
Mathematisches Forschungsinstitut Oberwolfach

Report No. 13/2026

DOI: 10.4171/OWR/2026/13

Flows on Measure Spaces and Applications
in Machine Learning

Organized by
Philippe Rigollet, Cambridge MA

Giuseppe Savaré, Milano
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Abstract. Flows on measure spaces have long been examined in stochastic
analysis and have recently attracted significant interest in machine learning,
leading to intriguing research questions that often fall outside the scope of
existing theory. Normalizing flows, score-based diffusion, and flow matching
models are among the most powerful generative neural methods and rely on
the geometry of measure spaces. In particular, the Wasserstein metric and
optimal transport techniques have advanced the field in recent years. How-
ever, involving different Riemannian-like metrics on measure spaces, e.g., by
the framework of right-invariant metrics on the group of diffeomorphisms
and their action on objects, e.g., densities, and designing transport inference
functionals with advanced properties like equivariance led to new neural mod-
els. Generative models can be conditioned on (degraded) data, which leads
to new developments in the solution of Bayesian inverse problems. Viewing
transformers as interacting particle systems introduced a new mathemati-
cal perspective on these complex systems and shed light on their clustering
behavior. Finally, learning neural models comes with new challenges in (sto-
chastic) optimization, such as accelerated optimization, operator splitting,
and mirror descent on measure spaces, ensemble filtering methods, the treat-
ment of high dimensions via slicing or Fourier random features, as well as
scalability questions and related lifting to infinite-dimensional spaces. The
workshop will bring together scientists interested in different aspects of flows
on measure spaces to further understand and develop their analysis, in partic-
ular to address questions in deep generative learning and to develop improved
optimization methods for measure spaces.
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Introduction by the Organizers

The aim of the workshop was to further understand and develop the analysis of
flows on measure spaces, in particular facing questions in deep generative learning
and to foster improved optimization methods on measure spaces.

Flow-based methods, such as normalizing flows, neural ODEs, diffusion mod-
els, and flow matching techniques, belong to the most successful techniques that
aim to approximate an unknown distribution or to sample from an often high-
dimensional distribution by pushing forward an easy-to-sample distribution, such
as the Gaussian, by a learned (sequence of) neural network. The basic ideas stem
from well-established results on flows in probability measure spaces, in particular,
optimal transport in Wasserstein spaces. However, generative learning came with
new questions on flow properties when using different geometries like Stein and
Fisher-Rao metrics and combinations thereof of Hellinger–Kantorovich distances,
including their linearized version. Important metrics on the space of densities are
provided by the framework of right-invariant metrics on the group of diffeomor-
phisms and their action on objects such as densities. More recent instances of this
framework include normalizing flows in machine learning and induced metrics on
diffeomorphisms that arise naturally in applications such as Stein variational gra-
dient descent. Therefore, right-invariant metrics on the group of diffeomorphisms
and their connection to fluid flows provide a powerful framework for understanding
various applications. A generative model can be conditioned on (degraded data)
in order to solve Bayesian inverse problems, which raises robustness questions
and also leads to the notion of conditional Wasserstein distances. Further, the
Benamou-Brenier formulation of optimal transport was generalized in the study
of mean field games and allowed the design of new transport inference functionals
in probability spaces. Gromov-Wasserstein distances in network quantization, as
well as learning of isometries, appear both practically and theoretically challeng-
ing. Finally, modern transformers can be seen as interacting particle systems,
where a basic mathematical theory is available. As in neural ODEs, self-attention
is viewed as a velocity field that evolves particles (tokens) toward a useful embed-
ding, thereby raising entirely new research questions.

At the same time, efficient tools in optimization and numerical analysis have
been addressed and are still an area of active research, including:

• accelerating optimization over probability measures,
• translation of operator splitting, mirror descent techniques from Hilbert

to measure spaces,
• ensemble filtering methods,
• uncertainty quantification,
• sliced methods versus Fourier random features to tackle high-dimensional

problems,
• scalability, modeling across different resolution levels to improve the effi-

ciency of the training process, e.g., by lifting high-dimensional problems
to an infinite-dimensional space and exploiting the “learn-then-discretise”
paradigm.
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The challenge and beauty of the field is that different kinds of mathematics can
and should be applied from stochastic analysis and statistics over geometry and
optimization toward neural modeling with quite different applications. We are far
from capturing all the interesting activities in the field in this workshop, but we
will focus on the above synergies.

Acknowledgements: The workshop organizers would like to thank the DFG for
travel support within the SPP2298 “Theoretical Foundations of Deep Learning”
and the Berlin MATH+ Cluster of Excellence. Moreover, the MFO and the work-
shop organizers would like to thank the National Science Foundation for supporting
the participation of junior researchers in the workshop by the grant DMS-2230648,
“US Junior Oberwolfach Fellows”.
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Abstracts

Introduce thermal noise before discretizing, not afterwards!

Felix Otto

(joint work with B. Gess, R. S. Gvalani, F. Kunick, and M. Sauerbrey)

1. The thin-film equation with thermal noise. The thin-film equation mod-
els the evolution of the height h of a liquid thin film over a planar d-dimensional1

substrate, driven by surface tension γ and limited by (dynamic) viscosity η.
Starting from conservation of mass in form of a continuity equation, it expresses

a quasi-stationary balance between viscous and capillary forces

∂th+ ∇ · q = 0 where
3η

h3
q = −∇p and p = −γ∆h;

the power 3 in the mobility m(h) = h3

3η that relates the flux q and the (potential)

force is the only one that makes the model dimensionally correct. Following [1],
by the fluctuation-dissipation principle, thermal effects at temperature T take the
form (where kB is the Boltzmann factor)

q = −m∇p+ f where

Efi(t, x)fj(s, y) = 2kBT mδij δ(t− s) δ(x − y);

the fluctuation-dissipation principle passes through the lubrication approximation,
see [5, Section 2.3]. Given an average film height H , the non-dimensional temper-

ature is 1
β = γH2

kBT
; hence for sufficiently thin films, thermal noise matters. We now

non-dimensionalize to the effect of γ = 3η = 1. This results in the SPDE

∂th−∇ ·m∇p =

√
2

β
∇ ·

√
mξ with p = −∇ · ∇h,(1)

where ξ is vectorial space-time white noise.

2. Naive discretization fails. The SPDE (1) is invariant in law under the

change of variables x = λx̂, t = λ4 t̂, ξ = λ−
d+4
2 ξ̂, h −H = λ1−

d
2 ĥ. This suggests

that solutions are Hölder continuous in space with exponent α = 1 − d
2 (and in

time with exponent α
4 ). This is too rough for the flux −m(h)∇p to be given a

sense so that the SPDE is singular (but subcritical for d < 2). It is therefore not
surprising that one has to be careful when discretizing in space, cf. [8].

Considering a finite-volume discretization, the flux q lives on the (oriented)
edges (of length 1

N ) of a graph, while the conserved quantity h lives at its vertices
(which one should think of cells), and likewise the potential p. The continuity
equation then involves a discrete divergence ∇N · q; its transpose (up to the sign)
yields a discrete gradient ∇Np. Hence, such a finite-volume discretization requires

1d = 2 is the physical dimension
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a numerical mobility M that lives on (the un-oriented) edges, and thus is a (sym-
metric) function M(h0, h1) > 0 of the values of h at the two incident vertices,
satisfying the consistency M(h, h) = m(h). A naive Ansatz reads

dh−∇N ·M∇Npdt =

√
2N

β
∇N ·

√
MdW with p = −∇N · ∇Nh,(2)

where W stands for a Brownian motion, independent from edge to edge.
We find in [3] that one needs an additional term on the l. h. s. of (2), namely

N

β
∇N ·M ′′∇Nh dt,(3)

where the new symmetric function M ′′ is induced by M through
( ∂

∂h1
− ∂

∂h0

)
M(h0, h1) = (h1 − h0)M ′′(h0, h1).(4)

Note that (3) acts as a – divergent – second-order term. We learn from (4) that

M ′′ ≡ 0 iff M = Mflat where Mflat(h0, h1) := m(h0+h1

2 ), and it turns out that the
correction term is there to emulate Mflat: It ensures on the level of the flux

−M∇Np+
N

β
M ′′∇Nh ≈ −Mflat∇Np.

This expansion is (obviously) not classical and relies on the structure of the near-

Gaussian equilibrium measure in form of E∇Np∇Nh ≈ 2N3

β .

Discretizations with ”diagonal” mobility have been proposed in [5, Section 2.3]
and shown to not need a correction term in case of central differences in order to
preserve (8) and to satisfy detailed balance in equilibrium [2, Section 4.1].

3. Gradient flow structure of thin-film equation. The (harmonic approxi-
mation of the) surface energy

E(h) :=

∫
1

2
|∇h|2(5)

defines a functional on configuration space. The minimal viscous dissipation re-
quired to generate an infinitesimal variation ḣ of the film height h

gh(ḣ, ḣ) := inf
q

{ ∫
1

m(h)
|q|2

∣∣∣∣ ḣ+ ∇ · q = 0

}
(6)

defines an inner product on the tangent space {ḣ}. By duality, this induces an
inner product gh on the co-tangent space, taking the form

gh(p, p) =

∫
m(h)|∇p|2,

where we identify co-tangent vectors with potentials p via ḣ 7→
∫
pḣ.

It is easy to see that the deterministic thin-film evolution satisfies

d

dt
F (h) = −gh(diffF|h, diffE|h) for observables F,(7)
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where the differential is defined via diffF|h.ḣ = d
ds |s=0

F (h + sḣ). Statement (7)

expresses that h evolves according to the gradient flow w. r. t. (E, g).

4. Natural incorporation of thermal noise. The gradient flow structure
(E, g) allows for a canonical introduction of thermal noise: We postulate the equi-
librium measure to be informally given by

µ(dh) =
1

Z
I(h > 0) exp(−βE(h))dh,(8)

which we interpret as the Gaussian free field conditioned on being non-negative,
which is a regular conditioning provided d < 2.

In [4], we establish for d < 2 the existence of the corresponding overdamped
Langevin dynamics: There exists a reversible stationary Markov process such that
the transition probability µt is determined through

d

dt

∫
Fdµt = −

∫
gh
(

diffF, diff
dµt
dµ

)
dµ for observables F.(9)

This result relies on the theory of Dirichlet forms, and their closability.

5. Natural Galerkin discretization. A gradient flow structure (E, g) allows
for natural discretizations, namely by a Galerkin Ansatz, i. e. by restricting to a
submanifold of configuration space. In view of E being given by (5), the simplest
energy-conformal Ansatz is to restrict to height functions h that are piecewise
linear and continuous. We combine this with “mass lumping” in (6), for d = 1:

gh,N(ḣ, ḣ) := inf
q

{ ∫
1

m(h)
|q|2

∣∣∣∣
1

N

N∑

i=0

ḣ(i/N)δi/N + ∂xq = 0

}
,

which ensures that we obtain a numerical mobility M , given by

1

M(h0, h1)
=

∫ 1

0

1

m(sh1 + (1 − s)h0)
ds.(10)

This coincides with the numerical mobility introduced in [6], designed such that

the “entropy” 1
N

∑N
i=0 s(h( iN )) with s′′ = 1/m is a Lyapunov functional in the

deterministic case, and thus promotes preservation of positivity. We note that for
(10), we have for the coefficient in (3)

M ′′(h, h) =
1

6

(
m2
(
− 1

m

)′′)
(h),

so that the term (3) typically acts as a parabolic term, in particular, for m(h) = h3.

6. Geometry of overdamped Langevin equations. In order to derive an
SDE, one has to introduce coordinates hi = Φi(h), i = 0, · · · , N , for the manifold.
In such coordinates, the metric tensor on co-tangent space is given by

gij(Φ(h)) = gh(diffΦi|h, diffΦj|h),
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and the (free) energy functional E in coordinates is defined via push forward under
the coordinate map:

Φ# exp(−βE(h))dh0 · · · dhN = dµ.

Writing Φ#ρ(t, h)dh0 · · ·dhN = dµt, we learn that (9) is the variational formula-
tion of a Fokker–Planck equation that gives rise to a diffusion process. The latter
may be written in Itô form2

dhi + (gij∂jE − 1

β
∂jg

ij)dt =

√
2

β
σiαdWα,(11)

for independent Brownian motions {Wα}α, provided the noise coefficients {σiα}i,α
satisfy the usual compatibility

gij =
∑

α

σiασ
j
α.(12)

The term − 1
β∂jg

ij does not coincide with the Stratonovich-to-Itô correction
1
β

∑
α σ

j
α∂jσ

i
α. In fact, applying Leibniz’ rule to (12) shows that (11) is equivalent

to

dhi =
(
− gij∂jE +

1

β

∑

α

σiα∂jσ
j
α

)
dt+

√
2

β
σiα ◦ dWα.(13)

The remaining correction 1
β

∑
α σ

i
α∂jσ

j
α is required for covariance, i. e. for (13) to

define a process on the abstract manifold independent from the choice of coordi-
nates. The treatment of (1) based on regularity structures from [7] does not yet
reveal such a counter term.
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Kinetic optimal transport

Jan Maas

(joint work with Giovanni Brigati, Filippo Quattrocchi)

The 2-Wasserstein metric from optimal transport is arguably the natural metric
on probability measures for the study of overdamped Langevin dynamics. Several
arguments can be given to support this claim:

• the Fokker–Planck equation can be formulated as gradient flow of the
relative entropy in the 2-Wasserstein space of probability measures [14, 13].

• the 2-Wasserstein geometry arises from a large deviation principle in the
many-particle limit for independent Brownian particles [7, 1].

• absolutely continuous curves in the 2-Wasserstein space correspond to so-
lutions of the continuity equation under natural moment assumptions [2].

In this talk, we discuss a natural geometry on probability measures for the
description of underdamped Langevin dynamics. Let us motivate its definition by
analogy with the Wasserstein geometry. For a curve γ : [0, T ] → Rd describing

a particle trajectory, define its energy by I(γ) :=
∫ T
0
|γ′(t)|2 dt. This functional

arises as the rate functional in Schilder’s theorem, the large deviation principle
for Brownian motion. The associated cost function cT is defined by minimising I
among curves with prescribed boundary values x, y ∈ Rd:

cT (x, y) := inf
γ

{
I(γ) : γ(0) = x, γ(T ) = y

}
=

|x− y|2
2T

.

The 2-Wasserstein metric is then obtained by lifting the cost function to the space
of probability measures.

To define the kinetic optimal transport problem, we consider the rate function

J(γ) :=
∫ T
0
|γ′′(t)|2 dt, which appears in the large deviation principle for a Brow-

nian particle with inertia. Consider the phase-space R2d; a point (x, v) ∈ R2d

describes the position x ∈ Rd and the velocity v ∈ Rd of a particle. A natural
kinetic cost function ckinT is then defined by

ckinT
(
(x, v), (y, w)

)
:= inf

γ

{
J(γ) :

(
γ(0), γ′(0)

)
= (x, v),

(
γ(T ), γ′(T )

)
= (y, w)

}
.

A computation reveals that ckinT
(
(x, v), (y, w)

)
= 1

2T

(
1
12

∣∣y−x
T − v+w

2

∣∣2 + |v−w|2
)

.

This cost function appears in the heat kernel for the Kolmogorov diffusion ∂tu +
v · ∇xu = ∆u, just as the Euclidean cost function 1

2T |x − y|2 appears in the heat
kernel for the diffusion equation ∂tu = ∆u.

It is then natural to consider the optimal transport problem with the cost
function ckinT . Over the years, this transport problem has been considered by
various authors in different contexts. Huang and Jordan constructed minimizing-
movement schemes for kinetic problems [11, 12]. Later on, Duong, Peletier, and
Zimmer developed the connection to large deviations [9], and they formulated the
kinetic Fokker-Planck in terms of GENERIC, a framework to describe evolution
equations with a dissipative part and a conservative part [8]. The kinetic optimal
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transport problem has also been studied in the context of Wasserstein splines and
related smooth interpolations of probability measures [3, 5, 6].

In this talk, we give an overview of these developments, and we present new
results on the geometric structure on probability measures induced by the cost
functions ckinT . While these cost functions do not induce a metric structure, they
can still be used to define a concept of absolute continuity for curves in the space
of probability measure [15]. One of our main results asserts that absolutely con-
tinuous curves in this geometry can be characterized as solutions to the Vlasov
equation ∂tµ+ v · ∇xµ+∇v · (Fµ) = 0 under natural moment assumptions on the
acceleration field F . We also present a Benamou–Brenier formula, first stated in
[5] and then proved in [10, 4], which expresses the equivalence of static and dy-
namical optimal transport in the kinetic setting. It is natural to expect that these
results will have applications to the study of kinetic Fokker–Planck equations and
related evolution equations.
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Geometric calculations on probability manifolds from reciprocal
relations in Master equations

Wuchen Li

Non-equilibrium thermodynamics [3, 5] studies dynamical systems that interact
with reservoirs for thermal energy or volume. Examples are coupled physical irre-
versible processes in complex systems, which are modeled by probability functions
over physical states. Typical dynamics include thermoelectric phenomena and
heat conduction in an anisotropic medium. In the modeling of irreversible pro-
cesses, Onsager introduced the reciprocal relationship [13], which describes the
symmetric dissipation of the probability transition equations arising from physical
processes, known as free energy dissipation or entropy production. Here, the free
energy dissipation follows the second law of thermodynamics. Rather than ad-
dressing arbitrary physical mechanisms, one can focus on two canonical classes of
stochastic models: overdamped Langevin dynamics in continuous state spaces, and
detailed-balance Markov processes with transition rates on discrete domains. In
both cases, entropy production is expressed as the time derivative of an entropy (or
free energy) functional along the governing probability evolution equations, such
as the Fokker–Planck equation in the continuous setting or the master equation
in the discrete setting.

In recent decades, a particular type of gradient flow has been widely studied in
optimal transport theory [1, 16]. They characterize a class of partial differential
equations as gradient flows of energies on a probability space equipped with an
infinite-dimensional Riemannian metric, namely the Wasserstein-2 space. Among
these dynamics, the famous example is the probability density transition equa-
tion for overdamped Langevin dynamics, which is the gradient-drift Fokker-Planck
equation. In this setting, the gradient drift Fokker-Planck equation satisfies the
gradient flow of free energy in Wasserstein-2 space [7, 14]. From the angle of
non-equilibrium thermodynamics [6], the gradient drift Fokker-Planck equation
satisfies the Onsager reciprocal relation [13]. Along this direction, master equa-
tions with detailed balance conditions can also be formulated as gradient flows in
discrete Wasserstein-2 spaces [4, 11, 12] for probability distributions on discrete
states. It also satisfies Onsager reciprocal relations [13]. From now on, we mainly
study these generalized Wasserstein-2 spaces on a simplex, called thermodynamical
probability manifolds, in short probability manifolds.

Nowadays, geometric calculations in probability manifolds are essential for un-
derstanding fluctuation relations and thermodynamic properties [17]. E.g., [9, 15]
introduces overdamped Langevin dynamics in the probability manifold, namely
Wasserstein common noises. It is based on geometric quantities, such as second-
order operators in finite-state probability manifolds. Along this direction, a nat-
ural question arises. What are geometric quantities, including Riemannian and
sectional curvatures, in probability manifolds? Can we use these computations to
design algorithms in sampling distributions supported on simplex sets?

In this talk, we study Riemannian calculations in a class of thermodynamical
probability manifolds. This study is a generalization of Otto calculus on discrete
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states with general mobility functions. We first compute the Levi-Civita connec-
tion, gradient, and Hessian operators on probability manifolds. We further derive
Riemannian and sectional curvatures in the probability simplex set. Two examples
of these computations are performed. One example is the Levi-Civita connection
on a three-state probability simplex, where the discrete probability manifold is
constructed from the master equation for a chemical monomolecular triangle re-
action. The other example is the Ricci curvature on a probability manifold with
a three-point lattice graph.

In the literature, geometric calculations in Wasserstein-2 spaces have been stud-

ied in [8, 10, 14], which show the link between Bakry-Émery Γ1 operators [2] and
Otto calculus. Geometric calculations in generalized Wasserstein-2 metric spaces
from the Onsager reciprocal relation on discrete states are still partially known.
The high-order derivative of the Onsager response matrices defines the Riemannian
curvature tensors in probability manifolds. We leave the related network analysis
of curvature tensors for future work. We expect this direction to benefit the design
of machine learning architectures for sampling distributions on discrete states.
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ume 1123, 177–206, 1985.

[3] L. Bertini, A.D. Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim. Macroscopic fluctuation
theory. Rev. Mod. Phys., 87, 593, 2015.

[4] S.N. Chow, W. Huang, Y. Li, and H. Zhou. Fokker–Planck equations for a free energy
functional or Markov process on a graph. Archive for Rational Mechanics and Analysis,
volume 203, 969–1008, 2012.

[5] M. Grmela and H.C. Ottinger. Dynamics and thermodynamics of complex fluids. I. Devel-
opment of a general formalism. Phys. Rev. E., 56 (6): 6620–6632, 1997.

[6] S. Ito. Geometric thermodynamics for the Fokker–Planck equation: stochastic thermody-
namic links between information geometry and optimal transport. Information Geometry,
7, 441–483, 2024.

[7] R. Jordan, D. Kinderlehrer, and F. Otto. The Variational Formulation of the Fokker–Planck
Equation. SIAM Journal on Mathematical Analysis, 29(1):1–17, 1998.

[8] J.D. Lafferty. The Density Manifold and Configuration Space Quantization. Transactions
of the American Mathematical Society, 305(2):699–741, 1988.

[9] W. Li. Langevin dynamics for the probability of finite state Markov processes. Information
Geometry, 2024.

[10] J. Lott. Some Geometric Calculations on Wasserstein Space. Communications in Mathe-
matical Physics, 277(2):423–437, 2008.

[11] J. Maas. Gradient flows of the entropy for finite Markov chains. Journal of Functional
Analysis, 261(8):2250–2292, 2011.

[12] A. Mielke. A gradient structure for reaction–diffusion systems and for energy-drift-diffusion
systems. Nonlinearity, 24(4):1329, 2011.

[13] L. Onsager. Reciprocal Relations in Irreversible Processes. I. Phys. Rev. 37, 1931.
[14] F. Otto. The geometry of dissipative evolution equations: The porous medium equation.

Communications in Partial Differential Equations, 26(1-2):101–174, 2001.
[15] M.K. von Renesse, and K.T. Sturm. Entropic measure and Wasserstein diffusion. The Annals

of Probability, 37(3):1114–1191, 2009.



Flows on Measure Spaces and Applications in Machine Learning 17

[16] C. Villani. Optimal Transport: Old and New. Number 338 in Grundlehren der mathematis-
chen Wissenschaften. Springer, Berlin, 2009.

[17] M.T. Vrugt, H. Lowen, and R. Wittkowski. Classical dynamical density functional theory:

from fundamentals to applications. Adv. Phys. 69, 2, 121–247, 2020.

Wasserstein gradient flows of functionals with entropic
optimal transport

Théo Lacombe

(joint work with M. Hardion, G. Mordant, and F.-X. Vialard)

Let µ, ν ∈ P2(Rd) be probability measures, and ǫ > 0. Define the entropic optimal
transport problem (EOT) as

OTǫ(µ, ν) := min
π∈Π(µ,ν)

〈c, π〉 + ǫKL(π|µ⊗ ν)(EOT)

= max
f,g

〈f, µ〉 + 〈g, ν〉 − ǫ 〈e f⊕g−c
ǫ − 1, µ⊗ ν〉 ,(EOT-dual)

where c(x, y) := ‖x− y‖2 in this presentation, Π(µ, ν) is the transportation poly-
tope, KL is the relative entropy (i.e. Kullback-Leibler divergence), and 〈f, µ〉 =∫
fdµ. Solutions of (EOT-dual), called Schrödinger potentials, are denoted by

(fνµ , g
ν
µ). When µ = ν, we denote by fµ the (symmetrized) solution of the (self-

)EOT problem. We recall that OTǫ presents the advantage of being easily com-
putable when µ, ν are known through samples, and one has access to the gradients
of the Schrödinger potentials ∇fνµ at the same computational cost, which will play
an important role when considering Wasserstein gradient flows of functionals in-
volving OTǫ in their definition. We also recall that another convenient instance
of this problem is that of Gaussian distributions. Indeed, when µ, ν are Gaussian
distributions, both OTǫ(µ, ν) and ∇fνµ are known in closed form, the latter being
in particular affine [3].

In this work, we study the Wasserstein gradient flow of two functionals. The
first one is the Sinkhorn divergence, defined as

(Sk div) Sǫ : µ 7→ OTǫ(µ, µ⋆) −
1

2
(OTǫ(µ, µ) + OTǫ(µ⋆, µ⋆)) ,

where we restrict the analysis to the case where both the source µ0 and the target
µ⋆ are Gaussian distributions.

The second functional is defined as

(Sk. rel. entropy) Fǫ : µ 7→ −1

ǫ
OTǫ(µ, µ) +

∫
V dµ,

where V : Rd → R is analytic, convex, with λminId � ∇2V � λmaxId. We assume
(without loss of generality) V (0) = ∇V (0) = 0.
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Wasserstein gradient flow of the Sinkhorn divergence between Gaussian distribu-
tions. [2] The Wasserstein gradient flow of (Sk div) is (expected to be) given by
the PDE

(1) ∂tµt = div
(
µt
(
∇fµ⋆

µ −∇fµ
))
.

To the best of our knowledge, this expression is only derived in the compact
case [1]. We prove that the Sinkhorn divergence (Sk div) restricted to (possibly
singular) Gaussian distributions is convex along Wasserstein generalized geodesics
and derive an expression for the corresponding Wasserstein derivative, yielding
the existence of a unique solution of the flow (1) in that space, and for which we
prove uniqueness in a larger class of measures using an EVI argument. Letting
(µt)t denote this flow, we prove in particular that

• There exists µ∞ such that µt → µ∞. Furthermore, µ∞ = µ⋆ if and only
if the support of µ⋆ is included in the support of µ0. In particular, if µ0 is
a non-singular Gaussian (i.e. admits a density with respect to Lebesgue),
then µt → µ⋆.

• If we furthermore assume that the covariance matrices of µ0 and µ⋆ com-
mute, we obtain (i) exponential convergence rates when the support of the
two measures coincides, but (ii) only a linear rate if the target µ⋆ has a
strictly smaller support than that of µ0.

While our analysis is restricted to Gaussian distributions, we numerically observe
that most of our conclusions hold beyond that setting. In particular, we observe
that the gradient flow starting from a measure µ0 which admits a density toward a
target µ⋆ with a lower-dimensional support seemingly converges globally, but at a
slow rate. This suggests that using the Sinkhorn divergence as an objective func-
tion may not be adapted to such contexts (yet ubiquitous in generative modeling
for instance).

The Sinkhorn relative entropy (Work in progress). The rescaled self-entropic term
− 1
ǫOTǫ(µ, µ) is known to be—under some regularity assumption on µ—an approx-

imation of the usual entropyH(µ) =
∫

log(µ)dµ when ǫ→ 0, and the term − 2
ǫ∇fµµ

converges toward the score ∇ log(µ). This suggests that Fǫ and its gradient flow
when ǫ > 0 can be interpreted as a variant of the relative entropy KL(µ|e−V ).
Furthermore, in sharp contrast with the relative entropy, Fǫ and its flow are well
defined even for atomic measures, enabling a deterministic (and computationally
efficient) implementation of the flow.

Restricting to sub-Gaussian distributions, we show that Fǫ exhibits some
(Wasserstein) convexity properties that guarantee the existence and uniqueness
of the flow in that case. Regarding critical points, we show that there exists (at
most) a unique stationary density µǫ⋆ ∝ e−Vǫ , where Vǫ is an explicit shrunk ver-
sion of V . Other critical points exist (e.g. δ0 is always critical). We prove that
when ǫ > λ−1

min, collapse occurs, i.e. the flow (µt)t starting from any µ0 converges
toward δ0; conversely, this phenomenon does not occur if ǫ is smaller than λ−1

max,
in the sense that inft≥0

∫
|x|2dµt > 0.
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When µ0 admits a density, we expect that µt → µǫ⋆ with exponential conver-
gence rates (e.g. with respect to the relative entropy)—we can prove that this
holds for Gaussian distributions. On the other hand, when µ0 is discrete, the
smoothness of the flow ensures that so is µt for all t. The analyticity of V can
be used to prove that µt converges to some discrete (non-unique) critical point
µǫ∞. Somewhat surprisingly, we prove that when ǫ → 0, µǫ∞ → δ0. This suggests
that the regularization parameter ǫopt should be chosen carefully in (0, λ−1

max) so
that µǫ∞ is a good (discrete) approximation of e−V , which is also what we observe
numerically.
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Telegrapher’s Generative Model via Kac Flows

Richard Duong

(joint work with J. Chemseddine, P. K. Friz, and G. Steidl)

We break the mold in flow-based generative modeling by proposing a new model
based on the damped wave equation, also known as telegrapher’s equation. Simi-
lar to the diffusion equation and Brownian motion, there is a Feynman-Kac type
relation between the telegrapher’s equation and the stochastic Kac process in 1D.
The Kac flow evolves stepwise linearly in time, so that the probability flow is Lip-
schitz continuous in the Wasserstein distance and, in contrast to diffusion flows,
the norm of the velocity field is globally bounded by the finite speed of the Kac
process. Furthermore, the Kac model has the diffusion model as its asymptotic
limit. We extend these considerations to a multi-dimensional stochastic process.
Since the damped wave equation is no longer mass-conserving in higher dimen-
sions, we consider a componentwise construction which consists of independent 1D
Kac processes in each spatial component. We show that this noising process gives
rise to an absolutely continuous curve in the Wasserstein space and compute the
conditional velocity field starting in a Dirac point analytically. Using the frame-
work of flow matching, we train a neural network that approximates the velocity
field and use it for sample generation. Our numerical experiments demonstrate the
scalability of our approach, and show its advantages over diffusion models. Our
componentwise construction of noises can be generalized to other one-dimensional
processes, in particular, usual flow matching (via independent couplings) and dif-
fusion models already employ this framework implicitly [4, 5], by adding isotropic
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Gaussian noise to the data. This idea forms the basis of the author’s subsequent
work [2], where the 1D noising process is learned and adapted to the data. Fur-
ther extensions of our model may include tasks in conditional generation, inverse
problems, and sampling of Boltzmann distributions. An application toward model
distillation, building on the finite-speed dynamics of the Kac framework, can be
found in the work [3].
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Training Dynamics of Neural Networks in the Large-scale Limit

Lénäıc Chizat

(joint work with L.-P. Chaintron and J. Maass)

We study the training dynamics of neural networks in the regime where several
architectural dimensions–depth, width, and embedding dimension–are simultane-
ously large. Empirically, increasing compute budget, in particular by scaling model
size, consistently improves performance of neural networks, suggesting that opti-
mal behavior emerges in suitable large-scale limits. This motivates the problem of
identifying and analyzing such limits in a mathematically rigorous way. The talk
is based on [1] and [2].

We begin with the classical mean-field limit of two-layer perceptrons, where the
hidden width diverges M → ∞ at fixed embedding dimension D (representing
here the input and output dimension). In this regime, the dynamics converges
to a deterministic evolution on probability measures, interpreted as a Wasserstein
gradient flow. Building on earlier results on the 1D output case [3], we show that
in the maximal update regime, the finite-width dynamics approximates this limit
with error of order

√
D/M , under suitable assumptions. We also briefly mention

some recent advances in the long-time behavior of such Wasserstein gradient flows
for targets of Sobolev regularity [4].

We then turn to deep residual networks (ResNets), whose architecture involves
three main scaling parameters: depth L, width M , and embedding dimension D.
A central question is to understand the joint large-scale limit L,M,D → ∞ and
to identify the limiting dynamics.

Our main result establishes the existence of an explicit limiting dynamical sys-
tem describing gradient descent. More precisely, for clipped gradient descent in
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the maximal local update (MLU) regime, we prove a quantitative approximation
result: the discrepancy ∆k between the finite network and its limit after k steps
satisfies, with high probability,

∆k = O
( 1

L
+

√
D√
ML

+
1√
D

)
.

This bound is non-asymptotic and can be observed to be empirically tight when
measured in embedding space. In particular, for a total parameter budget P =
Θ(MLD), optimizing the architecture yields a convergence rate of order P−1/6.

This analysis relies on several key structural insights. First, the general pic-
ture gains clarity and consistency once one considers the three free architectural
parameters L,M,D rather than only two as was explored in prior works (e.g. by
fixing M = D). Second, in the large-depth limit, ResNets behave as if they were
also infinitely wide, even when the width M is fixed. This “hidden width” phe-
nomenon shows that depth effectively increases the number of interacting units,
leading to an effective width of order ML. Exploiting this phenomenon is crucial
in order to identify the appropriate limit. Third, we identify the scaling of hyper-
parameters that lead to the maximal local update (MLU) regime, where features
of the input are learned at a local level in the ResNet. In this regime, the system
involves interactions in the CLT scaling, which are rarely studied in the context
of mean-field systems. This led us to develop techniques of independent interest,
such as a rigorous and quantitative version of the cavity method from statistical
physics [5].

Extensions and perspectives. The framework extends, at least formally, to
transformer architectures with bounded key/query dimension, leading to analogous
limiting dynamics. We also discuss conjectured sharper rates in output space,
suggesting an optimal scaling L ∼ P 1/5 and M,D ∼ P 2/5, with convergence rate
P−1/5, in agreement with numerical experiments.
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On the Relation between Rectified Flows and Optimal Transport

Johannes Hertrich

(joint work with A. Chambolle and J. Delon)

In generative modeling, we aim to establish a sampling process from a probability
distribution µ1 out of a latent distribution µ0. In this talk, we consider a generative
model called rectified flows [1, 3, 5], which is also known as flow matching or
stochastic interpolants. Starting with a coupling γ between µ0 and µ1, rectified
flows define interpolations µt by

∫
ψ(x)dµt(x) =

∫
ψ((1 − t)x+ ty)dγ(x, y) and a

velocity field vt by minimizing the flow matching loss
∫ 1

0

∫
‖vt((1 − t)x+ ty) − y + x‖2dγ(x, y)dt.

It can be shown that the pair (µt, vt) satisfies the continuity equation ∂tµt +
div(vtµt) = 0. If vt is sufficiently smooth, this yields that µ1 = (φ1)#µ0, where
φt denotes the solution of the flow ODE ∂tφt(x) = vt(φt(x)) with φ0(x) = x.
Consequently, one can generate samples from µ1 by sampling x ∼ µ0 and eval-
uating φ1(x). Furthermore, one may introduce the “rectified” coupling R(γ) :=
(I, φ1)#µ0, which achieves a lower transport cost than the original coupling γ.

In order to generate couplings with straight trajectories in the flow ODE, Liu et
al. [4, 5] propose to iterate this procedure and to consider the sequence (γn)n
defined by γn+1 = R(γn). In this talk, we consider limit points of reflow in the
following settings:

• First, we consider a weak formulation of the rectified coupling R(γ) if the
flow ODE does not admit a unique solution and show that limits of reflow
admit straight trajectories in the flow ODE.

• If reflow is combined with minibatch OT with batch size N , we show that
limits are rectifiable, N -monotone and straight couplings.

• If we in addition restrict the velocity vt to (generalized) gradient fields,
we show that under an additional assumption on the support the optimal
transport plan is the unique fixed point of reflow. We also demonstrate
that this support assumption is essential, in the sense that the result does
not hold without it.

The talk is based on [2] and some work in progress.
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A Unifying View of Variational Generative Wasserstein Flows

Anna Korba

(joint work with P. Caucheteux and C. Bonet)

The recent success of generative modeling in machine learning has been driven by a
variety of paradigms, including diffusion models, normalizing flows, generative ad-
versarial networks (GANs), and optimal transport-based approaches. While these
methods differ significantly in their formulations and algorithmic implementations,
they all share a common objective: approximating an unknown target probability
distribution from samples. Understanding these methods within a unified mathe-
matical framework remains a central challenge, both for theoretical analysis and
for the design of improved algorithms.

A natural and powerful perspective is provided by the theory of Wasserstein
gradient flows, which describes the evolution of probability measures as steepest
descent curves of functionals defined over the Wasserstein space. This viewpoint
has deep roots in optimal transport and partial differential equations, and has
recently gained increasing attention in machine learning. In this context, the
Jordan–Kinderlehrer–Otto (JKO) scheme provides a principled time discretization
of such flows, by iteratively solving proximal optimization problems in the space
of probability measures.

In this work, we introduce a unified framework for generative modeling based
on Wasserstein gradient flows, which we refer to as Generative Wasserstein Flows
(GWF). Our approach is centered around the observation that many existing gen-
erative models can be interpreted as approximate implementations of JKO schemes
associated with suitable discrepancy functionals. This perspective allows us to
bridge a wide range of methods, revealing previously unnoticed equivalences and
clarifying the role of geometric and variational structures in generative modeling.

We first focus on functionals defined by f -divergences, a broad class of dis-
crepancy measures that includes the Kullback–Leibler divergence and the Jensen–
Shannon divergence. By considering JKO schemes for such functionals, we derive
generative algorithms that operate by iteratively transporting a source distribution
toward the target distribution. A key feature of this formulation is that it naturally
leads to optimization problems over transport maps, which can be parameterized
using neural networks.

A central contribution of this work is to show that several recently proposed
methods for generative modeling, which were introduced from different perspec-
tives, can in fact be derived from a common JKO-based formulation. In partic-
ular, we establish the equivalence between variational Wasserstein gradient flow
methods and scalable JKO schemes based on unbalanced optimal transport for-
mulations. Despite their apparent differences–such as the order of minimization
and maximization or the use of dual formulations–these methods are shown to
correspond to the same underlying optimization principle.

Moreover, we demonstrate that adversarial training procedures, as used in
GANs, arise naturally within this framework. Indeed, by exploiting variational
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representations of f -divergences, the JKO step can be rewritten as a min-max op-
timization problem involving a generator and a discriminator. This establishes a
direct connection between proximal schemes in Wasserstein space and adversarial
learning, and shows that certain regularized GAN objectives can be interpreted
as discretizations of Wasserstein gradient flows. In particular, relaxed Wasserstein
proximal GANs are shown to coincide with JKO schemes up to the orientation of
the divergence.

While f -divergences provide a natural starting point, they are limited in their
ability to compare distributions with disjoint supports. To address this limitation,
we extend the GWF framework to more general classes of discrepancies, including
integral probability metrics (IPMs) such as the Wasserstein-1 distance, as well as
kernel-based measures such as the Maximum Mean Discrepancy (MMD). Lever-
aging their variational formulations, we derive new JKO-based generative schemes
that generalize existing approaches.

In the case of the squared MMD, we obtain a novel training procedure that can
be interpreted as a JKO-regularized version of MMD-based generative models. In-
terestingly, unlike the case of f -divergences, the associated optimization problem
admits a partially closed-form solution for the discriminator, leading to different
algorithmic structures. We further show how to incorporate learned feature repre-
sentations, thereby recovering adversarial formulations analogous to MMD-GANs
within the JKO framework.

Beyond the formulation of new algorithms, our framework also sheds light on
the role of regularization in generative modeling. The JKO scheme introduces a
proximal term involving the Wasserstein distance, which acts as a form of tem-
poral regularization and can significantly stabilize training. Through extensive
numerical experiments, we investigate the impact of this regularization across a
wide range of divergences and model architectures. Our results indicate that JKO
regularization can substantially improve performance and stability, particularly
for IPM-based objectives, while providing more moderate but consistent gains for
f -divergences.

From a theoretical perspective, we further study the case of parametric Wasser-
stein flows, where the evolution of distributions is restricted to a family induced by
parameterized maps. This setting is particularly relevant in practice, as generative
models are typically defined through neural networks. We show that the induced
dynamics can be interpreted as projected Wasserstein gradient flows, where the
true Wasserstein gradient is approximated within a subspace determined by the
parameterization. This leads to a connection between optimization in parameter
space and gradient flows in measure space, and provides a principled interpretation
of training dynamics in generative models.

Overall, the framework of Generative Wasserstein Flows provides a unifying
lens through which a wide variety of generative modeling approaches can be un-
derstood and analyzed. By emphasizing the role of Wasserstein geometry and vari-
ational principles, it establishes deep connections between optimal transport and
generative modeling. Our perspective opens new directions for the development
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of generative models, both in terms of theoretical understanding and algorithmic
design.
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A functional approach to differential programming in machine learning

Michel Arbel

(joint work with I. Petrulyonite, F. El Khoury, J. Mairal, E. Pawels,
and S. Vaiter)

Machine learning has thrived by training expressive models on large datasets, but
is now shifting toward integrating prior knowledge–like physical laws or structure–
into the learning process. Many such problems can be formulated as an implicitly
constrained learning (ICL) task, where a prediction model is subject to a partially
known constraint whose unknown component is inferred by aligning model predic-
tions with data. ICL problems arise across domains: enforcing physics in scientific
models, planning from a learned world model, or accounting for hidden variables
for causal effect estimation.

ICL formalizes problems where the goal is to find parameters θ, in a set Θ,
that (locally) minimize a reduced objective J(θ) depending on a state variable,
or predictor, uθ, typically a function in an infinite-dimensional space U , uniquely
determined by an implicit constraint:

min
θ∈Θ

J(θ) := L(θ, uθ), s.t. C(θ, uθ) = 0.(1)

ICL connects to bilevel optimization when the constraint expresses an optimal-
ity condition [1], and to mathematical programs with equilibrium constraints
(MPECs) [2]. However, unlike these formulations, ICL integrates statistical consid-
erations—such as bias-variance trade-offs and generalization—absent from classi-
cal optimization. In practice, both the objective and constraint are estimated from
finite data, which may be external or adaptively generated for the task. A learn-
ing theory of ICL must therefore analyze the generalization of both objective and
constraint, while accounting for their intricate interdependence. ICL lies at the
intersection of learning and constrained optimization, yet falls outside
the reach of existing theoretical frameworks for either.

ICL possesses a functional structure that is often overlooked in deep
learning. In other words, the constraint uniquely specifies the state variable
uθ in a functional space U , so that uθ becomes a well-defined implicit function
of θ, ensuring that the reduced objective J(θ) is mathematically well-defined. The
key to solving Eq. (1) with gradient-based methods is thus to account for this
implicit dependence when computing ∇θJ(θ). In practice, the predictor is often
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approximated by deep neural networks fψ parameterized by ψ, given their expres-
sivity and empirical success. When doing so, existing gradient-based approaches–
such as those based on differentiable programming [3, 4]–replace the original ICL
problem in Eq. (1) with a surrogate one, where the constrained variable is no longer
the state u but the network’s parameters ψ. These parameters are then treated
as an implicit function of θ (i.e., θ 7→ ψ⋆(θ)), whose dependence is accounted for
when computing gradients. However, the symmetries and over-parameterization of
neural networks [5, 6] imply that a single θ can correspond to multiple solutions
ψ⋆(θ), rendering this surrogate problem ill-defined, as it depends on arbitrary
choices of ψ⋆(θ) [7]. This mismatch not only causes algorithmic instabili-
ties [8],[9, 7], but also precludes any rigorous theoretical analysis of these
approaches.

In this talk, I present a methodological framework for solving ICL, capable of
handling complex implicit constraints–ranging from optimality conditions to par-
tial differential equations and dynamical systems. The approach adopts a func-
tional viewpoint that reframes ICL as a well-defined yet abstract problem, using
deep networks only as approximation tools. We apply this framework to a class of
bilevel optimization problems in Hilbert spaces covering several applications such
as instrumental variable regression and model-based reinforcement learning. We
expect this functional viewpoint on ICL to extend beyond Hilbert spaces to cover
measure spaces, with possible applications to generative modeling, in particular
for efficiently “guiding” diffusion models.
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The Stein–Log–Sobolev Inequality for the Continuous SVGD Flow

José A. Carrillo

(joint work with J. Skrzeczkowski and J. Warnett)

In this talk, I discussed the proof of this Stein–LSI relating the Stein discrepancy
to the Kullback–Leibler divergence. We show that under very general assumptions
on the potential V (merely bounded below by a parabola |x|2) the inequality holds
as long as the kernel is singular enough at 0. More precisely, as singular as the
screened Poisson kernel.

The proof relies on a clever use of Fourier variables and realizing how to com-
pensate the negative part with the positive contribution given by the dissipation.
We rely on Fourier variables to connect the different weights in the inequality to
conclude. We give several counterexamples to the Stein–LSI under several assump-
tions.

Effective fluctuating continuum models for stochastic gradient descent

Benjamin Gess

(joint work with V. Konarovskyi, R. Gvalani, and S. Kassing)

This report describes continuum limiting models for stochastic gradient descent
(SGD) that incorporate training trajectories and fluctuations. The analysis was
presented in the context of the MFO workshop Flows on Measure Spaces and
Applications in Machine Learning, and is based on joint work with Vitalii
Konarovskyi (Hamburg University), Rishabh Gvalani (Edinburgh University), and
Sebastian Kassing (Wuppertal University). While deterministic limits describe
the law of large numbers behavior of SGD in small learning rate or infinite-width
regimes, these models do not account for the stochasticity of the training process.
Two frameworks are discussed: Stochastic Modified Flows (SMF) and Conserva-
tive SPDEs for the mean-field limit of overparameterized networks in the small
learning rate regime.

In the small learning rate regime (η → 0), SGD trajectories are often approx-
imated by Stochastic Modified Equations (SME). SMEs possess diffusion coeffi-
cients involving the square root of a degenerate covariance matrix and are designed
to match single-point statistics. In joint work with S. Kassing and V. Konarovskyi
[1], Stochastic Modified Flows (SMF) are introduced as an alternative approxi-
mation. These are stochastic differential equations driven by a cylindrical Wiener
process W on a data-related Hilbert space L2(Θ, ϑ):

dXη
t = −∇

(
R(Xη

t ) +
η

4
|∇R(Xη

t )|2
)
dt+

√
η

∫

Θ

G(Xη
t , θ)W (dθ, dt),

where G represents the noise in individual gradients. SMFs match the multi-
point statistics of SGD to order η2. This formulation allows for the analysis of
the stability of SGD and its behavior near manifolds of minima as a consistent
stochastic flow.

https://www.mfo.de/occasion/2613
https://www.mfo.de/occasion/2613
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In the overparameterized regime where the number of parameters M → ∞,
and for shallow networks, the empirical measure of the network parameters is an
interacting particle system. In joint work with R. Gvalani and V. Konarovskyi [2],
the convergence of this empirical measure to solutions of a Stochastic Mean-Field
Equation (SMFE) is established:

dµt = −∇·(V (·, µt)µt)dt+
σ

2
D2 : (A(·, µt)µt)dt+σ1/2∇·

∫

Θ

G(·, µt, θ)µtW (dθ, dt).

Well-posedness for these conservative, nonlinear SPDEs is established via a super-
position principle, where solutions are represented as superpositions of trajectories
from an underlying SDE with interaction.

These fluctuating continuum models offer a mathematical basis for studying the
implicit bias and stability properties of SGD.
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Structure preservation in neural networks and for
approximating dynamics

Elena Celledoni

(joint work with B. Owren, M. D. Hansen, M. Ghirardelli, and D. M. de Diego)

This work investigates a geometric and structure-preserving approach to deep
learning, focusing on the relationship between neural networks, differential equa-
tions, and mechanical systems evolving on nonlinear manifolds. Contemporary
architectures such as residual networks and neural ordinary differential equations
(neural ODEs) admit rigorous interpretations as time discretizations of continuous
dynamical systems. Adopting this dynamical systems viewpoint makes it possi-
ble to systematically incorporate techniques from numerical analysis, geometric
integration, and mechanics into machine learning frameworks. As a result, the
resulting models exhibit improved stability, robustness, and interpretability.

Deep neural networks can naturally be viewed through the lens of dynamical sys-
tems. For instance, residual networks can be interpreted as forward Euler dis-
cretizations of differential equations, while neural ODEs correspond to models with
continuous depth. This interpretation motivates the analysis of properties such
as stability, contractivity, and structure preservation using tools from geometric
numerical integration. Furthermore, when the data evolve on nonlinear configura-
tion spaces, it becomes advantageous to formulate learning problems directly on
Lie groups and Riemannian manifolds.
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Learning Mechanical Multibody Systems from Data. We introduce a struc-
ture-preserving framework for learning mechanical multibody systems from obser-
vational data. The proposed methodology is based on the Lagrange–d’Alembert
principle together with ideas from discrete variational mechanics. By expressing
the learning task through a discrete action principle, the resulting models inher-
ently respect geometric constraints, balance laws, and the intrinsic structure of
the configuration space.

An important feature of the method is that mechanical systems can be identi-
fied using position measurements alone, without requiring explicit velocity data.
Variational integrators are employed to ensure consistency with the underlying
mechanical principles while preserving key invariants such as momentum maps
and geometric constraints. In this way, physical structure is incorporated directly
into the learning architecture, producing interpretable models that remain stable
even under long-time integration.

Potential applications include the analysis of human motion from motion-cap-
ture datasets (see Figure 1). In this context, complex multibody dynamics can be
inferred while respecting the nonlinear manifold structure of joint configurations.
The framework also enables tasks such as classification, dimensionality reduction,
and physically consistent animation, thereby establishing a principled connection
between geometric mechanics and data-driven modeling [4].

Stability on Riemannian Manifolds. A second focus of this work is the sta-
bility analysis of deep learning architectures defined on Riemannian manifolds.
When neural networks are interpreted as discretizations of differential equations,
questions of non-expansiveness, contractivity, and conditional stability naturally
arise for the associated numerical schemes (Figure 2).

We extend classical stability results from Euclidean settings to the Riemann-
ian manifold context by studying geometric integrators, including geodesic Euler
methods. In particular, contractivity conditions are established in terms of cur-
vature bounds and suitable step-size restrictions. These results provide rigorous

Figure 1. Human motion data.
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guarantees for robustness in learning problems where the data take values on man-
ifolds [1], [3].

The analysis offers theoretical guidance for designing deep learning architec-
tures that operate on nonlinear configuration spaces such as Lie groups and shape
manifolds. By enforcing geometric consistency and stability at the algorithmic
level, the resulting models demonstrate improved robustness, stronger generaliza-
tion properties, and enhanced numerical reliability.

U

y (s ) X |y (s)

•
Ss (0)

Γ(s ,1)

Γ(s,t) Ts (t )

Ss (t)

Ss (1)

Figure 2. Construction for the proof of the main theorem.

Conclusion. In summary, this work promotes a unified perspective in which deep
learning architectures are interpreted and designed as geometric numerical inte-
grators. By combining structure-preserving mechanics with stability analysis on
manifolds, the proposed framework connects machine learning, differential geome-
try, and computational mechanics within a coherent and mathematically principled
setting.
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Distribution Matching with Sliced Optimal Transport

Kimia Nadjahi

(joint work with G. Thurin and C. Boyer)

Many problems in modern machine learning require comparing and matching prob-
ability distributions, such as generative modeling, density estimation, or domain
adaptation. The goal is typically to transform a source distribution in order to
match a more complex target distribution. Distribution matching can be formal-
ized through optimal transport (OT), which provides both a geometrically mean-
ingful distance between probability measures and, when it exists, a transport map
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pushing a source distribution σ to a target distribution µ. However, computing
OT maps is in general expensive both computationally and statistically.

The high cost of OT has motivated alternative approaches that decompose the
transport problem into simpler subproblems. A key idea is to build an interpola-
tion between σ and µ through a sequence of elementary transformations, rather
than estimating a single global transport map. This idea underlies many iterative
correction schemes: although each step may only partially reduce the discrepancy
between σ and µ, their composition is expected to gradually align them. Among all
possible interpolations, McCann’s interpolation plays a distinguished theoretical
role, as it corresponds to geodesics in Wasserstein space, but it is rarely tractable.
A generic iterative sequence of measures that mimics McCann’s interpolation can
be constructed through: σ0 = σ, then

(1) ∀k ≥ 0, σk+1 =
(
(1 − γk)Id + γkT̂k

)
♯
σk,

where T̂k is an approximate transport map from σ̂k to µ, (γk)k a sequence of step
sizes, and T♯σ denotes the pushforward of σ by the function T : if X ∼ σ, then
T (X) ∼ T♯σ.

Different choices for T̂k have been proposed. In this presentation, we focus on
sliced optimal transport, a computationally efficient alternative that leverages one-
dimensional projections [1]. More precisely, we study the convergence of the slice-
matching scheme, an efficient iterative method for distribution matching based on
sliced OT, whose iterates are

∀k ≥ 0, σk+1 =
(
(1 − γk)Id + γkTσk,Pk+1

)
♯
σk,(2)

where (Pk)k≥1 is a sequence of random orthonormal bases, and Tσk,Pk+1
the slice-

matching map associated with matching one-dimensional projections along the
sampled basis. This procedure admits a natural interpretation as a stochastic gra-
dient descent method in Wasserstein space for the Sliced-Wasserstein objective [2].

Our main goal is to establish convergence rates for the slice-matching scheme.
Our approach is based on identifying Polyak– Lojasiewicz (PL) inequalities for
the Sliced-Wasserstein objective, which bound the loss by the squared norm of
its Wasserstein gradient. These inequalities imply quantitative convergence rates
to the target distribution. The main technical challenge is that the associated
constants depend on lower and upper bounds on the density of the iterates, which
are difficult to control along the trajectory.

We address this difficulty within the class of elliptic distributions, for which
slice-matching maps are linear. In this regime, controlling the density of the iter-
ates amounts to controlling the eigenvalues of their covariance matrices. When the
target distribution is isotropic, we show that these eigenvalues can be controlled
in expectation, which in turn yields explicit convergence rates. Such spectral con-
trol holds from the very first iteration when the updates use random orthonormal
bases of directions. This stands in contrast with the single-direction setting, where
the lack of orthogonality leads to larger fluctuations in the covariance structure
before stabilization. We complement our theory with numerical experiments and
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illustrate the predicted dependence on dimension and step-size, as well as the
stabilizing effect of orthonormal-basis sampling [3].
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[1] J. Rabin, G. Peyré, J. Delon and M. Bernot, Wasserstein barycenter and its application
to texture mixing. International Conference on Scale Space and Variational Methods in
Computer Vision (SSVM), 2011.

[2] S. Li, C. Moosmueller and Y. Wang, Measure transfer via stochastic slicing and matching.
2023. https://arxiv.org/abs/2307.05705

[3] G. Thurin, C. Boyer and K. Nadjahi. Convergence Rates for Distribution Matching with
Sliced Optimal Transport. 2026. https://arxiv.org/abs/2602.10691

The sliced Wasserstein flow and the sliced Wasserstein distance

Filippo Santambrogio

(joint work with G. Cozzi)

Let ρ and ν be probability measures on Rd. For every direction θ ∈ Sd−1, we
denote by πθ(x) = x ·θ the projection onto that direction and by ρθ := (πθ)#ρ and
νθ := (πθ)#ν the push-forward measures. We then consider the map Tθ, which is
the optimal transport map (i.e., the non-decreasing one) from ρθ to νθ, and define
the vector field

v[ρ, ν](x) :=

∫
(Tθ − id)(x · θ)θdθ.

We consider the evolution equation

∂tρt + ∇ · (ρtv[ρt, ν]) = 0.

This evolution is an isotropic version in continuous time of the one introduced in
[1], and it is expected to converge in the long-time to ν. Indeed, it can be seen
that this equation is the gradient flow in the space W2(Rd) of the functional

F (ρ) :=
1

2
SW 2

2 (ρ, ν) =

∫
W 2

2 (ρθ, νθ)dθ,

and this functional is only minimized by ν. The functional F is the so-called sliced-
Wasserstein distance, which has recently emerged as a computationally tractable
alternative to the classical Wasserstein distance in high-dimensional problems. Its
definition relies on reducing the transport problem to one-dimensional projections,
where explicit formulas for the optimal map are available. The above equation is
then called Sliced Wasserstein flow.

Besides studying the flow in terms of the density ρ, we can also consider the
flow map. For each initial point x, one may define the trajectory yx(t) solving the
characteristic system {

y′x(t) = vt(yx(t)),

yx(0) = x,

where vt(x) = v[ρt, ν](x). Defining the map Yt through Yt(x) := yx(t), we can
consider, if it exists, the limiting map Y∞. A natural conjecture is that this map

https://arxiv.org/abs/2307.05705
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coincides with the optimal transport map between the initial distribution and the
target. This belief can be supported by the monotone nature of the ingredients
defining this map, but we proved in [4] that in general it is not true that Y∞
coincides with the optimal transport map from ρ0 to ν, with a construction very
similar to the one in [2] and [3].

On the other hand, the question of the asymptotic behavior of the evolving
density ρt is much more challenging. The lack of geodesic convexity of F (in the
W2 geometry) prevents the use of standard tools guaranteeing convergence to a
minimizer, and, despite empirical evidence, no general proof that ρt converges to
ν is available. It is even possible to have a counterexample with atomic measures.

Example. Consider the following construction in R2: let the starting measure be

ρ0 =
δ(−1,0)

2
+
δ(1,0)

2

and the target measure

ν =
δ(0,a)

2
+
δ(0,−a)

2
.

Then, if a > 0 is well-chosen (we need a = π/2 in dimension d = 2) the configura-
tion ρ0 is stationary, i.e. the couple (ρ, v) := (ρ0, 0) is a solution of the continuity
equation ∂tρ+∇· (ρv) = 0 satisfying 0 = v[ρ0, ν]. Thus, in this case, the flow does
not converge to the target.

On the other hand, it is possible to obtain a positive convergence result in the
case where the target distribution is the standard Gaussian. This is the main
result of [4]. In this setting, we can look at the evolution in time of the quantity

G(ρ) := KL(ρ|ν)

and prove that we have

(1)
d

dt
KL(ρt|ν) ≤ −

∫
KL((ρt)θ|νθ) −

1

2
SW 2

2 (ρt, ν) ≤ −1

2
SW 2

2 (ρt, ν).

This computation is done by differentiating the entropy of ρt and its second mo-
ment separately, and obtaining terms involving the entropy and the second mo-
ments of (ρt)θ, that we can recombine as above. Using the nonnegativity of the
KL term, we obtain, if G(ρ0) < ∞, the integrability in time of F (ρt), which is
also a nonincreasing quantity, so it tends to 0 (at least as 1/t). Unfortunately,
the magical computation leading to (1) only works when ν is of the form e−V and∫
V dρt is easy to differentiate along the flow, which in the end means only when

V is quadratic, and thus only when ν is the standard Gaussian. Even Gaussians
with other covariance matrices are not included in the result.

As a more recent development, still in collaboration with G. Cozzi (ongoing
work), we considered the question whether the functional F can be λ-geodesically
convex in W2, possibly for a negative λ. It turns out that this question is intimately
related to the Lipschitz behavior of the vector field v[ρ, ν]. A simple computation
shows that, whenever all the measures νθ have density bounded from below on
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their supports, then we have

|Dv[ρ, ν]| ≤ 1

|x| ∗ ρ,

so that we only need ρ ∈ Lp for p > d′ (since 1/|x| almost belongs to Ld; actually,

the sharp assumption should be ρ ∈ Ld
′,1) so as to have an L∞ bound on |Dv[ρ, ν]|.

Unfortunately, there are few measures, particularly in high dimensions, with lower
bounds on projections. For instance, if one wants νθ to be constant, and not
only lower bounded, there is a measure proportional to (1−|x|2)−1/2 in dimension
d = 2, there is the uniform measure on the sphere in dimension d = 3, and no other
one! We then turned to a more general result, which can be summarized as follows;
suppose that ν (and not νθ) satisfies suitable lower bounds (for instance, measures
bounded from below and above on a smooth and uniformly convex compact subset
of Rd are accepted by the precise assumption), then F is λ-geodesically convex
in W2 on the (geodesically convex) set M = {ρ : ρ ≤ M a.e.}, for a value of λ
depending on the bounds on ν and on M .

Among the consequences of this result, considering that, as proven in [5], if
ρ0 ∈ L∞ then we can obtain quantitative L∞ bounds for ρt (which, unfortunately,
explodes exponentially as t → ∞), we have the existence and - mainly - the
uniqueness of the Sliced Wasserstein flow in the class L∞as well as the rate of
convergence of the JKO scheme.
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Blind denoising diffusion models and the blessings of dimensionality

Sinho Chewi

(joint work with Z. Kadkhodaie, A.-A. Pooladian, and E. Simoncelli)

We develop a mathematical theory to explain the effectiveness of blind denoising
in diffusion generative models. Recall that in generative modeling, the goal is to
generate samples from a data distribution pdata by first evolving the distribution
according to a stochastic process, and then learning the reverse transition kernels
from data. In a standard setup, we let pσ = pdata∗N(0, σ2I) denote the convolution
of the data distribution with Gaussian noise, and we take the stochastic process
to have marginal laws (pσt

)t≥0 for some choice of noise schedule (σt)t≥0. Then,
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the time reversal of this process can be implemented as a stochastic differential
equation (SDE), whose drift coefficient depends on the score functions {∇ log pσ :
σ > 0}. These score functions are then learned from data (samples from pdata)
with a neural network architecture through the use of a denoising training loss.

In practice, the neural network is a parametrized function f̂ : Rd× [0,∞) → Rd,

which is trained so that f̂(xσ , σ) ≈ x0, where x0 ∼ pdata and xσ = x0+N(0, σ2I). In
particular, the neural network takes as an input the noise level σ > 0, which poses
difficulties for implementation: the standard prescription is to first embed the
noise level as Fourier features—reminiscent of positional encoding in transformer
architectures—and to pre-process these features before feeding them into other
layers of the network in an ad hoc fashion.

Recently, in [1], it was shown that high-quality samples can still be generated
using blind denoisers—that is, denoisers which do not take σ as an input. In our
work [2], we provide a mathematical framework to justify these observations.

Specifically, the algorithm is described as follows.

• During training, one chooses a prior distribution Π0 over [σmin, σmax] and

trains f̂ to minimize the loss n−1
∑n

i=1 E[‖f̂(x(i) + σz) − x(i)‖2], where

{x(i)}ni=1 are the data samples and the expectation is taken over σ ∼ Π0

and z ∼ N(0, I) independent.
• During inference, one chooses a diffusion schedule (at)t≥0 and runs a dis-

cretization of the SDE dYt = (f̂(Yt) − Yt) dt +
√

2at dBt, initialized at
Y0 ∼ N(0, σ2

0I) with σ0 ≫ 1.

We first show that the minimizer of the population loss can be expressed as
f⋆ : y 7→ y+

∫
σ2∇ log pσ(y) Π(dσ | y), where Π(· | Y ) is the posterior distribution

of σ with prior Π0 and observation Y ∼ pσ. Then, motivated by empirical evi-
dence, we identify low intrinsic dimensionality as a key condition under which the
posterior concentrates around a single point.

Namely, assume that pdata is compactly supported, and define the intrinsic
dimension k of pdata to be the logarithm of the covering number of supp(pdata) at

a certain small scale r0 ≪ 1 (we can take r0 ≍ σ2
min

σmax

√
d
). Then, for any “ground

truth” σ⋆ ∈ [σmin, σmax] and for a broad class of priors (including power law
priors Π0(σ) ∝ σα1σ∈[σmin,σmax]), when the observation Y is drawn from pσ⋆

, then∫
|λ(σ)−λ(σ⋆)|2 Π(dσ | Y ) ≪log λ(σ⋆)

2 (d−1+k
2d−2) with high probability. Here,

λ(σ) = σ−2 and ≪log suppresses logarithmic factors. Thus, the noise posterior
Π(· | Y ) concentrates on the ground truth σ⋆ provided that d≫log k.

The implication of this result is that under the low intrinsic dimensional-

ity assumption, when the trained denoiser f̂ is close to the population mini-
mizer f⋆, the dynamics are well-approximated by the idealized dynamics dY ⋆t =
σ2
t∇ log pσt

(Y ⋆t ) dt +
√

2at dBt, where Y ⋆t ∼ pσt
. In order for this equation to

be self-consistent, it implies an ODE for (σt)t≥0, which can be solved to yield

σ2
t = σ2

0e
−2t + 2

∫ t
0
ase

−2(t−s) ds. Hence, we find that despite not being given an
explicit noise schedule (σt)t≥0, blind denoising diffusion models automatically and
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implicitly track a noise schedule whose expression can be derived from the choice
of diffusion schedule (at)t≥0.

We formalize this reasoning into a precise error bound via Girsanov’s theorem,
and we also address the error incurred by discretization. In doing so, we show that
(1) a particularly good choice of diffusion schedule for mitigating the discretization
error is obtained by taking at = 1

2 σ
2
t , and (2) the discretization error only scales

with the intrinsic dimension.
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Laplace Learning Gradient Flows

Matthew Thorpe

(joint work with M. C. A. Oliver and A. Esposito)

The semi-supervised learning problem is to find the missing labels from a partially
labeled set of feature vectors, Ωn = {xi}ni=1, with labels {ℓi}i∈In

. The set In ⊆
{1, . . . , n} indexes the labels, e.g. if In = {1, . . . , n} then every feature vector has
a label. The objective is to estimate labels for {xi}i∈{1,...,n}\In

.
The idea behind Laplace Learning is to assume similar feature vectors have

similar labels. To define similarity between feature vectors we assume a graph
structure where we have weights Wij that represent how similar xi is to xj (the
largerWij the more similar the feature vectors). This is represented as a variational
problem corresponding to minimizing

E(p)
n (un) =

1

pn2εpn

n∑

i,j=1

Wij |un(xi) − un(xj)|p

subject to un(xi) = ℓi for all i ∈ In and where εn is a scaling constant we define
shortly.

We can write

E(p)
n (un) =

1

2p
〈L(p)

n un, un〉Lp(µn)

where

L(p)
n (un)(xi) =

1

nεpn

n∑

j=1

Wij |un(xi) − un(xj)|p−2(un(xi) − un(xj))

is the graph p-Laplacian and 〈un, vn〉Lp(µn) = 1
n

∑n
i=1 un(xi)vn(xi) is the inner

product with respect to the measure µn = 1
n

∑n
i=1 δxi

. It follows that the first

variation of E(p)
n is ∂E(p)

n (un; vn) = 〈L(p)
n (un), vn〉L2(µn) and therefore the Fréchet
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derivative (or more precisely, the Riesz representation theorem representative of

the derivative) is L(p)
n (un).

This talk is about the gradient flow associated with the above variational prob-
lem and, in particular, what happens when n→ ∞.

The energy dissipation balance formulation of the gradient flow is the equality

E(p)
n (un(t)) +

1

2

∫ t

0

‖L(p)
n un(r)‖Lp(µn) dr +

1

2

∫ t

0

‖u̇n(r)‖2Lp(µn)
dr = E(p)

n (un(0)).

That is un : [0, T ] → Lp(µn) is a gradient flow if it satisfies the above equation.
To talk about asymptotics we use the following scaling on the edge weights:

assuming xi ∈ Rd, we define Wij = 1
εd
η
(

‖xi−xj‖
ε

)
and choose ε = εn → 0 as

n→ ∞. It’s an easy calculation to show that, if u ∈ C2(Rd) and xi
iid∼ µ ∈ P(Rd)

that (almost surely)

E(p)
n (u⌊Ωn

) → E(p)
∞ (u) := ση

∫

Rd

|∇u(x)|pρ2(x) dx

where ρ is the density of µ and ση =
∫
Rd η(‖x‖)|x1|p dx is a constant. The cor-

responding energy dissipation balance formulation of the continuum (limiting)
gradient flow is

E(p)
∞ (u∞(t)) +

1

2

∫ t

0

‖L(p)
∞ u∞(r)‖Lp(µ) dr +

1

2

∫ t

0

‖u̇∞(r)‖2Lp(µ) dr = E(p)
∞ (u∞(0))

where

L(p)
∞ (u)(x) = − ση

ρ(x)
∇ ·
(
ρ2|∇u|p−2∇u

)
(x).

In this talk, we will discuss the convergence of the discrete gradient flow to the
continuum one.

Finite-particle Rates for (Regularized) Stein Variational
Gradient Descent

Krishnakumar Balasubramanian

(joint work with S. Banerjee, Y. He, and P. Ghosal)

Stein Variational Gradient Descent (SVGD) is a flexible particle-based method for
approximate Bayesian inference that evolves an ensemble of particles through a
kernelized interaction designed to decrease the Kullback–Leibler divergence to a
target distribution. Despite its empirical success, SVGD is known to suffer from an
intrinsic finite-particle bias. A regularized variant, regularized SVGD (R-SVGD),
was introduced to mitigate this effect by applying a resolvent-type preconditioner
to the kernelized Wasserstein gradient. This talk studies both algorithms from a
finite-particle perspective and develops explicit, non-asymptotic convergence guar-
antees for their interacting particle systems, based on [1] and [2].

The analysis is based on an entropy method at the level of the joint particle law.
A central ingredient is a differential inequality for the relative entropy between the
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law of the full particle system and the product target measure. Its time deriva-
tive decomposes into a dominant dissipative term, proportional to the number of
particles times the expected squared discrepancy, together with a smaller positive
correction. For SVGD, the key control is in terms of the Kernelized Stein Dis-
crepancy, while for R-SVGD the corresponding dissipation is expressed through a
regularized Fisher-information-type quantity. This structure makes it possible to
convert entropy dissipation into explicit quantitative rates.

As a consequence, one obtains finite-particle convergence bounds of orderN−1/2

for SVGD and R-SVGD in their natural discrepancy measures, with constants that
grow only polynomially in the dimension under mild assumptions on the target
potential and kernel. The results also imply Wasserstein convergence, marginal
convergence of individual particles, and long-time propagation of chaos for the
associated interacting particle systems. Taken together, these estimates provide
a rigorous quantitative explanation for the large-particle behavior of both SVGD
and its regularized counterpart, and clarify how regularization improves the ap-
proximation of the target law.
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From Geometric Hydrodynamics to Periodic Geodesics on
Manifolds of Mappings

Levin Maier

Motivation. Since Arnold’s interpretation of the Euler equation as the geodesic
equation on the group of volume-preserving diffeomorphisms [2], many PDEs from
mathematical physics have been understood geometrically as geodesic or Newton-
type equations on infinite-dimensional manifolds; see, for example, [1, 6, 11]. This
suggests studying the corresponding theory of charged particles in an external
magnetic field in infinite dimensions.

In [9] we develop such a framework for strong Riemannian manifolds. A mag-
netic system consists of a Riemannian manifold (M, g) together with a closed
2-form σ ∈ Ω2(M), called the magnetic field. The associated Lorentz force is the
bundle endomorphism Y ∈ End(TM) defined by

g
(
Y (ξ), η

)
= σ(ξ, η), ξ, η ∈ TM.

The corresponding trajectories, called magnetic geodesics, satisfy

∇γ̇ γ̇ = Yγ(γ̇).

As in the geodesic case, the kinetic energy is conserved.
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Magnetic Euler–Arnold equations. If G is an infinite-dimensional Lie group
with a right-invariant metric G and a right-invariant magnetic field σ, then the
magnetic geodesic equation can be written in Eulerian variables as a nonlinear
evolution equation on the Lie algebra. In [7] this leads to the notion of a magnetic
Euler–Arnold equation, combining Arnold’s hydrodynamical picture [2] with his
description of magnetic flows [3]. This framework includes:

• the Korteweg–de Vries equation;
• generalized Camassa–Holm equations;
• the infinite conductivity equation;
• the global quasi-geostrophic equation on S2;
• the magnetic two-component Hunter–Saxton system [8];
• the magnetic EPDiff equation [10].

Thus several equations from fluid dynamics and dispersive PDE can be interpreted
as the motion of a charged particle on an infinite-dimensional manifold in an
external magnetic field.

Magnetic Hopf–Rinow theorem. The classical Hopf–Rinow theorem fails in
infinite dimensions, so completeness does not automatically imply the existence of
minimizing geodesics. A notable positive result of Bauer–Harms–Michor [5] shows
that the full Hopf–Rinow theorem holds for half-Lie groups equipped with a right-
invariant strong metric. Typical examples are Sobolev diffeomorphism groups

DiffH
s

(M), s >
dim(M)

2
+ 1.

In [9] we prove the following magnetic analogue.

Theorem 1 (Magnetic Hopf–Rinow theorem, [9, Thm. 1.6]). Let (G,G, σ) be a
right-invariant weakly exact magnetic system on a half-Lie group G equipped with
a strong right-invariant metric G. Then:

(1) every magnetic geodesic exists for all time;
(2) under suitable regularity and completeness assumptions, there exists a crit-

ical value
c(G,G, dα) ∈ (0,∞)

such that for every κ > c(G,G, dα) and every x, y ∈ G, there exists an
action-minimizing magnetic geodesic of energy κ connecting x and y.

We refer to [9] for the precise meaning of weak exactness and the additional
hypotheses. These assumptions are satisfied for Sobolev diffeomorphism groups
with right-invariant strong Sobolev metrics.

Periodic geodesics on manifolds of mappings. A further basic question is
the existence of periodic geodesics. Apart from a few explicit cases, this problem
has remained essentially open in infinite-dimensional geometry. The main advance
of the forthcoming work [4] is the following.

Theorem 2 (Periodic geodesic in each homotopy class, [4]). Let (G,G) be a half-
Lie group equipped with a strong right-invariant metric G satisfying the assump-
tions before (e) in [5, Thm. 7.7]. Assume in addition that π1(G) 6= 0. Then:
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(1) for every nontrivial homotopy class [η] ∈ π1(G), there exists a closed geo-
desic γ representing [η];

(2) if [η] is a generator of π1(G), then γ is embedded.

In particular, right-invariance implies the existence of infinitely many geometri-
cally distinct periodic geodesics.

The theorem applies, for example, to
(
DiffH

s

(M),Gs
)

whenever π1
(
DiffH

s

(M)
)
6=

0. For the more restrictive family of Gk metrics one can strengthen the conclusion:

Proposition 3. [4] Let G ∈
{

DiffH
s

(M),DiffH
s

vol (M)
}

be equipped with the Gk
metric, where 0 ≤ k ≤ s. Then:

(1) if π1(Isom(M, g)) 6= 0, there exist infinitely many periodic geodesics of
(G,Gk);

(2) if πq(Isom(M, g)) 6= 0 for some q ≥ 2, there exist infinitely many con-
tractible periodic geodesics of (G,Gk).

Consequently, if πq(Isom(M, g)) 6= 0 for some q ≥ 1, then for k = 0 there exist

infinitely many periodic geodesics of (DiffH
s

vol(M),GL2

).
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Optimal incompressible collective diffusion: a relaxation approach

Yann Brenier

(joint work with B. Geshkovski)

We consider phases indexed by a ∈ A, with concentrations c = c(t, x, a) ≥ 0 on
[0, T ] × Td ×A, where A is finite or continuous. The total density is constrained
by
∫
A c(t, x, a) da = 1, so the phases rearrange while their sum stays pointwise

constant. A common symmetric matrix field B(t, x) ∈ Rd×dsym , assumed row-wise
divergence free, acts on every phase through

∂tc = ∇x · (B∇xc) = ∇2
x : (Bc) = B : ∇2

xc.

This may be viewed as an incompressible collective diffusion. It also appears
as a large-β limit of continuum self-attention dynamics in which all data points
a ∈ A = {1, · · · , N} share the same attention field [5, 3].

We first consider the least-action problem

(1) inf
B,c

{∫ T

0

∫

Td

|B|2
2

dxdt ; ∇x·B = 0, ∂tc = ∇2
x : (Bc), c|t=0 = c0, c|t=T = cT

}
,

where the diffusion constraint holds for every a ∈ A. This problem is nonconvex
because of the product Bc. Introducing a scalar multiplier ζ = ζ(t, x, a) and a
vector multiplier Q = Q(t, x), one formally obtains

(∂t +B : ∇2
x)ζ = 0, ∂tc = ∇2

x : (Bc),

B = ∇symQ+

∫

A
c∇2

xζ da, ∇x · B = 0.

Since the optimal B need not be positive, the equation in ζ is of mixed type rather
than a classical forward parabolic one.

The relaxation consists in replacing the nonlinear product Bc by a microscopic
second-order momentum b = b(t, x, a) ∈ Rd×dsym , writing B(t, x) =

∫
A b(t, x, a) da,

and requiring only ∇x·
∫
A b da = 0. For a prescribed weight w(a) ≥ 0, we substitute

the macroscopic cost by the convex action
∫ T

0

∫

Td

∫

A

w(a)|b(t, x, a)|2
2c(t, x, a)

da dx dt,

which agrees with (1) whenever b = Bc and
∫
A c da = 1. This leads to the relaxed

convex problem
(2)

inf
c,b

{∫ T

0

∫

Td

∫

A

w(a)|b|2
2c

; ∂tc = ∇2
x : b, ∇x ·

∫

A
b da = 0, c|t=0 = c0, c|t=T = cT

}
.

It is the analogue, for incompressible collective diffusion, of Brenier’s relaxation
of Arnold’s least-action principle and of the multiphase transport framework of
Brenier–Puel [1, 2].
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By Fenchel–Rockafellar duality one finds the concave dual problem

(3) sup
ζ,Q

{
L(ζ) ;

1

2

∣∣∇2
xζ(t, x, a) + ∇symQ(t, x)

∣∣2 + w(a) ∂tζ(t, x, a) ≤ 0
}
,

where

L(ζ) =

∫

Td×A
cT (x, a)ζ(T, x, a) − c0(x, a)ζ(0, x, a) dx da.

Hence the only nonlinearity is encoded in a 2nd order Hamilton–Jacobi type in-
equality.

Several special cases are instructive. If A = {0, 1}, w(0) = 1, and w(1) = 0, then
incompressibility can be eliminated and one recovers the monophasic problem

(4) inf
c,b

{∫ T

0

∫

Td

|b|2
2c

; ∂tc = ∇2
x : b, c|t=0 = c0, c|t=T = cT

}
.

This is close in spirit to the Benamou–Brenier formulation of martingale optimal
transport [6, 7]; in contrast with that setting, no convex-order condition is imposed
on the endpoints. The formal optimality equations are

∂tc = ∇2
x : (cβ), β = ∇2

xζ, ∂tβ + ∇2
x

(1

2
|β|2

)
= 0,

a matrix-valued porous-medium type equation whose spectrum is not constrained
to be nonnegative. In one space dimension, the equal-weight two-phase problem
reduces to

inf
{∫ T

0

∫

T

b2

2c(1 − c)
; ∂tc = ∂xxb, c|t=0 = c0, c|t=T = cT

}
,

which is reminiscent of optimal transport with nonlinear mobility [4].

The slides also suggest an AGS-type gradient-flow interpretation of (4). Intro-
ducing an extra evolution variable s ≥ 0 and a tensor Φ = Φ(s, t, x) satisfying
∂sc = ∇2

x : Φ and ∂sb = ∂tΦ, with β = b/c, one gets formally

d

ds

∫ |b|2
2c

= −
∫

Φ :
(
∂tβ + ∇2

x

(1

2
|β|2

))
.

Completing the square suggests the constitutive choice Φ = −c
(
∂tβ + ∇2

x(12 |β|2)
)

and an associated evolution variational inequality. This provides a plausible
metric-flow mechanism for the relaxed second-order action.

The main point is that the original least-action problem for incompressible
collective diffusion is naturally nonconvex and only formally parabolic, whereas
the relaxed formulation (2) is convex, has the dual description (3), and connects
with generalized Eulerian, martingale, and mobility-based transport models.
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A multiscale analysis of mean-field transformers in the moderate
interaction regime

Giuseppe Bruno

(joint work with F. Pasqualotto and A. Agazzi)

The mean-field viewpoint on transformers introduced in [1, 2, 3] models tokens
as interacting particles evolving through depth. In this framework, self-attention
gives rise, in the large-N limit, to a transport equation on probability measures,
and clustering phenomena can be studied with PDE and interacting-particle meth-
ods. We consider this dynamics on the sphere, induced by LayerNorm, in the
moderate interaction regime, where both the number N of tokens and the inverse
temperature β = βN tend to infinity, with βN → ∞ sufficiently slowly with respect
to N . This scaling is motivated by long-context transformer regimes and leads to
a genuinely multiscale asymptotic behavior.

More precisely, we study the continuous-depth self-attention system

ẋi(t) = Pxi(t)


 1

Zβ,i(t)

N∑

j=1

eβ〈Qxi(t),Kxj(t)〉V xj(t)


 , xi(t) ∈ Sd−1,

with

Zβ,i(t) =

N∑

j=1

eβ〈Qxi(t),Kxj(t)〉.

Passing to the empirical measure µNt = 1
N

∑N
i=1 δxi(t), the large-N limit is de-

scribed by the continuity equation

∂tµ+ div(χβ [µ]µ) = 0,
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where

χβ [µ](x) = Px

(∫
Sd−1 e

β〈Qx,Ky〉V y dµ(y)∫
Sd−1 eβ〈Qx,Ky〉 dµ(y)

)
.

A Dobrushin-type estimate shows that, on the relevant β-dependent timescales,
the particle system is asymptotically described by this PDE, so the joint limit
N, βN → ∞ reduces to the local limit β → ∞ for the mean-field equation.

Our main result is that this regime exhibits three distinct dynamical phases.
The first one is the alignment phase, on timescales O(1). Under mild assump-

tions on the parameters and on the initial density, we prove convergence to the
limiting transport equation

∂tµ = − div

(
µPx

V K⊤Qx

|K⊤Qx|

)
.

Hence, at leading order, the nonlinear interaction disappears and the dynamics is
governed by an effective drift induced by the matrix V K⊤Q. As a consequence,
the support of the limiting measure collapses onto the generalized eigenspace Emax

associated with the eigenvalue of V K⊤Q having maximal real part. This identi-
fies a fast mechanism by which the token distribution concentrates onto a lower-
dimensional subspace.

The second one is the heat phase, on timescales O(β). Assuming that the
dynamics has already concentrated on Emax ∩ Sd−1, and imposing

Q⊤K|Emax = λ1I, V |Emax = ±λ2I, λ1, λ2 > 0,

the leading-order drift vanishes and the next-order term becomes effective. After
the rescaling dt = β ds, the limiting equation can be characterized as

∂sµ = −γ∆µ, γ = ±1,

on the lower-dimensional sphere Emax ∩ Sd−1. If γ < 0, one obtains a forward
heat equation; if γ > 0, one obtains a backward diffusion, leading to concentration
and metastable clustering. Thus the second phase describes either smoothing or
cluster formation inside the aligned subspace.

The third one is the pairing phase, on exponentially long timescales in β. Start-
ing from atomic data

µ0 =

m∑

j=1

αjδxj
, αj > 0,

m∑

j=1

αj = 1,

the interaction between clusters is exponentially weak, and the dominant contri-
bution comes from the closest pair. After the rescaling

dt = eβ(1−〈xi,xj〉) ds,

one recovers a finite-dimensional limiting dynamics in which only this pair moves,
along the geodesic joining the two clusters, while the other ones remain frozen
at leading order. This yields a sequential merging mechanism for the late-time
dynamics.
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In conclusion, in the moderate interaction regime, the transformer dynamics
admits a multiscale description: rapid alignment onto a lower-dimensional sub-
space, heat-type evolution within that subspace, and exponentially slow pairwise
merging of the resulting clusters. This provides a unified asymptotic picture for
several phenomena previously observed separately in the literature. The later
phases, however, still require stronger assumptions, and a full rigorous connection
between them remains open.
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(Stochastic) Flows of Measures in Deep Transformers

Andrea Agazzi

(joint work with G. Bruno, E. M. Garcia, S. Saviozzi, and M. Romito)

Recent mathematical work has proposed a mean-field description of information
flow in deep transformer architectures by interpreting the residual stream as a sys-
tem of interacting particles [6, 8, 9]. In this picture, the tokens (e.g., words in the
input sentence of the LLM) are viewed as particles moving on the sphere, which
captures the effect of post-layer normalization, and the depth of the network plays
the role of time. Passing to the large-depth limit turns the layerwise evolution into
a continuous dynamics, while the large-token limit yields an evolution equation for
the empirical distribution of tokens. This perspective translates a central mech-
anism of modern deep learning into the language of interacting particle systems
and kinetic equations: rather than following each token separately, one studies
how the distribution of tokens evolves under the collective action of self-attention.

From this viewpoint, self-attention induces a nonlinear transport of the token
distribution. The interaction is of mean-field type, since each token, interpreted
as a particle, is influenced by the empirical distribution of all the others through
an attention kernel. In the spherical models introduced in [6, 8], the resulting
dynamics can be interpreted as a Wasserstein gradient flow. The corresponding
energy functional is minimized by fully synchronized configurations, namely by
measures concentrated at a single point. In this sense, the model extends the
classical synchronization mechanisms of Kuramoto-type systems.

At the same time, the long-time behavior of these deterministic mean-field
transformer models is subtle. Although fully synchronized states are global min-
imizers of the energy, the landscape also contains saddle-type critical points cor-
responding to partially clustered configurations. These states can slow down the
dynamics and generate metastable behavior, characterized, for example, in [1, 7].
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As a consequence, establishing robust convergence to global minimizers for gen-
eral initial data remains difficult. In particular, the presence of saddle points in
the energy landscape prevents one from proving global exponential convergence
estimates by a direct dissipation argument. Recent quantitative results in regimes
where this obstruction can be controlled were obtained in [2].

In contrast to the deterministic picture discussed above, a stochastic picture
emerges when considering the effect on the residual stream dynamics of the Multi-
Layer Perceptron (MLP) layer at initialization. In the scaling regime we consider,
the contribution of this layer does not disappear in the large-depth limit. Instead,
after passing to the wide limit, it produces a common stochastic forcing acting
simultaneously on all tokens. More precisely, in the limit, the MLP layer acts on
the tokens as a Gaussian random field, with a covariance structure determined by
the choice of activation function. Thus, the token dynamics converges in the deep
and wide limit to a stochastic interacting particle system on the sphere, driven by
a common noise reflecting the shared action of this random layer across all tokens.

At the level of empirical measures, this leads to a stochastic partial differ-
ential equation describing the evolution of the token distribution. The corre-
sponding propagation-of-chaos statement follows the general roadmap developed
for McKean–Vlasov systems with environmental noise [3]. This yields a natural
stochastic counterpart of the deterministic mean-field transformer flow and pro-
vides, to our knowledge, one of the first rigorous noisy models for residual stream
dynamics in deep transformers, in which the noise emerges directly from the ar-
chitecture.

We then study the effect of stochasticity on the clustering phenomenon iden-
tified in the deterministic system. Under suitable nondegeneracy assumptions on
the covariance induced by the activation, the stochastic dynamics forces trajec-
tories to converge toward a random point attractor, in a way analogous to weak
synchronization results for isotropic stochastic flows [4, 5]. In particular, one can
prove exponential dissipation estimates in expectation for the deterministic at-
tention energy. A notable consequence is that this noise-induced synchronization
may persist even when the deterministic self-attention component is not purely
attractive: sufficiently strong common noise can overcome repulsive effects in the
attention parameters and still drive the system toward synchronization.

The picture that emerges is that deterministic and stochastic measure flows in
deep transformers capture complementary aspects of the same architecture. The
deterministic model explains how collective token dynamics can create clustered
representations, but it also exhibits metastable partially synchronized states. The
stochastic model, arising from the random MLP layer at initialization, suggests
that common noise may regularize this landscape and restore quantitative conver-
gence to synchronized states.
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Lost in the Middle through Glauber Calculus

Borjan Geshkovski

(joint work with M. Duerinckx and S. Rossi)

Large language models based on causal transformers are routinely deployed in
regimes where the available context is much longer than the part of the prompt
that actually matters for the final prediction. A striking empirical observation
is the so-called lost-in-the-middle effect: retrieval is typically best when the rel-
evant information is placed near the beginning or the end of the context, and
substantially worse when it is placed in the middle [6]. The aim of this work
is to give a rigorous mathematical explanation of this phenomenon in a minimal
continuous-time model for causal self-attention with recency bias.

Our starting point is the interacting particle system viewpoint on transformers
developed in [3, 4, 5]. We consider a decoder-type dynamics on the circle T =
R/2πZ, where the jth token is represented by an angle θj(t) and only attends to
its predecessors. After reducing the original spherical model to dimension 2, and
replacing the random softmax denominator by a deterministic normalization, we
arrive at

θ̇j(t) =

j∑

k=1

e−
λ
N

(j−k)
∑j
ℓ=1 e

− λ
N

(j−ℓ)W
′
β(θj(t) − θk(t)), Wβ(x) = eβ cosx.

The parameter β > 0 plays the role of inverse temperature, while λ ∈ R encodes
an ALiBi-type positional bias toward recent tokens [7]. This model keeps the
three mechanisms relevant for the phenomenon under study: one-sided causality,
exponentially decaying memory, and nonlinear interaction through the kernel W ′

β .
To probe memory, we fix a vocabulary of size M identified with the grid

{2πm/M : 1 ≤ m ≤ M} ⊂ T. For a distinguished site i∗ = ⌊σ0N⌋, with
σ0 ∈ (0, 1), we ask whether the last token θN (t) at time t decodes to the initial
token at position i∗. Writing | · |T for the distance on the torus, the corresponding
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accuracy is

AccN (t, σ0) := P

(
|θN (t) − θi∗(0)|T ≤ π

M

)
.

A smoothed version of this observable admits the Fourier expansion

AccN (t, σ0) =

√
π/2

M
+

√
π/2

M

∑

n6=0

e−
π2n2

2M2 E
[
ein(θN (t)−θi∗(0))

]
,

so the whole question is reduced to understanding space-time correlations between
the last particle at time t and the particle initially located at macroscopic position
σ0.

The first step is a mean-field description. Introducing the empirical measure

µN (t) :=
1

N

N∑

j=1

δ(j/N,θj(t)) ∈ P((0, 1) × T),

we prove that, for independent initial data with profile f◦(σ, θ), the sequence µN (t)
converges to the unique weak solution of the causal kinetic equation

∂tf + ∂θ

(
f

∫ σ

0

Qλ(σ, σ′) (W ′
β ∗θ f)(t, σ′, θ) dσ′

)
= 0,

with kernel

Qλ(σ, σ′) =
λe−λ(σ−σ

′)

1 − e−λσ
1σ′≤σ, Q0(σ, σ′) =

1

σ
1σ′≤σ.

This limit already exhibits the main structural feature of the model: exchange-
ability is broken by causality, and the macroscopic variable σ records how much
of the past is accessible to a given token. We also obtain a quantitative estimate
on observables of µN (t), with error of order N−2δ∧1 under suitable regularity as-
sumptions on the initial Fourier modes.

Mean field, however, is not sufficient for the accuracy, because the relevant
information is stored in correlations of order N−1. We therefore analyze the next
order in the propagation of chaos. For a smooth observable φ of the initial token,
we introduce an autocorrelation field ANφ and a cross-correlation field CNφ , the
latter encoding the covariance between a token at position σ and the initial token
at position σ0 < σ. Our second main result shows that

ANφ → Aφ, NCNφ → Cφ,

locally uniformly in (t, σ, σ0), with explicit polynomial control in the Fourier vari-
able. The limit Aφ is transported by the mean-field flow, whereas Cφ solves a
linear inhomogeneous equation forced at the source point σ0:

∂tCφ + ∂θ
(
Cφ V [f ] + f V [Cφ] + f Qλ(σ, σ0)(W ′

β ∗θ Aφ)
)

= 0, Cφ(0) = 0,

where V [g](t, σ, θ) :=
∫ σ
0 Qλ(σ, σ′)(W ′

β ∗θ g)(t, σ′, θ) dσ′. This linearized equation
is the continuum counterpart of the causal transport of information along the
prompt.

The proof of this fluctuation result uses a non-hierarchical cumulant expan-
sion adapted to the triangular structure of the dynamics. When differentiating a
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covariance in time, one encounters third cumulants rather than closed two-point
quantities. To control them, we use Glauber calculus with respect to the initial
data, following the philosophy of [2, 1]. Causality implies that the Glauber deriva-
tive D◦

kθi(t) vanishes whenever k > i, and quantitative bounds on first and second
Glauber derivatives then yield a sharp estimate on the third-cumulant remainder.
This gives the desired truncation at the level of two-point correlations without
resorting to a BBGKY hierarchy.

A particularly transparent regime is obtained for spatially homogeneous input
data, namely f◦ ≡ 1 on T. In that case, the mean-field solution remains uniform,
the autocorrelation is explicit, and the cross-correlation diagonalizes in Fourier:

Ĉφ(t, σ, n;σ0) = φ̂(n) Ĝn(t, σ;σ0).

The profile Ĝn solves a Volterra–Hardy type equation that can be reduced, by a
change of variables, to the Goursat problem ∂t∂yU − anU = 0 with an = n2In(β),
where In denotes the modified Bessel function. This yields an explicit representa-

tion of Ĝn in terms of I1, and therefore an asymptotic expansion for the smoothed
accuracy:

AccN (t, σ0) =

√
π/2

M
+

√
2π

MN

∑

n≥1

e−
π2n2

2M2 Ĝn(t, 1;σ0) +O(N−1−δ′ ),

uniformly for σ0 ∈ [ε, 1].
The problem is thus reduced to the profile

S(σ0) :=
∑

n≥1

e−
π2n2

2M2 Ĝn(t, 1;σ0).

Our final theorem shows that for every λ > 0 one has S(σ0) → +∞ as σ0 ↓ 0.
Moreover, if

t sup
n≥1

n2In(β) ≤ min
{

3 −
√

3, 2(1 − e−λ)
}
,

then S′(1−) > 0 and S has a unique global minimum in (0, 1). In other words,
the retrieval profile is rigorously U-shaped: the earliest positions are privileged
by repeated causal aggregation, the latest positions by recency, and the middle
positions by neither. This provides a first derivation of a lost-in-the-middle law
from a continuum interacting-particle model.

Beyond this theorem, the analysis shows that architectural position bias can
already be read off from a deterministic kinetic description and its 1/N correlation
corrections, before introducing training or data-dependent effects.
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Continuous transformations of probability distributions and their
transport representations

Hugo Lavenant

(joint work with G. Savaré)

1. The question

For X and Y two Polish spaces, we consider F : P(X) → P(Y) transforming a prob-
ability distribution of X into a probability distribution over Y. We are interested
in transport representations: can we find f : X× P(X) → Y such that:

(1) F (µ) = f(·, µ)♯µ for every µ ∈ P(X),

where g♯µ is the push-forward of the measure µ by the map g. That is, we want
F (µ) to be the push-forward of µ by a transport map, but the map f(·, µ) is
allowed to depend on µ.

While it is clear that, if a transport representation f exists, then F should
inherit the regularity of f , in this talk we discuss the reverse problem: if F is
given, can we find a f such that (1) holds, and how regular can f be found?

There is an obvious obstruction: not every map F admits a transport repre-
sentative. On X = Y = Rd, if γ : Rd → R+ is a continuous non-negative function
which integrates to 1 then F : µ 7→ µ ∗ γ cannot be represented as in (1), as
F (δx) = γ(y− x)dy, and no transport map can push a Dirac mass onto a measure
having a density.

2. Motivation

This question was proposed to us by Gabriel Peyré. The motivation is in-context
learning, as the recent work [1] showed that any jointly continuous function f : X×
P(X) → Y can be approximated by a transformer architecture. Thus, any contin-
uous transformation F of probability distributions which can be written as in (1)
with f continuous can be approximated by a transformer architecture. This can
be of importance, as functions F : P(X) → P(Y) can correspond to very complex
objects, while transformers architecture are now widely used.
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3. Results

Our results hold for maps F which are defined on the whole set of probability
measures P(X), sometimes with a restriction on the moments. It is crucial that F
is defined on discrete measures, they are key in our analysis.

If F : P(X) → P(Y) has a transport representative, then necessarily we have a
non-splitting property: tokens do not split, that is, a (finite) combination of Dirac
masses cannot be split.

Specifically we say that F : P(X) → P(Y) is non-splitting on empirical measures
if: when x1, . . . , xm are distinct elements in X and µ =

∑m
i=1 aiδxi

∈ P(X) with
ai ∈ Q+ for all i, then there exists y1, . . . , ym ∈ Y (not necessarily distinct) such
that

F (µ) = F

(
m∑

i=1

aiδxi

)
=

m∑

i=1

aiδyi .

Equivalently, for any empirical measure µ =
∑m
i=1 aiδxi

, we assume that there
exists f : X → Y such that F (µ) = f♯µ.

We also need a topological setting. We assume that X, Y are Polish spaces
endowed with their Borel σ-algebra. The spaces P(X) and P(Y) are endowed
with the topology of narrow convergence, generated by the duality pairing with
bounded continuous functions, and the associated Borel σ-algebra. In this context,
our first main result reads as follows.

Theorem. Assume F : P(X) → P(Y) is non-splitting on empirical measure and
continuous. Then there exists f : X × P(X) → Y measurable such that F (µ) =
f(·, µ)♯µ for all µ ∈ P(X).

There are two notable consequences: that non-splitting on empirical measures
guarantees existence of the transport representative f on all measures; and that it
can be chosen in a measurable way. However, the transport representative f(x, µ)
may not depend continuously on µ, or may not depend continuously on x.

Remarkably, we show that if we assume a more quantitative version of continu-
ity, we can obtain much stronger consequences. For an exponent p ≥ 1, we denote
by Wp the p-Wasserstein distance, it is defined on Pp(X) and Pp(Y) the space of
probability distributions with finite p moments.

Theorem. For X a geodesic space, assume F : Pp(X) → Pp(Y) is non-splitting
on empirical measures and Lipschitz continuous for Wp. Then there exists f : X×
P(X) → Y measurable such that F (µ) = f(·, µ)♯µ for all µ ∈ P(X), and which
is jointly continuous in the sense f(xn, µn) → f(x, µ) in Y if xn → x in X and
µn → µ in Pp(X) and x is in the support of µ.

Compared to the previous result, we obtain a transport representative f(x, µ)
which is continuous in both x and µ. While continuity in µ could be expected,
continuity in x is more surprising as we did not assume it directly with the non-
splitting property.
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4. An example of a continuous F but discontinuous f

To justify that F being continuous is not enough to guarantee continuity of the
transport representative, we consider the following example.

We take X = Y = [0, 1] and denote by λ the Lebesgue measure on [0, 1]. Let
g : R → [0, 1] be a 1-periodic and Lipschitz function such that g♯λ = λ, for instance
g(x) = 2 min(x, 1−x). We also fix α ∈ (0, 1). With Wp the p-Wasserstein distance,
we define

f(x, µ) =




g

(
x

Wp(µ, λ)α

)
if µ 6= λ,

x if µ = λ.

We also define F (µ) = f(·, µ)♯µ, in particular F (λ) = λ.
Then in this case we claim that we can prove that F is continuous, however that

it cannot have a continuous transport representative. The transport representative
is discontinuous for µ = λ, and the whole technical aspect of the analysis of this
example is showing that F is still continuous at µ = λ.
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Formation of clusters and coarsening in weakly interacting diffusions

André Schlichting

(joint work with N. J. Gerber, R. S. Gvalani, M. Hairer, and G. A. Pavliotis)

We study the formation and long-time evolution of clusters in a system of N
interacting diffusions on the torus T = R/Z. The key parameter regime is strong
attraction (γ ≫ 1) with localised attractive interaction (ℓ ≪ 1). The central
question is: To what extent is the mean-field description sufficient to capture the
clustering dynamics?

As it turns out, the answer is nuanced. While the mean-field PDE correctly pre-
dicts the existence and structure of clustered steady states, and correctly describes
the initial linear instability of the uniform state, it fails to capture the coalescence
dynamics of clusters. However, it is useful for describing dynamic metastability
arising from mass exchange. This places the system within the framework of slow
motion of gradient flows, as in [8], in the presence of random perturbations.

Setting. We consider N particles X i
t ∈ T = R/Z evolving by the system of

stochastic differential equations

(1) dX i
t = − γ

N

N∑

j=1

∇w
(
X i
t −Xj

t

ℓ

)
dt+

√
2 dBit , i = 1, . . . , N,

where Bit are independent standard Brownian motions on T. The interaction
potential w : T → R satisfies:
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• w ∈ C2(T), even, with w′′(0) > 0;
• w has a unique minimum at 0, is non-decreasing on [0, sw], and sw <

1
2 ;

• w(0) < 0 and w(x) = 0 for |x| > sw (localised).

The two key parameters are the interaction strength γ ≫ 1 and the interaction
range ℓ≪ 1. The rescaled potential is

Wγ,ℓ(x) := γℓw
(x
ℓ

)
.

Mean-field description and free energy. As N → ∞, the empirical measure

µNt = 1
N

∑N
i=1 δXi

t
converges [7] to the solution ̺t ∈ P(T) of the McKean–Vlasov

equation

(2) ∂t̺t = ∆̺t + ∇ · (̺t∇Wγ,ℓ ∗ ̺t) = ∇ ·(̺t∇Fγ,ℓ(̺t)) .
The PDE (2) is the Otto-Wasserstein gradient flow [1] of the free energy Fγ,ℓ given
by

(3) Fγ,ℓ(̺) :=

∫

T

̺ ln ̺ dx+
1

2

∫∫

T×T

Wγ,ℓ(x− y) d̺(x) d̺(y).

The gradient flow description of (2) implies that stationary points are critical
points of Fγ,ℓ and the long-time behavior should be governed by the minimizers
of the free energy.

Stability of clustered states. The following theorem characterises the global
minimizers of Fγ,ℓ for small ℓ and extends the previous studies from [3, 5].

Theorem (Gerber–Gvalani–Hairer–Pavliotis–S. [4]). For ℓ > 0 sufficiently small,
there exists a critical strength γc = γc(ℓ) > 0 such that for all γ > γc, all global
minimizers ̺∗γ ∈ P(T) of Fγ,ℓ over P(T) are clustered states in the sense that
they are symmetric decreasing. Moreover, the critical strength satisfies

1

ℓ
. γc(ℓ) .

1

ℓ
log

1

ℓ
.

The proof proceeds by observing that the fixed-point equation for ̺∗ reads

̺∗γ =
1

Z
exp(−Wγ,ℓ ∗ ̺∗γ) ≈ 1

Z
exp

(
−γℓw(0) − γw′′(0)

ℓ
x2 ∗ ̺∗γ

)
,

which identifies ̺∗γ approximately as a Gaussian of variance ℓ/(γw′′(0)). Global
minimizers of the free energy are then shown to be symmetric decreasing using
a new variant of the strict Riesz rearrangement inequality [2]. In particular, this
inequality implies that among all probability measures on T, the interaction energy
1
2

∫∫
Wγ,ℓ(x− y) d̺ d̺ is minimised by symmetric decreasing rearrangements.

Time-scales of the model. Beyond the mean-field limit, finite-N fluctuations
drive the particle system through four distinct dynamical regimes. Their signatures
can be tracked via the Dean–Kawasaki SPDE for the empirical measure µNt , which
contains a noise term of order N−1/2 absent from the McKean–Vlasov PDE (2).
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(E1) Initial clustering (tclust ∼ logN). Linearising (2) around ̺ ≡ 1 yields the
growth rates

ψ(k) = −k2
(
1 + Ŵγ,ℓ(k)

)
, k ∈ Z,

where Ŵγ,ℓ is the cosine transform of the rescaled potential. The uniform state is

unstable for any γ > γ♯ := −
(
mink∈Z\{0} Ŵγ=1,ℓ(k)

)−1
. The fastest-growing mode

kmax = arg min Ŵγ=1,ℓ(k) determines the exponential instability of the uniform
state provided that ρ̂t=0(kmax) 6= 0. For the finite N -particle system, if started

from i.i.d. uniform initial states, the fluctuations are of order 1/
√
N and we expect

that the first clusters appear at time

tclust ≈
logN

2ψ(kmax)
.

(E2) Coalescence of clusters (tcoalesce ∼ N). After initial clustering, K ≈ kmax

clusters have formed with centers X̄
(k)
t and masses m(k) = |Ik|/N . By symmetry

of w, each center evolves approximately by dX̄
(k)
t =

√
2/(Nm(k)) dW

(k)
t , so cluster

centers undergo independent Brownian motions with diffusivity (Nm(k))−1. They
merge once their separation drops to ∼ ℓ, yielding tcoalesce ≈ N . This coalescence
is a purely finite-N effect invisible to the mean-field PDE (2).

(E3) Dynamic metastability: mass exchange (tcoarsen ∼ eγℓ∆w/mcrit). Once
the system settles into a K-cluster state, further coarsening proceeds via slow mass
transfer between neighboring clusters. Approximating each cluster by a Gaussian
of variance σ2

k = ℓ/(w′′(0)m(k)γ), the effective potential felt by particles in cluster

k has barriers of height γℓ∆wm
(k), where ∆w = |w(0)|. By Eyring–Kramers

theory, mass leaves a cluster of mass m(k) on the Arrhenius timescale eγℓ∆wm
(k)

.

(E4) Microscopic reversibility (treversibility ∼ eN∆F ). The particle system (1)
is ergodic with respect to the Gibbs measure dπN ∝ exp

(
− γ

2N

∑
i,jWγ,ℓ(X

i −
Xj)

)∏
i dX

i. However, the presence of a discontinuous phase transition implies
that the free energy (3) has a critical point. Since the clustered state is the global
minimizer, its energy barrier ∆F > 0 to this critical point determines the timescale
of microscopic reversibility treversibility ∼ eN∆F (see [5, Section 5]).

Conclusion. The identification of the timescales obtained raises several interest-
ing questions: The rigorous proof of dynamical metastability of the mean-field
PDE, in the sense of Otto–Reznikoff [8], is still open. Furthermore, the rigor-
ous justification of the limit to the massive Arratia flow [6] in the scaling regime
N → ∞, γ → ∞, ℓ→ 0 : γℓ/ logN → ∞ is a challenging open question.
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Random Quadratic Form on a sphere: Synchronization by
common noise

Anna Shalova

(joint work with M. Engel)

We study the Random Quadratic Form (RQF), the stochastic differential equation
on a sphere Sn−1 with multiplicative noise defined by the process Qt, namely

(1) dXt = −PXt
∂QtXt,

where PX := PTXSn−1 = I−XXT is the projection onto the tangent space of Sn−1

at X and the noisy process Qt is a stochastic matrix-valued process, given as

(2) Qt =
1

2
(Bt +BTt ),

where {Bijt : i, j ∈ {1 . . . n} are independent Brownian motions. Finally, the
notation ∂Qt implies that the SDE (1) is understood in the Stratonovich sense.

The RQF (1) can be interpreted as a gradient flow of a random quadratic func-
tional on a sphere; and the gradient structure of the dynamics provides important
insights on the long-time behavior of the system. In particular, for a symmetric
real matrix M ∈ Symn define the corresponding quadratic functional as

FM (x) :=
1

2
xTMx.

We call the gradient flow of FM on Sn−1, given by

(3) ẋ := −∇FM (x) = −PxMx, x(0) = x0 ∈ Sn−1,

the deterministic quadratic form. Rewriting (3) in integral form we thus obtain

x(t) = x0 −
∫ t

0

∇FM (x(s))ds = x0 −
∫ t

0

PxMx(s)ds.

Formally, replacing the deterministic functional FM by the functional F∂Qs
defined

by the increments of Qt, we obtain the gradient flow formulation of the RQF:

Xt = X0 −
∫ t

0

∇F∂Qs
(Xs) where F∂Qs

(Xs) :=
1

2
XT
s ∂QsXs.
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Figure 1. Ensemble of RQFs driven by the same process Qt
from different initial conditions. At time t ∼ 5 the trajectories
approach the random attractor consisting of two antipodal points
that further move in time.

The standard (deterministic) gradient flow structure implies that the driving
functional is the optimal Lyapunov function of the underlying dynamics, guaran-
teeing, under certain convexity assumptions, the convergence of the solutions to
the minimizer of the driving functional. Remarkably, some of the properties of the
deterministic gradient dynamics translate into the random case, which we illus-
trate through the example of RQF. In this work, we study distributional properties
of the solutions to Eq. (1), i.e., invariant measures, and give a path-wise charac-
terization, describing the random attractor of the RQF. We compare the long-time
behavior of the RQF to the deterministic setting studied in [6]:

Theorem 1 (Deterministic Quadratic Form [6]). Let M ∈ Symn be a symmetric
matrix, sampled from the Gaussian Orthogonal Ensemble. Then, w.p. 1, there
exists x∗ ∈ Sn−1 such that the gradient flow of the quadratic form (3) satisfies

lim
t→∞

min (dist(x(t), x∗), dist(x(t),−x∗)) = 0

for a.e. initial condition x0 ∈ Sn−1. In other words, almost every trajectory of the
gradient flow x(t) converges to either x∗ or −x∗.

Analogously to the deterministic model, RQF synchronizes the points into the
random anti-polar configuration, namely:

Theorem 2 (Random Quadratic Form [2]). Let Qt be the driving process as
described in (2). Let Xt and Yt be the RQF processes driven by Qt with (possibly)
different initial conditions X0, Y0 ∈ Sn−1, then

• the law of Xt (and Yt) in the large time limit converges to the uniform
measure on the sphere,

• for almost every ω, the two RQF processes Xt, Yt satisfy

lim
t→∞

min (dist(Xt, Yt), dist(Xt,−Yt)) = 0.

In other words, Xt and Yt either converge to each other (polar) or become
opposite (anti-polar configuration).
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The proof relies on the framework of random dynamical systems and the descrip-
tion of random attractors. In particular, we characterize the statistical equilibrium
of the system as introduced in [1]. Remarkably, RQF is an example of an RDS
exhibiting partial synchronization and therefore cannot be studied by the classical
methods discussed in [4].

RQF and clustering in transformers. The RQF model illustrates the synchro-
nization by common noise phenomena in the continuous-time models of transform-
ers formulated e.g. in [5]. In particular, let xi : (0, t) → Sn−1 be the trajectory of
the i-th token in a continuous-time model of transformers, then the evolution of
xi is defined by two ‘forces’ and takes the form

ẋi = Pxi
(FF(xi) + Attn(xi;x1, x2 . . . xd)) ,

FF(xi) = σ(Mxi +B),

Attn(xi;x1, x2 . . . xd) =
1∑

j e
xiQTKxj

∑

j

exiQ
TKxjV xj ,

where the self-attention mechanism (Attn) can be interpreted as an interaction
force and the Feed-Forward layers (FF) play the role of the potential energy.
One of the key features of such dynamics is the clustering phenomena, namely
relative convergence of tokens in transformers in the long-time limit. Clustering
in pure-attention transformers has been recently extensively studied, see [7, 3] and
references therein.

In this work, we focus solely on the Feed-Forward layer and start with the
following toy model:

(4) ẋi = Pxi
FF(xi), FF(xi) = σ(M(t)xi +B),

corresponding to the contribution of Feed-Forward layers in transformers. Under
the additional structural assumptions B ≡ 0 and σ(x) = x, we conclude that every
token follows the dynamics analogous to (3). Since the parameters in transformers
are initialized randomly and are independent from layer to layer, we consider the
white-noise structure of Qt and obtain the RQF model

dXt = PXt
∂QtXt,

as a simplified model of the dynamics of tokens driven by Feed-Forward layers.
Interpreting RQF as a model of the token dynamics, we provide an alternative

(independent of Self-Attention) explanation of the clustering behavior in deep
transformers and show that tokens cluster even in the absence of the Self-Attention
mechanism.
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Existence of Solution of Natural Gradient Flows in Neural
Network Manifolds

Olga Mula

(joint work with D. Bon, B. Caris, and M. Peletier)

This work studies numerical methods for gradient flows in Hilbert spaces based
on neural network approximations. The central idea is to represent the solution
on a neural network manifold and evolve its parameters in time. This paradigm–
appearing under names such as natural gradient flow, parametric dynamical ap-
proximation, or the Dirac–Frenkel approach–has recently attracted significant at-
tention.

However, the standard formulation raises fundamental issues regarding the ex-
istence of solutions. While seemingly theoretical, these issues manifest in practice
as strong numerical instabilities. A common remedy is regularization, which, how-
ever, breaks the connection with the underlying operator. Our contribution pro-
poses a new viewpoint that restores existence without regularization and resolves
these instabilities.

We consider the shallow neural network

Un(θ)(x) =

n∑

i=1

ai ϕ(x − bi),

where ϕ ∈ C∞(R) and θ = (ai, bi)
n
i=1 ∈ R2n. The associated model class

Mn := {Un(θ) : θ ∈ R2n} ⊂ C∞(R)

is shown to form a singular manifold in L2(R).
We analyze the limitations of using Mn as an ansatz space for evolution equa-

tions such as the Allen–Cahn equation, and show that classical approaches induce
singularities in the dynamics. Exploiting the fact that Allen–Cahn is the L2-
gradient flow of an energy functional E , we propose instead to consider the metric
gradient flow of E in the metric space (Mn, d), where

d(u, v) = ‖u− v‖L2(R).

Under suitable assumptions, we prove that the corresponding minimizing-move-
ment scheme converges, as ∆t → 0, to a curve of maximal slope for E on the

completion (Mn, d)
L2

. We further show, by example, that parametrizations of
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such curves may be discontinuous in time, and that this phenomenon is, in general,
unavoidable.

The Hellinger–Kantorovich Metric Measure Geometry
on Spaces of Measures

Lorenzo Dello Schiavo

(joint work with G. E. Sodini)

Motivations: large Lie groups and SPDEs. A large Lie group is a Lie group
modeled on an infinite-dimensional Hilbert, Banach, or Fréchet space. Prototypi-
cal examples of such groups are transformation groups, as diffeomorphism groups
of differential manifolds; G-current groups, i.e. groups of G-valued functions, for
some Lie group G; multiplier groups, i.e. (Abelian) (R+, ·)-current groups, which
are maximal toral subgroups in the corresponding SL2-current groups.

A fruitful approach to large Lie groups via their representations has been the
subject of a longstanding program initiated for diffeomorphism groups by Vershik,
Gel’fand, and Graev in [14], and more recently by Kondratiev, Lytvynov, and
Vershik for semidirect products of diffeomorphisms and multipliers in [7].

In order for the representations of these groups to be faithful —i.e. for them to
retain sufficient information on the group— the representations need to be con-
structed on some ‘large’ Hilbert space. Especially in the case of diffeomorphisms
and of multipliers, a concrete realization of such a Hilbert space is the space L2(Q)
of some measure Q on a space of measures. Indeed, diffeomorphisms naturally act
on measures by push-forward, and multipliers simply act on measures by multi-
plication by densities. When Q is a probability measure, it is usually regarded as
(the law of) a random measure, typically, a random point process. This and sim-
ilar constructions have appeared in [14] for Poisson processes; in [7] for Gamma
processes; and in [3], for Dirichlet–Ferguson processes.

‘Geometric’ Brownian motions. As already noted in [3, 7], this action of dif-
feomorphisms, multipliers, or a combination thereof, on a space of measures in-
duces an energy functional on L2(Q). As it turns out, the functional is, in many
of these settings, a Dirichlet form, and it is therefore uniquely associated with a
measure-valued Markov process. We call this process the geometric measure-valued
Brownian motion induced by the group action.

On the one hand, it is one goal of the aforementioned program to study proper-
ties of the representation on L2(Q) of a given large Lie group via the corresponding
geometric measure-valued Brownian motion. For instance, it is usually expected
that invariant sets of this Brownian motion are in one-to-one correspondence with
sub-spaces invariant under the group action.

On the other hand, geometric measure-valued Brownian motions are very in-
teresting stochastic processes in their own right. This is readily seen from two
important examples in the case when Q is the Dirichlet–Ferguson measure. In
this case, one process induced by the action of multipliers is the Fleming–Viot
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process with parent independent mutation, e.g. [11], while one process induced by
the action of diffeomorphisms is the Dirichlet–Ferguson diffusion [3], the unique
solution to the Dean–Kawasaki stochastic partial differential equation with singular
drift [5, 6, 9].

Metric-measure Brownian motions. Another fundamental approach to the con-
struction of energy functionals on spaces of measures is as follows. When the space
of measures in question is endowed with some natural distance (e.g., Hellinger,
Bhattacharyya, Kantorovich–Rubinstein, Hellinger–Kantorovich) and with a ref-
erence random measure Q, we consider the Cheeger energy of the resulting metric
measure space.

For Kantorovich–Rubinstein distances on spaces of probability measures, the
study of these energy functionals has been undertaken in [4, 12]. Here, we rather
consider the space of all non-negative finite measures with the Hellinger–Kantoro-
vich distance. Also in this case, the Cheeger L2-energy is a quadratic functional,
and thus a Dirichlet form. We call the unique Markov process associated to it the
metric measure measure-valued Brownian motion induced by the distance.

It is one main result of this work (see below) that, for a specific choice of Q,
the geometric point of view (group actions) and the metric-measure point of view
(distances) are one and the same, i.e. that the geometric measure-valued Brownian
motion coincides with the metric measure Brownian motion just described.

Not only does this provide an identification of the stochastic process in question;
it will also grant us the possibility to import tools from metric measure geometry in
the study of geometric Brownian motions and of the corresponding representations
for a given group action, and vice versa to use the Lie-group construction for the
study of the metric measure space arising from the Hellinger–Kantorovich distance
and the reference measure Q.

Main results. Let (M, g) be a closed Riemannian manifold with Riemannian
distance dg. We denote by M(M) the cone of all non-negative and finite Borel
measures onM , endowed with the Hellinger–Kantorovich (or Wasserstein–Fisher–
Rao) distance HKg induced by dg, [2, 8, 10].

Firstly, for a suitable algebra A of cylinder functions on M(M), we prove
the following Myers–Serrin-type theorem. For every σ-finite Borel measure Q
on M(M), the space A is dense in 2-energy in the metric Sobolev space, see [1],

H1,2
(
M(M),HKdg ,Q

)
,

and the latter is a Hilbert space.
Secondly, we focus on a specific choice for Q. For θ > 0 we consider Vershik’s

infinite-dimensional multiplicative Lebesgue measure Lθ on M(M) with intensity
the normalized Riemannian volume, see [13]. We show that it is the unique natural
measure for the Hellinger–Kantorovich geometry on M(M).

Further denote by ∇ the gradient for real-valued functions on M(M) associated
to the Hellinger–Kantorovich geometry, and by 〈 · | · 〉µ a suitably weighted scalar
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product. We prove that the canonical energy form

E(u, v) :=

∫
〈(∇u)µ|(∇v)µ〉µ dLθ(µ) , u, v ∈ A ,

is closable on L2(Lθ). Its closure is a conservative quasi-regular strongly local
Dirichlet form on L2(Lθ); it is further identical with the Cheeger energy of the
metric measure space (M(M),HKg,Lθ), and properly associated with a Hunt diffu-
sion with state space M(M), the ‘Brownian motion’ of the Hellinger–Kantorovich
geometry on M(M). The latter process is recurrent if θ ∈ (0, 1], and transient
otherwise.
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[11] L. Overbeck, M. Röckner, and B. Schmuland. An analytic approach to Fleming–Viot pro-
cesses with interactive selection. Ann. Probab., 23(1):1–36, 1995.

[12] G. E. Sodini. The general class of Wasserstein Sobolev spaces: density of cylinder functions,
reflexivity, uniform convexity and Clarkson’s inequalities. Calc. Var. PDE, 62(212), 2023.

https://doi.org/10.55776/ESP208
https://doi.org/10.55776/F65
https://doi.org/10.1007/s00222-013-0456-1
https://doi.org/10.1007/s10208-016-9331-y
https://doi.org/10.1214/21-AOP1541
https://doi.org/10.1016/j.jfa.2023.110153
https://doi.org/10.1002/cpa.21758
https://doi.org/10.1016/j.jfa.2024.110342
https://doi.org/10.1016/j.jfa.2015.06.007
https://doi.org/10.57262/ade/1476369298
https://doi.org/10.48550/arXiv.2411.14936
https://doi.org/10.1007/s00222-017-0759-8


62 Oberwolfach Report 13/2026

[13] N. V. Tsilevich, A. M. Vershik, and M. Yor. An Infinite-Dimensional Analogue of the
Lebesgue Measure and Distinguished Properties of the Gamma Process. J. Funct. Anal.,
185(1):274–296, 2001. doi:10.1006/jfan.2001.3767.

[14] A. M. Vershik, I. M. Gel’fand, and M. I. Graev. Representations of the Group of Diffeomor-
phisms. Russ. Math. Surv.+, 30(6):1–50, 1975.

Evolution of Gaussians in the Spherical HK–Boltzmann Gradient Flow

Oliver Tse

(joint work with J.-J. Zhu, M. Liero, and A. Mielke)

We present the study of the gradient flow of the KL-divergence functional and its
long-time behavior within the family of Gaussian measures, where the underlying
geometry is obtained by projecting the Spherical Hellinger–Kantorovich (SHK)
metric onto this family.

1. Motivation: variational inference and three approaches

Given a reference measure π ∈ P(Rd) with π ∝ e−V for a λ-convex potential V
(λ > 0, but λ≪ 1), the variational inference problem is

min
µ∈G

E(µ) :=

∫
log

dµ

dπ
dµ,

for some subset G ⊂ P(Rd). Three natural approaches are available:

(1) Otto–Wasserstein flow. The Fokker–Planck equation

∂tµ = ∆µ+ div(µ∇V ) =: −KOtto(µ)DE(µ)

admits an Otto–Wasserstein gradient structure [3], with convergence rates [1]
{
E(µt) ≤ O(e−2λt) for λ > 0,

E(µt) ≤ O(t−1) for λ = 0.

(2) Accelerated methods. Polyak [8] and Nesterov [9] inspired kinetic PDEs that
achieve E(µt) ≤ O(e−βt) with βt ≤ 1 via a doubling of variables [10, 11].

(3) SHK (or Wasserstein–Fisher–Rao) flow. Developed by Liero–Mielke–Savaré [4]
(see also [7, 12]), the combined flow reads

∂tµ = −αKOtto(µ)DE(µ) − βKSHe(µ)DE(µ) =: −Kα,β(µ)DE(µ),

where KSHe(µ)DE(µ) = µ(DE(µ) − E(µ)). Lu–Lu–Nolen [5] (see also [2]) showed
that, when G = {Gaussians} and initial data are close enough, the decay rate of
the SHK flow is independent of λ > 0.

https://doi.org/10.1006/jfan.2001.3767
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2. Gaussian SHK flow and gradient structure

Restrict to G = {G(Σ,m)} : Σ⊤ = Σ, Σ ≻ 0, m ∈ Rd}, and set π = G(Γ, n).
Projecting the SHK flow onto G gives the Bures–Wasserstein–Fisher–Rao system

(BWFR)
Σ̇ = α

(
2I − Γ−1Σ − ΣΓ−1

)
+ β

(
Σ − ΣΓ−1Σ

)
,

ṁ = −(α+ βΣ) Γ−1(m− n).

A general principle due to Maas–Mielke [6] guarantees a gradient structure for the
projected flow with reduced driving energy E(Σ,m) = 1

2 |m− n|2Γ−1 + F(Σ) with

F(Σ) :=
1

2

(
tr[Γ−1Σ − I] − log det(Γ−1Σ)

)
.

In this case, the equation for the covariance Σ in (BWFR) takes the form

Σ̇ = −
(
αA(Σ) + βB(Σ)

)
DF(Σ) =: −KΣ

α,βDF(Σ),

where A(Σ)Λ = 2(ΛΣ + ΣΛ), B(Σ)Λ = 2ΣΛΣ, and DF(Σ) = 1
2 (Γ−1 − Σ−1).

Note that the equation for Σ in (BWFR) decouples from m, so decay estimates
for F(Σ) can be established independently.

3. Decay estimates for Gaussian targets

3.1. Geodesic convexity. The first result states a negative result concerning the
λ-convexity of F in the presence of the SHe-term B.

Theorem 1. F is λ-convex w.r.t. KΣ
α,β if and only if β = 0 and λ ≤ αλmin(Γ−1).

In particular, the SHe-term B destroys geodesic convexity.

3.2. Gradient dominance (PL-condition). Define the dissipation

Dα,β(Σ) := 〈DF(Σ), (αA(Σ) + βB(Σ))DF(Σ)〉.

The situation improves when considering gradient dominance.

Theorem 2 (Global PL). ∃ cPL > 0 such that

Dα,β(Σ) ≥ cPLF(Σ) for all Σ ⇐⇒ αλmin(Γ−1) > 0.

The necessary condition αλmin(Γ−1) > 0 can be removed if the requirement for
a global PL-condition is relaxed.

Theorem 3 (Sublevel PL). For every E > 0, ∃ cPL(E) > 0 such that

Dα,β(Σ) ≥ cPL(E)F(Σ) for every Σ : F(Σ) ≤ E.

In fact, the sublevel PL-condition holds even when α = 0 and the constant
cPL(E) improves when E → 0.
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3.3. Refined estimates. Since F(Σ) decreases along the evolution, we hope to
refine the decay estimates. Indeed, we obtain

Theorem 4. For any Σ0 ∈ domF there exists cβ = cβ(Σ0) such that

F(Σ(t)) ≤ cβ e
−νt F(Σ0), ν = 2αλmin(Γ−1) + β.

Idea of proof. Set B := Γ−1/2ΣΓ−1/2 with eigenvalues (bi). Hellmann–Feynman
gives two-sided bounds on bi(t), from which we obtain

d

dt
F(Σt) ≤ −

(
2αλmin(Γ−1) + β bmin(t)

)
F(Σt).

The proof then concludes after a careful Gronwall argument. �

4. Non-Gaussian targets

Now let π ∝ e−V with V λ-convex (λ > 0), which is not assumed to be Gaussian.
The projected dynamics on Gaussians become

Σ̇ = α(2I − Γ−1Σ − ΣΓ−1) + β(Σ − ΣΓ−1Σ),

ṁ = −(α+ βΣ)

∫
∇V (x)G(Σ,m)(dx), Γ−1 :=

∫
∇2V (x)G(Σ,m)(dx),

and one still has a projected gradient structure on G.

Theorem 5 (Unique minimizer). E attains a unique minimizer (Σopt,mopt) ∈ G.
Theorem 6 (Convergence). The following decay estimate holds with γ ∝ λ:

E(Σ(t),m(t)) ≤ e−γt E(Σ0,m0) + (1 − e−γt) min
(Λ,n)∈G

E(Λ, n).

We conjecture that the convergence result above is far from optimal, since,
unlike when π is Gaussian, it depends on the parameter λ > 0. A better decay
estimate remains open, as does a good (provably convergent) numerical scheme
for non-Gaussian targets.
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[1] L. Ambrosio, N. Gigli, G. Savaré, Gradient Flows in Metric Spaces and in the Space of
Probability Measures, Birkhäuser, 2nd ed., 2008.
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A Network-Simplex implementation of unbalanced optimal
transport problems

Antonin Chambolle

(joint work with G. Agazzotti and C. Royer)

The computation of discrete optimal transport problems, which is useful for many
applications in engineering and computer science (see for instance [12, 4]), requires
the resolution of a (usually high-dimensional) linear program, of the form:

(OT) min
X

{
C :X : X ≥ 0, X1 = a,XT1 = b

}
.

Here, a ∈ Rn and b ∈ Rm are non-negative weights representing measures over n
and m points, C = (Ci,j)i,j ∈ Rn×m is a cost-matrix (which may be assumed to
be non-negative as well), X ∈ Rn×m an assignment matrix (or discrete transport
plan) and C :X =

∑
i,j Ci,jXi,j is the Frobenius scalar product. The constraints

on X express that the mass Xi,j transported from i to j is non-negative (X ≥ 0
is understood componentwise) and that the first and second marginals of X are
a and b, respectively. Here, 1 denotes vectors with all components equal to 1
(by an abuse of notation, we omit their dimension, which is obvious from the
context). Observe that one must have

∑
i ai =

∑
i,j Xi,j =

∑
j bj, otherwise

the problem has no feasible points. Among the numerous numerical methods
implemented to solve (OT), the simplex method is one of the most efficient (for
sizes m,n ∼ 103 − 104), when implemented as a “network-simplex” algorithm [2]:
this is for instance the implementation in the Python library POT [8], based on the
C++ library “LEMON” [7].

This approach relies on the observation that (OT) is a “minimal cost flow”
problem, for which the support TX := {(i, j) : Xi,j > 0} of the primal variable X
can be represented as a tree on a graph, with at most n+ m− 1 branches, as we
further explain. In practice, one builds a bipartite graph with n points on the left,
connected (densely) to m points on the right, and i and j are connected whenever
Xi,j > 0. Given such a tree, the variables f ∈ Rn, g ∈ Rm of the dual problem

(OTdual) max
f,g

{f · a+ g · b : Ci,j ≥ fi + gj ∀i, j}

can be immediately computed from the complementary conditions Ci,j = fi + gj
when Xi,j > 0. Note that the dual variables (f, g) belong to a dual space (Rn ×
Rm)/ ∼ where (f, g) ∼ (f ′, g′) if and only if f −f ′ = c1 and g−g′ = −c1 for some
c ∈ R, so that the dual space has dimension n+m− 1. Hence, the vertices of the
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polytope {fi+gj ≤ Ci,j} are points where n+m−1 equalities fi+gj = Ci,j hold,
which gives the size of the support of the corresponding primal variables.

The simplex algorithm runs as follows: starting from an admissible primal X ,
the associated tree TX , and the corresponding duals (f, g), one identifies (i, j) 6∈ TX
where fi + gj > Ci,j , so that adding the edge (i, j) to the current tree creates a
cycle. Then, one modifies X along this cycle to reduce the cost in (OT), until
X vanishes on another edge of the cycle. One obtains a new value X and a new
tree TX , on which one may recompute the dual variables. The process stops after
finitely many steps, and even if the worst-case complexity of the method is that
of a simplex method (which could be exponential if the polytope is in a very bad
position), the method is usually very efficient.

The talk addressed the extension of this method to unbalanced optimal trans-
port problems, of the form

(uOT) min
X

{
C :X + ψ1(X1) + ψ2(XT1) : X ≥ 0

}
,

for two convex functions ψ1, ψ2. Although we considered in [1] quite general costs,
the case of quadratic (and, actually, entropic) costs is a bit easier, and the talk
was focusing on quadratic problems:

(quOT) min
X

{
C :X + 1

2‖X1− a‖2 + 1
2‖X

T1− b‖2, X ≥ 0
}
.

Observe that now, the problem makes sense for any pair of vectors a and b. In
that case, the problem can be cast as a “quadratic minimal cost-flow” problem,
for which, again, efficient methods exist: in particular, a strongly polynomial algo-
rithm [14], accelerated first-order iterative methods [9] or other methods designed
for the similar “Lasso” problem [5], approaches based on entropic regularization
and matrix scaling [6], see also [3, 13, 11]. Of particular interest are the semi-
unbalanced variants (when one marginal remains fixed, e.g. X1 = a), which cor-
respond to computing the “proximal operator” of the OT distance to the given
measure a. This is the basic brick in many splitting algorithms to tackle discretized
“JKO” gradient flows problems, see for instance [10].

Yet, it seems the idea of extending the network-simplex method to this problem
had not been addressed before. Again, a basic remark here is that once X1 and
XT1 are known, the problem boils down to (OT) so that all the remarks which
are valid for the linear program (size of the support, fact that it is acyclic) remain
also valid for this problem, and the solutions are represented with the same tree
structure. One important difference is that the dual variables (hence the support
TX) now determine the marginals. Indeed, the dual problem for (quOT) is now

(quOTdual) max
f,g

{
f · a+ g · b− 1

2 (‖f‖2 + ‖g‖2) : Ci,j ≥ fi + gj ∀i, j
}

and at optimality, one has

(Margin.) X1 = a− f , XT1 = b− g.

As before, given an admissible primal variable X , admissible duals (f, g) which
satisfy the complementary condition on TX and (Margin.), the algorithm identifies
a pair (i, j) for which ∆ := fi + gj − Ci,j > 0, and the corresponding loop in the
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graph TX ∪{(i, j)}. Flow is first pushed through this loop, as for solving (OT), in
order to lower the primal value C :X without affecting the marginals. Yet, contrary
to the standard network simplex, one cannot update the dual variables as easily as
before, as this requires updating simultaneously the value X to satisfy (Margin.).
We described a method to compute the optimal X, f, g on the new tree (or forest,
as the support of X usually becomes disconnected), with worst-case complexity the
square of the size of the initial tree. In practice, this step gets slower whenever the
connected component of TX ∪ {(i, j)} containing (i, j) is split into many subtrees,
making the subsequent iterations possibly faster. Overall, the complexity of this
step does not slow down the method too much compared to the standard network
simplex: indeed the bottleneck for these algorithms is the search of a new “pivot”
(i, j) which violates the dual constraints (we use a block pivot search rule, as
implemented in POT).

Figure 1. Heat equation as a JKO flow of the entropy

Complexity. Heuristically, the (worst case) complexity of the method is at worst
of order max{n,m} times the runtime of a network simplex algorithm for (OT).
Yet, in the quadratic case, one can exploit a simplification, due to the strong
concavity of the dual problem (quOTdual). One shows that the (primal) energy
which is obtained after an update is of order ∆2 smaller than the energy prior to
the update. If ∆ may be chosen of order maxi,j fi + gj −Ci,j , this is also a bound
for the primal optimality gap. This allows us to derive strategies which ensure that
the algorithm can terminate, in case C, a, b are integer-valued and positive, with
at most O(n2m2(‖a‖1 + ‖b‖1)) operations. This is of the same order in n,m as
the algorithm of [14], yet of course not strongly polynomial as it also depends on
the amplitude of the values of a, b. In practice, the running time seems excellent,
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even if we still need to compare with a few other algorithms for convex minimal
cost flows.

Example. The analysis can be modified to solve semi-unbalanced optimal trans-
port problems, as well as problems where the marginals are penalized with a
Kullback-Leibler divergence. In particular, one can implement a standard “JKO”
scheme to approximate the Wasserstein gradient flow of the entropy. This is prob-
ably not a recommended approach to solving the heat equation, yet it delivers
very precise results, see Figure 1.
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[11] Gabriel Peyré, Marco Cuturi, et al, Computational optimal transport: With applications to
data science. Foundations and Trends® in Machine Learning, 11(5-6) (2019), 355–607.

[12] F. Santambrogio, Optimal Transport for Applied Mathematicians. Birkäuser Cham, 2015.
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Approximating the optimal transport map with flows of control-linear
Neural ODEs

Alessandro Scagliotti

(joint work with S. Farinelli)

In this report, we address the problem of approximating optimal transport maps
between probability measures on Rn by means of flows generated by controlled
dynamical systems. More precisely, we consider systems of the form

ẋ(t) = F (x(t))u(t) =
k∑

i=1

Fi(x(t))ui(t), for a.e. t ∈ [0, 1],

where F1, . . . , Fk are given vector fields and the control u belongs to L2([0, 1];Rk)
and depends only on time. The corresponding flow at final time t = 1 defines a
map Φu : Rn → Rn. The family of such maps provides a class of diffeomorphisms
that we use to approximate optimal transport maps.

Let µ, ν ∈ P(Rn) be compactly supported probability measures, with µ abso-
lutely continuous. Denote by T the optimal transport map pushing µ forward to
ν with respect to the quadratic cost. Our first goal is to investigate whether T
can be approximated by maps of the form Φu. Under suitable assumptions on the
measures and on the vector fields, one can show that T belongs to the closure (in
a suitable topology) of the set of flows generated by the system. This relies on
controllability properties of the dynamics [1, 2] and on regularity results ensuring
that the optimal transport map is a diffeomorphism isotopic to the identity.

A central motivation for this problem comes from applications where the mea-
sures µ and ν are not explicitly known. In a data-driven setting, one typically
has access only to discrete approximations µN and νN , for instance, given by em-
pirical samples. In this case, the optimal transport map is not directly available,
and one must rely on approximate procedures. A natural strategy consists in first
computing an optimal coupling γN between µN and νN , and then reconstructing
a transport map from this discrete information.

In this direction, in [5], we introduce a family of optimal control problems
defined, for β > 0, by

(1) FN,β(u) :=

∫

Rn×Rn

|Φu(x) − y|2 dγN (x, y) +
β

2
‖u‖2L2.

The first term enforces consistency between the flow Φu and the coupling γN ,
while the second term provides regularization and ensures coercivity. minimizers
of FN,β yield flows that can be interpreted as approximations of the optimal
transport map.

We show that, as N → ∞, the functionals FN,β Γ-converge (with respect to
the weak topology of L2) to a limiting functional of the form

(2) F∞,β(u) :=

∫

Rn

|Φu(x) − T (x)|2 dµ(x) +
β

2
‖u‖2L2,



70 Oberwolfach Report 13/2026

where T is the optimal transport map between µ and ν. This result ensures that
minimizers of the discrete problems converge to minimizers of the limiting one.
Moreover, under the assumption that T can be approximated by admissible flows,
the minimizers generate maps that are close to T in L2(µ), provided that the
regularization parameter β is sufficiently small.

The approach can be naturally interpreted within the framework of generative
models. Indeed, the flows Φu can be seen as instances of normalizing flows, i.e.,
invertible transformations used to map a simple reference distribution into a more
complex target distribution. In contrast with standard constructions based on deep
neural networks, here the transformations are generated by controlled differential
equations with controls taking values in a finite-dimensional space. This viewpoint
connects optimal transport, control theory, and machine learning, and provides a
structured way to design transport maps with desirable properties.

From a computational perspective, the minimization of FN,β can be addressed
using tools from optimal control. In particular, one can derive first-order opti-
mality conditions via the Pontryagin Maximum Principle, leading to an iterative
numerical scheme for approximating minimizers. This yields a practical method
for reconstructing transport maps starting from discrete data. Indeed, we remark
that approximating optimal transport maps is particularly relevant in situations
where sampling from the target measure ν is difficult, while sampling from µ is
inexpensive. In such cases, an approximate transport map allows one to generate
samples from ν by pushing forward samples from µ, thus providing an efficient
mechanism for generating new observations distributed as ν.

Finally, the approximation of the optimal transport map provided by the min-
imization of F∞,β is achieved in the L2

µ sense. However, the controllability re-
sults in [1, 2] ensure that the optimal transport map can in fact be approximated
in the stronger C0

c topology. Bridging this gap is an interesting direction for
future research. In this perspective, we plan to exploit risk measures, in par-
ticular, Conditional Value-at-Risk (CVaR) [3], which are known to interpolate
between risk-neutral formulations (such as mean squared error minimization) and
the worst-case-oriented criteria studied in [4].
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SympFormer: accelerated attention blocks via inertial dynamics on
density manifolds

Viktor Stein

(joint work with W. Li and G. Steidl)

Recent work has revealed that the attention mechanism of transformers admits
a mean-field interpretation: token updates can be viewed as interacting particle
dynamics, and in suitable scaling limits the empirical token distribution evolves
according to a nonlinear continuity equation on a space of probability measures
[1, 2, 3]. This point of view suggests that attention layers should be understood
as particular discretizations of certain variational flows on measure spaces. The
goal of the present work is to push this principle from first-order to accelerated
dynamics.

We start from the continuous-time limit of Nesterov’s accelerated gradient de-
scent [4] for minimizing a convex function F : Rd → [0,∞),

ẍt + αtẋt + ∇F (xt) = 0.

We interpret this ODE as a damped Hamiltonian system, and transfer this idea to
the density manifold of smooth probability densities endowed with Wasserstein-
or Stein-type metrics, in the spirit of accelerated information gradient flows [5, 6].
This yields a second-order dynamics for a density ρt and a cotangent variable Φt,
with Hamiltonian

H(ρ,Φ) =
1

2

∫
ΦG−1

ρ [Φ] dx+ F(ρ),

where Gρ is the metric tensor and F is the energy induced by the attention mecha-
nism. The resulting evolution provides a geometric notion of accelerated attention
on probability spaces.

For linear attention, the transformer PDE takes the form of a Stein variational
gradient flow associated with the bilinear kernel k(x, y) = y⊤Ax and a quadratic
potential energy. In this case, the accelerated flow remains sufficiently explicit
to permit a structural analysis. In particular, elliptically contoured distributions
are invariant under the dynamics; e.g., for Gaussian or Student-t input laws, the
infinite-dimensional PDE reduces to a closed finite-dimensional system for the
mean, covariance, and a quadratic momentum potential. This provides one of
the few situations where the accelerated mean-field attention dynamics can be
described by a tractable closed ODE system.

For softmax attention, one recovers the transformer PDE as a generalized
Wasserstein gradient flow with a nonlinear mobility depending on the softmax
normalization [2]. The accelerated counterpart again leads to a Hamiltonian par-
ticle system, but now with a genuinely non-separable Hamiltonian: the kinetic
term depends on positions and momenta through the attention matrix. This is
the main conceptual difference from Euclidean Nesterov-type transformer variants,
such as Yuriiformer [7]. In particular, the exact expression for the acceleration is
not appended externally to the architecture, but is derived from the geometry of
the density evolution underlying self-attention.
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A particle discretization of the accelerated PDE yields token dynamics in
position–momentum variables. We discuss several low-oracle time discretizations
of the damped Hamiltonian system, including explicit Euler, conformally symplec-
tic Euler, exponential Euler, and Adams–Bashforth–2 schemes. Since the domi-
nant computational cost lies in evaluating the attention kernel, the implementation
is designed to preserve oracle complexity per layer. The resulting architecture,
termed SympFormer, combines an accelerated attention step with an accelerated
MLP step, together with learnable step sizes and a learnable log-linear damping
schedule.

The present analysis is partly formal on Rd, but it identifies a mathematically
coherent route from attention PDEs to accelerated transformer blocks. Small-scale
experiments on TinyStories indicate that these inertial attention blocks can im-
prove validation loss over both vanilla transformers and Yuriiformer-style baselines
at fixed oracle complexity, albeit presently at a higher wall-clock cost. This sug-
gests that geometric acceleration on measure spaces may provide a useful design
principle for transformer architectures beyond first-order gradient-flow models.
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The Wasserstein geometry of random measures

Alessandro Pinzi

(joint work with G. Savaré)

One of the features of the Wasserstein space (P2(Rd),W2) is its Riemannian-like
structure. Indeed, 2-absolutely continuous curves (µt)t∈[0,1] ∈ AC2([0, 1],P2(Rd))
can be characterized as solution to the continuity equation ∂tµt + div(vtµt) =
0, intended in the distributional sense, for some Borel measurable vector field
vt : [0, 1] × Rd → Rd that is in L2(µt ⊗ dt). This characterization leads to the
celebrated Benamou–Brenier formula and to the definition of a tangent bundle,
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which can be characterized as vector fields of minimal velocity, representing the
infinitesimal behavior of absolutely continuous curves passing through µ. In [2],
we reproduced these kinds of results in the Wasserstein space of random measures(
Pp(Pp(Rd)),Wp

)
, for p ∈ (1,+∞).

Random measures. By random measure, we mean a probability measure over
probability measures, that is M ∈ P(P(Rd)), where the space P(Rd) is endowed
with the narrow topology and its induced σ-algebra. The Wasserstein space
(Pp(Rd),Wp) is a Polish metric space, so that the Wasserstein space of random
measures

(
Pp(Pp(Rd)),Wp

)
is defined simply by iterating the Wasserstein con-

struction (indeed, it is usually called Wasserstein-on-Wasserstein distance).

Continuity equation for random measures. Given a continuous (with respect
to the narrow topology) curve of random measures (Mt)t∈[0,1] ⊂ P(P(Rd)), to give
a meaning to the continuity equation

(1) ∂tMt + div(btMt) = 0,

we need to understand two main things: what is a vector field in this setting? In
which sense is the equation intended? The natural vector fields to consider here
are the non-local ones, that have the form b : [0, 1]×Rd ×P(Rd) → Rd, for which
the mild integrability assumption (and thus measurable)

(2)

∫ 1

0

∫

P(Rd)

∫

Rd

|bt(x, µ)|dµ(x)dMt(µ) < +∞

is always assumed (for a slightly more general integrability assumption, see [3]).
Then, the equation must be tested against cylinder functions.

Definition. We say that F : P(Rd) → R is a cylinder function, we write F ∈ Cyl,
if there exists k ≥ 1, φ1, . . . , φk ∈ C∞

c (Rd), Ψ ∈ C∞
c (Rk) such that

F (µ) = Ψ

(∫
φ1(x)dµ(x), . . . ,

∫
φk(x)dµ(x)

)
.

Its Wasserstein gradient is given by

∇WF (x, µ) =

k∑

i=1

∂iΨ

(∫
φ1(x)dµ(x), . . . ,

∫
φk(x)dµ(x)

)
∇φi(x),

for all (x, µ) ∈ Rd × P(Rd). Then (1) is satisfied if for all F ∈ Cyl it holds

d

dt

∫

P(Rd)

F (µ)dMt(µ) =

∫

P(Rd)

∫

Rd

∇WF (x, µ) · bt(x, µ)dµ(x)dMt(µ),

in the sense of distributions of [0, 1].

Superposition principles for random measures. The characterization of the
geometry of the Wasserstein space of random measures is a consequence of two
nested superposition principles for curves of random measures: one for absolutely
continuous curves (in the spirit of the result by S. Lisini [4]) and one for curves
that solve the continuity equation (see [1, Theorem 8.2.1] for the classic result).
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Theorem. For p ∈ (1,+∞) and (Mt)t∈[0,1] ∈ ACp([0, 1],Pp(Pp(Rd))), it holds:

(1) there exists Λ ∈ P(ACp([0, 1],Pp(Rd))) with time-marginals Mt such that

|Ṁ |pWp
(t) =

∫
|µ̇|pWp

(t) dΛ
(
(µs)s∈[0,1]

)
for a.e. t;

(2) there exists L ∈ P(P(ACp([0, 1],Rd))) with time-marginals Mt, that is
(et)♯♯L = Mt for all t ∈ [0, 1], and such that

|Ṁ |pWp
(t) =

∫ ∫
|ẋ|p(t) dλ

(
(xs)s∈[0,1]

)
dL(λ) for a.e. t.

Theorem. Let b : [0, 1] × Rd × P(Rd) → Rd. For any curve (Mt)t∈[0,1] ∈
C([0, 1],P(P(Rd))) that solves ∂tMt + divP (btMt) = 0, and (2), we have

(1) there exists Λ ∈ P(C([0, 1],P(Rd))) with time-marginals Mt and such that
it is concentrated over curves of measures (µt)t∈[0,1] that are solutions of
the non-local continuity equation

∂tµt + div(bt(·, µt)µt) = 0;

(2) there exists L ∈ P(P(C([0, 1],Rd))) with time-marginals Mt and such
that it is concentrated over laws of processes λ ∈ P(C([0, 1],Rd)) which,
in turn, are concentrated over absolutely continuous curves that solves the
interacting particle system

ẋt = bt(xt, (et)♯λ).

Geometry of the Wasserstein space of random measures. The previous
superposition results allow us to prove the wanted geometric features of the Lp-
Wasserstein space of random measures for p ∈ (1,+∞):

• (Characterization of absolutely continuous curves) Assume that
M0 ∈ Pp(Pp(Rd)) and ∂tMt + divP(btMt) = 0 with

∫ 1

0

∫

P(Rd)

∫

Rd

|bt(x, µ)|pdµ(x)dMt(µ)dt < +∞.

Then (Mt)t∈[0,1] ∈ ACp([0, 1],Pp(Pp(Rd))) and

|Ṁ |pWp
(t) ≤

∫

P(Rd)

∫

Rd

|bt(x, µ)|pdµ(x)dMt(µ) for a.e. t.

Vice versa, if (Mt)t∈[0,1] ∈ ACp([0, 1],Pp(Pp(Rd))), there exists b : [0, 1]×
Rd × P(Rd) → Rd for which it holds ∂tMt + divP(btMt) = 0 and

∫

P(Rd)

∫

Rd

|bt(x, µ)|pdµ(x)dMt(µ) ≤ |Ṁ |pWp
(t) for a.e. t.
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• (Benamou–Brenier formula) For all M0,M1 ∈ Pp(Pp(Rd)) it holds

Wp
p (M0,M1) = min

{∫ 1

0

∫

P(Rd)

∫

Rd

|bt(x, µ)|pdµ(x)dMt(µ)dt :

∂tMt + divP(btMt) = 0

}
.

• (Tangent space) Let p = 2 for simplicity, and M ∈ P2(P2(Rd)):

TanM P2(P2(Rd)) :=
{
∇WF (x, µ) : F ∈ Cyl(P(Rd))

}L2(M̃ ;Rd)

⊆ L2(M̃ ;Rd);

where M̃ ∈ P(Rd × P(Rd)) is defined as M̃ :=
∫
P(Rd) µ⊗ δµ dM(µ).

Let b : [0, 1]×Rd×P(Rd) → Rd and (Mt) ∈ C([0, 1];P(P(Rd))) such that
∫ 1

0

∫

P(Rd)

∫

Rd

|bt(x, µ)|2dµ(x)dMt(µ)dt < +∞ and ∂tMt + divP(btMt) = 0.

Then, for a.e. t ∈ [0, 1]

bt ∈ TanMt
P2(P2(Rd)) ⇐⇒ |Ṁ |2W2

(t) =

∫

P(Rd)

∫

Rd

|bt(x, µ)|2dµ(x)dMt(µ).
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Stochastic Interpolants and Generalizations

Eric Vanden-Eijnden

(joint work with M. Albergo and N. M. Boffi)

Generative modeling asks for a principled way to transport a tractable reference
distribution µ0 (e.g. a Gaussian) to a complex target µ1 available only through data
by learning a map or a flow. We described three approaches to this problem: the
stochastic interpolant framework [1, 2], a unified construction that subsumes score-
based diffusion models and flow matching as special cases; equilibrium matching [4],
which replaces the time-dependent interpolant flow by a single time-independent
velocity satisfying a divergence condition, enabling both a training-free instan-
tiation (Poisson flow) and a learned one, and particularly suited to Boltzmann
sampling; and drifting [5], which learns a generative map by functional descent on
a McKean–Vlasov equation whose drift evolves the pushforward toward the target
distribution.



76 Oberwolfach Report 13/2026

Stochastic interpolants. Given samples x0 ∼ µ0 and x1 ∼ µ1, the stochastic
interpolant is the process

It = αt x0 + βt x1, t ∈ [0, 1],

where (αt, βt) are smooth interpolating coefficients satisfying α0 = β1 = 1, α1 =
β0 = 0. The marginal law µt of It continuously deforms µ0 into µ1 and satisfies
the continuity equation ∂tµt + ∇ · (btµt) = 0 for a velocity field bt that can be
expressed as a conditional expectation and learned by minimizing the quadratic
loss

L(b) =

∫ 1

0

E
[
|bt(It) − İt|2

]
dt.

The two generalizations below exploit this structure in different ways.

Equilibrium matching and the divergence condition. Suppose that the tar-
get µ1 may be singular (e.g. supported on a data manifold or a set of atoms). Then
any time-independent velocity field b satisfying the distributional divergence con-
dition

∇ · (ν b) = µ0 − µ1

for some positive weight ν > 0 transports µ0 onto µ1: the flow Ẋt = b(Xt) with
X0 ∼ µ0 satisfies (Xτ )#µ0 = µ1, where τ is the hitting time of supp(µ1). This
follows from the divergence theorem applied to each basin of attraction and does
not require the velocity to be a gradient or to have any special structure beyond
the divergence condition.

This unifies two apparently different methods as instantiations for specific choic-
es of ν:

• Poisson Flow (ν = 1) [3]: b = ∇φ where ∆φ = µ0 − µ1 is the Poisson
equation. The resulting b is the electric field generated by µ1 in the back-
ground of µ0, computable without any training from fresh mini-batches of
both distributions.

• Flow-matching-derived velocity (ν = νFM) [4]: Integrating the FM
continuity equation ∂tµ

FM
t + ∇ · (bFMt µFM

t ) = 0 over t ∈ [0, 1] yields a

time-independent velocity bFM = j/νFM where j =
∫ 1

0 b
FM
t µFM

t dt and

νFM =
∫ 1

0
µFM
t dt. This bFM automatically satisfies ∇·(νFM bFM) = µ0−µ1,

and can be learned from data by a standard regression loss.

Drifting via McKean–Vlasov flows. This method was proposed in [5] for
learning a generative map Gθ. Here we give drifting a theoretical foundation
via functional descent. The starting point is the McKean–Vlasov equation

∂tµt + ∇ ·
(
v[µt, µ∗]µt

)
= 0, µ0 given,

where the drift v[µt, µ∗] depends on the current law µt and is designed so that
µt → µ∗ as t → ∞; it is estimable from fresh samples of µt and µ∗ without
access to densities, using e.g. kernel or optimal-transport estimators. Rather than
simulating this self-interacting particle system and then distilling its trajectories
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into a map via flow matching — which incurs an unavoidable approximation floor
from finite particle counts — we learn Gθ directly via the fixed-point loss:

L(θ) = Ex0∼µ0

[
ℓ
(
Gθ(x0), stopgrad

(
Φ[µ̂Nθ , µ̂

M
∗ ](Gθ(x0))

))]
,

where µ̂Nθ = 1
N

∑
i δGθ(xi

0)
is the empirical pushforward, and Φ[µ, µ∗](x) = x +

h v[µ, µ∗](x) is one Euler step of the McKean–Vlasov drift, and ℓ(x, y) is a discrep-
ancy appropriate to the geometry of the output space (e.g. ‖x− y‖2 for Euclidean
outputs, cross-entropy for discrete targets), and both batches are redrawn at ev-
ery gradient step. The stopgrad means Φ is never differentiated through, and the
self-consistency condition µθ = (Gθ)#µ0 is enforced implicitly at each step: the
drift is always evaluated at the current generated distribution, so the map and its
pushforward co-evolve without requiring an offline particle simulation.

Under mild assumptions on Φ (a fixed-point condition and contractivity to-
ward µ∗ in the ℓ-transport cost), the iteration converges with no hard approxima-
tion floor: resampling both batches at every step causes estimation errors to self-
average, so accuracy improves indefinitely with training regardless of batch size.
Concrete instantiations include MMD gradient flows, Nadaraya–Watson kernel
transport, and entropic optimal transport, each verified to satisfy the fixed-point
and attractivity conditions.
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A McKean-Pontryagin formulation for entropic-regularized
optimal transport

Sebastian Reich

1. Problem statement

We wish to bridge two given distributions π0 and πT in a variable x ∈ Rd along
the controlled stochastic differential equation

(1) dX̃t = Utdt+
√

2Σ1/2dB̃t, X̃0 ∼ π0, X̃t ∼ πT ,

subject to minimizing the cost

(2) J (U) =
1

2

∫ T

0

EX̃t
‖Ut‖2R dt
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https://arxiv.org/abs/2303.08797
https://arxiv.org/abs/2209.11178
https://arxiv.org/abs/2510.02300
https://arxiv.org/abs/2602.04770
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in the control U = U[0,T ] for weighted norm

(3) ‖u‖2R = uTR−1u = R−1 : uuT

and given a symmetric positive definite matrix R. The problem reduces to the
classical optimal transport problem for Σ = 0 and R = I and to the Schrödinger
bridge problem for Σ = R = I [1].

While the Schrödinger bridge problem is well investigated [1], this presentation
summarizes an alternative mean-field formulation for the general coupling problem
(1)-(2) based on the classical Pontryagin maximum principle [2]. The proposed
formulation extends previous joint work with Manfred Opper [3].

2. McKean–Pontryagin variational formulation

We apply the McKean–Pontryagin variational formulation from [3] with states
Xt(a) ∈ Rd and co-states Pt(a) ∈ Rd. The distribution of Xt(a) is denoted by ρt.
Here, a ∈ Rd are labels that remain constant and serve as independent variables.
The proposed variational formulation will ensure that Xt and X̃t agree in law for
all t ∈ [0, T ].

In a first step, we introduce the action functional S = S(X,P, U, β, ψ) defined
by

S =

∫ T

0

∫

Rd

(
〈Pt, Ẋt − Ut〉 − Σ : D2

xψt(Xt)) +
1

2
‖Ut‖2R

)
ρ0(a)da dt(4a)

−
∫ T

0

∫

Rd

〈Pt −∇xψt(Xt), βt〉 ρ0 da dt(4b)

−
∫

Rd

ψT (XT ) ρ0(a)da+ πT [ψT ] −
∫

Rd

ψ0(X0) ρ0(a)da+ π0[ψ0].(4c)

with 〈a, b〉 = aTb. We also introduce the Hamiltonian H = H(X,P, U, β, ψ)

(5) H =

∫

Rd

(
〈P,U〉 + Σ : D2

xψ(X) − 1

2
‖U‖2R + 〈β, P −∇xψ(X)〉

)
ρ0(a)da.

In a second step, taking variations of (4) with respect to Pt, Xt, βt, ψt, and Ut,
the following constrained evolution equations arise:

Ẋt =
δH
δPt

= Ut + βt,(6a)

−Ṗt =
δH
δXt

= ∇x(Σ : D2
xψt(Xt)) −D2

xψt(Xt)βt,(6b)

0 =
δH
δβt

= Pt −∇xψt(Xt),(6c)

0 =
δH
δψt

= ∇x · (ρt(Xt) {βt + Σ∇x log ρt(Xt)}) ,(6d)

0 =
δH
δUt

= Pt −R−1Ut(6e)
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subject to the boundary conditions

(7) ρ0 = π0, ρT = πT , P0 = ∇xψ0, PT = ∇xψT ,

which arise from variations with respect to X0, ψ0 and XT , ψT , respectively. Here
we have assumed for simplicity that ρ0(x) = π0(x) > 0 everywhere. The potentials
ψ0 and ψT are unknown and arise from the boundary constraints on the density
ρt. We also find that βt is not uniquely determined by (6d); but a natural choice
is

(8) βt = −Σ∇x log ρt(Xt).

We recall from [3] that the time evolution of ψt(x) is independent of the choice of
βt. The gauge freedom in the choice of βt arising from (6d) is a consequence of
the relabelling symmetry of the McKean–Pontryagin formulation.

The Hamiltonian (5) is preserved and takes the constant value

(9) E =

∫

Rd

(
1

2
‖Ut‖2R + Σ : D2

xψt(Xt)

)
ρ0(a)da

along solutions of (6).
The optimal transport formulation of Benamou–Brenier is recovered for Σ → 0

and R = I [1]. Furthermore, for Σ = R = I, we have found a (deterministic)
mean-field formulation of the dynamic Schrödinger bridge problem. Indeed, the
law, ρt(x), of Xt satisfies the Fokker–Planck equation

(10) ∂tρt = L†
ut
ρt,

while ψt(x) satisfies the Hamilton–Jacobi–Bellman equation

(11) −∂tψt = Lut
ψt −

1

2
‖ut‖2

with generator Lut
f = 〈∇xf, ut〉+Σ : D2

xf and control law ut(x) = R∇xψt(x) [5].
Also note that the potentials ψt are directly related to the Schrödinger potentials

φt and φ̂t [1] via

(12) φ̂t = eψt , ρt = φtφ̂t.

for all t ∈ [0, T ].

3. Closing remarks

We emphasize that the proposed formulation can be easily extended to stochastic
differential equations of the form

(13) dX̃t = b(X̃t)dt+GUtdt+
√

2Σ1/2dB̃t

for given b(x) and G and provides an alternative to approaches based on forward-
backward stochastic differential equations [5].

One can also extend the variational formulation to multiplicative noise Σ(x) and
mean-field formulations such as the Kalman–Wasserstein gradient flow [4], which
corresponds to R = Σ = C(ρt) with C(ρt) the covariance matrix of Xt ∼ ρt.
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Inspired by a talk by Yann Brenier at this workshop on a closely related prob-
lem, it would also be of interest to treat Σ as an additional control term with
reward −γΣ : Σ, γ > 0. Our variational approach does not require the symmetric
matrix Σ to be positive definite; however, the connection to a stochastic differ-
ential equation of the form (13) is no longer straightforward and would result in
a potentially highly non-trivial combination of forward and backward stochastic
differential equations [5]. We finally mention that a related approach based on
replacing Brownian motion by score functions has been proposed in [6]. The main
differences are that instead of co-states Pt = ∇xψt(Xt), one considers Yt = ψt(Xt)
as a dual variable, and that the resulting mean-field evolution equations are there-
fore not of Hamiltonian nature.

Acknowledgments. This work has been partially funded by Deutsche Forschungs-
gemeinschaft (DFG) - Project-ID 318763901 - SFB1294.
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[5] René Carmona. Lectures on BSDEs, Stochastic Control, and Stochastic Differential Games
with Financial Applications. SIAM, Philadelphia, 2016.

[6] M. Zhou, S. Osher, and W. Li. A deep learning algorithm for computing mean field control
problems via forward-backward score dynamics. Technical report, arXiv:2401.09547, 2024.

Games & Gradient Flows: Modeling Strategic Behavior

Lauren Conger

(joint work with F. Hoffmann, E. Mazumdar, L. Ratliff, and G. Savaré)

Agents interacting with machine learning algorithms report data that shifts over
time; in parallel, algorithms train on this evolving data, resulting in a coupled
gradient flow system [2, 3]. We represent this as a two-species system: one species
is the algorithm, which updates by training, and the other is a distribution of
strategic agents. This is a specific example of the more general n-species setting,
where each species aims to minimize its own cost functional and evolves according
to gradient descent,

ẋi(t) = −∇di,xi
Fi(x1, . . . , xn) , i = 1, . . . , n ,(1)

where (Xi, di) is the metric space for the i-th species, Fi : X → R is its cost
functional, and x = [x1, . . . , xn] ∈ X is the joint action in metric space (X, d),

where X =
∏n
i=1Xi and d(x, y) =

√∑n
i=1 d

2
i (xi, yi). The notation ∇di,xi

is the
direction of steepest descent in the di metric with respect to xi. Since the resulting
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coupled system is not necessarily itself a gradient flow, new analysis tools are
needed. We ask:

1. When does a system of n energies (Fi)
n
i=1 have a Nash equilibrium?

2. When is the coupled gradient flow system (1) well-posed?
3. When does the solution to (1) converge to the Nash equilibrium of (Fi)

n
i=1?

We present classical results from the Euclidean setting, followed by new results in
the Wasserstein-2 space [3, 4] and in general metric spaces. A key condition for
all three questions is monotonicity. To build intuition, consider finite dimensions
where Xi = Rdi and X = Rd equipped with the 2-norm. The cost functionals
(Fi)

n
i=1 are λ-monotone if

n∑

i=1

〈∇xi
Fi(x) −∇xi

Fi(y), xi − yi〉 ≥ λ‖x− y‖2 for all x, y ∈ Rd .

When λ > 0, the Lyapunov functions V1(x) = 1
2

∑n
i=1 ‖∇xi

Fi(x)‖2 and, if a Nash

equilibrium x∗ of (Fi)
n
i=1 exists, V2(x) = 1

2‖x − x∗‖2, both decay exponentially
with rate 2λ along solutions to (1).

In the Wasserstein-2 setting, Xi = P2(Rdi), X = P2, di = W2 the Wasserstein-2
metric, d = W and the dynamics (1) are

(2) ρ̇i(t) = −∇W2,ρiFi(ρ1, . . . , ρn) = div(ρi∇xi
δρiFi(ρ)) , i = 1, . . . , n .

In [4], we extend monotonicity to this setting: the functionals {Fi : A ⊂ P2 →
R}ni=1 are λ-monotone in A if, for any ρ, µ ∈ A and all Wasserstein-2 optimal
couplings γ ∈ Γ∗(ρ, µ),

n∑

i=1

∫
〈xi − yi, ∇xi

δρiFi[ρ](xi) −∇xi
δρiFi[µ](yi)〉 dγi(xi, yi) ≥ λW

2
(ρ, µ) .

This definition of monotonicity enables us to prove results about the long-time
behavior of (2), summarized in the following theorem.

Theorem 1 (Convergence [4]). Let (Fi) be λ-monotone in A with λ > 0, and let
ρ(t) ∈ A evolve according to (2). Then

(a) there exists a unique steady state ρ∞ of (2), and ρ(t) converges exponen-

tially to ρ∞ in W with rate λ; and
(b) if the energies Fi are lower semicontinuous, then ρ∞ is the unique Nash

equilibrium in A.

This brings us to the second question: when are solutions to (1) well-posed?
The rest of the results are from current work in collaboration with F. Hoffmann
and G. Savaré. We construct solutions via a time-discrete scheme. Two natural
options arise for how each species updates toward the steepest descent of Fi. The
partially implicit scheme minimizes Fi against the previous step of all other species:

Xk
i,τ = argminxi∈Xi

{
Fi
(
xi, X

k−1
−i,τ

)
+ 1

2τ d
2
i

(
xi, X

k−1
i,τ

)}
,

where x−i := [x1, . . . , xi−1, xi+1, . . . , xn]. This scheme requires upper Lipschitz
bounds on the energy gradients for stability, as in [5]. The variational movement
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scheme (VMS) instead finds, at each step, a Nash equilibrium of the penalized
energies:

Xk
τ is a Nash eq. of

{
x 7→ Fi(xi, x−i) + 1

2τ d
2
i

(
xi, X

k−1
i,τ

)}n
i=1

.(VMS)

The VMS generalizes the minimizing movement scheme [1] to the multispecies
setting: choosing n = 1 reduces the Nash equilibrium problem to a single mini-
mization, recovering the standard JKO argmin scheme.

The sequence (Xk
τ ) generated by (VMS) satisfies a discrete evolution variational

inequality (EVI). To pass to continuous time to obtain a continuous EVI, we
construct the piecewise constant interpolant Xτ (t) = Xk

τ for t ∈ ((k − 1)τ, kτ ]
and establish a Cauchy estimate d(Xτ1(t), Xτ2(t)) → 0 as |τ1 − τ2| → 0. This
guarantees the existence of a limit curve x(t) = limτ→0Xτ (t), which satisfies the
evolution variational inequality

1
2
d
dt d

2(x(t), y) + κ
2 d

2(x(t), y) ≤ b(y, x(t)) , for all y ∈ X , t ≥ 0 ,(EVI)

with the bifunction b(y, x) =
∑n
i=1 Fi(yi, y−i) − Fi(xi, y−i). The single-species

choice b(y, x) = ϕ(y) − ϕ(x) reduces (EVI) to the classical gradient flow EVI of
[1]. Existence of solutions to (VMS) and existence of such a curve x(t) follow from
two conditions on b, along with appropriate continuity and metric space properties:

• Barycentric κ-convexity: y 7→ b(y, x) is κ-convex along some class of multi-
point interpolations in X for some κ ∈ R.

• η-interaction dissipativity: b(x, y) + b(y, x) ≤ η d2(x, y) for all x, y ∈ X .

The barycentric κ-convexity and η-interaction dissipativity together imply λ =
κ− η monotonicity of (Fi)

n
i=1, and any two solutions to (1) satisfy

d(x(t), y(t)) ≤ e−λ(t−s) d(x(s), y(s)) for all t ≥ s > 0 .

Thus, we have established conditions under which solutions to (1) exist and we
characterize the long-time behavior with the distance estimate. When additionally
(X, d) is complete and λ > 0, a unique steady state exists and coincides with the
Nash equilibrium of (Fi)

n
i=1.
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Mean-Field Limits for Interacting Particle Systems on
Weighted Graphs

Nathalie Ayi

(joint work with N. P. Duteil and D. Poyato)

Transformers have become the dominant architecture in modern machine learn-
ing. They can be reinterpreted as interacting particle systems, where the successive
layers of a neural network correspond to time discretizations of an underlying dy-
namical system [3]. Many models rely on full attention mechanisms, in which each
token interacts with every other token. In contrast, causal attention mechanisms
restrict each token to interact only with preceding tokens [6]. In this setting, the
interacting particle system can be naturally formulated on a graph. In this talk,
we explain how concepts from graph theory can be used to extend classical mean-
field limit results, originally developed for systems of indistinguishable particles, to
non-exchangeable settings. This approach paves the way for rigorous derivations
of mean-field limits in the context of causal attention, extending existing results
obtained for full attention mechanisms.

The framework we adopt originates from social dynamics for which a general
model can be written as

d

dt
xNi (t) =

1

N

N∑

j=1

wNij φ(xNi (t), xNj (t)),

where xNi ∈ Rd is the state variable, which will represent the opinion, the posi-
tion of agent i among a population of N agents and wNij ∈ R is the interaction
coefficient. These equations can be reinterpreted as a system of ODEs posed on
the weighted graph GN =< V (GN ), E(GN ), wN > where the vertices V (GN ) are
{1, . . . , N}, the edges E(GN ) are {1, . . . , N}2 and wN = (wNij )1≤i,j≤N is the matrix

which attributes to each edge (i, j) the weight wNij .
Graph theory has undergone significant progress in recent years, see [9], and has

proven to be particularly useful for addressing mean-field limit problems for non-
exchangeable particle systems. Indeed, it provides a natural framework to define
the convergence of a sequence of graphs by relating it to a fundamental object
known as a graphon, that is, a symmetric function w ∈ L∞

+ ([0, 1]2). A number
of works have built upon this approach in various settings, see [2, 4, 5, 7, 8] for
instance, and established the rigorous derivation of the mean-field limit toward
the following Vlasov-type equation:

∂tµ
ξ
t (x) + ∇x ·

((∫

I

∫

Rd

w(ξ, ζ)φ(x, y)µζt (dy)dζ

)
µξt (x)

)
= 0

where µξt (x) is the probability of finding an agent with identity ξ and opinion x at
time t.

In this talk, we focus on a variant of this setting where higher-order interactions
are taken into account. This may open new perspectives for studying variants
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of causal attention in which a token is compared simultaneously with multiple
preceding tokens. In that case, the general model can be written as





dXN
i (t)

dt
=

N−1∑

ℓ=1

N∑

j1,...,jℓ=1

wℓ,Nij1···jℓ Kℓ(X
N
i (t), XN

j1 (t), . . . , XN
jℓ

(t)),

XN
i (0) = XN

i,0, i ∈ {1, · · · , N}.

Here, interactions among agents are given as the superposition of all possible
(ℓ + 1)-body interactions. The functions Kℓ = Kℓ(x, x1, . . . , xℓ) represent the

(ℓ+ 1)-body interaction kernels, and each weight wℓ,Nij1···jℓ describes the underlying

(ℓ + 1)-body couplings or connections among agents. In [1], we show how, by
exploiting the space of hypergraphons of unbounded rank endowed with the cut
distance, we can rigorously establish the mean-field limit and prove the convergence
to the corresponding Vlasov-type equation:

{
∂tµ

ξ
t + divx(Fw [µt](·, ξ)µξt ) = 0, t ≥ 0, x ∈ Rd, ξ ∈ [0, 1],

µξt=0 = µξ0.

where Fw [µt](x, ξ) is defined as

∞∑

ℓ=1

∫

[0,1]ℓ

wℓ(ξ, ξ1, . . . , ξℓ)

(∫

Rdℓ

Kℓ(x, x1, . . . , xℓ) dµ
ξ1
t (x1) · · · dµξℓt (xℓ)

)
dξ1 . . . dξℓ.
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Accelerated Fixed-point Iteration over Spaces of Probability Measures

Vitalii Aksenov

(joint work with M. Eigel and M. Oster)

Various statistical tasks, such as sampling or computing Wasserstein barycenters,
can be reformulated as fixed-point problems for operators on probability distribu-
tions. Accelerating standard fixed-point iteration schemes provides a promising
novel approach to the design of efficient numerical methods for these problems.
The Wasserstein geometry on the space of probability measures allows us to define
various useful Riemannian notions, such as tangent spaces, exponential maps, and
parallel transport [1], motivating the adaptation of Riemannian numerical meth-
ods. This, however, is not straightforward, because the Wasserstein space is not
exactly an infinite-dimensional manifold, thus such properties as the isomorphism
of tangent spaces or injectivity of the exponential map, do not hold. To sidestep
this problem, we propose to consider a more regular subset of measures or tangent
vectors.

As a proof of concept, we have studied the Anderson mixing algorithm on the
Bures-Wasserstein space of Gaussian measures [2]. We show that in a small enough
ball around a measure with a nondegenerate covariance matrix Σ, the space be-
haves as a closed Riemannian manifold with bounded sectional curvature. We
investigate the Riemannian Anderson Mixing (RAM), a well-known fixed-point
acceleration algorithm, in this setting. Using the properties of the manifold, we
improve the estimates for the radius of local convergence of the method, as given
in [3]. We also perform extensive numerical evaluation of the method on various
problems, such as Wasserstein Barycenter or Median problems, and report sig-
nificant acceleration of convergence compared to the previously used Riemannian
Gradient Descent [4] and comparable or superior performance in comparison with
other methods, such as Riemannian Conjugate Gradient. We also explore different
options for the vector transport map, used in the algorithm. We argue that the
trivial transport map, i.e., using the same coordinates for each tangent vector in
every tangent space, is valid in the sense of the convergence theory of the method,
and does not significantly hinder the iteration cost of the method.

As for the general smooth probability densities, we work with Stein geometry,
as introduced in [5]. Constraining the tangent vectors to a Reproducible Kernel
Hilbert Space (RKHS) yields tractable formulas for approximating scalar prod-
ucts, retraction, and vector transport, using samples from the current measure.
Interpreting the Stein Variational Gradient Descent (SVGD) method as a Rie-
mannian gradient descent with respect to the Stein geometry, we can use our
approach to construct accelerated sampling algorithms. Numerically, we report
accelerated performance in sampling from various model distributions, as well as
in the problem of Bayesian regression for neural networks. The theoretical proof
of convergence, however, remains an open question.
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Bâtiment 307, rue Michel Magat
91405 Orsay
FRANCE

Giuseppe Bruno

Institute for Mathematical Statistics and
Actuarial Sciences,
University of Bern
Alpeneggstrasse 22
3012 Bern
SWITZERLAND
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