2d+2B

(
2+M −| j1|s−d

2
,

k −M −| j2|s
2

)

B

(
k −2M −d

2
,

M −| j2|s
2

)k−3M∏
i=1

B

(
M + i −1−d

2
,

1

2

)
.

The right hand side is summable in k (starting from a large value of k) locally uniformly in Z and E due
to the fact that B(a,b) = B(b, a) ∼ a−b for b fixed as a →∞. This establishes convergence of the series.

Since the convergence is locally uniform in Z ,E and the map (a,b,c) 7→ (Z ,E) is continuous, the
desired continuity claim follows by use of the continuity statement in Proposition 9.17.
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Since the above result shows that the tails of the Volterra series can be included into the remainder
part of the decomposition Γ= K +R, we turn to providing suitable decompositions of the remaining
finitely many terms of the form Z ∗ (−E)∗k . Here the strategy will be to apply the anisotropic Taylor’s
formula presented in Lemma C.1 and show that the resulting remainder terms can be included into R in
our decomposition of Γ.

Proposition 9.20. Fix r ≤ ϱ. For any w ∈R1+d , we can write

Z (z, z̄) = ∑
|k|s<r

(z̄ −w)k Z [k]
w (z − z̄)+ ∑

k∈∂sr
(z̄ −w)k↓ Z ∂,[k]

w (z, z̄) (9.18)

where we have written ∂sr = ∂{ j : | j |s < r }. Furthermore, the above decomposition can be made such
that Z [k] ∈Cϱ−|k|s (Φ2∞)∩Λ|k|s and Z ∂,[k] ∈Cα(Ψ2

ϱ−|k↓|s−α) for any α< ϱ−|k↓|s. In addition, we have that

(t − t̄ )−1/2Z [k] ∈Λr . Furthermore, the maps (a,b,c) 7→ Z [k], Z ∂,[k] are continuous.

Proof. By applying Lemma C.1 to the function Z̃ in its first argument, we obtain a decomposition of the
form (9.18) with

Z [k]
w (z) = 1

k !
1t>0t−d/2∂k

1 Z̃

(
w ; t 1/2,

x

t 1/2

)
,

Z ∂,[k]
w (z, z̄) = 1

k↓!
1t>t̄ (t − t̄ )−d/2

ˆ
R1+d

δk [∂
k↓
1 Z̃ ]

(
w + y(z̄ −w); (t − t̄ )1/2,

(x − x̄)

(t − t̄ )1/2

)
Qk↓ (d y).

It follows from the definition of Z and an explicit computation of the derivatives ∂k
1 Z̃ that Z [k] ∈

Cϱ−|k|s (Φ2∞)∩Λ|k|s and that (t − t̄ )−1/2Z [k] ∈Λr . The continuous dependence on (a,b,c) can also be read
off this computation.

For the remainder, we distinguish the cases km(k) = 1 and km(k) > 1 where m(k) is as in Appendix C.
In the former case, we have m(k↓) >m(k) which implies that the integrand appearing is constant on the
support of Qk↓ . Writing out the definition, we therefore see that

Z ∂,[k]
w (z, z̄) = 1

k↓!
1t>t̄ (t − t̄ )−d/2

[
∂

k↓
1 Z̃

(
z̄0, . . . , z̄m(k), wm(k)+1 . . . , wd ; (t − t̄ )1/2,

(x − x̄)

(t − t̄ )1/2

)
−∂k↓

1 Z̃
(
z̄0, . . . , z̄m(k)−1, wm(k) . . . , wd ; (t − t̄ )1/2,

(x − x̄)

(t − t̄ )1/2

)]
.

From this expression, it follows that in this case Z ∂,[k] ∈Cα
s (Ψ2

ϱ−|k↓|s−α) for any α< ϱ−|k↓|s and that the

map sending (a,b,c) to Z ∂,[k] is continuous.
In the other case, we have

Z ∂,[k]
w (z, z̄)

= 1

k↓!
1t>t̄ (t − t̄ )−d/2

ˆ 1

0

[
∂

k↓
1 Z̃

(
z̄0, . . . , z̄m(k)−1, wm(k) + y(z̄ −w)m(k), wm(k)+1, . . . , wd ; (t − t̄ )1/2,

(x − x̄)

(t − t̄ )1/2

)
−∂k↓

1 Z̃
(
z̄0, . . . , z̄m(k)−1, wm(k), . . . , wd ; (t − t̄ )1/2,

(x − x̄)

(t − t̄ )1/2

)]
n(1− y)n−1d y

where n is the first non-zero entry of k↓ It again follows that Z ∂,[k] ∈Cα
s (Ψ2

ϱ−|k↓|s−α) for any α< ϱ−|k↓|s
and that the dependence on (a,b,c) is continuous.

Next, we obtain a similar expansion for the term E . The proof is similar but computationally much
longer.

Proposition 9.21. Fix 2 < r ≤ ϱ. Then there exists sets of multiindices A1
r , A2

r such that for any w ∈R1+d

we can write

E(z, z̄) = ∑
k∈A1

r

(z̄ −w)k E [k]
w (z − z̄)+ ∑

k∈A2
r

∑
l≤k↓

(z̄ −w)l E∂,[k];l
w (z, z̄)
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where E [k] ∈ Cϱ−r (Φ1∞)∩Λ|k|s and E∂,[k],l ∈ Cα(Ψ
1+|k↓−l |s
ϱ−r−α ) for any α ≤ ϱ− r . Furthermore A2

r may be
chosen to have the property that k ∈ A2

r implies that |k↓|s ≥ min{| j↓|s : j ∈ ∂sr }. Furthermore, the maps
(a,b,c) 7→ E [k],E∂,[k],l are continuous.

Proof. For brevity, we prove only the decomposition. The continuity statement follows from the explicit
formulae provided for the terms in the decomposition.

We first assume for simplicity that b = 0 and c = 0 and focus on the leading order part. In this case,
we can compute that

E(z, z̄) = (t − t̄ )−1/2
∑
i , j

(ai j (z̄)−ai j (z))

(t − t̄ )1/2

[ ∑
i ′, j ′

ai i ′ (z̄)a j j ′ (z̄)
(x − x̄)i ′ (x − x̄) j ′

t − t̄
−ai j (z̄)

]
Z (z, z̄).

We now expand each term separately. First by applying Lemma C.1 to ai j we write

ai j (z̄)−ai j (z) = ∑
|k|s<r

(z̄ −w)k − (z −w)k

k !
∂k ai j (w)

+ ∑
k∈∂sr

(
(z̄ −w)k↓

k↓!

ˆ
δk [∂k↓ai j ](w + (z̄ −w)y)Qk↓ (d y)− (z −w)k↓

k↓!

ˆ
δk [∂k↓ai j ](w + (z −w)y)Qk↓ (d y)

)
︸ ︷︷ ︸

R1,k
i j (w,z,z̄)

.

By writing (z −w)k = (z − z̄ + z̄ −w)k and binomially expanding, we rewrite this as

ai j (z̄)−ai j (z) =− ∑
|k|s<r

∑
0<l≤k

(z̄ −w)k−l (z − z̄)l

(k − l )!l !
∂k ai j (w)+ ∑

k∈∂sr
R1,k

i j (w, z, z̄).

We next turn to the middle term. We first note that

∑
i ′, j ′

ai i ′ (z̄)a j j ′ (z̄)
(x − x̄)i ′ (x − x̄) j ′

t − t̄
= ∑

i ′, j ′

∑
|k|s<r

(z̄ −w)k

k !
∂k (ai i ′a j j ′ )(w)

(x − x̄)i ′ (x − x̄) j ′

t − t̄

+ ∑
i ′, j ′

∑
k∈∂sr

(z̄ −w)k↓

k↓!

ˆ
δk [∂k↓ (ai i ′a j j ′ )](w + (z̄ −w)y)Qk↓ (d y)

(x − x̄)i ′ (x − x̄) j ′

t − t̄︸ ︷︷ ︸
R

i , j ,i ′ , j ′ ,k
2,1 (w,z,z̄)

and

ai j (z̄) = ∑
|k|s<r

(z̄ −w)k

k !
∂k ai j (w)+ ∑

k∈∂sr

(z̄ −w)k↓

k↓!

ˆ
δk [∂k↓ai j ](w + (z̄ −w)y)Qk↓ (d y)︸ ︷︷ ︸

R
i , j ,k
2,2 (w,z,z̄)

.

In total, we obtain that

∑
i ′, j ′

ai i ′ (z̄)a j j ′ (z̄)
(x − x̄)i ′ (x − x̄) j ′

t − t̄
−ai j (z̄)

= ∑
|k|s<r

(z̄ −w)k

k !

[ ∑
i ′, j ′

∂k (ai i ′a j j ′ )(w)
(x − x̄)i ′ (x − x̄) j ′

t − t̄
−∂k ai j (w)

]

+ ∑
k∈∂sr

(z̄ −w)k↓

k↓!

[ ∑
i ′, j ′

R i , j ,i ′, j ′,k
2,1 (w, z, z̄)+R i , j ,k

2,2 (w, z, z̄)︸ ︷︷ ︸
R2,k

i j (w,z,z̄)

]
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With these expansions and the decomposition of Proposition 9.18 for Z in hand, we can write

E(z, z̄) =(t − t̄ )−1/2
∑

|kα|s<r
α=1,2,3

∑
0<l≤k1

∑
i , j

(z̄ −w)k1+k2+k3−l

(k1 − l )!k2!k3!l !

(z − z̄)l

(t − t̄ )1/2
∂k1

ai j (w)

[ ∑
i ′, j ′

∂k2
(ai i ′a j j ′ )(w)

(x − x̄)i ′ (x − x̄) j ′

t − t̄
−∂k2

ai j (w)

]
Z [k3]

w (z − z̄)+ (t − t̄ )−1/2
∑

A⊂{1,2,3}
A ̸=;

RA(w, z, z̄)

where the sum over A includes all terms that include at least one of the terms R l ,k
i j or Z ∂,[k] in place of

the terms appearing above. Here the set A indexes which of the three terms is of the remainder type so
that the first sum on the right hand side above corresponds to the case A =;. For brevity, we don’t write
each RA explicitly here, but we will write R{1} below to demonstrate how these terms are dealt with. We
will show that the first sum on the right hand side contributes the sum over A1

r in the statement whilst
the second sum on the right hand side contributes the sum over A2

r .
For the part corresponding to A1

r , we simply note that we can rewrite the first sum as∑
|k|s<3r

(z̄ −w)k
[ ∑
|kα|s<r
α=1,2,3

∑
0<l≤k1

∑
i , j

1k=k1+k2+k3−l

(k1 − l )!k2!k3!l !

(z − z̄)l

(t − t̄ )1/2
∂k1

ai j (w)

( ∑
i ′, j ′

∂k2
(ai i ′a j j ′ )(w)

(x − x̄)i ′ (x − x̄) j ′

t − t̄
−∂k2

ai j (w)

)
(t − t̄ )−1/2Z [k3]

w (z − z̄)

]
We then define Ar

1 = {k : |k|s < 3r } and define E [k]
w (z − z̄) to be the term appearing in the square bracket

above (noting that it may be possible that this is 0 for some values of k).
With this definition, we do indeed have that E [k] ∈ Cϱ−r

s (Φ1∞)∩Λr . This follows from the fact that
(t − t̄ )−1/2Z [k3] ∈Cϱ−r

s (Φ1∞)∩Λr and that this space is stable under multiplication with polynomials in
(x−x̄)

(t−t̄ )1/2 , polynomials in (t − t̄ )1/2 and polynomials in ∂k ai j (w),∂k ai j (w) for |k|s ≤ r .
We now demonstrate how to deal with the term RA when A = {1} by way of example for all the

remainder terms. This term already demonstrates the techniques for the remaining terms and the
appearance of the sum over l in the statement. We write

R{1}(w, z, z̄) = ∑
k1∈∂sr

∑
|kα|s<r
α=2,3

∑
i , j

R1,k
i j (w, z, z̄)

(z̄ −w)k2

k2!

[ ∑
i ′, j ′

∂k2
(ai i ′a j j ′ )(w)

(x − x̄)i ′ (x − x̄) j ′

t − t̄
−∂k2

ai j (w)

]

(z̄ −w)k3
Z [k3]

w (z − z̄).

We now rewrite

R1,k
i j (w, z, z̄) = (z̄ −w)k1

↓

k1
↓ !

ˆ [
δk1 [∂k1

↓ ai j ]((z̄ −w)y)−δk1 [∂k1
↓ ai j ](w + (z −w)y)

]
Q

k1
↓ (d y)

+ (z̄ −w)k1
↓ − (z −w)k1

↓

k1
↓ !

ˆ
δk1 [∂k1

↓ ai j ](w + (z −w)y)Qk1
↓ (d y)

and treat the parts of the expression for R{1} corresponding to each term in the above expression sepa-
rately. It is straightforward to check that the contributions from the first term can be included in the sum
over A2

r in the statement with l = k↓. For the latter term, the same result follows by binomially expanding

(z −w)k1
↓ = (z − z̄ + z̄ −w)k1

↓ and using that (z − z̄)η improves the regularising effect by |η|s.
It remains to treat the case where b,c may be non-zero. For brevity, we demonstrate only how to treat

the term c(z)Z (z, z̄). The other term is similar. Here, we write

c(z)Z (z, z̄) = ∑
|kα|s<r
α=1,2

∑
l≤k1

(z̄ −w)k1+k2−l (z̄ − z)l

l !(k1 − l )!k2!
∂k1

c(w)Z [k2]
w (z − z̄)+ ∑

A⊂{1,2}
A ̸=;

RA(w, z, z̄)
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by use of Proposition 9.20 for Z and Lemma C.1 for c. Here we have binomially expanded (z −w)η =
(z − z̄ + z̄ −w)η. The summands of the first sum are clearly of the form required to be included in the
sum over A1

r so we consider only an illustrative example of the term RA . We again demonstrate the
computation in the case A = {1}. In this case we have

R{1}(w, z, z̄) = ∑
k1∈∂sr

∑
|k2|s<r

∑
l≤k1

(z̄ −w)k1
↓+k2−l (z − z̄)l

l !(k1
↓ − l )!k2!

Z [k2]
w (z − z̄)

ˆ
δk1 [∂k1

↓ c](w + (z −w)y)Qk1
↓ (d y)

which we again see if of the correct form for the sum over A2
r .

With these two results in hand, we now show that Z ∗ (−E)∗k can be decomposed in a way that is
compatible with our main assumption.

Lemma 9.22. Fix r > 2 and suppose that ϱ≥ 3r . Then for each n ∈N, we can write

Z ∗ (−E)∗n(z, z̄) = K z̄
n (z − z̄)+Rn(z, z̄)

where Kn ∈C r (Φ2
r )∩Λr and Rn ∈Ψr

r . Furthermore the maps (a,b,c) 7→ Kn ,Rn are continuous.

Proof. We write

A[k]
w,i (z − z̄) =

{
Z [k]

w (z − z̄) if i = 0

E [k]
w (z − z̄) otherwise

along with

A∂,[k],l
w,i (z, z̄) =


Z ∂,[k]

w (z, z̄) if i = 0, l = k↓
0 if i = 0, l ̸= k↓
E∂,[k],l

w (z, z̄) otherwise.

By Proposition 9.20 and Proposition 9.21, we then have for all w ∈R1+d

Z ∗ (−E)∗n(z, z̄) (9.19)

= ∑
|k0|s<r

∑
kα∈A1

r
α=1,...,n

ˆ n∏
i=0

A[k i ]
w,i (ζi −ζi+1)(ζi+1 −w)k i

ζ1 . . .dζn

+ ∑
A⊂{0,...,n}

A ̸=;

∑
k0

∑
kα∈A

1+1A (α)
r

α=1,...,n

∑
lα≤kα↓
α∈A

ˆ ∏
i∈A

A∂,[k i ],l i

w,i (ζi ,ζi+1)(ζi+1 −w)l i ∏
i ̸∈A

A[k i ]
w,i (ζi −ζi+1)(ζi+1 −w)k i

dζ1 . . .dζn

where we have adopted the convention that ζ0 = z,ζn+1 = z̄ and where the sum over k0 on the second
line runs over |k0|s < r if 0 ∈ A and k0 ∈ ∂sr otherwise.

We now write (ζi+1 −w) =∑n−i−1
j=0 (ζ j+i+1 −ζ j+i+2)+ (ζn+1 −w) on the first line on the right hand side

and binomially expand. This yields that this line is equal to

∑
|k0|s<r

∑
kα∈A1

r
α=1,...,n

∑
βi

0+···+βi
n−i=k i

i=0,...,n

(
k i

βi
0 . . .βi

n−i

)ˆ n−1∏
i=0

A[k i ]
w,i (ζi −ζi+1)(ζi+1 −ζi+2)

∑
i ′≤i β

i ′
i−i ′

A[kn ]
w,n (ζn − z̄)(z̄ −w)

∑
i ′≤n β

i ′
n−i ′ dζ1 . . .dζn .

We then define K w (z − z̄) to consist of the part of this sum where βi ′
n−i ′ = 0 for each i ′ ≤ n. We note that

we can discard the remaining terms since they vanish when w = z̄. We then note that K w
n is a linear

combination of convolutions of one term in C r (Φ2∞)∩Λ|k|s with a number of terms in C r (Φ1∞)∩Λr . By
Proposition 9.17 and the stability of Λr under convolution, we see that Kn has the desired form.
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It remains to show that the sum appearing in the second line of (9.19) can be written as Rn(z, z̄)+
Remainder where the remainder vanishes upon setting w = z̄ and where Rn is of the form required in
the statement. Since this argument is similar to the one for the first term but notationally more heavy,
we simply sketch the required changes.

By again binomially expanding (ζi+1−w)k i
as above, we see that the typical summand on the second

line of (9.19) can be written as a linear combination of terms that vanish when setting w = z̄ and terms
of the form ˆ ∏

i∈A
A∂,[k i ],l i

w,i (ζi ,ζi+1)(ζi+1 −ζi+2)l̃ i ∏
i ̸∈A

A[k i ]
w,i (ζi −ζi+1)(ζi+1 −ζi+2)k̃ i

dζ1 . . .dζn

where l̃ i , k̃ i = 0 if i = n and
∑

i∈A l̃ i +∑
i ̸∈A k̃ i = ∑

i∈A l i +∑
i ̸∈A k i . Since Aw (z, z̄) ∈ C r (Ψα

r ) implies that

(z − z̄)l ∈C r (Ψα+|l |s
r ) and |kα↓ |s ≥ r −2 for each α ∈ A, by Proposition 9.17 we see that this term defines an

element of C r (Ψβ
r ) with

β= 2+ ∑
i∈A
i ̸=0

(1+|k i
↓|s−|l i |s)+ ∑

i ̸∈A
i ̸=0

1+ ∑
i∈A

|l̃ i |s+
∑
i ̸∈A

|k̃ i |s

≥ 2+|l 0|s10∈A + ∑
i∈A
i ̸=0

(1+|k i
↓|s)

≥ 2+ (r −2)10∈A + ∑
i∈A
i ̸=0

(r −1) ≥ r

where to reach the second line we used the identity
∑

i∈A l̃ i +∑
i ̸∈A k̃ i =∑

i∈A l i +∑
i ̸∈A k i . The desired form

of Rn then follows from the continuous map C r (Ψr
r ) ,→Ψr

r given by setting w = z̄. Finally, continuity of
the maps (a,b,c) 7→ Kn ,Rn follows from the continuity statements in Proposition 9.20, Proposition 9.21
and Proposition 9.17.

We are now ready to provide a proof of Proposition 9.8.

Proof of Proposition 9.8. Without loss of generality, we may assume that M ≥ 2r . Let χ be the smooth
cut-off function fixed in (9.9). Choosing ϱ large enough as a function of r,d and M , by Lemma 9.19 and
Lemma 9.22, we can write

Γ(z, z̄) = ∑
n≤N

χ(z − z̄)K z̄
n (z − z̄)+ ∑

n≤N
(1−χ(z − z̄))K z̄

n (z − z̄)+ ∑
n≤N

Rn(z, z̄)+ ∑
n>N

Z ∗ (−E)∗n(z, z̄)

where N is chosen to be large enough so that the final term defines an element of C r
loc,t , Rn ∈Ψr+d+2

r

and Kn ∈C M (Φ2
M ). We define K w (z) =∑

n≤K χ(z)K w (z) and R(z, z̄) = Γ(z, z̄)−K z̄ (z − z̄). The result then
follows by noting that multiplication by (1−χ) is a continuous operation from C r (Φ2

r ) to C r
loc,t and

multiplication by χ is a continuous operation from C M (Φ2
M ) to C r (K2

r ).
Continuity of the decomposition as a function of the coefficient field follows from the corresponding

continuity statements in Lemma 9.19 and Lemma 9.22.

Appendix A Existence of Tensor Products for Symmetric Sets

Proof of Proposition 3.9. For uniqueness, we note that if (V̄ ⊗̂πs, (⊗̄a
s )a∈s) is a second s-symmetric tensor

product then by applying the universal properties, we obtain the existence of unique f , f̄ such that the
a-indexed family of diagrams

V ×a V ⊗̂πs

V̄ ⊗̂πs
⊗̄a
s

⊗a
s

ff̄



A EXISTENCE OF TENSOR PRODUCTS FOR SYMMETRIC SETS 87

commute. In turn, this yields the commutative diagrams

V ×a V ⊗̂πs

V ⊗̂πs.
⊗a
s

⊗a
s

f̄ ◦ fid

By uniqueness of the factorisation, we deduce that f̄ ◦ f = id. Similarly, we see that f ◦ f̄ = id. Since
∥ f ∥ = ∥⊗a

s ∥ = 1 and similarly for f̄ , we deduce that f is the desired isometric isomorphism.
For existence, we adapt the definition given in [CCHS22, Equation 5.5] to appropriately include

topology and show that the resulting object satisfies the universal property described here. We first
recall that given a ∈ Ob(s), the non-symmetrised projective tensor product V ⊗̂πa is characterised by the
fact that multilinear map f : V ×a → Z there exists a unique bounded linear map f ⊗ : V ⊗̂πa → Z with
∥ f ⊗∥ = ∥ f ∥ such that the diagram

V ×a V ⊗̂πa

Z
f

⊗a

f ⊗

commutes where ⊗a : V ×a →V ⊗̂πa denotes the usual tensorisation map. In particular, if γ : a → b is an
isomorphism of typed sets then by considering the commutative diagrams

V ×a V ⊗̂πa

V ⊗̂πb

⊗b◦γ

⊗a

γ

we see that γ can also be viewed as an isometric isomorphism between V ⊗̂πa and V ⊗̂πb , which we denote
by the same character since the meaning should always be clear from context. The fact that the map γ
constructed here is an isometric isomorphism follows similarly to the analogous fact for the maps in the
uniqueness part of this proof.

We now define

V ⊗̂πs=
{

(va)a∈Ob(s) : va ∈V ⊗̂πa ,γ ∈ Homs(a,b) =⇒ γ(va) = vb

}
⊂ ∏

a∈Ob(s)
V ⊗̂πa .

We equip V ⊗̂πs with the norm ∥(va)a∈Ob(s)∥V ⊗̂πs = ∥vb∥V ⊗̂πb for any choice28 of b ∈ Ob(s). A natural

symmetrisation map πs,a : V ⊗̂πa →V ⊗̂πs is given by setting for b ∈ Ob(s)

(πs,a(va))b = |Homs(a,b)|−1
∑

γ∈Homs(a,b)
γ(va).

We then define ⊗a
s =πs,a ◦⊗a .

We now show that (V ⊗̂πs, (⊗a
s )a∈Ob(s)) satisfies the universal property. To this end, we fix an s-

symmetric family of multilinear maps f a : V ×a → Z . By the universal property for the tensor product
V ⊗̂πa , each f a factors through a linear map f a,⊗ : V ⊗̂πa → Z which is of the same norm in the case where
Z is a Banach space. We claim that for any γ ∈ Homs(a,b), f a,⊗ = f b,⊗ ◦γ.

To see this, we note that f b,⊗ ◦γ◦⊗a = f b,⊗ ◦⊗b ◦γ since the action of γ on V ⊗̂πa was defined via the
universal property. Then by definition of f b,⊗,

f b,⊗ ◦⊗b ◦γ= f b ◦γ= f a

where the last equality follows since ( f a)a∈Ob(s) is s-symmetric. This shows that f b,⊗ ◦γ factors f a so
that by uniqueness of the factoring map for the usual projective tensor product, the two are equal

28Since any symmetry in s induces an isometry and s is a groupoid (and in particular, is connected), this definition is independent
of the choice of b.
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thus proving the claim. In particular, it follows that f : V ⊗̂πs→ Z defined by f ((va)a∈Ob(s)) = f b,⊗(vb) is
independent of the choice of b ∈ Ob(s).

To see that f defined in this way does factor the family ( f a)a∈Ob(s) via (⊗a
s )a∈Ob(s), we note that

f (⊗a
s (vx )x∈a) = f (πs,a ⊗a (vx )x∈a) = |Homs(a, a)|−1

∑
γ∈Homs(a,a)

f a,⊗(γ(⊗a(vx )x∈a))

= f a,⊗(⊗a(vx )x∈a) = f a((vx )x∈a)

where the second to last line follows by symmetry invariance of f a,⊗ and the last line follows by definition
of f a,⊗.

In the case where Z is a Banach space, we note that since f ((va)a∈Ob(s)) = f b,⊗(vb), ∥(va)a∈Ob(s)∥V ⊗̂πs =
∥vb∥V ⊗̂πb and ∥ f b,⊗∥ = ∥ f b∥, it is immediate that ∥ f ∥ ≤ ∥ f b∥ for any b ∈ Ob(s). For the converse inequal-

ity, we note that if vb ∈V ⊗̂πb satisfies

| f b,⊗(vb)| ≥ ∥vb∥V ⊗̂πb (∥ f b∥−ε)

then by symmetry invariance of f b,⊗

| f (πs,b vb)| = | f b,⊗(vb)| ≥ ∥vb∥V ⊗̂πb (∥ f b∥−ε) ≥ ∥πs,b vb∥V ⊗̂πs(∥ f b∥−ε)

where the last inequality follows by the triangle inequality. Since ε> 0 was arbitrary, we conclude that
∥ f ∥ = ∥ f b,⊗∥ = ∥ f b∥ for any b ∈ Ob(s).

To complete the proof that (V ⊗̂πs, (⊗a
s )a∈Ob(s)) satisfies the universal property, it remains only to show

that the factoring map f is unique. This follows from the fact that the linear span of the range of ⊗a
s is

dense in V ⊗̂πs which in turn follows from the fact that the linear span of the range of ⊗a is dense in V ⊗̂πa

and the fact that πs,a : V ⊗̂πa →V ⊗̂πs is a continuous linear surjection.
To complete the proof of the proposition, it remains to establish the representation of its norm

in terms of symmetric tensors. By the uniqueness statement, it suffices to do this for the explicit
(V ⊗̂πs, (⊗a

s )a∈Ob(s)) constructed above. Recall that by definition of the usual projective cross norm we can
write

∥(va)a∈Ob(s)∥V ⊗̂πs = ∥vb∥V ⊗̂πb = inf

{ ∞∑
i=0

∏
x∈b

∥v i
x∥Vl(x) : vb =

∞∑
i=0

⊗b(v i
x )x∈b

}

for any b ∈ Ob(s). On the one hand, if vb =∑∞
i=0⊗b(v i

x )x∈b then since vb is symmetry invariant,

(va)a∈Ob(s) =πs,b vb =
∞∑

i=0
⊗b
s (v i

x )x∈vb

where we used the explicit representation ⊗b
s =πs,b ◦⊗b . This establishes that

inf

{ ∞∑
i=1

∏
x∈a

∥v i
x∥Vl(x) : v =

∞∑
i=1

⊗a
s (v i

x )x∈a

}
≤ ∥vb∥V ⊗̂πb = ∥(va)a∈Ob(s)∥V ⊗̂πs.

For the converse inequality, we note that if (va)a∈Ob(s) =
∑∞

i=0⊗b
s (v i

x )x∈b then

vb =
∞∑

i=0
|Homs(b,b)|−1

∑
γ∈Homs(b,b)

γ(⊗b(v i
x )x∈b).

Therefore

∥vb∥V ⊗̂πb ≤
∞∑

i=0
|Homs(b,b)|−1

∑
γ∈Homs(b,b)

∏
x∈b

∥v i
γ−1(x)∥Vl(x) =

∞∑
i=0

∏
x∈b

∥v i
x∥Vl(x) .

Taking an infimum over such representation of (va)a∈Ob(s) in this inequality establishes the bound
∥vb∥V ⊗̂πb ≤ ∥(va)a∈Ob(s)∥V ⊗̂πs which completes the proof.
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Appendix B Some Facts about Topological Hopf Algebras

In this paper, the construction of regularity structures from Hopf algebras that is well-understood in
the literature was applied in an infinite dimensional setting in which issues of continuity of maps are
less automatic. This requires some minor adaptations to the standard construction to appropriately
introduce topology. These modifications are fairly routine and as such we simply gather the necessary
modifications to definitions and results in the algebraic setting that are important to us for the reader’s
convenience.

Definition B.1. We call a tuple (H,M,1,∆,ε) a topological Hopf Algebra29 if

1. H is a complete locally convex topological vector space,

2. (H,M,1,∆,ε) satisfies all of the defining properties of an (algebraic) Hopf algebra but with all tensor
products replaced by projective tensor products,

3. the maps M,∆,ε,1 are continuous.

We define topological algebras, coalgebras, bialgebras and comodules by adapting the definition of their
algebraic counterparts in the obvious analagous way. We will often write x ∗ y =M(x, y). We say that a
topological (bi-/co-/Hopf) algebra is graded if H=⊕

n∈NHn is a graded topological vector space (where
the direct sum is given the inductive limit topology) and all the operations respect the grading in the same
way as in the purely algebraic case.

For our purposes, the important fact will be that the structure group can be realised as an appropriate
group of characters over a Hopf algebra and that its action on a given regularity structure will be continu-
ous. The lemma below adapts the standard properties in the purely algebraic setting to appropriately
include topology.

Lemma B.2. Suppose that H is a topological Hopf algebra. We define G= {g ∈H∗ : g (x ∗ y) = g (x)g (y)}
where we emphasise that H∗ denotes the topological dual of H. Then G is a group for the product
g ∗h = (g ⊗h)∆ and inverse g−1 = g ◦A. Furthermore, if (V,ρ : V→ V⊗̂πH) is a topological comodule
over Hthen

g · v = (id⊗ g )ρ

defines a continuous action of Gon V.

Proof. Since Gis a subset of the algebraic character group of Hwith the induced product and inverse, to
see that Gis a group we need only check that it is closed under the operations. This is immediate from
continuity of ∆ and A. Similarly, to see that Gacts continuously on V, we need only check continuity
since the fact that the map defined is a group action is proved in the same way as in the algebraic case.
However, continuity is immediate from continuity of ρ and g .

The last ingredient on Hopf algebras required in this paper is a method to show that suitable topolog-
ical bialgebras admit a continuous antipode. We expect that the algebraic analogue of our construction
is well-known but we are only aware of references covering the case of a connected graded bialgebra
which corresponds to the case d = 0 in Lemma B.4 below. We thus provide a construction appropriate
for our purposes for completeness. In preparation for Lemma B.4, we need one preparatory result.

Lemma B.3. Suppose that H= ⊕
n∈NHn is a graded topological Hopf algebra such that H0 is the free

commutative topological algebra over30 X = 〈gi : i = 1, . . . ,d〉 where for each i , gi is primitive. Then
ε|Hn = 0 for n ≥ 1 and ε|H0 is the natural projection onto the span of the unit in H0 induced by viewing H0

as the (topological) symmetric tensor algebra over X .
29In the wider literature, it seems that the object we define here would be called a ‘Hopf monoid in the category of complete

locally convex topological vector spaces with monoidal structure induced by the projective tensor product’. Whilst this way of
thinking unites the introduction of topology to the various objects under consideration, for brevity we choose a simpler naming
convention here.

30We insist on a finite generating set only to make the topological structure unambiguous and continuity properties simpler to
obtain.



B SOME FACTS ABOUT TOPOLOGICAL HOPF ALGEBRAS 90

Proof. The former property is a standard fact about graded bialgebras which follows the fact that ∆
respects the grading and the counital property. For the latter fact, we note that gi = ε(gi )1+ε(1)gi by
the counital property and the fact that gi is primitive. Since ε is an algebra morphism, we deduce that
ε(gi ) = 0. Again using that ε is an algebra morphism and that H0 is the free commutative topological
algebra generated by X , the result follows.

Lemma B.4. Suppose that (H=⊕
n∈NHn ,M,1,∆,ε) is a graded topological bialgebra such that H0 is the

free commutative topological algebra over 〈gi : i = 1, . . . ,d〉 where for each i , gi is primitive. Then H is a
graded topological Hopf algebra.

Proof. It remains to construct a continuous antipode Awhich we do by induction in the degree. In the
base case n = 0, we first note that on 〈gi : i = 1, . . . ,d〉 we must set Agi =−gi since ∆gi = gi ⊗1+1⊗ gi

so that the defining property of an antipode (in combination with the requirement that it is an algebra
morphism on H0) imply that Agi + gi = ε(gi )1 = 0 where we made use of Lemma B.3. We note that A is
automatically continuous on 〈gi : i = 1, . . . ,d〉 by finite dimensionality. Then by the universal property of
the free commutative topological algebra over a topological vector space X , Ahas a unique extension to
a continuous algebra morphism on H0. Since ∆ and ε are algebra morphisms, this extension satisfies the
required property that M(A⊗ id)∆= ε(·)1 =M(id⊗A)∆.

For n > 0, we proceed inductively and construct Aaccording to the first identity above. We will then
show a posteriori that it satisfies the second automatically.

We assume that τ ∈Hn for n > 0. We note that by Lemma B.3 and the counital property, we have that

∆τ= τ⊗1+1⊗τ+ ∆̊τ
where ∆̊ : Hn → H<n ⊗H<n . Therefore the first identity holds on Hn if and only if define Aτ = −τ−
M(A⊗ id)∆̊τ which is well-defined by the induction hypothesis. Since this is a linear combination of
compositions of continuous linear maps, it is continuous. It then remains only to show that with this
definition M(id⊗A)∆τ=M(A⊗ id)∆τ which can be equivalently written as M(id⊗A)∆̊τ=M(A⊗ id)∆̊τ
by definition of ∆̊. We again proceed induction in n where the base case n = 0 was handled already
above.

We insert the definition of A into the expression on the left hand side to obtain

M(id⊗A)∆̊τ=M[id⊗ (−id−M(A⊗ id)∆̊)]∆̊τ

=−M∆̊τ−M(id⊗M)(id⊗A⊗ id)(id⊗ ∆̊)∆̊τ

=−M∆̊τ−M(M⊗ id)(id⊗A⊗ id)(∆̊⊗ id)∆̊τ

where we applied associativity of Mand coassociativity of ∆̊ (which follows from coassociativity of ∆) to
obtain the final line. Since ∆̊ : Hn →H<n ⊗H<n , we may apply the induction hypothesis to rewrite the
right hand side as

−M∆̊τ−M(M⊗ id)(A⊗ id⊗ id)(∆̊⊗ id)∆̊τ=−M∆̊τ−M(M⊗ id)[(−A⊗1−1⊗ id)⊗ id]∆̊τ

where we applied the definition of A. The right hand side is nothing but M(A⊗id)∆̊τ, as was required.

Remark B.5. In this work, the main application of Lemma B.4 is in the proof of Lemma 3.29. To apply the
result in this setting, we note that when VT+(R) is graded by the number of edges, its degree 0 component is
VTpoly . Since X k is a tree with no edges, for any Banach space assignment V , VTpoly is nothing other than the
space of polynomials with real coefficients in commuting variables X1, . . . , Xd equipped with the inductive
limit topology arising from viewing it as the limit of the finite dimensional spaces of polynomials of degree
at most N . To see that this is the free commutative topological algebra over 〈X1, . . . , Xd 〉, we recall that the
space of polynomials in commuting variables is the free commutative algebra over that set. Therefore,
for every linear map T : 〈X1, . . . , Xd 〉 → A into a commutative algebra A, there exists a unique algebra
morphism T̄ : VTpoly → A extending T . It remains to show that if T is a continuous linear map into a

topological algebra then T̄ is continuous since this would imply that VTpoly satisfies the universal property
of the free commutative topological algebra. By definition of the inductive limit topology, this is true if and
only if the restriction of T̄ to the space of polynomials of degree at most N is continuous for each N . This is
in turn automatic by finite dimensionality.
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Appendix C An Anisotropic Taylor Formula

We state here an anisotropic Taylor’s formula with a remainder that is in increment form. The statement
and proof are a minor modification of [Hai14, Proposition A.1] essentially following by being more
restrictive in applying the Fundamental Theorem of Calculus in the inductive proof given there and
by making a change of variables to rewrite the measures. In comparison to [Hai14] the statement here
is convenient both because it often allows us to save a derivative in favour of a Hölder bound and
also because we have rewritten the measures to more easily access the polynomial contributions. In
particular, we implicitly made use of this property in Section 9.

We define measures on Rd via

Qk (d y) =
(
m(k)−1∏

i=1
δ1(d yi )

)
l 1[0,1](1− ym(k))

l−1d ym(k)

(
d∏

i=m(k)+1
δ0(d yi )

)

where we have written m(k) = min{ j : k j ̸= 0}. We additionally define for k ̸= 0, k↓ = k −em(k). We then
have the following statement.

Lemma C.1. Let A ⊂Nd be such that k ∈ A and l ≤ k implies that l ∈ A. Define ∂A = {k ̸∈ A : k↓ ∈ A}. Then
if f ∈C r and for all k ∈ A, |k|s < r we have that

f (x) = ∑
k∈A

Dk f (0)

k !
xk + ∑

k∈∂A

xk↓

k↓!

ˆ
Rd
δk [∂k↓ f ]((xi yi )d

i=1)Qk↓ (d y)

where δk [ f ](y) = f (y1, . . . , yem(k) ,0, . . . ,0)− f (y1, . . . , yem(k)−1 ,0, . . . ,0).

Appendix D Index of Notations

Symbol Meaning Page

A
eq;O
+ Space of kernel assignments of order Oon Teq 7

Aeq− Space of noise assignments on Teq 7
A∞,eq− Space of smooth noise assignments on Teq 7
Ao+ Space of kernel assignments of order o on TBan 24
A− Space of noise assigments on TBan 25
A∞− Space of smooth noise assigments on TBan 25
Age(τ) Age of the tree τ 36
Br Ball of test functions 5

C r (Kβ
r ) Space of C r curves valued in K

β
r 6

Cα
w Hölder space of regularity α with weight w 41

C[τ] Set of cuts of combinatorial tree τ 20
Dγ Space of modelled distributions 49
Dγ,ν;x Space of (Hölder) pointed modelled distributions 50
∆ Coaction on combinatorial trees 20
∆ Coaction on VT 21
∆+ Positive coproduct on combinatorial trees 21
∆+ Positive coproduct on VT 21
∆−

r Negative rooted ‘coproduct’ on combinatorial trees 35
∆−

r Negative rooted ‘coproduct’ on VT 35
∆̃ ‘Coproduct’ on combinatorial trees related to f τx 63
Hist(S) History of set of trees S 35
Iζ Abstract integration map on TBan 18
Jζ Component of abstract convolution map on TBan 49
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Symbol Meaning Page
K Generic compact subset of Rd 5
K̄ 1-fattening of compact set K 5
|k|s Rescaled degree of multi-index k ∈Nd 5

K
β
r Space of translation-invariant β-regularising kernels 6

K
ζ
γ Abstract convolution 49

Kγ,m Variable coefficient abstract convolution 52

K
ζ,x
γ,ν Pointed abstract convolution 51

Kx
γ,ν,m Pointed variable coefficient abstract convolution 56

K ζ Translation-invariant kernel obtained by testing K against ζ in the ‘upper slot’ 42
|l|s Degree of the type l or of edges of type l 5
L(E ,F ) Bounded linear maps between normed spaces E and F 5
L Generic set of types 5
L+ Set of kernel types 5
L− Set of noise types 5

L(k)
τ Lifting map 19

M(T) Space of admissible models on regularity structure T 7
M0(T) Space of smooth admissible models on regularity structure T 7

N
ζ
γ Component of abstract convolution map on TBan 49

ord(W ) Order of a good sector W 27
Qγ Projection onto components of homogeneity γ 26
Q<γ Projection onto components of homogeneity < γ 26
Qτ Projection onto V ⊗̂π〈τ〉 26
R Complete and subcritical rule 5
R Reconstruction map 49
〈S〉 Free R-vector space over a set S 5
s Generic scaling 5
s Generic symmetric set 14
τ Concrete combinatorial tree 15
τ Isomorphism class of combinatorial trees τ 15
〈τ〉 Symmetric set associated to the isomorphism class τ 15
|τ|s Degree of τ 17
|τ|# Number of noise edges in τ 26
T Set of (isomorphism classes of) decorated trees 17
T(R) Set of trees that strongly conform to the rule R 17
T+(R) Monoid of positive degree trees 17
T−(R) Set of negative degree trees 17
Tplant Set of trees of the form X j Ik

l
τ 18

Tpoly Set of monomials 24
T(R) BHZ reduced regularity structure for the rule R 5
Teq BHZ reduced regularity structure for the given equation 5
TBan(V ) Infinite-dimensional regularity structure over Banach space assigment V 23

T ζ,x
γ,ν Component of abstract (pointed) convolution map on TBan 51

V Generic Banach space assigment 15
VW Structure space over set of trees Wassociated to Banach space assignment V 17
W Generic sector 49
≺ Inductive ordering on trees 27
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