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Introduction by the Organizers

The workshop Komplexe Analysis – Analytic and Algebraic Methods in the The-
ory of Kähler Spaces, organised by Eleonora Di Nezza (Rome), Stefan Kebekus
(Freiburg), Mihai Păun (Bayreuth), and Stefan Schreieder (Hannover), was held
from April 6 to April 10, 2026. It brought together 43 participants, ranging from
early career researchers to senior experts. The program consisted of 19 full lectures
and, on Thursday evening, a session of five short presentations by young partici-
pants. As in previous editions, the schedule deliberately left substantial room for
informal discussions and collaborative work in smaller groups.

https://creativecommons.org/licenses/by-sa/4.0/deed.en
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The workshop covered a broad spectrum of current developments in complex
analysis, Kähler geometry, algebraic geometry, and their interactions with neigh-
boring fields. We mention below a few representative talks which illustrate the
diversity of techniques and importance of recent developments in the field; the
mentioned talks are not exhaustive and the extended abstracts give a more com-
plete account of the individual contributions.

Group theory, complex hyperbolicity, and complex-analytic methods.

A first theme concerned the interaction of complex geometry with group theory
and hyperbolicity questions. The opening lecture by Philippe Eyssidieux discussed
algebro-geometric subgroups of the mapping class group, namely images of fun-
damental groups of curves under complex algebraic maps to the moduli space
of smooth curves. Claudio Llosa–Isenrich gave a beautiful lecture explaining how
methods from complex analysis, and in particular from complex Morse theory, can
be used to settle old conjectures and questions in geometric group theory. This talk
also served as a gentle introduction to geometric group theory and the theory of
finiteness properties of Kähler groups. Benôıt Cadorel’s talk about hyperbolicity,
specialness and fundamental groups, added another perspective on this important
circle of ideas.

Birational geometry and classification. A second major theme was birational
geometry and classification theory. Ben Bakker gave an online lecture on a spec-
tacular recent joint work with S. Filipazzi, M. Mauri, and J. Tsimerman. They
construct Baily–Borel compactifications of period images, using techniques from o-
minimality, and apply this construction to prove the b-semi-ampleness conjecture
in birational geometry. Niklas Müller reported on exciting classification results
for minimal varieties for which equality holds in the Miyaoka–Yau inequality. A
remarkable feature of his work is that, along the way, he proves the abundance
conjecture for all these varieties.

Cécile Gachet’s lecture on the Morrison–Kawamata cone conjecture presented
recent progress on one of the fundamental problems concerning the structure of
cones of divisors and curves on Calabi–Yau varieties, and its relation to auto-
morphism groups and birational transformations, with direct links to finiteness
questions for minimal models of such varieties. Sung Gi Park gave a very clear
and engaging talk explaining how invariants from singularity theory and D-module
theory can be used to study GIT-stability questions for hypersurfaces in projective
spaces. In particular, he discussed the minimal exponent, which can be read off
from the Bernstein–Sato polynomial of the defining equation of the hypersurface,
and explained how it characterizes stable and semi-stable hypersurfaces in the
classical cases. Philip Engel’s lecture on the boundedness of fibered hyperkähler
varieties and fibered Calabi–Yau threefolds provided a further highlight within this
broad classification-theoretic part of the program.

Calabi–Yau geometries. A third central theme was formed by symplectic geom-
etry, hyperkähler geometry, and Calabi–Yau varieties. Jun-Muk Hwang’s lecture
was centered around elliptically fibered surfaces. Any two such fibrations over the
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disc are isomorphic, as long as the fibrations are smooth and of maximal variation.
In contrast, Hwang explained that under the assumption that the total space car-
ries a symplectic form, the local structure of an elliptic fibration, together with
the symplectic form, frequently determines its global geometry. Christian Lehn
discussed the non-vanishing conjecture for hyperkähler varieties, with particular
emphasis on the case of fourfolds. His lecture connected the birational geometry of
hyperkähler manifolds with some of the guiding conjectures of the minimal model
program.

Henri Guenancia’s lecture was another highlight of the workshop and con-
tributed to the analytic side of the discussion around canonical metrics and Calabi–
Yau spaces. More precisely, Guenancia studied the case of log smooth Calabi–Yau
pairs (X,D), where D is either smooth or has two components that are propor-
tional in the Néron–Severi group. In this case, X \D is a non-compact Calabi–Yau
manifold and Guenancia discussed to which extent classical results and conse-
quences of Yau’s celebrated work on the Calabi conjecture, that are well-known
for compact Calabi–Yau manifolds, still hold true in this non-compact setting.

Singular Kähler metrics, curvature bounds, and metric regularity. A
fourth theme concerned analytic and metric aspects of singular Kähler geometry.
Hans-Joachim Hein presented a work of his student Klemmensen, who proved a Li-
ouville theorem for constant scalar curvature Kähler metrics on simply-connected
Ricci-flat conical Kähler manifolds. In addition to a very clear presentation of
Klemmensen’s result, Hein’s talk served as a beautiful introduction to the field of
special metrics on Kähler manifolds.

Yifan Chen reported on recent work showing that a general class of singu-
lar Kähler metrics with Ricci curvature bounded from below are actually Kähler
currents. This applies in particular to singular Kähler–Einstein metrics on klt
pairs, with analogous results for Kähler–Ricci solitons, and also gives criteria un-
der which such metrics define metric-measure spaces satisfying the Riemannian
curvature-dimension condition.

Short talks by young participants. On Thursday evening, five young partici-
pants presented their current work in short ten-minute talks.

• Matthias Paulsen (Paris): Verbal ideals and unobstructed complex paral-
lelisable nilmanifolds.

• Chung-Ming Pan (Montreal): Gauduchon metrics and Hermite–Einstein
metrics on non-Kähler varieties.

• William Sarem (Grenoble): Locally symmetric spaces and Stein manifolds.
• Johannes Scheffler (Bayreuth): Auxiliary Hessian equations.
• Simon Pietig (Hannover): Holomorphic one-forms without zeros on Kähler

threefolds.

The session provided an excellent opportunity for younger participants to intro-
duce themselves and their research, and it contributed substantially to the lively
and open the atmosphere of the meeting.
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Abstracts

Algebrogeometric subgroups of mapping class groups

Philippe Eyssidieux

(joint work with Marco Boggi, Louis Funar)

The talk was a report on a joint work with Louis Funar [3, 4] and a work in
progress with him and Marco Boggi.

Let g, n ∈ N be positive integers and assume 2g − 2 + n > 0. Let Σn
g be a

closed oriented surface of genus g with n marked points. The pure mapping class
group PMod(Σn

g ) is the group of connected components of the group of orientation
preserving homeomorphisms of Σn

g fixing the n marked points.
For c an essential closed curve in Σn

g , denote by Tc ∈ PMod(Σn
g ) the Dehn

twist [5] attached to c. Dehn twists fall into a finite number of conjugacy classes.
An element of each will be denoted by Ti, i = 0, . . . , N , T0 being separating.
Given k = (k0, k1, . . . , kN ) ∈ (N∗)N+1 a (N + 1)-uple of positive integers, denote

by PMod(Σn
g )[k] the normal subgroup of PMod(Σn

g ) generated by T k0

0 , . . . , T kN

N .
Then the representations of the groups

Γg,n,k := PMod(Σn
g )/PMod(Σn

g )[k]

are precisely the representations of PMod(Σn
g ) such that Dehn twists have finite

order images.
Let Mg,n be the moduli stack of smooth genus g curves with n marked points

over C. Its fundamental group is naturally isomorphic to PMod(Σn
g ) and the uni-

versal covering space of its analytification is the Teichmüller space Tg,n, a bounded
convex domain in C3g−3+n. It turns out that Γg,n,k is the fundamental group of

a smooth proper Deligne-Mumford stack Mg,n[k] constructed in [1] which comes
with a (non representable except if ki = 1 for all i) map to the moduli space of
stable marked curves Mg,n which is an equivalence over Mg,n. The moduli space

of Mg,n[k] identifies with the moduli space Mg,n of stable marked curves.
The motivation of the work I reported on is to understand the fundamental

group Γg,n,k and the universal covering stack Tg,n[k] of Mg,n[k]. Introduce the
following properties of k ∈ (N∗)N+1:

• I(k): Γg,n,k is an infinite group.
• S(k): the moduli space of Tg,n[k] is a Stein space.
• T (k): H2(Γg,n,k,Q) 6= 0.
• U(k): Tg,n[k] is a complex manifold.

One has S(k) ⇒ I(k) and if k|k′ (i.e.: ki|k′i for all i) S(k) ⇒ S(k′), I(k) ⇒
I(k′), T (k) ⇒ T (k′).

Property U(k) is rather delicate and only settled in special cases. In [3], which
restricts to the case g ≥ 2, it is established for k = [p, p, . . . , p] under the restric-
tions p ≡ 1[2], p ≥ 5, using TQFT representations of the mapping group which are
well known to be torsion on Dehn twists. Since the image of these representations
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is infinite in this case by a classical result of Funar, property I([p, p, . . . , p]) is also
true.

Given ρ : Γg,n,k → GLn(C) a semisimple representation, still assuming g ≥ 2,
an argument applying to a Shafarevich morphism attached to ρ [2] the results of
[6] shows that for every algebraic family i : C → Mg,n of marked curves, the group
ρ(i∗π1(C)) is infinite provided ρ(i∗π1(C′)) is for C′ a fiber of a forgetful map or,
when n = 0, provided the image of ρ is. This is enough, still for g ≥ 2 to establish
S([p, . . . , p]) for p ≡ 1[2], p ≥ 7 and g ≥ 2 [4]. Another result of [4] that T (k) holds
if g ≥ 2 and k is divisible enough.

Similar results are available for k = [2p, p
g.c.d(p,4) ,

p
g.c.d(p,4) , . . . ,

p
g.c.d(p,4) ] where

p ≡ 0[2].
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Holomorphic symplectic geometry of elliptic surfaces

Jun-Muk Hwang

(joint work with Guolei Zhong)

A symplectic elliptic fibration is a triple (f : M → C, σ, ω), where M is a complex
surface, C is a Riemann surface, f is an elliptic fibration, σ is a section of f and ω is
a nowhere-vanishing holomorphic 2-form on M . An isogeny from (f : M → C, σ, ω)
to another symplectic elliptic fibration (f ′ : M ′ → C′, σ′, ω′) is a pair (φ,Φ) of a
surjective holomorphic map φ : C → C′ and a meromorphic map Φ: M 99K M ′

such that φ ◦ f = f ′ ◦Φ, Φ∗ω′ = ω and Φ sends a general fiber of f isomorphically
to a fiber of f ′.

We give the following classification of isogenies with a fixed target.

Theorem 1. Let (f : M → C, σ, ω) be a symplectic elliptic fibration and let

φ : C̃ → C be a surjective holomorphic map from a Riemann surface C̃. Then there

exists a symplectic elliptic fibration (f̃ : M̃ → C̃, σ̃, ω̃) equipped with an isogeny

(φ : C̃ → C,Φ: M̃ 99K M), if and only if at each ramification point x ∈ C̃ of φ,
the quadruple (multxφ, f

−1(φ(x)), J(φ(x)),multφ(x)J), where J : C → M1
∼= P1

is Kodaira’s J-map of the elliptic fibration f to the compactified moduli of elliptic
curves, is one of the following.
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(2, I∗0, J(0), k)) (2, I∗0, 0, 3k)
(3, IV∗, 0, 3k − 2) (6, II∗, 0, 3k − 1)
(2, I∗0, 1, 2k) (4, III∗, 1, 2k − 1)
(2, I∗k,∞, k) (3, II∗, 0, 3k − 1)
(2, III∗, 1, 2k − 1) (5, II∗, 0, 3k − 1)
(3, III∗, 1, 2k − 1) (2, IV∗, 0, 3k − 2)
(4, II∗, 0, 3k − 1) (2, II∗, 0, 3k − 1).

Here k is a positive integer or ∞, and multφ(x)J = ∞ means J is constant.

We give the following classification of isogenies with a fixed nonisotrivial source.

Theorem 2. Let (f : M → C, σ, ω) be a symplectic elliptic fibration which has non-

constant J-map. Then there exists a unique symplectic elliptic fibration (f̂ : M̂ →
Ĉ, σ̂, ω̂) and an isogeny (ξ : C → Ĉ,Ξ: M 99K M̂) with the following universal
property: any isogeny (φ : C → C′,Φ: M → M ′) to a symplectic elliptic fi-
bration (f ′ : M ′ → C′, σ′, ω′) factorizes (ξ,Ξ), namely, there exists an isogeny

(ξ′ : C′ → Ĉ,Ξ′ : M ′
99K M̂) satisfying ξ = ξ′ ◦ φ and Ξ = Ξ′ ◦ Φ.

These results are proved by employing the classical theory of elliptic surfaces
as well as the Arnold-Liouville theorem (the theory of action-angle variables) in
symplectic geometry. One application is the following.

Theorem. An isogeny between two elliptic K3 surfaces of Picard number less than
10 must be an isomorphism.

This is because when (f : M → C, σ, ω) is an elliptic K3 surface with Picard
number less than 10, the isogeny (ξ,Ξ) in Theorem 2 must be an isomorphism. In
fact, if it is not an isomorphism, then ξ has at least two branch points x1, x2 ∈
Ĉ. Moreover, each of the singular fibers f̂−1(x1) and f̂−1(x2) has at least five
irreducible components from Theorem 1. This implies that the Picard number of
M̂ is at least 10 from the classical theory of elliptic surfaces. By a result of Schütt
and Shioda, when there is a dominant meromorphic map between two K3 surfaces
M and M̂ , they have the same Picard number. This implies that M has Picard
number at least 10, a contradiction to the assumption.

Euler characteristics of nonpositively curved varieties

Donu Arapura

(joint work with Deepam Patel, Botong Wang)

My talk was largely based on joint work with Botong Wang [1] and Deepam Patel
[2]. It ended with a short discussion of some work in progress with Patel.

1. The main results

The starting point is an old conjecture of Hopf’s from the 1930’s that if X is a
compact Riemannian manifold of dimension 2d with negative (respectively non-
positive) sectional curvature, then the Euler characteristic satisfies (−1)dχ(X) > 0
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(respectively ≥ 0). When d = 1 this follows from Gauss-Bonnet. Various other
cases are known, but it is still open in general. However, it does hold when X is
compact Kähler by work of Gromov [4] and extensions of his results by Eyssideux,
Cao-Xavier, and Jost-Zuo. The basic idea is to prove a vanishing theorem for
the L2-cohomology of the universal cover X̃ and then apply Atiyah’s index theo-
rem. To get strict inequality, Gromov also proves a nonvanishing theorem. The
following theorem generalizes these results.

Theorem 1 (A-Wang, 2025). If X is compact Kähler with ample (respectively
nef) cotangent bundle, then χ(X,P ) > 0 (respectively ≥ 0) for any perverse sheaf
P on X.

A few comments are useful here. The previous curvature assumptions imply
ampleness or nefness of the cotangent bundle. However, as Phillipe Eyssideux ob-
served during the talk, there exist simply connected examples with ample cotan-
gent bundle, so these assumptions are not equivalent. As explained in item (2)
below, the sign (−1)d is absorbed into the definition of a perverse sheaf. The
notion of perverse sheaf was introduced by Beilinson-Bernstein-Deligne-Gabber,
and the basic properties are summarized as follows.

(1) The category of perverse sheaves Perv(X,K) is a subcategory of the con-
structible derived category Db

c(X,K) for any field K.
(2) If Y ⊂ X is a submanifold, or more generally an analytic subvariey with

lci singularities, then P = CY [dim Y ] ∈ Perv(X,C). So in particular,
χ(X,P ) = (−1)dimY χ(Y ).

(3) If DX is the sheaf of rings of holomorphic differential operators, a regular
holonomic DX -module is a generalization of a regular integrable connec-
tion. Given such a D-module M , one can construct the (shifted) de Rham
complex DR(M) ∈ Perv(X,C). The Riemann-Hilbert correspondence
shows that any perverse sheaf with coefficients in C arises this way from
a unique M .

I will give a brief sketch of the proof of Theorem 1. Instead of a vanishing
theorem, the proof is based on intersection theory. Given a regular holonomic
D-module M , the associated graded GrFM with respect to a good filtration can
be viewed as a coherent sheaf on the cotangent bundle T ∗X ∼= SpecanGrFDX .
The support is the so called characteristic variety Char(X). Holonomcity means
that the scheme theoretic support is a Lagrangian conical subscheme. Therefore,
it determines an effective cycle CC(M) ∈ CHd(T ∗X), called the characteristic
cycle. Here d = dimCX . Theorem 1 follows from two additional facts:

(1) Given a regular holonomicD-moduleM corresponding to P ∈ Perv(X,C),
the Dubson-Kashiwara, or DK, formula says that

χ(X,P ) = CC(M) · (zero section)

(2) The work of Fulton-Lazarsfeld, and its extension to the analytic setting
by Demailly-Peternel-Schneider, implies that the right side of the DK for-
mula is nonnegative (respectively positive) when T ∗X is nef (respectively
ample).
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Since the moduli stack Ag of g-dimensional principally polarized abelian va-
rieties is a locally symmetric hermitian orbifold, it satisfies the above curvature
assumptions. This suggests the first part of the next theorem.

Theorem 2 (A-Patel, 2026). Let X be either Ag or the moduli stack Mg,n of
smooth genus-g curves with n marked points, where 2g − 2 + n > 0. Let P ∈
Perv(X,C). Then the orbifold Euler characteristic χ(X,P ) ≥ 0.

I will just indicate the proof when X = Ag; the second case of Mg,n is consid-

erably more complicated. First, we choose a smooth toroidal compactification A g

such that the boundary divisor D has normal crossings. The argument follows the
same outline as above, with two modifications.

(1) A result of Faltings-Chai shows that Ω1
Ag

(logD) = S2F 1, where F 1 is the

Hodge bundle of the universal family of abelian varieties. When combined
with results of Fujita-Kawamata, we can conclude that the log cotangent
bundle is nef.

(2) A log version of the Dubson-Kashiwara formula due to Wu and Zhou
expresses the Euler characteristic as an intersection number. This is seen
to be nonnegative exactly as before.

2. Conjectural refinements

Returning to the L2-vanishing theorem of Gromov et. al. described above, it is
worth noting that since L2 harmonic forms can be decomposed into (p, q)-type, we
obtain an inequality (−1)pχ(Ωp

X) ≥ 0 for nonnegatively curved compact Kähler
manifolds. This along with other evidence led L. Maxim, B. Wang and I [3]
to conjecture this inequality holds for manifolds with nef cotangent bundle. In
fact, we made a much stronger conjecture in this case involving Hodge, and more
generally, mixed Hodge modules. A Hodge module is, roughly speaking, a variation
of Hodge structures with singularities. To be a bit more precise, it consists of a
perverse sheaf P ∈ Perv(X,Q), and a filtered holonomic D-module (M,F ) with
an isomorphism α : P ⊗ C ∼= DR(M). For a mixed Hodge module, there is an
additional filtration W , but it will not play a role here. These form an abelian
category MHM(X). The definition is due to M. Saito.

Conjecture.

(1) (A-Maxim-Wang) Suppose that X is a compact Kähler manfold with nef
cotangent bundle. If (M,F, . . .) ∈MHM(X), then for any p

χ(X,GrpFDR(M)) ≥ 0

(2) (A) Suppose that X is Ag or Mg,n with 2g−2+n > 0, and let j : X → X
be either a good toroidal or Deligne-Mumford-Knudsen compactification,
if (M,F, . . .) ∈MHM(X), then

χ(X,GrpF j∗DR(M)) ≥ 0
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In current work in progress with D. Patel, we found a strategy to attack these
conjectures. The first step is to refine the DK formula to express the coefficients
of the Laurent polynomial

pM (t) =
∑

p

(−1)pt−pχ(X,Ωp
X ⊗GrFM)

as intersection numbers on the cotangent bundle. It is useful to think of pM (t) as
an element of the representation ring of Gm. This suggests upgrading everything
to the Gm-equivariant setting. Using Laumon’s proof of DK using Riemann-Roch

as a model, we define the refined characteristic cycle C̃C(M) of M ∈ MHM(X)
as its image under the composition

K0(MHM(X))
Gr−−→ KGm

0 (T ∗X)
τ−→ ĈH

∗

Gm(T ∗X)Q

where the group in the middle is the equivariant Grothendieck group and τ is the
Edidin-Graham Riemann-Roch map to the completed equivariant Chow ring. Our
refined DK-formula would say that

pM (exp(u)) = C̃C(M) · (zero section)

in ĈH
∗

Gm(pt)Q = Q[[u]]. To finish the proof, this would need to be combined with
an appropriate positivity statement. We are currently working on this.
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A Liouville theorem and C
α estimate on Calabi-Yau cones

Hans-Joachim Hein

This is a report on the paper [10] by my student Johan Klemmensen, who is now
working in industry. The paper forms part of his PhD thesis (Münster, 2025).

Introduction to Calabi-Yau metrics. Let B = B1(0) ⊂ Cn (n ≥ 2) denote the
unit ball with its standard coordinates z1, . . . , zn. A smooth function ϕ : B → R

is called plurisubharmonic (psh) if the Hermitian n× n matrix (ϕjk) = (∂zj∂zk
ϕ)

is strictly positive definite at every point of B. Equivalently, the closed (1, 1)-form
ω = i∂∂ϕ is a Kähler form, i.e. the symmetric (0, 2)-tensor g = ω(·, J ·) is positive
definite everywhere, i.e. g is a Riemannian metric. Any Riemannian metric g has
associated curvature quantities Rmg (the curvature tensor), Ricg (the Ricci tensor)
and Scalg (the scalar curvature). Kähler [9] discovered the miracle that, in our case,
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ρ = Ricg(J ·, ·) is again a closed (1, 1)-form; more precisely, ρ = −i∂∂ log det(ϕjk).

Thus, if ϕ solves the complex Monge-Ampère equation det(ϕjk) = 1, then g is a

Ricci-flat (Einstein) Riemannian metric. Finding new examples of Einstein metrics
actually seems to have been Kähler’s primary motivation in [9]. A trivial solution
is ϕ(z) = |z|2, which generates the Euclidean metric ωCn (RmgCn = 0). Since the
complex Monge-Ampère equation is a second-order elliptic PDE, one would expect
there to exist plenty of other solutions at least locally. This is indeed true:

Theorem (Caffarelli-Kohn-Nirenberg-Spruck [2]). For all f ∈ C∞(∂B) there is a
unique ϕ ∈ C∞(B) such that ϕ|∂B = f and ϕ is psh with det(ϕjk) = 1 on B.

The proof in [2] has much in common with the proof of the Aubin-Yau theorem
[1, 13] on compact Kähler manifolds. Instead of focusing on the differences we will
briefly sketch those steps that are common to both proofs and relevant to this talk.
The basic point is to set up a family of equations det(ϕt,jk) = (1− t) det(ϕ0,jk)+ t,

to be solved for a (necessarily unique) ϕt ∈ C∞(B), psh on B, with ϕt|∂B = f for
all t ∈ [0, 1]. Starting with any psh extension ϕ0 of f with infB det(ϕ0,jk) > 0, it
is not hard to see using the inverse function theorem and some linear PDE theory
that the set T = {t ∈ [0, 1] : ϕt exists} is open as well as nonempty. Thus, the
closedness of T , hence the fact that T = [0, 1] and in particular that 1 ∈ T , will
follow from the so-called a priori estimates, the main difficulty in this business: for
all k there is a C such that for all t ∈ [0, 1], if t ∈ T then ‖ϕt‖Ck ≤ C. For k ≥ 3
this again follows from linear PDE theory if the cases k ≤ 2+α are known. In our
setting k = 0 is simple, k = 1 is similar to k = 2, and the cases k = 2 and k = 2+α
should be viewed as the two key steps. The case k = 2 is equivalent to proving
that there exists a C such that for all t ∈ [0, 1], if t ∈ T then ωt = i∂∂ϕt satisfies
1
CωCn ≤ ωt ≤ CωCn , i.e. ωt is uniformly bi-Lipschitz to ωCn . Equivalently, the
equation is not just elliptic but uniformly elliptic, and then the step k = 2 + α is
the so-called Evans-Krylov estimate in the theory of nonlinear elliptic PDEs.

Statement and context of Klemmensen’s theorem. To state the theorem,
we need to recall the notion of a Calabi-Yau cone. This is done in three steps:

• Let (L, gL) be a compact Riemannian manifold without boundary. The cone
with link (L, gL) is the Riemannian manifold (C, gC), C = R+×L, gC = dr2 +r2gL,
where r denotes the standard coordinate on the R+ factor. Then r is the gC-metric
distance to the apex o of the cone. For the sake of exposition it is often convenient
to pretend that o is included into C, even though formally it never is.

• We assume that gC is Kähler with respect to a complex structure JC on C, i.e.
JC is orthogonal and parallel with respect to gC .

• A Kähler cone (C, gC, JC) as above is called a Calabi-Yau cone if there exists a
JC-holomorphic volume form ΩC that is parallel with respect to gC. In particular,
by Kähler’s magic formula, the cone metric gC is then Ricci-flat.

Examples: (1) C = Cn/Γ, where Γ is a finite subgroup of SU(n) acting freely on
the unit sphere S2n−1 ⊂ Cn. We take ωC to be the pushdown of ωCn and ΩC to
be the pushdown of ΩCn = dz1 ∧ . . . ∧ dzn. These are exactly the flat Calabi-Yau
cones (RmgC = 0), and in dimension n = 2 they are the only Calabi-Yau cones.
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(2) C = {z ∈ Cn+1 : f(z) = z20 + · · · + z2n = 0}, the ordinary double point,

together with the Stenzel metric ωC = i∂∂|z|2(n−1)/n and the holomorphic volume
form ΩC given by ΩCn+1 = df ∧ ΩC along C. For n = 2 this is Example (1) with
Γ = {±Id}, but the Ricci-flat cone metric ωC is not the restriction of the ambient
flat metric ωCn+1 even in this case. For n ≥ 3 the Stenzel metric ωC is not flat,
and so its sectional curvatures diverge like ±r−2 as r = |z|(n−1)/n → 0.

We also require one non-trivial fact: for any Kähler cone (C, gC, JC), the transverse

automorphism group AutT (C, gC , JC) = {F ∈ Aut(C, JC) : F∗(r∂r) = r∂r} is a
finite-dimensional complex Lie group, and it is reductive (in fact, semi-simple) if
the cone is Calabi-Yau. For example, whereas Aut(Cn) is infinite-dimensional, we

have that AutT (Cn) = GL(n,C) with respect to the standard cone structure.

Theorem (Klemmensen [10]). Let (C, gC, JC) be a Calabi-Yau cone. Then there
is an α > 0, and for all C,D > 0 there is a C′ > 0, such that the following holds.
Let ω be a Kähler metric on the unit ball B1(o) ⊂ C centered at the apex o such

that 1
CωC ≤ ω ≤ CωC and |Scalω| ≤ D. Then there exists an F ∈ AutT (C, gC , JC)

such that for all r ∈ (0, 12 ] we have that supBr(o) |F ∗ω − ωC |ωC
≤ C′rα.

Some remarks to put this result in context:
• This is an Evans-Krylov type estimate. However, since the standard method

for proving such an estimate does not seem to work in our setting, we instead use
an indirect approach as in the work of H-Tosatti [6, 8] on collapsing holomorphic
fibrations, which was in turn inspired by the indirect approach of Chen-Wang [3] to
the Evans-Krylov estimate on B = B1(0) ⊂ Cn (but with a crucial new ingredient
to deal with the singularity of the background geometry).

• Donaldson-Sun theory yields statements similar to the above (e.g. see H-Sun
[7] or Chiu-Székelyhidi [4] based on Donaldson-Sun [5]), although as far as we can
tell there is no direct implication in either direction. Let us simply point out the
main difference: Donaldson-Sun theory requires no bi-Lipschitz assumption, but
our approach requires no input from Cheeger-Colding theory or from K-stability
of valuations; it is completely elementary.

Proof of the theorem. The proof factors into two steps:
(a) Liouville-type rigidity: If ω is a Ricci-flat Kähler metric on the entire cone

C, uniformly bi-Lipschitz to ωC , then F ∗ω = ωC for some F ∈ AutT (C, gC, JC).
(b) From Liouville to Evans-Krylov via blow-up and contradiction.

Here we only note that (a) requires various special geometric arguments based on
the behavior of the heat kernel of the Kähler space (C, ω) and on some differential-
geometric properties of Calabi-Yau cones. On the other hand, (b) is a universal
real analysis argument going back to work of Leon Simon [12] in the analysis of
elliptic PDEs. However, the implementation of this argument in our context is
quite technical (40 pages in [10] as compared to 20 pages for part (a)) and requires
the introduction of a Cα seminorm tailored to match the Liouville theorem of (a).
On a technical level (b) is probably the more interesting part of the proof.
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Remark. It is enough to assume Ricω = 0 in (a) even though we only assume
|Scalω| ≤ D in the theorem. This is because after blowing up we obtain an entire
scalar-flat metric ω on C, and then by definition ∆ωu = 0, where u = log(ωn/ωn

C ).
But u ∈ L∞(C) by the bi-Lipschitz assumption, entire ωC-harmonic functions in
L∞(C) are necessarily constant, and the latter property is stable under bi-Lipschitz
perturbations of the metric according to Saloff-Coste [11].
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Groups with exotic finiteness properties from complex Morse theory

Claudio Llosa Isenrich

(joint work with Pierre Py)

Algebraically, a group G can be described as a quotient G ∼= 〈X | R〉 := FX/ 〈〈R〉〉
of a free group FX on a generating set X for G by a normal subgroup 〈〈R〉〉
generated by a set of relations R ⊂ FX that describe equations between generators.
Two of the most basic invariants are finite generation, which means that we can
choose X to be finite, and finite presentability, which means that we can choose X
and R to be finite. These finiteness properties have a topological interpretation in
terms of classifying spaces. A classifying space for a group G is a connected CW-
complex X = K(G, 1) with π1(X) ∼= G which is aspherical (i.e. its universal cover
is contractible). It is not hard to see that every group admits a classifying space.
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One starts from a vertex and attaches one loop for every generator. Then one
attaches one 2-cell for every relation along the word describing the relation. This
yields a space with fundamental group G. Finally, one attaches higher dimensional
cells to make the universal cover contractible. This shows that finite generation
(resp. finite presentability) of G can be characterised by the existence of a K(G, 1)
with finitely many cells of dimension ≤ 1 (resp. ≤ 2), motivating the

Definition (C.T.C Wall, 1965). A group G is of finiteness type Fn if and only if
it admits a K(G, 1) with finitely many cells of dimension ≤ n.

Finiteness properties, or rather the failure thereof, provide interesting geometric
obstructions. If a group is not Fn for some n ∈ N, then it cannot be the funda-
mental group of a closed aspherical manifold, since by real Morse theory such a
manifold admits a finite CW-complex structure. Moreover, finiteness properties
are invariant under quasi-isometries [1], making them natural invariants to con-
sider in geometric group theory. The first groups of type Fn−1 and not Fn for
every n ∈ N have been constructed by Stallings (n = 3) [18] and Bieri (n ≥ 4)
[3]. A common construction method is Morse theory, which appears in different
incarnations (discrete, real, complex). Most examples in the literature were con-
structed using versions of discrete Morse theory and this approach succeeded in
producing a variety of examples with interesting additional properties, e.g. sub-
groups of non-positively curved groups [2, 3, 18] or simple groups [17]. However,
this approach relies on combinatorial arguments that reach their limits in certain
situations.

The goal of this talk is to explain how complex Morse theory can be used to
overcome these limitations and produce new interesting examples of groups with
exotic finiteness properties (i.e. Fn−1 and not Fn) that answered open questions.
The strength of complex Morse theory has long been recognized and it forms a key
ingredient for many results in complex geometry, such as the Lefschetz Hyperplane
Theorem [13], the study of isolated singularities [14], and work of Simpson [16].

To build groups with exotic finiteness properties one often starts with a fun-
damental group G = π1(X) of some compact aspherical CW complex X (e.g. a
closed aspherical manifold). Then one constructs a circle-valued Morse function
f : X → S1 and takes the lift fZ : XZ → R of f to the cyclic covering induced by
the kernel of the morphism f∗ : π1(X) → π1(S1) = Z. If the singularities of f are
sufficiently “nice”, then Morse theory implies that XZ has a CW-complex struc-
ture with finitely many cells below some dimension. Since XZ is aspherical, one
concludes that π1(XZ) = ker(f∗) has good finiteness properties. To show that the
group under consideration is not Fn for some n, one exploits obstructions coming
from (co)homology or ℓ2-Betti numbers, see e.g. [2, 12].

For arbitrary discrete or real Morse functions, it is difficult to ensure that the
singularities are “nice”. In contrast, in complex Morse theory this comes for free.
Indeed, if X is a complex n-manifold and f is (locally) the real part of a complex
Morse function, then all singularities are of index n. This implies that one can
construct a CW-structure on XZ from a CW-structure on a (closed) generic fibre
of f by attaching n-cells and thus that ker(f∗) is of type Fn−1.
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By combining techniques from Simpson’s work [16] with a theorem of Eyssidieux
[6], we use this approach to prove:

Theorem 1 ([10, 11]). For every integer n ≥ 1 and every cocompact arithmetic
lattice Λ < PU(n, 1) with b1(Λ) > 0 there is a finite index subgroup Λ0 ≤ Λ so
that there exists a Morse function f : Hn

C/Λ0 → S1 with all singularities of index
n. In particular, ker(f∗ : Λ0 → Z) is Fn−1 and not Fn.

Since such lattices are hyperbolic groups, we deduce:

Corollary 2 ([10]). For every integer n ≥ 2 there is a hyperbolic group G with a
subgroup H ≤ G of type Fn−1 and not Fn.

This answers a longstanding question of Gersten [7] and Brady [4] in geomet-
ric group theory. Previously only the cases n = 2 [15], n = 3 [4] and n = 4
[9] were known. Besides the homotopical finiteness properties Fn there are also
their homological counterparts FPn(R), where R is a unital ring; see [2] for their
definition. A natural next question is then:

Question. Can non-finitely presented subgroups of hyperbolic groups attain the
same range of homological finiteness properties as the Bestvina–Brady groups?

An answer might be beyond the realm of complex Morse theory; partial results
were obtained by Kropholler [8], using discrete Morse theory.

Finiteness properties also have interesting applications within complex geom-
etry. In particular, Dimca, Papadima and Suciu [5] used complex Morse theory
to prove that fundamental groups of smooth complex projective varieties can be
of finiteness type Fn−1 and not Fn for every n ≥ 3. This negatively answered
Kollár’s question if every fundamental group of a smooth complex projective va-
riety has a classifying space which is an aspherical quasi-projective variety. The
examples in [5] have since been generalized. We refer to [11] for an overview of
known examples, as well as for further applications of complex Morse theory in
the context of finiteness properties.
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Inequalities of Miyaoka-Yau-type and Uniformisation of varieties of

intermediate Kodaira dimension

Niklas Müller

(joint work with Masataka Iwai, Shin-ichi Matsumura)

Let (X,ω) be a compact Kähler manifold of dimension n. We denote by Θω(X) ∈
A2(End(TX)) the Chern curvature tensor of the induced Hermitian metric h on
the tangent bundle TX . Then it has long been known that the differential forms

Tr
(
Θω(X)∧i

)
∈ A2i(X,C), i = 1, . . . , n

are d-closed. The associated cohomology classes ci(X) ∈ H2i
dR(X,C) are indepen-

dent of the choice of ω and they are called the Chern classes of X . Concretely,
c1(X) = [−KX ] is the negative of the canonical divisor, while cn(X) = χtop(X) is
the topological Euler number.

It has long been understood that the Chern classes of smooth projective varieties
of nonpositive curvature - i.e. with semiample canonical divisor KX - satisfy
certain inequalities. For example, the following classical result grew out of the
classification and study of minimal projective surfaces:

Theorem 1. (Enriques, Kodaira, Miyaoka, Yau) Let X be a minimal smooth
projective surface which is not uniruled. Then

3c2(X) ≥ c1(X)2.

Moreover, the equality is attained if and only if there exists a finite étale cover
π : X ′ → X by one of the following surfaces:
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(1) X ′ = A is an Abelian surface.
(2) X ′ ∼= E × C is the product of an elliptic curve E and a curve C of genus

g(C) ≥ 2.
(3) X ′ ∼= B2/Λ is a ball quotient, where B2 := {z ∈ C2 | ‖z‖2 < 1}.

Note that the cases (1), (2) and (3) in Theorem 1 are mutually exclusive and
can be distinguished, for example, according to the numerical dimension ν(X) of
X , which is defined as follows:

ν(X) := max
{
k | c1(X)k 6= 0 ∈ H∗(X,C)

}
.

The past years have seen a surge of interest in extending Theorem 1 to higher
dimensional spaces. The minimal model program indicates that the higher dimen-
sional analogue of minimal smooth projective surfaces are mildly singular, e.g. log
terminal, complex projective varieties whose canonical divisor KX is nef. The
following result summarises these efforts:

Theorem 2. Let X be a log terminal projective variety of dimension n. Assume
that KX is nef, of numerical dimension ν. Let H be an ample Cartier divisor on
X. Then there exists a number ε0 > 0 such that

(⋆)
(

(2ν + 1)ĉ2(X) − νĉ1(X)2
)
· (KX + εH)n−2 ≥ 0

for all 0 < ε < ε0. Moreover, the equality holds if and only if X admits a finite
quasi-étale Galois cover π : X ′ → X by one of the following varieties:

(1) X ′ is an Abelian variety.
(2) X ′ admits a smooth fibration f : X ′ → C whose fibres are Abelian varieties

and whose base C is a smooth projective curve of genus g(C) ≥ 2.
(3) X ′ ∼= A × B is the product of an Abelian variety A and a smooth ball

quotient variety B ∼= Bν/Λ.

In particular, in this situation X has only finite quotient singularities. Moreover,
KX is semiample.

Here, ĉi(X), i = 1, 2 denote the orbifold Chern classes of X introduced in [2]
and Bν = {z ∈ Cν | ‖z‖2 < 1}.

Theorem 2 contains contributions by many authors. Indeed, for threefolds,
Theorem 2 was proved by Peternell–Wilson [10]. For varieties of any dimension,
the case ν(X) = 0 was treated by Lu–Taji [7] and the case ν(X) = dimX was
treated by Guenancia–Taji [4] and Greb–Kebekus–Peternell–Taji [3]. When ν ≤ 2,
the inequality (⋆) is due to Miyaoka [8], while the equality case was treated in joint
work of the author with Iwai–Matsumura [6]. Finally, Hao–Schreieder [5] studied
varieties with ν = n − 1 satisfying equality in (⋆). The remaining cases were
treated by the author in [9].

Strategy of the proof. After presenting the main result and explaining some of
its history the rest of the talk was spent with sketching the proof of Theorem 2
which consists in two parts: the proof of inequality (⋆) and the treatment of the
equality case. To prove (⋆), following the philosophy of Miyaoka [8], it suffices
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to prove the following semistability-type inequality for all subsheaves F of the
cotangent sheaf Ω1

X of X :

(1)
c1(F) ·Kν−1

X (KX + εH)n−ν

rkF ≤ Kν
X · (KX + εH)n−ν

ν
.

In turn, the key ingredients in the proof of (1) are the semistability of the loga-
rithmic cotangent sheaf of a klt pair of log general type due to Guenancia–Taji [4]
and a trick tracing back to work of Enoki [1].

Regarding the equality case, using some standard arguments, one can show
that, up to finite quasi-étale cover, X is smooth, the cotangent bundle Ω1

X is nef
and there exists a short exact sequence of vector bundles

0 → F → Ω1
X → Q → 0

such that

(1) rk(F) = ν,
(2) F is Kν−1

X ·Hn−ν semistable and Q is Hn−1-semistable,
(3) c1(F) ≡ KX and c1(Q) ≡ 0, and
(4) (2(ν + 1)c2(F) − νc1(F)) ≡ c2(Q) ≡ 0.

The main challenge, compared with previous results, is then to show that in
the above situation KX is semiample. To this end, one observes that it follows
from (1)-(4) and the Non-Abelian Hodge correspondence that the vector bundles
End(F ⊕OX) and Q both admit a flat C∞-connection. The key idea of the proof
is then to show that the Shafarevich morphism for the monodromy representation
of these connections coincides with the Iitaka fibration.
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Baily–Borel compactifications and b-semiampleness

Benjamin Bakker

(joint work with Stefano Filipazzi, Mirko Mauri, Jacob Tsimerman)

The Siegel modular variety Ag := Sp2g(Z)\Hg starts off life as a complex analytic
variety and parametrizes principally polarized abelian varieties. Motivated by
ideas from reduction theory, Satake [11] introduced a topological compactification

Ag := Ag ⊔ Ag−1 ⊔ · · ·A1 ⊔A0

in 1956 and suggested it was the topological space underlying a complex analytic
variety. This expectation was confirmed in 1958 by Baily [2], who furthermore
showed Ag naturally underlies a projective complex algebraic variety, realized as
ProjR for a finitely generated graded ring of automorphic forms R. Shortly there-
after, following further work of Satake [13, 12], a celebrated paper of Baily–Borel
[3] constructed the corresponding projective algebraic compactifications of any lo-
cally symmetric variety in 1966. These compactifications enjoy many important
properties, and have found many applications.

The general theory of variations of Hodge structures was developed at roughly
the same time by Griffiths and Deligne. Roughly speaking, to any smooth pro-
jective family f : X → Y , the local system VZ := Rkf∗ZX together with the
natural filtration on the associated flat vector bundle Rkf∗Ω•

X/Y gives such a vari-

ation. In particular, choosing a basepoint y ∈ Y and letting Γ be the image of the
monodromy representation on VZ,y, there is a natural map

φ : Y → Γ\D
where D is a period domain—a certain open subset of the variety of flags on VC,y
of the appropriate type. In his 1970 ICM address, Griffiths [7] suggested that the
closure of the image of the period map φ (which he proved was a complex analytic
variety) should be algebraic, and that it should admit a compactification closely
analogous to the Baily–Borel compactifications described above.

The algebraicity (in fact quasiprojectivity) of the closure Z of the image of
φ was established by the author with Y. Brunebarbe and J. Tsimerman in [4]
using o-minimal GAGA. In more recent work with S. Filipazzi, M. Mauri, and J.
Tsimerman [5] we confirm the remainder of Griffiths’ conjecture.

Specifically, for a polarizable Z-variation of Hodge structures V on Y with
underlying local system VZ and filtration F •VO on the associated flat vector bundle
(VO,∇), let

LY := ⊗p detF pVO

be the Griffiths line bundle. We define a section of Lk
Y to have moderate growth

if its Hodge norm grows sub-polynomially, or equivalently if its pullback Lk
Y ′ to

a resolution Y ′ extends to a section of the natural extension1 (Lk
Y ′)Y ′ to a log

1If the local monodromy is unipotent there is no ambiguity; otherwise, some care must be
taken in making this precise. In general one must also be careful with distinctions between stacks
and coarse spaces, and one must take a sufficiently divisible power of the line bundle.
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smooth compactification Y
′
. We define the ring of moderate growth sectionsBY :=⊕

kH
0
mg(Y, Lk

Y ).

Theorem 1 (B–Filipazzi–Mauri–Tsimerman). Let Z be the closure of the image
of a period map. Then

(1) The ring BZ is finitely generated, ZBB := ProjBZ is a projective compact-
ification of Z, and the ample bundle OZBB(n) (for sufficiently divisible n)
naturally restricts to Ln

Z .
(2) Any analytic morphism (∆∗)ℓ → Z for which the resulting morphism

(∆∗)ℓ → Γ\D is locally liftable2 extends to a morphism ∆ℓ → ZBB. More-
over, OZBB(n) (for sufficiently divisible n) pulls back to (Ln

(∆∗)ℓ)∆ℓ .

Corollary 2. Let (Y ,D) be a log smooth algebraic space and V a polarizable inte-
gral pure variation of Hodge structures on Y \D with unipotent local monodromy.
Then the Griffiths bundle LY of V is semiample.

Corollary 3. Let Y be a reduced separated Deligne–Mumford stack equipped with
a quasifinite period map. Then the coarse space Y has a compactification Y BB for
which some power Ln

Y of the Griffiths bundle extends to an ample bundle OY BB(n)
and such that for any analytic morphism g : (∆∗)ℓ → Y, the map on coarse spaces
extends to ḡ : ∆ℓ → Y BB with the property that ḡ∗OY BB(n) and (Ln

(∆∗)ℓ)∆ℓ are

naturally identified.

Corollary 3 for instance applies to any moduli stack of polarized varieties with
an infinitesimal Torelli theorem, such as Calabi–Yau manifolds and most hyper-
surfaces.

We also prove a version of Corollary 2 for any line bundle arising from Hodge
theory. We say a variation is a CY variation if the deepest piece of the Hodge
filtration is a line bundle, and in this case we call this line bundle the Hodge bundle.
The Griffiths bundle of V , for example, is the Hodge bundle of the variation
⊗p ∧rkFpVO V . We then have the following:

Theorem 4 (B–Filipazzi–Mauri–Tsimerman). Let (Y ,D) be a proper log smooth
algebraic space, V a polarizable integral pure CY variation of Hodge structures on
Y \D with unipotent local monodromy, and MY the Hodge bundle on Y . If MY is
integrable with torsion combinatorial monodromy, then it is semiample.

The integrability condition means that for any analytic germ T ⊂ Y for which
the Hodge bundle is flat, it is flat on the Zariski closure T Zar as well. The torsion
combinatorial monodromy condition means that for any nodal curve g : C → Y
for which g∗MY is numerically trivial (hence torsion on each component), it is in
fact torsion. Both conditions are needed in the statement of Theorem 4.

Theorem 4 is a step in the proof of Theorem 1: the Griffiths bundle has tor-
sion combinatorial monodromy by a theorem of Green–Griffiths–Robles [6] (the
integrability is standard). We also use Theorem 4 to resolve the b-semiampleness

2The local liftability is equivalent to the condition that (∆∗)ℓ → Γ\D be the period map of
a variation. If Γ is torsion-free the local liftability condition is automatic.
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conjecture, formulated in increasing generality by Mori, Kawamata, Shokurov,
Ambro, and Prokhorov–Shokurov; see [9, 1, 10] and references therein.

Theorem 5 (B–Filipazzi–Mauri–Tsimerman). Let f : (X,∆) → Y be an lc-trivial
fibration from a pair (X,∆) such that ∆ is effective over the generic point of Y .
Then the moduli part M is b-semiample.

There is a version of Theorem 1 for the ring of moderate growth sections of
a Hodge bundle satisfying the two conditions of Theorem 4, which in particular
implies:

Corollary 6. Let Y be a moduli stack of polarized smooth Calabi–Yau varieties.
Then the coarse space Y has a unique normal compactification Y BBH for which
some power Mn

Y of the Hodge bundle of the variation of Hodge structures on middle
cohomology extends to an ample bundle OY BBH(n) and such that for any family
g : (∆∗)ℓ → Y, the map on coarse spaces extends to ḡ : ∆ℓ → Y BBH with the
property that ḡ∗OY BBH(n) pulls back to (Mn

(∆∗)ℓ)∆ℓ .

In brief, for the proof of Theorem 4 we first use the result of [4] to construct
a map q : Y → Z on the level of definable topological spaces such that Z has a

locally closed definable stratification Z
i

by subspaces (with decreasing dimension)

for which Y
i

:= q−1(Z
i
) → Z

i
is algebraic and for which MY |Y i descends to

an ample bundle. Letting Z
<i

be the union of the first i strata, we proceed by

induction as follows. Assuming Z
<i

is algebraic, we use Hodge theory to glue the

definable analytic structures of Z
<i

and Z
i

into a definable analytic variety Z
≤i

.

We then use o-minimal GAGA to algebraize Z
≤i

. For the proof of Theorem 5,
we identify the moduli part with the Hodge bundle on the variation coming from
middle cohomology of the minimal lc center of a sufficiently nice model. We then
verify the two conditions in Theorem 4 using the immersivity of the Kodaira–
Spencer map (for the integrability) and results of Kollár [8] on the P1-linking of
minimal lc centers (for the torsion combinatorial monodromy).
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Volume Inequalities and Volume Polynomials

Botong Wang

(joint work with June Huh, Mateusz Micha lek, and Jian Xiao)

The talk presented a unified framework for understanding and generalizing several
fundamental inequalities in convex geometry, algebraic geometry, linear algebra,
and combinatorics. The guiding principle is that many of these inequalities can
be viewed as inequalities among coefficients of volume polynomials. This point of
view relates the Loomis–Whitney inequality, the Alexandrov–Fenchel inequality,
the Khovanskii–Teissier inequality, the reverse Khovanskii–Teissier inequality, and
certain negative correlation inequalities for bases of vector configurations.

Volume polynomials. For convex bodies K1, . . . ,Km ⊂ Rn, Minkowski’s theo-
rem states that

Vol(x1K1 + · · · + xmKm)

is a homogeneous polynomial of degree n in x1, . . . , xm. Its coefficients are the
mixed volumes. Similarly, for positive semidefinite Hermitian matricesM1, . . . ,Mm,
the polynomial

det(x1M1 + · · · + xmMm)

is a homogeneous polynomial of degree n, whose coefficients are mixed discrimi-
nants. Finally, if X is a projective variety, or more generally a compact Kähler
manifold, and if D1, . . . , Dm are nef classes, then

∫

X

(x1D1 + · · · + xmDm)n

is a homogeneous polynomial whose coefficients are intersection numbers.
The above three families of polynomials are called the Convex body, Hermitian

and projective (or Kähler) volume polynomials, respectively. Convex body volume
polynomials can be realized, up to limits, as projective volume polynomials using
toric varieties. Hermitian volume polynomials can be realized as projective volume
polynomials over C using abelian varieties and parallel semipositive (1, 1)-forms.
Thus intersection-theoretic inequalities imply the corresponding inequalities for
mixed volumes and mixed discriminants.
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Main inequality. The main result discussed in the talk is the following general
inequality. Let S be a multiset on {1, . . . , s} of cardinality n, and let Q1, . . . , Qk

be an r-cover of S. Then, for nef classes B1, . . . , Bs, A, C1, . . . , Cm on a projective
variety X of dimension m+ n, one has

k∏

i=1

∫

X

B
Qi(1)
1 · · ·BQi(s)

s An−|Qi|C1 · · ·Cm

≥ c

(∫

X

B
S(1)
1 · · ·BS(s)

s C1 · · ·Cm

)r (∫

X

AnC1 · · ·Cm

)k−r

,

where c is an explicit constant depending only on S,Q1, . . . , Qk. In the compact
Kähler setting, the same inequality is proved when m = 0.

This theorem contains several classical inequalities as special cases. When n =
2, S = {12}, and Q1 = Q2 = {1}, it recovers the Khovanskii–Teissier inequality

(∫

X

ABC1 · · ·Cm

)2

≥
∫

X

B2C1 · · ·Cm

∫

X

A2C1 · · ·Cm.

The corresponding mixed volume inequality is the Alexandrov–Fenchel inequality.
When S = {1, . . . , n} and Q1 = {1, . . . , k}, Q2 = {k + 1, . . . , n}, one recovers the
reverse Khovanskii–Teissier inequality

∫

X

B1 · · ·BkA
n−k

∫

X

Bk+1 · · ·BnA
k ≥ k!(n− k)!

n!

∫

X

B1 · · ·Bn

∫

X

An.

When S = {1, . . . , n} and Qi = {i}, the corresponding mixed volume inequality
gives the Loomis–Whitney inequality.

A negative correlation inequality for vector configurations. The theorem
also implies a new negative correlation inequality for vector configurations. Let V
be a finite-dimensional vector space, and let E ⊂ V be a finite generating set. For
R ⊂ E, let p(R) denote the probability that a uniformly random basis contained
in E contains R. If B ⊂ E is a basis and R1, . . . , Rr is a partition of B, then

p(R1)p(R2) · · · p(Rr) ≥ p(B).

The proof uses the arrangement Schubert variety YE associated to the vector
configuration. On YE there are nef divisors Di, indexed by the elements of E,
such that the top intersection number of Di1 , . . . , Din is 1 precisely when the
corresponding vectors form a basis, and is 0 otherwise. The main theorem applied
to these divisors gives the desired probabilistic inequality.

Ideas of proof and further directions. The proof has two complementary
approaches. First, using linear operators on volume polynomials, the general mul-
tiset case can be reduced to the case in which S is a set. In that case, one proves a
corresponding mixed discriminant inequality for matrices and then globalizes it to
Kähler geometry using Yau’s theorem. Second, in the projective setting, there is
an algebraic proof using the volume function on the pseudo-effective cone defined
by global sections.
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The talk concluded with two directions for further study. Since the Chow ring
of a matroid is a combinatorial analogue of the cohomology ring of a smooth
projective variety and satisfies Poincaré duality, hard Lefschetz, and the Hodge–
Riemann relations, it is natural to ask whether the main inequality extends to
the Chow ring of a matroid. Such a result would imply the analogous negative
correlation inequality for arbitrary matroids. It is also natural to ask whether the
full projective statement, with arbitrary auxiliary nef classes C1, . . . , Cm, extends
to compact Kähler manifolds.

Equivariant descent for the Kawamata–Morrison cone conjecture

Cécile Gachet

(joint work with Hsueh-Yung Lin, Isabel Stenger, Long Wang)

The 1980s–2000s saw some striking finiteness results for the birational geometry
of mildly singular Fano varieties.

Theorem 1. Let X be a terminal Q-factorial variety with KX ample. Then

1) (Mori cone theorem, 1980s; see [7]) The nef cone Nef(X) is spanned by
finitely many semiample Cartier divisor classes. In particular, it is a
rational polyhedral cone.

2) (see [6, 1]) The movable cone Mov(X), that is the closure of the convex
cone spanned by all classes of divisors D such that the base locus of |D|
has codimension at least 2, is rational polyhedral. Moreover, it decomposes
into finitely many chambers with disjoint interiors, as

Mov(X) =

k⋃

i=1

α∗
kNef(Xk),

where the αk : X 99K Xk, for 1 ≤ i ≤ k, represent all isomorphisms in
codimension 1 from X to a Q-factorial target.

3) (see [6]) The convex cone Eff(X) spanned by effective divisor classes is
closed and rational polyhedral. As an aside, it also admits a finite chamber
decomposition of geometric meaning.

As one expects, these results dramatically fail when the ampleness condition is
dropped. Let us explain how. An easy obstruction to rational polyhedrality of
cones is given by the following observation:

Lemma 2. Let V = VZ ⊗ R be a finite dimensional real vector space with a
preferred a lattice VZ and let C be a rational polyhedral cone in V . Then the group
Γ of linear transformations preserving VZ and C is finite.

Example 3. This observation applies in many geometric situations.

1) If the group of components π0Aut(X) is infinite, then Nef(X) is not ratio-
nal polyhedral. For instance, take n ≥ 2 and pick a general elliptic curve
E. Then

Aut(En) = En ⋊ GLn(Z)
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has infinitely many components. The nef cone Nef(En) can be identified
with the cone of n by n positive-definite symmetric real matrices.

2) Denote by PsAut(X) the group of birational automorphisms of X that are
isomorphisms of codimension one. If π0PsAut(X) is infinite, then Mov(X)
is not rational polyhedral. For instance, Cantat–Oguiso prove in [2] that
a general anticanonical threefold X in (P1)4 has

Aut(X) = {1}, PsAut(X) = Z/2Z ∗ Z/2Z ∗ Z/2Z ∗ Z/2Z.
Its nef cone is simplicial, but its movable cone is of fractal nature.

3) Lemma 2 also applies to other group actions. Stenger–Xie use this fact
to prove in [10] that the movable cone of the blow-up X of P3 at 8 very
general points has infinitely many extremal rays. Note that in this case,
PsAut(X) is trivial ([3]).

Despite these obstructions, Morrison and then Kawamata proposed the follow-
ing conjecture. In the stronger form popularized by Totaro [11], it goes:

Conjecture 4. (Kawamata–Morrison cone conjecture) Let (X,∆) be a klt Calabi–
Yau pair, that is a klt pair with KX + ∆ ≡ 0.

1) (nef) There is a rational polyhedral fundamental domain (RPFD) for the
action of Aut(X,∆) on Nef+(X).

2) (movable) There is a RPFD for the action of PsAut(X,∆) on Mov+(X).

Here, for a convex cone C, we denote by C+ the convex hull of the set of rational
points in the closure of C. One cannot expect the action of Aut(X,∆) on the whole

nef cone Nef(X) to have a RPFD, since the boundary of Nef(X) might contain
extremal irrational rays; see Example 3 1) for n = 2.

During the talk, I spent some time explaining interesting consequences of the
cone conjecture. I also surveyed families of varieties and a few sporadic examples
for which the cone conjecture is known. This part of the talk is already well
covered by the excellent survey [8], so I will only mention one recent result, which
allows to focus on the movable cone conjecture:

Theorem 5. ([9, 12, 5]) Let (X,∆) be a klt Calabi–Yau pair. If dimX = 3, if X is
a projective hyperkähler variety, or if more generally, the chamber decomposition of
Mov+(X) generalizing Theorem 1 1) is locally finite, the following are equivalent:

• (X,∆) satisfies the movable cone conjecture;
• (X,∆) has finitely many minimal models, each of which satisfies the nef
cone conjecture.

It is worth emphasizing that in most known cases, the movable cone conjecture
follows from a structural description of the movable cone: typically, Mov(X)
is clipped out by hyperplanes inside a homogeneous cone H, and PsAut(X,∆)
compares to an arithmetic subgroup of the linear algebraic group Aut◦(H). This
is not always the case, notably not in Example 3 3). Nevertheless, this begets the
question: What kind of description can one plausibly conjecture for the movable
cone of a Calabi–Yau variety X? To be sure, it seems hard to gain much structural
insight from Conjecture 4.
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Another issue with Conjecture 4 is that it behaves quite poorly under equivari-
ant descent. For instance, the following question is open:

Question 6. Let (X,∆) be a klt Calabi–Yau pair and G be a finite group acting
on X while preserving ∆. The Riemann–Hurwitz formula lets us define a quotient
Calabi–Yau pair (X/G,∆G), which is still klt. If the movable cone conjecture
holds for (X,∆), does it descend to (X/G,∆G)?

This question is notably motivated by the singular Beauville–Bogomolov de-
composition theorem and by index-one covers. One can ask the same question for
a Galois group action: a positive answer would allow to descend the cone conjec-
ture from an algebraically closed field to suitable subfields. Finally, this question is
motivated by many interesting Calabi–Yau varieties built à la Kummer, by taking
a finite singular quotient of a K-trivial variety, and then resolving it. During the
talk, I described such a construction due to Oguiso and based on the Jacobian of
the Klein quartic curve; see [4, Section 6] for more details.

Let us explain the main challenge of Question 6. The movable cone of a finite
quotient X/G naturally identifies with the G-invariant part of the movable cone
of X . Meanwhile, the pseudoautomorphism group of the quotient pair (X/G,∆G)
naturally inherits a subgroup of the form CPsAut(X,∆)(G)/G, where CPsAut(X,∆)(G)
denotes the centralizer of G in PsAut(X,∆). Here, it is important to note that
the size of the groups G and PsAut(X,∆) do not allow to control the size of the
centralizer CPsAut(X,∆)(G) easily: for example, each of the four generating invo-
lutions of the pseudoautomorphism group of Example 3 3) has trivial centralizer.
In short, to answer Question 6 affirmatively, one needs to control the discrepancy
between the groups CPsAut(X,∆)(G) and PsAut(X,∆). This can be done here:

Theorem 7. ([4, Theorem 1.4]) Consider a klt Calabi–Yau pair (X,∆) of the
form

A×
k∏

i=1

Yi ×
m∏

j=1

(Sj ,∆j),

where A is an abelian variety, Yi is a primitive symplectic variety of dimension
2 or of second Betti number at least 5, and (Sj ,∆j) is a klt Calabi–Yau pair on
a smooth rational surface. Then, any finite quotient pair of (X,∆) satisfies the
movable cone conjecture.

I then presented several results that had previously been obtained in this di-
rection (following [4, Section 1.C]) and said a few words about the key ingredients
of the proof, notably about how well self-dual homogeneous cones and arithmetic
groups behave under taking invariant slices and centralizers, respectively.
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Relative non-reductive geometric invariant theory and moduli of

quivers with multiplicities

Victoria Hoskins

(joint work with Eloise Hamilton, Joshua Jackson and Tanguy Vernet)

We begin by listing some key examples to motivate our work.

Motivating examples of non-reductive actions.

(1) Moduli of weighted projective hypersurfaces involves actions of non-re-
ductive automorphism groups; see [3]. For example,

Aut(P(1, 1, 2)) = ((GL2(C) × C×) ⋉ (C+)3)/C×

where (C+)3 indexes automorphisms z 7→ z + ax2 + bxy + cy2.
(2) Bérczi and Kirwan [2] obtain spectacular results on hyperbolicity of a gen-

eral projective hypersurfaceX using moduli spaces of jets inX constructed
as quotients by a reparametrisation group of regular jets.

(3) Moduli of unstable objects (e.g. vector bundles of a fixed Harder–Narasim-
han type) involve parabolic group actions.

(4) Moduli of representations of a quiver with multiplicities, involve a product
of jet groups of general linear groups.

This last example is the central application of the talk, where our motivation
comes from both geometry and representation theory.

Representations of a quiver with multiplicities. A representation of a quiver
Q is a tuple of vector spaces and linear maps between them indexed by the vertices
and arrows of Q respectively. This generalises to a representation of a quiver with
multiplicities by replacing the vector spaces at each vertex by free modules over
the truncated polynomial rings Cm = C[ǫ]/ǫm, where the order of truncation is
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determined by multiplicities at each vertex. For the one loop Jordan quiver with
multiplicity m, the isomorphism classes of rank r representations correspond to
the orbits of the non-reductive action

GLm,r := GLr(Cm) y Matr×r(Cm).

Our motivation comes from both geometry and representation theory. Ya-
makawa originally introduced quivers with multiplicities to study moduli spaces of
irregular connections on P1. They are also related to open de Rham spaces, which
are symplectic reductions of products of coadjoint orbits for jet groups of GLr(C).

There is a long and rich history connecting the representation theory of a quiver
Q over a field and an associated symmetric Kac–Moody Lie algebra gQ. Work
of Geiss, Leclerc and Schröer [4] shows that to generalise this to symmetrisable
Kac–Moody Lie algebras, one needs quivers with multiplicities (Q,m). For ex-
ample, finite-representation type quivers without multiplicities are classified by
the ADE Dynkin diagrams, and by allowing multiplicities one additionally ob-
tains non-simply laced BCFG Dynkin diagrams. The representation theory of
(quantum groups associated to) gQ can often be geometrically realised using the
(co)homology of moduli spaces attached to Q. Nakajima [7] used moment map
techniques to construct (non-compact hyperkähler) quiver varieties with interest-
ing Lagrangian subvarieties, called nilpotent quiver varieties, whose top homology
groups geometrically realise highest weight representations of gQ. It is intrigu-
ing to ask if these geometric interpretations might also extend to quivers with
multiplicities.

Our relative perspective. Often a group G = U ⋊R with unipotent radical U
acting on a variety X fits into an equivariant action

G y X

R y Z,

f

where we know how to take a reductive GIT quotient of the R-action on Z. Our
idea is to construct a quotient of the G-action on X relative to a reductive GIT
quotient Z//R by locally taking projective spectrum of rings of (semi)-invariant
functions and gluing.

For vector bundles of fixed Harder–Narasimhan type, the morphism f is the
associated graded map for the Harder–Narasimhan filtration, and Z//R is a prod-
uct of moduli spaces for the semistable factors. For quivers with multiplicities, f
is a truncation map sending a representation with multiplicities to a representa-
tion without multiplicities, and Z//R is King’s moduli space of semistable quiver
representations.

Non-reductive geometric invariant theory. Many difficulties of non-reductive
group actions (see [5, §5.1]) have been overcome by using a ‘grading’ to control the
unipotent radical; see [1] and the references therein. One of their key insights gives
a way to construct slices of unipotent group actions on affine varieties provided
(i) there is a grading of the action by C× and (ii) C×-fixed points have trivial
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unipotent stabilisers. In moduli-theoretic set-ups, there is often a natural grading,
but the unipotent stabiliser assumption (ii) can be trickier.

Our relative approach. With E. Hamilton and J. Jackson, we observe that the
key insight mentioned above naturally generalises to actions on an affine mor-
phism. This led us to construct relative quotients for equivariant actions on affine
morphisms. Our relative results generalise (and recover) previous constructions of
non-reductive GIT quotients, whilst being conceptually simpler and better suited
to various applications. Moreover our relative perspective enables a direct proof
of the non-reductive Hilbert–Mumford criterion.

Applications to quivers with multiplicities. Moduli of representations of a
quiver Q (over C) of dimension vector r are constructed by King as reductive GIT
quotients of the conjugation action

Gr :=
∏

i

GLri(C) y Rr :=
∏

a : i→j

Matrj×ri(C)

using a stability parameter θ. For a quiver with multiplicities (Q,m), this extends
to an analogous action which fits into an equivariant action

Gm,r y Rm,r

Gr y Rr,

τ

on a truncation morphism τ , which forgets the positive powers of ǫ for constant
m . With J. Jackson and T. Vernet [6], we find a grading of this action and
under certain unipotent stabiliser assumptions (which hold if θ-semistability and
θ-stability coincide on Rr), we build new moduli spaces for (Q,m) depending on
an additional stability parameter ρ with a projective-over-affine morphism

Mθ,ρ−ss
Q,m;r := Rm,r//θ,ρGm,r → Mθ−ss

Q;r := Rr//θGr

to King’s moduli space. Moreover, we moduli-theoretically describe (θ, ρ)-semi-
stability using the non-reductive Hilbert–Mumford criterion, and construct anal-
ogous versions of Nakajima quiver varieties for (Q,m).

This opens up many interesting questions about the geometry (and cohomology)
of these new moduli spaces, and in particular, their relationship with representa-
tion theory. We are only just scratching the surface: so far we have established
cohomological purity of these moduli spaces, but we hope to establish a rich geo-
metric story and find deep connections with representation theory.
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Nonvanishing results for compact hyperkähler manifolds

Christian Lehn

(joint work with Andreas Höring and Vladimir Lazić)

In a joint work with A. Höring and V. Lazić, we address the Semiampleness Conjec-
ture for compact hyperkähler manifolds. In this context, it essentially specializes
to the Hyperkähler SYZ Conjecture, which can be formulated as follows.

Conjecture 1. Let X be a compact hyperkähler manifold of dimension 2n, and
let L be a nef line bundle on X satisfying qX(L) = 0, where qX denotes the
Beauville–Bogomolov–Fujiki form. Then L is semiample.

Note that any such morphism would be a Lagrangian fibration by Matsushita’s
theorem [4]. A common strategy for conjectures of this kind is to divide and
conquer:

(1) Prove that a multiple of L has a section, i.e. that there exists m > 0 such
that H0(X,mL) 6= 0 (equivalently κ(X,L) ≥ 0).

(2) Suppose that some multiple of L has a nontrivial section. Then show that
L is semiample.

Part 1 is called the Nonvanishing Conjecture. We refer to part 2 as the (proper)
Semiampleness Conjecture. Both are wide open in general.

Let us describe our results. Concerning the Nonvanishing Conjecture, we build
on ideas of Verbitsky [5]. This generalizes work of Liu–Matsumura [3] in dimension
four to arbitrary dimension. We show in [2] that in the situation of Conjecture 1
either κ(X,L) ≥ 0 or the Lelong sets of a current in c1(L) have a highly con-
strained geometry. Among other things, they are shown to be coisotropic for the
holomorphic symplectic form on X . This makes them amenable e.g. to methods
from deformation theory.

In an ongoing joint work with the same authors, we aim to establish Part 2, i.e.
the semiampleness of L, when the dimension of X is four. Given D ∈ |mL| for
some m ≫ 0, we first show that KD = mL|D is semiample. Note that D might
be highly singular, even nonnormal, but is always Gorenstein since X is smooth.
Thus, KD is a line bundle. The typical strategy from birational geometry would
then be to lift sections of ℓKD on D to sections of ℓmL on X . This strategy works
well in some cases, using among other things the plt extension theorem of [1]. In
the dlt case, we instead use deformation theory of the Lagrangian surfaces which
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appear as fibers of the fibration D → Γ induced by ℓKD. All of this relies on a
detailed analysis of the geometry of D and its fibration.
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Moduli of hypersurfaces via minimal exponent

Sung Gi Park

This talk is based on the paper [3], which establishes a new GIT stability criterion
for hypersurfaces in projective space and describes the indeterminacy locus of the
period map in terms of the minimal exponent.

Geometric invariant theory provides a way to construct a compact GIT moduli

space MGIT

(n,d) of degree d hypersurfaces in Pn
C. Concretely, this moduli space is

obtained by taking the quotient of the Hilbert scheme of degree d hypersurfaces by
the action of linear changes of coordinates. However, this GIT moduli space does
not parametrize all hypersurfaces in Pn, but only those that are GIT semistable.

From the viewpoint of singularities, a number of sufficient criteria for GIT
(semi)stability of a hypersurface X ⊂ Pn were previously known: X is stable
when X is smooth and d ≥ 3 (Mumford); X is stable (resp. semistable) when
lct(Pn, X) > n+1

d (resp. ≥) and d ≥ n + 1 (Hacking, Kim–Lee); and X is stable
when X has canonical singularities and d = n + 1 (Tian). Our new stability
criterion generalizes these results and is especially effective for Fano hypersurfaces,
that is, when d ≤ n:

Theorem 1. A hypersurface X ⊂ Pn of degree d ≥ 3 is GIT stable (resp.
semistable) if its minimal exponent satisfies α̃(X) > n+1

d (resp. ≥).

The global minimal exponent α̃(X) is defined as the minimum of the local
minimal exponents α̃x(X) over all points x ∈ X , namely α̃(X) := minx∈X α̃x(X).
If f = 0 is a local defining equation of X at a point x, then α̃x(X) is defined as
the negative of the largest root of the reduced Bernstein–Sato polynomial of f .

The minimal exponent α̃(X) is a positive rational number unless X is smooth,
in which case one sets α̃(X) = ∞. Moreover, we have lct(Pn, X) = min{α̃(X), 1},
and X has canonical singularities if and only if α̃(X) > 1. Thus, the theorem
recovers the previously known criteria mentioned above. As an immediate conse-
quence, every nodal hypersurface is GIT stable when d ≥ 3 and n ≥ 3. This was
also obtained recently by Mordant and He by completely different methods.
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The converse statement, namely a meaningful lower bound on the minimal
exponent for GIT semistable hypersurfaces, is difficult to expect in general when
d ≥ 4, since there exist reducible GIT semistable hypersurfaces. By contrast, for
cubic hypersurfaces, the GIT moduli space is conjecturally equivalent to the K-
moduli space. Combined with Odaka’s theorem that K-semistable varieties have
klt singularities, this conjectural equivalence suggests that GIT semistable cubic
hypersurfaces should have canonical singularities, a question raised by Spotti and
Sun [4, Question 5.8]. By proving a uniform lower bound for the minimal exponent,
we obtain a positive answer to this question:

Theorem 2. For n ≥ 3, every GIT semistable cubic hypersurface X ⊂ Pn satisfies

α̃(X) ≥ max

{
4

3
,
n+ 1

9

}
.

If n ≥ 6, then α̃(X) ≥ 5
3 and X has terminal singularities.

For some low-dimensional and low-degree hypersurfaces, a complete classifica-
tion of GIT (semi)stable hypersurfaces is known. We summarize below the analyses
of low-dimensional cubic hypersurfaces, in comparison with Theorem 1.
(1) n = 3: cubic surfaces (Hilbert).

stable ⇐⇒ at worst A1-singularities ⇐⇒ α̃(X) > 4
3

semistable ⇐⇒ at worst A1, A2-singularities ⇐⇒ α̃(X) ≥ 4
3

(2) n = 4: cubic threefolds (Allcock, Yokoyama). Let T denote the chordal cubic,
which is known to be GIT polystable.

stable ⇐⇒ at worst A1, A2, A3, A4-singularities ⇐⇒ α̃(X) > 5
3

semistable 6∼GIT T ⇐⇒ at worst A1, A2, A3, A4, A5, D4-singularities
⇐⇒ α̃(X) ≥ 5

3

Here, “semistable 6∼GIT T ” means “semistable but not GIT equivalent to T .”
(3) n = 5: cubic fourfolds (Yokoyama, Laza). Let χ denote the one-parameter
family of GIT polystable cubic fourfolds introduced in [2, Theorem 2.6].

stable, isolated singularities ⇐⇒ simple ADE-singularities ⇐⇒ α̃(X) > 2
semistable 6∼GIT χ =⇒ α̃(X) ≥ 2 =⇒ semistable

In summary, on the 10-dimensional moduli space of cubic threefolds and the
20-dimensional moduli space of cubic fourfolds, the only exceptions not captured
by our sufficient criterion for stability in Theorem 1 are T and χ, respectively.
These exceptional loci are precisely the indeterminacy loci of the period map to
the Baily–Borel compactification of the period domain, by results of Shah, Kondō,
Allcock, Carlson, Toledo, Looijenga, Swierstra, Laza, and Artebani:

Theorem 3. For each pair (n, d) ∈ {(2, 4), (2, 6), (3, 3), (4, 3), (5, 3)}, there exists
a Baily–Borel compactification (Γ\D)∗ of the period domain Γ\D associated to
degree d hypersurfaces in Pn, together with the period map

P : MGIT

(n,d) 99K (Γ\D)∗.

Moreover, the domain of definition of P is precisely Mα̃≥n+1

d
, and the restriction

of P to Mα̃>n+1
d

is an open embedding into Γ\D.
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Here, Mα̃≥n+1
d

(resp. Mα̃>n+1
d

) denotes the locus in the GIT moduli space

consisting of hypersurfaces satisfying α̃(X) ≥ n+1
d (resp. >).

Motivated by this observation, and by the recent work of Bakker, Filipazzi,
Mauri, and Tsimerman [1] proving the existence of a Hodge-theoretic compactifica-
tion for moduli spaces of polarized Calabi–Yau varieties, we propose the following
question.

Question. For a pair (n, d), does there exist a Hodge-theoretic compactification

M
BBH

of the moduli space Mα̃>n+1

d
, together with a period map

P : MGIT

(n,d) 99KM
BBH

,

whose domain of definition is exactly Mα̃≥n+1

d
?

The results of [1] imply the existence of M
BBH

for d ≥ n + 1, though the
precise domain of definition of the resulting period map is still unclear. For Fano
hypersurfaces, i.e. when d ≤ n, this question appears to be widely open, apart
from a few low-dimensional and low-degree cases.
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On log Calabi-Yau manifolds

Henri Guenancia

(joint work with Tristan Collins)

1. Introduction

Let X be a compact Kähler manifold such that c1(X) = 0 ∈ H2(X,R). A seminal
result of Yau [9] shows the existence in any given Kähler class of a unique Kähler
metric ω which is Ricci flat, i.e. Ricω = 0. This result is the cornerstone behind the
celebrated Beauville-Bogomolov decomposition theorem [1], asserting that there is
a finite étale cover X ′ → X which splits as a product X ′ ≃ T ×∏

i∈I Yi×
∏

j∈J Zj

where T is a complex torus, the Xi are irreducible Calabi-Yau manifolds and the
Yj are irreducible holomorphic symplectic manifolds. Among some consequences
of the decomposition theorem (or its proof) we have

(1) Bochner principle: holomorphic tensors are parallel with respect to ω.
(2) Stability: the tangent bundle TX is polystable with respect to any Kähler

class.
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(3) Albanese: the Albanese map albX : X → Alb(X) is a locally trivial fibra-
tion, which becomes trivial after a finite base change.

(4) Universal cover: the universal cover X̃ is isomorphic to Cr × Y where

r ∈ N and Y is compact Kähler. In particular, X̃ is an analytic Zariski
open set in a compact Kähler manifold.

It is natural to wonder to which extent the above results hold true in the setting
of log Calabi-Yau manifolds, i.e. for pairs (X,D) where X is a compact Kähler

manifold and D =
∑k

i=1Di is a divisor with simple normal crossings such that
KX +D ≃ OX .

The first question to address is about the existence of a complete Ricci flat Kähler
metric on the complement of D. This turns out to be a quite thorny question and
very few cases are known. E.g. the answer is positive if D is smooth and ample
[8], if D = D1 +D2 with Di ample mutually proportional [3], or if D is a fiber of
an elliptic fibration from a rational elliptic surface [7]. In general, it is expected
that there is no complete Ricci flat Kähler metric on X \D.

In the article [2], we focus on the first two cases to showcase how these two
similarly looking types of log Calabi-Yau manifolds actually behave in a drastically
different way.

2. The case of one ample divisor

Here, we assume that X is a compact Kähler manifold of dimension n ≥ 2 and
that D is a smooth, ample divisor such that KX +D ≃ OX . We let ω denote the
complete Ricci flat Kähler metric on X \D constructed by [8]. Since D is ample,
one can see that π1(X \ D) is finite so that, in particular, the quasi-Albanese
variety of (X,D) is a point. It remains to investigate the analogue of Bochner
principle and the polystability of the tangent bundle to this logarithmic setting.
This is the content of the first result of [2] below.

Theorem 1. In the setup above, we have

(1) Every holomorphic logarithmic tensor on (X,D) is parallel with respect to
ω on X \D.

(2) The logarithmic tangent bundle TX(− logD) is stable with respect to c1(D).

By definition, the logarithmic tangent bundle TX(− logD) is the dual of the
vector bundle of the logarithmic differentials Ω1

X(logD), and a holomorphic loga-
rithmic tensor is a global section of the holomorphic vector bundle TX(− logD)⊗p⊗
Ω1

X(logD)⊗q for some integers p, q ≥ 0.
A word about the proof of (1). Given a holomorphic tensor σ, we have on X \D

∆ω|σ|2ω = |∇σ|2ω
since ω is Ricci flat, and where ∇ is the Chern connection associated to ω. The
main observation that allows one to derive the vanishing ∇σ = 0 is that ω has
strictly subquadratic volume growth at infinity, so that one can justify the formal
identity

∫
X\D

∆ω(|σ|2ω)ωn = 0 using suitable cut-off functions.
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3. The case of two linearly equivalent ample divisors

Let us now consider what is probably one of the simplest examples involving
two linearly equivalent ample divisors. Namely, we fix an odd integer n ≥ 3,
set X := Pn and pick two general hypersurfaces D1, D2 of degree n+1

2 so that
KX +D ≃ OX with D = D1 +D2. We denote by ω the complete Ricci flat Kähler
metric on X \D constructed in [3]. The second main result of [2] is the following

Theorem 2. In the setup above, the following properties hold.

(1) The Bochner principle for holomorphic logarithmic tensors fails.
(2) The quasi-Albanese map alb(X,D) : X \ D → Alb(X,D) is not locally

trivial.
(3) The logarithmic tangent bundle TX(− logD) is not polystable.
(4) The universal cover of X \D is not biholomorphic to an analytic Zariski

open subset of a compact complex manifold.

Some explanations are in order. Given a log smooth pair (X,D), the quasi-
Albanese variety ofX is the quotient Alb(X,D) := H0(X,Ω1

X(logD))∗/Im(H1(X\
D,Z)) where [γ] ∈ H1(X \D,Z) acts on α ∈ H0(X,Ω1

X(logD)) by γ · α =
∫
γ α.

When X is projective, Alb(X,D) has a structure of quasi-abelian variety (i.e. an
extension of an abelian variety by (C∗)d for some d ≥ 0). Moreover, there is a holo-
morphic map alb(X,D) : X \D → Alb(X,D). We refer to [6] for a comprehensive
picture.

The key to understanding the failure of the four properties (Bochner principle, local
triviality of Albanese, polystability of the tangent bundle, quasi-compactness of
the universal cover) in our example is provided by the function

f : X \D → C∗

defined by f = s1
s2

where si ∈ H0(X,OX(Di)) is ”the” canonical section, i.e.

(si = 0) = Di.
In other words, f is just the Lefschetz pencil associated to {D1, D2}⊂|OPn(n+1

2 )|.
It is a classical fact that when Di are general, f has always at least one critical
value in C∗ and the fiber of f over such a point has a single singular point which
is an ordinary double point. That is, there are coordinates near that point such
that f(z) =

∑n
i=1 z

2
i .

Let us now give a brief breakdown of how one can prove the theorem.

Bochner. Consider the logarithmic one-form α := df
f ∈ H0(X,Ω1

X(logD)). One

can check directly from the asymptotics of ω that the norm of α with respect to
ω is unbounded near D. In particular α cannot be parallel.

Albanese. With little work, one can identify f with alb(X,D). Since f has some
singular fibers, it follows that the quasi-Albanese map cannot be locally trivial.
Actually much more can be said using the deep results of Schreieder (see [4] and
[5]): when n ≥ 9 and Di are very general, then two very general fibers of alb(X,D)

are not birational to each other.
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Stability. The function f extends to a rational map X 99K P1 and induces an exact
sequence

0 → TX/P1(− logD) → TX(− logD) → f∗TP1(− log(0 + ∞)) → 0.

The rightmost term is trivial (trivialized by the logarithmic vector field z ∂
∂z gen-

erating the standard C∗ action on P1 preserving 0 and ∞). If TX(− logD) were
polystable, then the map TX(− logD) → OX should split, yielding a vector field
v ∈ H0(X,TX(− logD)) lifting z ∂

∂z . From here, there are at least two ways to

conclude. Either one can argue directly that H0(X,TX(− logD)) using Kodaira
vanishing theorem (see [2, Proposition 2.7]). Or one can consider the holomorphic
function α(v) which has to be constant. Since df vanishes at some point in X \D,
we infer α(v) ≡ 0, i.e. v is vertical for f , hence it cannot lift z ∂

∂z .

Universal cover. Set M := X \D and define

M̂ := M ×C∗ C = {(x,w) ∈M × C; e2πiw = f(x)}
which sits in the commutative diagram

M̂ C

M C∗

f̂

π e2πi·

f

It can be checked that M̂ is connected and that the map M̃ → M̂ from the

universal cover of M is finite. Therefore it is enough to show that M̂ is not quasi-

compact. Actually one proves the stronger property that Hn(M̂,Z) is not finitely
generated. The two key points are that f has an ODP singularity and that Z acts

on M̂ . The first fact allows one to construct an n-cycle L on M̂ by connecting the

two vanishing cycles associated to a singular fiber of f̂ and its translate by 1 ∈ Z.
The second fact allows one to translate L by the elements of the Galois group Z of

M̂ → M in order to create infinitely many cycle classes in Hn(M̂,Z) whose span
cannot be finitely generated.
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Hyperbolicity, specialness and fundamental groups

Benôıt Cadorel

(joint work with Ya Deng, Katsutoshi Yamanoi)

1. The conjectures

1.1. Varieties of general and special types. Complex hyperbolicity, in a some-
what narrow sense, aims at understanding the behaviour of entire curves in com-
plex varieties. Here, an entire curve on a given variety X should be understood
as a non-constant holomorphic map f : C → X ; if X does not admit any such
map, it is said to be (Brody) hyperbolic. The main conjecture in the field is the
Green-Griffiths-Lang conjecture:

Conjecture 1 (Green-Griffiths [4], Lang [5]). Let X be a complex projective man-
ifold. The following are equivalent:

(1) X is of general type;
(2) X is Brody hyperbolic modulo a proper algebraic subset Z ( X. In other

words, any entire curve f : C → X satisfies f(C) ⊂ Z.

Let us recall that X is of general type if its canonical bundle KX :=
∧dimX

ΩX

is big, i.e. we have the maximal growth

h0(X,K⊗m
X ) ≥ CmdimX as m −→ +∞,

for some C > 0.

Today, the Green-Griffiths-Lang conjecture is still largely open, even though
many partial results have been obtained for specific classes of varieties (e.g. hy-
persurfaces, varieties of high irregularity, varieties supporting variations of Hodge
structures, etc.)

As advocated by Campana [1], the statement above should be seen as one part
of a diptych of conjectures: on the one hand, the Green-Griffiths-Lang conjecture
predicts that varieties of general type admit ”few” entire curves, while on the other
hand varieties of special type should contain ”many” such curves:

Conjecture 2 (Campana [1]). Let X be a complex projective manifold. The
following are equivalent:

(1) X is of special type;
(2) X admits a dense entire curve (either for the Euclidean or the Zariski

topology).
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Loosely speaking, a projective manifold X is of special type if it does not admit
any rational fibration f : X 99K Y where Y , endowed with its ramification divisor
∆Y , forms a pair (Y,∆Y ) of general type. In other words, KY + ∆Y cannot be
big1.

Note that all the conjectures above admit analogues in the quasi-projective setting.
It is possible to define a quasi-projective manifold U as being of general (resp.
special) type, by requiring a suitable property for a log-compactification X =
U ⊔ D. The two conjectures above are expected to hold without change if we
replace projective by quasi-projective.

1.2. A conjectural Liouville property for special manifolds. Note that the
second item of Conjecture 2 could be stated even more optimistically, and be
replaced by the following:

(2’) the universal cover X̂ admits a dense entire curve for the Euclidean topology.

If this holds, this would imply that universal covers of special manifolds satisfy
some sort of Liouville property:

Conjecture 3. Let X be a projective manifold of special type. Then any bounded

holomorphic map f : X̃ → C is constant.

Again, this conjecture makes sense in the quasi-projective setting as well. For
example, this conjecture should apply to log-Calabi-Yau quasi-projective mani-
folds, which are special by a theorem of Campana.

2. An isotriviality result

Conjecture 3 seems quite difficult to show in general. If one adds more conditions
on the map f , we can still hope to obtain partial results; the next statement adds
an equivariance condition on this map:

Theorem 4. Let U be a quasi-projective manifold of special type. Assume that
we are given:

(1) a holomorphic map f : Ũ → Bn, where Bn is the complex ball;
(2) a representation ρ : π1(U) → Aut(Bn);

such that f is ρ-equivariant. Then f is constant.

This theorem is actually a consequence of the following more general result:

Theorem 5 ([2]). Let U be a quasi-projective manifold of special type. Let V :=
(V, F •V , h) be a polarized C-VHS on U . Then V is isotrivial, i.e. its period map
is constant.

1There are several caveats about this definition. First of all, the construction of ∆Y should
follow Campana’s definition, where minima of multiplicities are used instead of gcds. Also, one
may need to replace f : X 99K Y by another birational model before checking the base is not of
general type.
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Recall that a polarized C-VHS as above is essentially equivalent to the data of

a period map φ : Ũ → D, equivariant under some representation π1(U) → D. The
theorem can be seen as an analogue of an earlier result of Taji [6], who showed
the isotriviality of families of canonically polarized varieties on varieties of special
type.

To prove Theorem 5, we can use the classical fact that the period map φ : Ũ → D

factors through a subdomain D′ ⊂ D, homogeneous under the action of a semi-
simple real algebraic group H . This group turns out to be trivial, because of the
following:

Theorem 6 ([3]). Let U be a quasi-projective manifold, and let ρ : π1(U) → G be
a Zariski dense, big2 representation with values in a semi-simple complex algebraic
group. Then U is of general type.

Note that this last theorem is actually a small part of a more general hy-
perbolicity statement, which generalizes several earlier results of Yamanoi and
Campana-Claudon-Eyssidieux to the quasi-projective setting.

3. An application to the structure of cusps in a ball quotient

Perhaps surprisingly, Theorem 5 can be used to give a criterion for a given iso-
lated singularity to be a local model for the cusps appearing in a Baily-Borel-Mok
compactification of a ball quotient.

3.1. Baily-Borel-Mok model for compactifications of ball quotients. Let
Γ ⊂ Aut(Bn) be a lattice, and let X := Γ

∖
Bn

be the quotient. Baily-Borel and
Mok have shown that X can be endowed with the structure of a quasi-projective
variety, compactifiable into a projective variety by adding a finite number of points

X∗ = X ⊔ {p1, . . . , pn}.
Perhaps after replacing Γ by a smaller lattice3, each point pi has a neighborhood

which is locally analytically a cone over an abelian variety. After blowing-up these
points, we can obtain a log-crepant resolution p : X → X∗, so that if D is the
boundary divisor (made of finitely many abelian varieties), we have KX + D ∼
p∗KX∗ .

3.2. A structure result. Let X∗ = X ⊔ {p} be a germ of isolated singularity,
such that the smooth part X admits

(1) a map f : X̃ → Bn étale at any point;
(2) a representation ρ : π1(X) → Aut(Bn) making f equivariant.

2This ”bigness” condition means essentially for a general subvariety V ⊂ U the image of
π1(V ) via ρ is infinite. In our setting, this can always be achieved after performing a ”Shafarevich
reduction” on U .

3So as to make it a neat lattice.
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One can ask some necessary conditions for X∗ to be a cusp as described above;
this is essentially equivalent to the metric f∗hBn being complete. In general, there
is no reason for this to be the case: it is easy to construct counterexamples by
contracting to a point a totally geodesic hypersurface in a suitable ball quotient.
Note however that these counterexamples do not have log-canonical singularities,
and thus certainly do not admit any log-crepant resolution.

The last result shows that the existence of this log-resolution actually ensures that
X∗ has the required form:

Theorem 7 ([2]). Let X∗ be a germ of isolated singularity admitting (1) and (2)
as above. Assume that there exists a log-crepant resolution p : X → X∗. Then

(1) f∗hBn is complete on X̃;
(2) X∗ is a cone over an abelian variety.

To prove this result, an important step is to ”extend” f to the smooth strata
of the exceptional divisor of p. Because p is log-crepant, these strata are log-CY
varieties, hence are special; this is where Theorem 5 comes into play.
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Boundedness of Lagrangian fibrations

Philip Engel

(joint work with Stefano Filipazzi, François Greer, Mirko Mauri, Roberto Svaldi)

A well-known open question is whether, in a fixed dimension, there are finitely
many deformation classes of smooth, projective, K-trivial varieties.

Fixing a dimension g, all abelian varieties lie in a single deformation class. The
components Ag,d of their moduli are arithmetic quotients of the Siegel upper half-
space, indexed by a sequence of positive integers d = (d1 | · · · | dg) successively
dividing each other, encoding the polarization type of an ample line bundle.

The moduli spaces of hyperkähler varieties are also well understood in a fixed
deformation class [4], each being an arithmetic quotient of a Type IV Hermit-
ian symmetric domain. The pressing question is whether there are finitely many
deformation classes in each dimension, and if so, how to classify them.
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In joint work with Filipazzi, Greer, Mauri, and Svaldi [3], we prove:

Theorem 1. There are only finitely many deformation classes of compact hy-
perkähler manifolds, of fixed dimension, admitting a Lagrangian fibration.

More generally, we prove the same result for primitive symplectic varieties:
Projective varieties X with canonical singularities and h1(X,OX) = 0, admitting
a unique symplectic form on the smooth locus, up to scale.

The hyperkähler SYZ conjecture asserts that any hyperkähler manifold with
b2(X) ≥ 5 deforms to one admitting a Lagrangian fibration. Thus, Theorem 1
shows that if the hyperkähler SYZ conjecture holds, there are only finitely many
deformation types of hyperkähler manifolds with b2(X) ≥ 5 in each dimension.

1. Proof of the main theorem

Let f : X → Y be a Lagrangian fibration of a hyperkähler variety. Then f is an
abelian fibration (in the sense that the very general fiber of f is an abelian variety).
Let Y o ⊂ Y be the open set over which f is smooth. We proceed as follows:

(1) Bound the base Y , together with two Q-divisors BY and MY encoding,
respectively, the singularities of f in codimension 1, and the variation in
moduli of the family f of abelian varieties.

(2) Bound the classifying map Φo : Y o → Ag,d assigning to a point y ∈ Y o the

abelian variety Aut0(Xy), i.e. the group of translations of the fiber over y.

(3) Understand the collection of Lagrangian fibrations f : X → Y which have
a specified classifying map Φo : Y o → Ag,d and divisor BY .

Here boundedness means that there is a family over a finite type base con-
taining all instances of the objects in question. For example, a collection of triples
{(Yi, Bi,Mi)}i∈I of projective varieties Yi with two Q-divisors Bi,Mi is bounded
if there exists a family (Y,B,M) → S, with B,M two Q-divisors on Y, over a
finite type base S such that: for all i ∈ I, there exists some closed point s ∈ S for
which (Yi, Bi,Mi) ≃ (Ys,Bs,Ms). Notions of boundedness extend to morphisms
(and rational maps) by considering the graphs (and their closures).

Bounding the base. Given an abelian fibration f : X → Y with KX ∼Q,f 0,
there is a canonical bundle formula for KX in terms of KY and two corrections:

KX ∼Q f
∗(KY +BY +MY ).

Here MY is the moduli divisor, defined as Φ∗(λg) where Φ: Y 99K Ag,d is the
period map to the Baily–Borel compactification of the coarse space Ag,d and λg
is the Hodge bundle. In particular, MY ∼Q 0 if and only if f is an isotrivial
abelian fibration. So MY measures if and how much the abelian fibers of f vary.
And BY is the boundary divisor, defined as

∑
P ⊂ Y prime(1 − lctP (f)) · P where

lctP (f) ∈ (0, 1]∩Q is the log canonical threshold of the central fiber of f , localized
at the prime P ⊂ Y . The coefficient of P is positive iff the generic fiber over P is
not slc.

By [1], the triple (Y,BY ,MY ) is bounded in codimension 1 (i.e. up to birational
maps which are isomorphisms in codimension 1) whenever
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(1) Y is rationally connected, and
(2) one can bound the integer c ∈ N for which cMY is b-free.

Property (1) is granted by [5]—the base of a Lagrangian fibration is a Fano variety
with the Q-homology of projective space. Even better, such a variety Y admits
no nontrivial flops, and so boundedness in codimension 1 implies boundedness.

Thus, we are reduced to showing Property (2). Here b-freeness means that on
a birational modification Y ′ → Y eliminating indeterminacy of the period map Φ,
the moduli divisor MY ′ is free. This b-freeness is granted once cλg is a free linear

series on Ag,d. Thus, our question reduces to understanding why the integer c can
be chosen independently of the infinitely many possible polarization types d.

Here we introduce a key tool, the Zarhin trick. It is a map

Z : Ag,d → A8g

sending A 7→ Z(A) = A⊕4 ⊕ (A∗)⊕4, but with a nonstandard, principal polariza-
tion. Passing to coarse spaces and compactifying, we get Z∗(λ8g) ∼ 8λg. Thus,
the integer c can indeed be chosen independently of d, for instance, by taking
c = 8N for N a multiple of the Hodge bundle Nλ8g which is very ample on A8g.

This concludes the argument that the triple (Y,BY ,MY ) is bounded, for any
Lagrangian fibration f : X → Y of fixed dimension.

Bounding the classifying map. The next step is to bound the classifying map
Φo : Y o → Ag,d. This first requires bounding the open set Y o ⊂ Y over which f
is smooth. We again use the Zarhin trick. Consider the composition

Z ◦ Φ: Y 99K A8g.

As MY has already been bounded in the previous step and (Z ◦ Φ)∗(λ8g) ≡ 8MY ,
a Chow scheme argument bounds the space of possible composed maps Z ◦ Φ.

In this way, the sublocus of Y which is sent into the Hodge-theoretic boundary
A8g \ A8g (and in turn Ag,d \ Ag,d) can be bounded. Additionally removing the
singular locus of Y , the indeterminacy locus of Z ◦ Φ, and the support of the
(bounded) divisor BY we produce a bounded Zariski open subset Y o ⊂ Y over
which the fibration f is necessarily smooth.

Then, we may bound the lifts of Z ◦ Φ|Y o from the coarse space A8g to the
orbifold A8g and thus produce a bounded family of maps Z ◦Φo : Y o → A8g which
contain the Zarhin trick of the classifying map of any Lagrangian fibration. Next,
we must somehow “unwind” the Zarhin trick.

We pull back along Z ◦ Φo the tautological Z16g-local system V16g on A8g.
Since Z ◦ Φo has been bounded, these local systems come in only finitely many
topological types, on the fibers of the (now) bounded family of open sets Y o ⊂ Y .
Via an argument involving traces of monodromies similar to [2], we in turn bound
the pullback (Φo)∗V2g of the tautological Z2g-local system V2g on Ag,d.

It follows from generalities on Lagrangian fibrations that the global sections of
the second exterior power H0(Y o,∧2(Φo)∗V2g) = Zψd are 1-dimensional, and that
the generator is a primitive polarization on a general fiber of f of some type d. As
V2g has been bounded, we deduce a bound on d itself. Thus, we have reduced the



Complex Analysis 45

targets of the classifying map Φo : Y o → Ag,d to a finite number of possibilities.
Re-applying the earlier arguments used for Z ◦ Φo, we can now bound Φo.

Bounding the Tate–Shafarevich group. We have bounded the classifying map

Φo : Y o → Ag,d

y 7→ Aut0(Xy)

where Y o ⊂ Y is the open set over which f is smooth. One may wonder why
aren’t we done; after all, Xy ≃ Aut0(Xy) for any y ∈ Y o. Can we just pull back
the universal family Xg,d → Ag,d to deduce that X is bounded? We cannot, as
this pullback is only fiberwise isomorphic to f : X → Y (over Y o). Indeed, the
pullback admits a rational section, whereas f : X → Y may well admit no rational
section. Thus, we define the Albanese fibration

fAlb : XAlb → Y

to be (a primitive symplectic compactification of) the pullback of Xg,d along Φo.
Up to technical issues, we may view f : X → Y as a twist of fAlb : XAlb → Y ,

in the sense that, fiberwise, and hence étale locally, f and fAlb are isomorphic.1

Choosing such isomorphisms ϕi : XAlb|Ui
→ X |Ui

for an open cover {Ui}i∈I of Y ,
the transition functions tij = ϕj ◦ ϕ−1

i define vertical translations of XAlb|Ui∩Uj

and in turn, an element of the cohomology group t(f) ∈ H1
ét(Y,X

Alb). Here we
view XAlb as a group scheme hence sheaf of abelian groups over Y in the étale
topology.

GAGA- and Hartogs-type results show that H1
ét(Y,X

Alb) = H1
an(Y,XAlb)tors.

By analyzing the exponential exact sequence, one deduce that a certain subgroup
Sha ⊂ H1

an(Y,XAlb) containing the torsion fits into an exact sequence

0 → C/Zα1 ⊕ · · · ⊕ Zαr → Sha → N → 0

with N finite abelian and αi ∈ C rationally independent. Thus, H1
ét(Y,X

Alb) is
an extension of a finite group by an infinite, divisible group (Q/Z)r.

So there are infinitely many abelian fibrations f : X → Y with the same Al-
banese fibration. But the twists parameterized by the complex line C ⊃ Zα1 ⊕
· · · ⊕ Zαr form a family of analytic hyperkähler manifolds in a fixed deformation
class. So despite the infinitude of these twists, only finitely many deformation
classes arise, completing the proof of Theorem 1.
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From tropical curves to special Lagrangians

Shih-Kai Chiu

(joint work with Yang Li, Yu-Shen Lin)

Motivated by the Strominger–Yau–Zaslow (SYZ) conjecture [11] and by the
tropical-to-holomorphic correspondence established by Mikhalkin [9], one expects
tropical objects in the base of the SYZ torus fibration to lift to geometric objects
on the mirror side. In the symplectic setting, such philosophy is reflected by the
tropical-to-Lagrangian correspondences of Mikhalkin [10] and Matessi [8], which
associated tropical curves or hypersurfaces with Lagrangian submanifolds. Since
Lagrangian submanifolds are flexible objects, it is natural to ask whether such
lifts can be made special Lagrangians, which are calibrated and hence volume-
minimizing in their homology classes.

Motivated by the above picture, in [2] we establish examples of a tropical-to-
special-Lagrangian correspondence. Let us consider the simplest case of the SYZ
torus fibration

π : X → B, X = T ∗T n, B = (Rn)∗.

We equip X with the Euclidean Calabi-Yau structure

ω =
∑

i

dθi ∧ dµi, Ω =
∧

i

(
dθi +

√
−1

∑

j

gij dµj

)
,

and

g =
∑

i,j

gijdµi dµj +
∑

i,j

gijdθi dθj .

in terms of the action-angle coordinates µi, θi and a positive definite n×n constant
matrix (gij) with inverse (gij). Thus B is naturally equipped with an integral affine
structure. Analogous to the tropical-to-holomorphic correspondence, Our goal is
to lift tropical objects in B to special Lagrangians in X . The main result of [2] is
the following:

Theorem 1. Let n ≥ 2, and let Γ ⊂ B be the image of a locally planar tropical
curves. Then for all sufficiently large T > 0, there exists a special Lagrangian
submanifold LT ⊂ X such that (1/T )π(LT ) converges in the Hausdorff distance
to Γ as T → +∞.

This result opens several further directions. More generally, one expects a cor-
respondence between tropical varieties Γ ⊂ B of dimension 2 ≤ m ≤ n−1, possibly
with multiplicities along their top-dimensional strata, and special Lagrangian sub-
manifolds in X . When m = n − 1, a local model corresponding to the standard
tropical hypersurface has recently been constructed by Y. Li [7]. A more ambitious
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direction is to seek an analogous correspondence between tropical curves in the
SYZ base and special Lagrangians in a compact Calabi-Yau manifold near a large
complex structure limit.

The tropical-to-holomorphic correspondence has also motivated developments
in manifolds with special holonomy. Donaldson [4] and later Donaldson-Scaduto [5]
conjectured that, near an adiabatic limit, counts of associative submanifolds in a
compact G2 manifold with a Kovalev-Lefschetz fibration should be governed by
counts of gradient cycles in the base. A dimensional reduction of this picture leads
one to look for special Lagrangians in K3-fibered Calabi-Yau 3-folds. See, e.g., [3],
[6], and [1] for recent progress in this direction.

Theorem 1 is proved using a gluing construction. Given a locally planar trop-
ical curve Γ ⊂ B, one associates to each edge e a T n−1-invariant special La-
grangian cylinder Le together with a translation constant exp(

√
−1θe) ∈ U(1),

which projects to the line containing e. To each vertex v, one associates a T n−2-
invariant asymptotically cylindrical special Lagrangian submanifold Lv, whose as-
ymptotic ends are given by the cylinders Le corresponding to edges adjacent to
v. Such a vertex model exists provided that the adjacent translation constants θe
satisfy the balancing condition

∑

e adjacent to v

θe = Nπ (mod 2πZ),

where N is the number of adjacent edges of v. This condition is equivalent to
prescribing the asymptotics of a hypersurface in (C∗)2. The linear system of
balancing conditions is solvable whenever the number of edges is greater than the
number of vertices, which is the case when the valency of each vertex is at least
three. By stretching the tropical curve by a large constant T > 0, the edge and
vertex models can be glued to obtain a Lagrangian submanifold whose special
Lagrangian error is exponentially small in T .

The perturbation to a special Lagrangian submanifold follows from a more gen-
eral gluing scheme involving matching data, generalizing the vertex and cylinder
models described above. From the PDE gluing perspective, the main analytical
difficulty is that the linearized special Lagrangian operator d + d∗ acting on 1-
forms, or equivalently, after restricting to exact 1-forms, the corresponding scalar
Laplacian d∗d acting on potentials, does not admit a right inverse whose norm
is uniformly bounded in the gluing parameter T . Moreover, localizing the prob-
lem to the local model special Lagrangians further introduces finite-dimensional
obstructions to solving the linearized equation. A key point in our parametrix
construction is to remove these local obstructions by first solving a discretized
version of the linearized equation. One limitation of our method is that, when the
tropical curve contains loops, the resulting perturbation need not be Hamiltonian.
Nevertheless, this gluing scheme may be useful for the related problems mentioned
above.
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Geometric behavior of singular Kähler–Einstein metric on klt space

Yifan Chen

(joint work with Shih-Kai Chiu, Max Hallgren, Gábor Székelyhidi, Tat Dat Tô,
Freid Tong)

Ricci curvature lies at the intersection of Riemannian geometry, Kähler geome-
try, and algebraic geometry, as illustrated by the following formula on a Kähler
manifold (X, g, J) with Kähler form ω = g(J ·, ·):

Ricω := Ricg(J ·, ·) = −
√
−1∂∂̄ log detω.

This defines a closed (1, 1)-form representing c1(−KX). It is a longstanding
problem to find Einstein metrics g. In the Kähler setting, finding a Kähler–
Einstein metric ωKE = ωX +

√
−1∂∂̄u, with λωX ∈ c1(−KX), reduces to solving

a complex Monge–Ampère equation for u. The existence of Kähler–Einstein met-
rics on compact Kähler manifolds was established by Aubin and Yau [1, 26] for
c1(−KX) < 0, by Yau [26] for c1(−KX) = 0, and by Chen–Donaldson–Sun [7, 8, 9]
for c1(−KX) > 0 via the K-stability criterion, with the implication from existence
to K-polystability due to Berman [2].

As a natural generalization, singular Kähler–Einstein metrics are defined as
closed positive (1, 1)-currents with bounded potentials whose restrictions to the
regular locus of X are smooth Kähler–Einstein metrics. When X has log terminal
singularities, Eyssidieux–Guedj–Zeriahi [15] constructed these canonical metrics
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by solving a degenerate complex Monge–Ampère equation for λ ∈ {−1, 0}:

ωn
KE = (ωX +

√
−1∂∂̄u)n = e−λuµ,

where µ is the adapted measure associated to a smooth Hermitian metric on KX

with prescribed curvature −λωX ∈ c1(KX). The mildness of log terminal sin-
gularities ensures that the adapted measure is well-defined, has finite mass, and
admits an Lp density:

µ = eFωn
X , eF ∈ Lp(ωX), p > 1.

This allows one to apply pluripotential theory to the Monge–Ampère equation.
For λ = 1, the relation between singular Kähler–Einstein metrics and K-stability
was established in [2, 3, 23] and the references therein. Regularity of the singu-
lar Kähler potential has been studied in [12, 11, 19]; in general, it is expected
to be at most Hölder continuous, as suggested by two-dimensional orbifold exam-
ples. Since understanding the geometric behavior near the singular locus typically
requires second-order estimates of the potential, such behavior remains largely
unexplored. The local behavior of singular Kähler–Einstein metrics with isolated
singularities was studied in [20]. Motivated by Ricci limit spaces in Cheeger–
Colding theory [4, 5, 6] and by Gromov–Hausdorff convergence of Kähler–Einstein
manifolds in Donaldson–Sun theory [13, 14], a folklore conjecture asserts that the

metric completion X̂ of (Xreg, ωKE) is homeomorphic to X and admits a strat-
ification and algebraic structure. Székelyhidi [25] confirms the homeomorphism

between X̂ and the underlying variety X under the following assumptions:

(1) strict positivity: ωKE ≥ c ωX for some c > 0,

(2) X̂ is a non-collapsed RCD(λ, 2n) space.

Property (1) was previously known in the smoothable case and in complex di-
mension three with nonpositive Ricci curvature; see [17]. Adapting an argument
of Székelyhidi [25] with the uniform heat kernel estimate of Guo–Phong–Song–
Sturm [18], we prove:

Theorem 1. [10, Theorem 1.1]. Singular Kähler–Einstein metrics are always
strictly positive.

In fact, property (1) holds in a more general setting: it suffices for the singular
Kähler metric (X,ω) to have an Lp density and a Ricci lower bound on the regular
part. The same method also applies to Kähler–Ricci solitons and klt pairs.

Theorem 2. [10, Theorem 1.2]. Suppose that (X,ωX) is a compact normal Kähler
space, with smooth metric ωX . Suppose that ω = ωX + i∂∂̄u is a positive current
with bounded potential satisfying the following properties:

i. u is smooth on Xreg\D for a divisor D,
ii. ωn = eFωn

X , where eF ∈ Lp (ωX) for some p > 1, and F ∈ L1 (ωX).
iii. Ric(ω) ≥ −A (ω + ωX) on Xreg in the sense of currents, for some A > 0.

Then there is a constant C > 0, depending on A, p, an upper bound for
∥∥eF

∥∥
Lp ,

and (X,ωX), such that ω > C−1ωX .
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In the general case, we construct a resolution (Y, ωε) of X , where ωε = π∗ωX +
εωY +

√
−1∂∂̄uε are Kähler metrics on Y such that uε are uniformly bounded

and approximate u locally uniformly on Xreg. Furthermore, ωn
ε = efεωn

Y with
‖efε‖Lp(Y,ωY ) uniformly bounded. We call such (Y, ωε) a tame approximation of
(X,ω). Despite the lack of pointwise Ricci lower bound onX , we apply the Schwarz
lemma to these tame approximations (Y, ωε). Thanks to the uniform heat kernel
estimate in [18], together with a uniform L1 estimate for (Ricωε +A(ωε +ωX))−,
we obtain the strict positivity of ω.

By a criterion of Honda [21], property (2) can be reduced to gradient estimates

for W 1,2 eigenfunctions of the Laplacian on X̂ . Székelyhidi [25] verified this when
(X,ωKE) admits a constant scalar curvature Kähler approximation. In [10] we
establish property (2) by requiring a slightly weaker approximation condition on
a resolution of X :

Theorem 3. [10, Theorem 1.5, simplified]. Suppose that ω is a singular Kähler-
Einstein metric on X , and that ω has a tame approximation ωε with

‖(Ricωε − λωε)−‖Lp(Y,ωε) < C

for C independent of ε, and p > 2n−1
n . Then the metric measure space X̂ is a

non-collapsed RCD space.

More generally, the singular Kähler–Einstein condition can be replaced by a
lower bound for Ricω on Xreg \D, for some divisor D ⊂ X ; see [10, Theorem 5.1]
for details.

Whether property (2) holds for arbitrary singular Kähler–Einstein metrics re-
mains open in general, but has recently been confirmed in complex dimension
three by [16]. Once property (2) is known, tangent cones exist at every point of X̂
and are metric cones. It is expected from the Donaldson–Sun theory [13, 14] that
these tangent cones are algebraic with log terminal singularities and are uniquely
determined by the analytic germ (X, x) as shown in [22]. These tangent cones may
be viewed as first-order approximations of singular Kähler–Einstein metrics, and
further higher-order information could be detected via Gromov–Hausdorff limits
arising from bubbling phenomena, as studied in [24]. This provides strong motiva-
tion for studying complete Calabi–Yau metrics on noncompact Kähler manifolds
and their singular analogues. This direction is also related to ongoing joint work
with Chung-Ming Pan on the construction of such metrics.
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Negative K-theory and Hodge theory

Mihnea Popa

(joint work with Andrew Burke, Wanchun Shen)

The talk was devoted to a number of conjectures on the behavior of the negative
K-theory of singular complex varieties, which will appear in upcoming work [1] of
the speaker, joint with Andrew Burke and Wanchun Shen.

The negative K-groups of a variety X , K−i(X) for i > 0, can be defined
inductively as follows. Assuming K−i+1 has already been defined, we set

K−i(X) = coker

(
K−i+1(X [t]) ⊕K−i+1(X [t−1])

±−→ K−i+1(X [t, t−1])

)
.(1)

This starts with i = 1, in which case K0(·) represents the stadard Grothendieck
group of vector bundles on the respective variety; as such, K−1 represents the
obstruction for lifting vector bundle classes on X ×C∗ to differences of classes on
the two copies of X ×A1 that provide the standard cover of X ×P1.

A result of Quillen says that if X is smooth, then K−i(X) = 0 for all i > 0.
Therefore the negative K-groups are invariants of singularities. They have been
rather poorly understood, besides the case of curves and surfaces, and even those
in a rather ad hoc manner not related to Hodge theory. The main purpose of this
work is to provide a general conjectural picture for their vanishing (mostly over
Q), or sometimes concrete formulas, in terms of Hodge-theoretic and singularity
invariants.

This is split into two parts: first we try to understand the “regularity” of
K−i(X), i.e. under what conditions we have

K−i(X) ≃ K−i(X ×Ar) for all r ≥ 0.

If this is the case, then the natural morphism

K−i(X) → KH−i(X)

to the so-called homotopy K-theory of X is an isomorphism. We then focus on the
KH-groups. These are sheaves in the cdh topology, and therefore can (in theory)
be computed from a hyperresolution of X . This turns out to make them amenable
to methods coming from Hodge theory.

The regularity problem has essentially been solved in [9]. Here is a selection of
the results in that paper.

Theorem 1 ([9, Proposition C, Theorem D]). Let X be a complex variety of
dimension n with dimXsing = s.
(i) If X has Du Bois singularities, then it is K−n+1-regular.
(ii) If X has pre-m-Du Bois singularities, then it is K−t-regular for t ≥ max{1, n−
2m−2+s}. If X is in addition seminormal, then the conclusion extends to t = 0.
(iii) If X is a local complete intersection and X is K−n+2m+1+s-regular, then it
is pre-m-Du Bois.
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In particular, if X is a local complete intersection with isolated singularities,
then

X is m-Du Bois ⇐⇒ X is K−d+2m+2-regular

Here m-Du Bois singularities are a numerical refinement of the standard notion
of Du Bois singularities, introduced recently in [4], [3], [5]. If X is a local complete
intersection (LCI) variety, we say that it has such singularities if the canonical
morphisms

Ωp
X → Ωp

X

are isomorphisms for all 0 ≤ p ≤ m, where Ωp
X is the p-th Du Bois complex of X .

In general, the definition has to be modified appropriately; see [10].
Given the above, the main point becomes to understand the KH-groups. In [1]

we make the following:

Conjecture 2. Fix an integer i > 0. If X is projective and Wj−iH
j(X,Q) = 0

for all j ≤ 2n− i, then

KH−i(X)Q = 0,

or in other words KH−i(X) is torsion.

The notation in the hypothesis refers to the weight filtration on the singular
cohomology of X , a part of the data of its mixed Hodge structure. In particular,
Conjecture 2 predicts that if the rational Hodge structure on singular cohomology
ofX is pure in each degree, then all negativeK-theory is torsion. The most obvious
such case is that of rational homology manifolds, but there are other situations
when this holds without having Poincaré duality. For example, by a result from
[8], a threefold with isolated rational singularities satisfies this property if and
only if the global Q-factoriality defect is equal to the sum of the local analytic
Q-factoriality defects.

The key point is that the hypotheses of both Theorem 1 and Conjecture 2 are
satisfied by spaces assumed to havem-rational singularities, another recently intro-
duced (in [2], [6]) sibling of the notion of m-Du Bois singularities discussed above.
Restricting again here to the LCI setting for simplicity, m-rational singularities if
the canonical compositions

Ωp
X → Ωp

X → DX(Ωn−p
X )

are isomorphisms for all 0 ≤ p ≤ m, where DX(·) := RHom( · , ωX). For m = 0,
this coincides with the classical notions of rational singularities. Crucially, the
m-Du Bois and m-rationality conditions can be concretely checked numerically,
in terms of the minimal exponent of the singularity, determined by a root of a
Bernstein-Sato-type polynomial.

Roughly speaking, it is known that X has m-rational singularities if and only
if it has m-Du Bois singularities and satisfies condition Dm. Here condition Dm,
introduced under this name in [7], stands for duality up to level m; concretely, it
means that the canonical duality morphisms

Ωp
X → DX(Ωn−p

X )
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are isomorphisms for p ≤ m. (Note that, unlike for smooth varieties, in general this
is not usually the case.) On the other hand, an equivalent formulation of one of the
main results of [7] says that if X satisfies condition Dm, then Hi(X,Q) has weights
≥ min{2m+ 2, i} if i ≤ n, and Hi(X,Q) has weights ≥ min{2i− 2n+ 2m+ 2, i}
if i ≥ n.

Putting all of this together, we are led to formulating the following:

Conjecture 3. Let X be a projective variety with m-rational singularities, for
some 0 ≤ m ≤ (n− 2)/2, and let s = dimXsing. Then:

(i) If s ≥ 1, then

K−i(X)Q = 0 for all i ≥ n− 2m− 1 + s.

(ii) If s = 0, or if m = 0, then

K−i(X)Q = 0 for all i ≥ n− 2m− 1.

(ii) If s = 0 and m < (n−2)
2 , then

K−n+2m+2(X)Q ≃ grW2m+2H
n(X,Q).

As for results, in [1] we are able to prove the conjectures above for the groups
K−i and KH−i when i = n, n− 1 and n− 2. In particular, this almost covers the
case of threefolds, in the sense that we obtain unconditional results for threefolds
with klt singularities, but in the general rational singularities case we need to
assume Bloch’s conjecture on 0-cycles on smooth projective surfaces. As suggested,
for these results we need to apply methods related to higher codimension cycles, as
well as cdh-motivic cohomology. We are also able to prove the main conjecture for
fourfolds with isolated klt singularities, employing in addition methods from the
minimal model program. Finally, we show that our conjectures are fully implied
by a generalized version of the Bloch-Beilinson conjectural filtration on (higher)
Chow groups.
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[4] M. Mustaţă, S. Olano, M. Popa, and J. Witaszek, The Du Bois complex of a hypersurface

and the minimal exponent Duke Math. J. 172 (2023), no. 7, 1411–1436.
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Tautological rings: from CVHS to algebraic cycles

Bruno Klingler

We work over the field of complex numbers. Given a smooth quasi-projective
variety S, its rational Chow ring CH•(S)Q parametrizing the algebraic cycles on
S (with rational coefficients) up to rational equivalence, and endowed with the
intersection product, is a fundamental invariant of S. One way of studying it
is through the (singular) cohomology of the complex manifold San: there exists
a cycle class morphism of graded rings cl : CH•(S)Q → H2•(San). In general

however, the Q-algebra CH•(S)Q is wild, the cycle class cl : CHj(S)Q → H2j(S)
is far from injective, and captures only a small shadow of the Chow ring, namely
cycles modulo homological equivalence. For instance, a famous result of Mumford
[4] states that when S is a smooth projective surface, CH2(S)Q is never “finite-
dimensional” in any reasonable sense as soon as the Hodge number h2,0(S) > 0. In
this situation, one would like to construct “natural”, finitely-generated subalgebras
of CH•(S)Q, big enough however to encode an interesting part of the geometry of
S. This is the idea of tautological rings. Ideally, one could even hope that these
tautological rings inject in singular cohomology, in particular are finite dimensional
Q-vector spaces.

How can we generate candidates for such rings? Except in the case of very specific
geometries, most varieties do not, at first glance, exhibit algebraic cycles that are
“more natural” than others. Fortunately, the ring CH•(S)Q can also be studied
using objects maybe less elusive than algebraic cycles: algebraic vector bundles on
S. Let VB(S) be the exact tensor category of algebraic vector bundles on S and
K•(S) its algebraic K-theory. The Grothendieck-Riemann-Roch theorem and the
Atiyah-Hirzebruch theorem state that the diagram of rings

(1) K0(S)Q
ch
∼

//

��

CH•(S)Q

cl

��

Ktopo
0 (San)Q

chtopo

∼
// H2•(San,Q),

is commutative (where ch denotes the Chern character). Thus, one way of defining
“natural” subrings of CH•(S)Q consists in exhibiting “natural” collections of vector
bundles on S and studying the subrings of K0(S)Q they generate.

We propose a construction coming from Hodge theory. Let V be a polarized
CVHS on the complex manifold Uan. Thus V specifies a complex local system VC

on Uan, whose monodromy we denote ρ : π1(Uan, s0) → GL(V ); and a decreasing
filtration F • (the Hodge filtration) by holomorphic vector bundles of Van, where
(Van,∇an) is the flat holomorphic connection on Uan associated to VC under the
Riemann-Hilbert correspondence. The simplest polarizable CVHS on Uan are
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those obtained as complexifications of the classical polarizable ZVHS introduced
by Griffiths, in particular those of geometric origin, that is, of the form Rif∗C
for f : Y → U a smooth projective morphism. Let G ⊂ GL(V ) be the algebraic
monodromy group of the complex local system VC (i.e. the connected component
of the Zariski closure of ρ(π1(Y, y0) in GL(V )); and let Q ⊂ G be the parabolic
subgroup defined by the filtration F •. We denote by X̌ the G-flag variety G/Q.
We say that V is non-trivial if X̌ is not a point.

Given a complex algebraic group H, let Rep(H) be the abelian tensor cate-
gory of its finite dimensional algebraic representations and R(H) be its rational
representation ring K0(Rep(H))Q. This is a finitely generated Q-algebra easily
described in terms of root systems. With this notation our main result regarding
the construction of tautological rings is the following:

Theorem 1. Let S be a smooth irreducible quasi-projective variety over C, and
D ⊂ S a (possibly empty) simple normal divisor on S. Let V be a non-trivial
polarizable complex variation of Hodge structure on the analytification Uan of U :=
S −D, and let Q ⊂ G be the algebraic groups associated to V as above. Assume
that V is quasi-unipotent around D. These data define a commutative diagram of
Q-algebras with non-trivial horizontal maps

(2) R(Q) //

��

K0(S)Q

��

∼
ch

// CH•(S)Q

cl

��

H2•(X̌,Q) ≃ R(Q) ⊗R(G),ε Q // Ktopo
0 (San)Q

chtopo

∼
// H2•(San,Q),

where ε : R(Q) → Q is the natural augmentation map.

With these notation, we define the tautological ring Taut•(S,V) ⊂ CH•(S)Q as
the finitely generated Q-subalgebra image of

R(Q) → K0(S)Q
ch≃ CH•(S)Q.

Theorem 1 is a generalization to arbitrary CVHS (quasi-unipotent at infinity)
of classical results of Matsushima [1], Mumford [5], Van der Geer [6] and Wedhorn-
Ziegler [7] for Shimura varieties. It relies on an idea of Milne [2] and results of
Mochizuki [3].
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Université de Lorraine
P.O. Box 70239
54506 Vandoeuvre-lès-Nancy
FRANCE




