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REGULARITY FOR VECTOR FIELDS, HODGE DECOMPOSITION AND
GREEN FORMULA IN LIPSCHITZ DOMAINS

AISSA AIBECHE, CHERIF AMROUCHE, AND PETER LEWINTAN

ABSTRACT. For a bounded Lipschitz domain £ C R3, neither necessarily simply con-
nected nor with connected boundary I', we prove a new Hodge-type decomposition: ev-
ery u € H(curl, Q) splits uniquely into a gradient and a field in H? () NH(curl, )
with tangential L?-trace. As applications we remove the additional topological hypothe-
ses from Costabel’s H%-regularity theorem, and extend the classical Green formula to
two H(curl)-fields. We define tangential differential operators on the non-smooth
boundary I' and revisit the space H - (divp, T).

1. INTRODUCTION

Throughout this paper, we denote by 2 C R?® a bounded Lipschitz domain (not nec-
essarily simply connected) with boundary I' (not necessarily connected) and exterior
normal vector field v. For u € H(curl, Q) and v € H'(9) the classical Green formula
reads

/Q(u -curlv — v - curlu) = (u X V,U>H_%(F)XH%(F). (1.1)
Its left-hand side is well defined as soons as both vector fields lie in H(curl, ). Its right-
hand is not: an H(curl)-field has a tangential trace u X v € H > (I'), but has, in general,
no trace at all, so the duality on the right asks of v exactly the H: (T')-regularity that
H(curl, ©2) does not provide. Giving (1.1) a meaning for two H(curl)-fields is therefore
a question about the tangential trace space — and on a Lipschitz boundary it is a delicate
one.

For smooth domains the picture is classical: the tangential trace maps H(curl, Q2)
onto H ™2 (divp, I"), the surjectivity going back to Paquet [15]. On Lipschitz domains,
Tartar [16, Thm. 2] characterized the range of the tangential trace and proved surjec-
tivity, in a manuscript that was never published; his description is a single condition
coupling tangentiality and the surface divergence. Buffa et al. [7] developed a system-
atic functional-analytical framework, introducing new spaces V., V of tangential fields
of order —3, using Hodge decompositions for them, and deriving a Green formula for
two H(curl)-fields. Their boundary term is expressed through duality pairings in these
non-standard spaces and the authors suppose I' connected and €2 simply connected:
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7(’)/7(11,),7@(’0))# = /F%'((I') : WT(‘I]) + 24 <VFQ77‘F<‘IJ)>V~, v <Curlea WT(‘IJ»VW

= /’y‘r(q)) ’ WT(\IJ> - <diVF 71'(@)7 Q>F =+ <CU_I‘IF WT(\II)7P>F>
r
where
u=®+Vp, v=Ww+Vqg &, W ecH (Q),pqecH(Q).

As the decompositions above are not unique and the duality pairings lie in non-standard
spaces, this Green’s formula, as it stands, is difficult to put into practice. On the regularity
side, Costabel [9, Thm. 2] proved that u € H(curl, Q) N H(div, §2) with either u x v €
L*(T") oru-v € L*(T") belongs to H: () — again for 2 simply connected with connected
boundary. Simply connectedness is not an artefact there: it is what permits a curl-free
field to be written as a gradient, and thereby reduces the vectorial problem to scalar
elliptic regularity on a Lipschitz domain, where the results of Necas and of Dahlberg-
Jerison-Kenig apply, see also [6] for an overview. A first, indirect answer to the validity
of Green’s formula (1.1) when both functions lie in H(curl, €2) follows from [1, Lem.
3.5], which implies that for any v € H(curl, Q) there exists an w € H'(2) such that
curlv = curlw, see also [12, Cor. 5.5] for another proof. However, this does not
give a formula whose RHS is anti-symmetric and is expressed in the standard duality
H 2 (T") x H: (I'). That is what we present in this work. We develop a new approach for
extending this result to the case of bounded Lipschitz domains (not necessarily simply
connected and whose boundary need not be connected). This is achieved showing a
new Hodge-type decomposition. More precisely, we prove Costabel’s theorem [9, Thm.
2] with all additional topological hypotheses removed, see our regularity Lemma 4.3.
Our new Hodge-type decomposition (Lemma 4.6) reads: Every u € H(curl, §2) splits
uniquely as follows:

u=¢p+Vy with yeH(Q) and ¢ €H2(Q)nH(curl,Q)

whose trace is a genuine tangential L*-field, |- € L2(I"). We then show the following
Green formula (Theorem 5.1) for u, v € H(curl, Q):

/Q(u -curlv —v-curlu) = /(go x v)-p+ (divp(y x v), x)r — (divr(e x v), \)r

r
where u = ¢+ Vy and v = 1 + V) are the decompositions from Lemma 4.6. Observe
that divp(¢ X v) and divp(¢ x v) are in H_%(F). Explicit characterizations of the
tangential trace operator for H(curl)-functions in Lipschitz domains are essential for
applications in boundary value problems for elliptic systems and inverse problems for
PDEs. These applications include:

e Maxwell’s equations,

e Navier-Stokes equations,

e PDEs in optics and electromagnetism,

e PDEs in continuum mechanics and elasticity.
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The paper is organized as follows. Section 2 fixes notation. Section 3 introduces the
tangential divergence on L2 (T") and the density results we need. Section 4 contains the
regularity result and the new decomposition, Section 5 the Green formula, and Section
6 the characterization of the tangential trace space.

2. NOTATIONS

To keep our presentation succinct, we stay in the three-dimensional Euclidean space
and focus only on Hilbert spaces. We use boldface to denote vector fields and spaces of
vector valued functions and recall the standard definitions

HY(Q) = {p € L*(Q) : Vp € L*(Q)},
H(curl, Q) := {u € L*(Q) : curlu € L*(Q)},
H(div, Q) == {u € L*(Q) : divu € L*(Q)}.
It is known that any ¢ € H'(Q) admits a trace ¢|p € H%(F), u € H(curl, Q) admits
a tangential trace v, (u) :=u X v € H_%(F) (the dual space of H%(F)), and any u €
H(div, Q) admits a normal trace u-ve H*l( I'). We denote by (-, -)r the natural duality
pairing in H_l(F) X H%(I’) orH 2 2(I") x H: (') extending the L?(T") inner product. We
repeat the Green’s formula for u € H(div, ):

/u~Vx+/Xdivu:<u-u,X)p Y x € HY(Q). (2.1)
Q Q

Furthermore, the space of tangential L?(T")-vector fields is denoted by
L) = {uc L*T) : u v =0}.

3. TANGENTIAL DIVERGENCE

For u € H(curl, Q) we have div curlu = 0 in the distributional sense, so curlu €
H(div, Q) and admits a normal trace curl u-v € H™2 (T"). Applying the Green’s formula
(2.1), we obtain on the one hand

/ Vx - curlu = (curlu - v, x)r vy € H(Q), (3.1)
Q
and on the other hand by (1.1)

—/ Vx:-curlu = (u x v, Vy)r v x € H*(Q). (3.2)
Q

Observe that, since (2 is only Lipschitz, the trace of a function x € H*(Q) belongs only
to H'(T"), so the tangential gradient Vry € L*(T) and d,x € L*(T). However, as
Vx € H'(Q2) we have Vyx|r € H%(F) So, the RHS in (3.2) is well defined. On I', we
have Vy = Vi + vd,y € H? (I'), where each term on the right-hand side belongs to
L*(T") but not necessarily to H: (T'). Assuming further that u x v € L*(I), we get

(uxv,Vx)r = /(u x v) - Vrx = —(dive(u X V), X)u-1(r)xnt r)- (3.3)
r

We used above the following definition:
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Definition 3.1. For A € LZ(T") we set

<diV1" A, M>H71(F)XH1(F) = — / A VF/L A n e Hl(F)
T

By this definition, we clearly have the following property: the operator
divp : L2(I') — H™Y(T)
is linear and continuous.

Remark 3.2. In the context of Definition 3.1, if 1 = x|r for a y € H?(f2), then we have

<diV1" A,/VL>H71(F)XH1(F) = — / A VX
r

If, moreover, Y € H*(Q) N HS(Q2), then we obtain

(divp A, M)H—l(r)le(r) = / A-vdyx =0.

r
Returning to (3.3), for u € H(curl, Q) with u x v € L*(I") and x € H*(2), it holds
(curlw - v, x)r = (divr(w X V), X) -1 (0)xni (1) (3.4)

We now aim to extend this identity to functions y € H'(Q2). The left-hand side is well
defined, since curlu - v € H’%(F).
The following density result goes back to Necas:

Lemma 3.3. The space {x|r € H'(I') : x € H*(Q)} is dense in H'(I").
Proof. Recall the following result (see [14], Lemma 4.4, Chapter 5, page 274): the space
{(v,0,v) e H'(T) x L*(I); v € H*(Q)}

is dense in H'(I") x L*(T"). So let g € H'(T") and apply the above last density result for
the data (g, 0). There exists v, € H?(f2) such that

velp = g in H'(T') and 0d,v;, — 0 in L*(T). O
We include also the next density lemma from [5]:
Lemma 3.4 ([5]). The space
PD(UR?) is dense in {u € H(curl, Q) : u x v € L*(I")}.
In particular, H*(Q) is dense in {u € H(curl, Q) : u x v € L*(T")}.

The additional assumption u x v € L*(I") enables a correct understanding of (3.4) in
case x € H'(Q):

Lemma 3.5. Letu € H(curl, Q) such thatu x v € L*(T). Then, divp(uxv) € H_%(F)
and divr(u X v) = curlw - v. Moreover, there exists a constant C'(2) > 0 such that

||divr(w x u)||H,%(F) <C(Q) ||U||H(cur1,sz) :
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Proof. Observe that u x v € L*(I") implies that divp(u x v) € H'(T).
Let ;1 € H'(T') be arbitrary. By Lemma 3.3 we find a sequence of functions ; € H?(Q)

such that xx|r LN v in HY(T). Then
(curlu - v, p)r = kli_)rg()(curlu UV, Xk)T

(34) ;. .
= klglc}o<d1VF(U X V), Xk) 1 (1) H (1)

= (divr(w X ), Wu-1(rym r)-
Hence, divy(u x v) = curlw-v in H™*(T"). But, since curlu-v € H2 (I') we conclude
divp(u x v) € H™ %( I') and (3.4) holds for any x € H*(Q). O
4. HODGE-TYPE DECOMPOSITIONS

One of the essential tools for obtaining Hodge decompositions is the resolution of a
Dirichlet or Neumann problem for the Laplacian. Recall the following result:

Theorem 4.1. Assume that

veHY(Q), with AveL*Q). (4.1)
i) Then we have the following equivalence (see Necas [14], Section 5)
vlp € HY() <+= 09,v e LX(I). (4.2)
ii) Moreover, if
vlp € HYT) or 0d,v € L*(I), (4.3)

thenv € H%(Q) (see Dahlberg-Jerison-Kenig, [13]).
We recall the following regular Hodge decomposition for functions in H(curl, ):

Lemma 4.2 (regular Hodge decomposition for H(curl)). Let v € H(curl, 2). Then,
there exist W € H'(Q) and 6§ € H'(Q) such that

v=U+V0 inQ. (4.4)
For a proof we refer the reader to [4, Thm. 3.6.7] or [11, Lem. 2.4].

To generalize the Green’s formula (1.1), we employ a different decomposition. To
this end, we extend Costabel’s auxiliary result [9, Thm. 2] to the case where neither
the domain itself is assumed to be simply connected, nor its boundary is necessarily
connected. Before that, recall that for bounded ¢*'-domains, if u € H(curl, Q) N
H(div, Q2), either of the two boundary conditions u X v € H%(F) oru-v € H%(F)
implies u € H'((2), see e.g. [10]. However this regularity does not hold when the
domain 2 is only Lipschitz.

The following lemma is an extension of the main Theorem from [9] with the topolog-
ical hypotheses removed.

Lemma 4.3. Let u € H(curl, Q) N H(div, Q).
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(@) Ifu-v € L*(I), thenu € H%(Q) and u x v € L*(T). Moreover, there exists a
constant C(€2) > 0 such that

HUHH%(Q) + lu x v < CQ) (Hu”H(curl,Q) + 1wl aiv0) + 1w VHL?(F)) :

(b) Ifu x v € L*(T"), then, u € H%(Q) andu - v € L*(I'). Moreover, there exists a
constant C'(2) > 0 such that

ll it gy + 12~ Pliary < CO) (Il + el + 1 X Vi ) -

Proof. We cannot adapt the proof of [9, Thm. 2] directly since our domain is not nec-
essarily simply connected, which is crucial for the argumentation in [9]. Instead, we
make use of the explicit extension operator for H(curl, 2)-functions from Hiptmair et
al. [12, Cor. 4.1], see also [8, Lem. 2.2]. More precisely, there exists a universal extension
operator & : H(curl, Q) — H(curl, R?) such that

(5@1’11, =u ae in{and Héalu”H(curl,R?’) < O<Q) HUHH(curl,Q) : (45)

Now let n € €>°(R?; [0, 1]) be such that » = 1 in a ball B D Q. Consider the function
f = curl (n&u) € L*(R?). Then, f is compactly supported and in the distributional
sense, div f = 0 in R, There exists a vector potential w € H'(R?) such that

curlw=f and divw =0 inR> (4.6)

Define z := (n&u — w)|p. Then z € L*(B) and, in the distributional sense, curl z =
in B. Since the ball B is simply connected, we find § € H'(B) such that z = V@ in B.
Hence

Al =divu in .

Now, assuming u - v € L*(T'), we have 9,0 = u - v — w - v € L*(T") by the regularity
of w. It follows from Theorem 4.1 that 6 € H%(Q) since divu € L*(52). Hence, u =
z+w=V0+w GH%(Q).

Furthermore, since A € L*(Q) and 9,0 € L*(T") it follows from Necas [14] that
flr € HY(T) and, so, VO x v € L*(T). As w € H'(Q2), we also have w x v € L*(T").
Therefore, u x v = VO x v +w x v € L*(T"), which completes the proof of part (a).

Conversely, assuming u x v € L*(I'), we have VO x v = u x v — w x v € L*(I).
Using again Theorem 4.1, this is equivalent to f|r € H'(I') and implies 6 € H2 (). So,
wehaveu =z4+w =Vl+w EH%(Q).Finally,ud/:V@-V+w~1/ € L*(T) and
then part (b) is complete. OJ

Remark 4.4. Instead of the H(curl, R?)-extension in (4.5) we can also argue in the
following way: For u € H(curl, Q) we have divp(u x v) € H_%(F). Let us denote
again by B a ball containing 2. Then we find v € H(curl; B\Q) such that

{'UXI/:O on 0B,

vXv=uxv onl.
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Then,

u in (),
U = _
{'v in B\,

fulfills U € H(curl, B) with U x v = 0 on 0B. And we can proceed as in the proof
above considering U instead of & u.

Remark 4.5. Costabel does not need such an H(curl, R?)—extension in his proof of [9,
Thm 2] since his domain is simply connected by hypothesis.

We are now able to present the following Hodge-type decomposition:

Lemma 4.6. Let u € H(curl, Q). Then, there exist x € H'() unique up to a constant
and a unique p € H%(Q) N H(curl, Q) with ¢|r € L2(T') such that

u=¢+Vy in. (4.7)
Moreover, there exists a constant C'(€2) > 0 such that
HVXHL2(Q) + HS"“H(curl,Q) + ”‘PHL?(F) < C(9Q) HUHH(curl,Q)
Proof. Let u € H(curl, Q). We find y € H' (1) satisfying
Ax =divu in (2,
{(Vx—u)-l/:() onT,

with [[Vx||g2(q) < C(Q) [[ufl2q)-
We consider ¢ := u — V. Then, ¢ € LQ(Q), div ¢ = 0 in the distributional sense,

(4.8)

curlp = curlu € L?(Q) and ¢o-v = 0 on I'. By Lemma 4.3 we obtain ¢ € He (Q) and
¢ x v € L*(T'). Hence, also v x (¢ x v) € L*(T"). Since for the vector triple product,
we have v X (¢ X V) = ¢ — (¢ - V)V = ¢, we conclude | € LZ(I).

Finally, to show uniqueness of the decomposition (4.7) fix u = 0. Then, Vx = 0, so
x = const and ¢ = 0. OJ

Remark 4.7. In contrast to the regular decomposition (Lem. 4.2) into H'-fields we have
1
here a Hz-part with tangential L*-trace and the decomposition (4.7) is unique.

5. GREEN’S FORMULA

To derive a suitable Green’s formula for H(curl)-functions, Buffa et al. [7] employ a
regular Helmholtz decomposition involving H'-functions:

u=®+Vp, v=V¥+Vq & ¥ cH'Y(Q),p,qec H(Q)
and proved the following Green’s formula for H(curl)-functions:

/('u, ~curlv — v - curlu) = (- (), 7+ (V))x, (5.1)
Q

where the boundary terms are then handled using duality pairings in non-standard func-
tion spaces, cf. [7, Eq. (36)]:

7(’)/7(11,),7@(’!)))# = /F%'((I)) : WT(‘IJ) + 124 <VFQ77‘F<‘IJ)>V~, + v <Curlea WT(‘I’»VW
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= /F%@) -7 (W) — (dive 77 (®@), ¢)r + (curlp 7 (¥), p)r,

with 7, () =v X (- x ), 7r(-) = - x v, V, =7, (H2(T')) and V;, = 7, (H?(I)). Their
integration by parts formula and its duality interpretation are derived under I' connected
and (2 simply connected; we assume neither. In [7, Sec. 5] Buffa et al. mention that “the
generalization to non-simply connected geometries would require some additional work.”
Indeed, a generalization towards keeping the simply connectedness of ) and dropping
the connectedness assumption of I' would follow similar lines as in [9] but involving [1,
Lem. 3.5]. In contrast, dropping also the simply connectedness of {2 requires some so-
phisticated analysis. However, our approach is based on the new Hodge-type decompo-
sition (4.7). In what follows, we present two alternative versions of Green’s formula for
H(curl)-functions. These variants are based on the decomposition (4.7), which involves
H'-functions and H2 -functions, and utilize the natural duality pairing H™ 2 (I") x Hz (T),
cf. Theorems 5.1 and 5.3 below.

Theorem 5.1. Let u,v € H(curl, Q) and x,\ € H'(Q) as well as ¢, € H%(Q) N
H(curl, Q) with |, ¥|r € L2(T) come from the decomposition (4.7). Then

/(u -curlv — v - curlu) (5.2)
Q

_ /((p < V) -1+ (dive(i x v), ) — (dive(p x ), Ve, (5.3)
r
Proof. By Lemma 4.6 we find x, A\ € H'(Q) and ¢, € H%(Q) N H(curl, Q) with
exv,pxveL* () andp v =1 v =0onT such that
u=¢p+Vy and v=1vP+ VA
Then

/(u-curlv—v-curlu):/(go-curlw—v,b-curlcp)—l—/VX-curlv,b
Q Q Q

—/V)\-curlgo:: I + 1, + Is.
Q

We will show how each of these integrals can be transformed properly.
Term I;: By Lemma 3.4 we find 9, € Z(£2; R?) such that

¥, 2% apin H(curl, Q) and 9, x v 2225 ¢ x v in L2(T).
Then, we also have v x (¥, X V) 2oy x (Y xv) =1 — (¢¥-v)v =1 in L*(T)
and by classical Green’s formula (1.1) we obtain

/(ga -curly — 1 - curlp) = lim /(ga ~curly, — 1, - curl )

2 lim (pxv)- 1,

k—00 T

— lim [ (o xv)- (v x (3, xv))

k—o0 T
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= / (o xv) 1.
r
Term I,: We use the density of H*(Q2) in H'(). So, let x; € H*(Q) be such that

Xk =% yin H'(Q). Then
/ Vx - curly = lim / VX - curlap 2 Jim (Y X v, Vxr)r
Q k—oo Jq k—o00

(3:3) ICIE]QO(diVFWJ X v), Xk>H_1(F)><H1(F)'
But, from Lemma 3.5 we know that
(dive(9 X V), Xk <t ) = (dive(¥ X v), xe)r,
so that we conclude
l}LTgo<diVF(1/’ X V)axk>H*1(F)><H1(F) = (divr(¢ x v), X)r-
Term I53: To be treated like I5.

In total, the proof is complete. O]

Proposition 5.2. The right-hand side of our Green formula (5.2)

br(u,v) = /F(cp x v) -+ (divp(¢ x v), x)r — (divr(e X v), \)r

gives rise to a bounded, anti-symmetric bilinear form by (-, -) on H(curl, Q) x H(curl, ).
Proof. The linearity in both components follows from the uniqueness from Lemma 4.6
and the observation that the constant in  is harmless because

Def. 3.1

(dive o, ) g1y = — / @-Vra=0 Ve e L), a € R.
r

The boundedness follows from several previous estimates. By Lemma 4.6 we have
[ X vllr2m) < C(Q) [l g(cur,) and since 9 is tangential we have ¢ = v X (¢ X V)
and estimate [|9|[p2r) = [[¥ X V[l12p) < C(Q) V]l g(eurr,o) by Lemma 4.6. Further-
more,

Lem. 3.5 Lem. 4.6
ldive(¥ x V)l -3y = OO ¥ laeuno) = CEO) Vllaeuns) -

Setting ¢ = \ﬁl| Jo, x we deduce by Poincaré’s inequality:

Lem. 4.6
Ix = xellys gy = CEO) X = xallw @ < CO) VXl = CO) lullaeuo) -
Hence,

[(dive( x v), x)r| = [(dive (¢ x v), x = xa)r|

< ldive (¢ x v)llyg o I = Xellys g

< C(Q) HUHH(curl,Q) ”uHH(curl,Q)

and similar for the remaining term. In total we deduce

‘bF(U’?IUH < C(Q) HU’HH(curl,Q) HUHH(curl,Q) :
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The anti-symmetry follows from the property of the scalar triple product:
(Y xv)-p=—(pxv) 9. O

We present a variant of the Green’s formula from Theorem 5.1 involving in the de-
compositions only three functions:

Theorem 5.3. Letu,v € H(curl, (). Let & € H'(Q2), 6 € H' () be given by (4.4) and
p € H%(Q) N H(curl, 2) be given by (4.7). Then

/(u ~curlv — v - curlu) = (u X v, ¥)r — (divr(e X v),0)r.
Q
Proof. By Lemma 4.2 we find ¥ € H'(Q2) and § € H'(2) such that v = ¥ + V6. Then

/(’u,-curlv—'v-curlu):/(u~curl\I’—\Il-curl'u,)—/V@-curlu
Q Q Q

w (u X v, ¥)r — / VO - curl ¢
Q

= (u x v, ¥)r — (divp(p X v),0)r
where we have used a decomposition u = ¢ + Vy with y € H'(Q) and ¢ € H: Q)N

H(curl, Q) with ¢ € L2(T) and argued for the remaining integral like in the transfor-
mation of the integral I5 in the proof of the previous Theorem 5.1. O

6. SURJECTIVITY OoN H 2 (divp, T)

In this final section, we investigate the expression divp(u x v) for u € H(curl, 2).
Since the normal vector field v belongs only to L*°(I") for Lipschitz domains, the scalar
product v - A is not well defined for A € H_%(F). To characterize tangential vector
fields in H™ = (I"), we introduce the following definition inspired by [16, Rem. 3].

Definition 6.1. A vector field A € H: (T") is called tangential if and only if

(N, VY)r =0 V€ HA(Q)NHQ). (6.1)
In this case we write A € HT_% (I).

1
Example: Let u € H(curl, Q). Thenu x v € H;?(I"). Indeed, u X v € H_%(F) and
from (3.1) and (3.2) we get (6.1) with A = u x v.

Remark 6.2.

i) Recall that for any p € H,%,(I‘) = {p € H%(F) : p, = 0}, where p,. =
p — (p - v)v, there exists a ¢ € H*(Q) N H;(Q) such that Vi) = pon T, cf. 3,

1

Sec. 4.2]. So, A € H;2(T") means, that A € H™2(T") and

A pyr =0 VpeH D).
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ii) Let A € L*(T") satisfying A - v = O on I. Then, X € H_%(F) and
(N, V)r = /F)\ vo,h =0 V€ H*(Q)NH(Q).
So, the definition (6.1) is alnatural extension of tangentiality to H_%(F)-ﬁelds
and we have L2(T") — H, > (T).

We recall the following definition, which goes back to Tartar [16, Thm 2], see also [2,
Def. 2.1]:

Definition 6.3. Let A € H;% (T"). Its surface divergence divr A is given via
(divp A, ¢) = — (X, Vi) vy € HA(Q). (6.2)
By this definition, we clearly have the following property: the operator
divy : Hy2(T) — HY(I)
is linear and continuous.

Remark 6.4. This definition coincides with the Definition 3.1 for L2 (I')-fields. In the
following let A € L2(I"). We first show, how to obtain (6.2) from Definition 3.1. Note
1

that A € H, 2(I") and consider ¢ € H2(Q). Then, ¢|r € H(I') and V¢ € H2(I"). So

we have

Def. 3.1

<diV1" A, w)Hfl(F)XHl(F) = — /F A Vﬂ/} = — /I: A V¢ = _<A, V¢>F,

which gives us (6.2). In contrast, to recover Definition 3.1 from Definition 6.3 for L (I")-
fields, we start with € H*(T"). From Lemma 3.3, there exists a sequence (1), C H*(f2)
such that 1y r converges to x in H'(I'). Since divp A € H™(T"), we have

. . . Def. 6. .
(dive A, ) -1 ryxm () = l}l_>I£lo<d1VF A Vk) i1 (1) <l () = lim [ A Vi
r

k—o0
= _/Avfua
r

which recovers Definition 3.1.
Consider the two spaces
vr(H(curl, Q) == {u x v : u € H(curl,Q)},
H % (dive, [) == {A € Hy () : dive A € H3(I)).
Theorem 6.5. It holds v, (H(curl, Q)) = H*%(din, ).
Proof. We start by showing the inclusion v, (H(curl, 2)) C H: (divp, T).

Letu € H(curl,Q)and y € H'(Q)and ¢ € H%(Q)QH(curl, Q), with | € L2(T),
be the functions given by the decomposition (4.7). By Lemma 3.5 we have ¢ X v €
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H_%(din, I'). Furthermore, since u X v € H_%(F), we have Vy X v € H_%(F) and
we obtain

(Vx X v, Vi) w /Q(VX ~curl Vi) — Vi) - curl V) =0

D=

for all 1y € H?*(Q2). That means that Vy x v € H, ?(I') and by Definition 6.3 we have
1

divp(Vx x v) =0, 1e., also Vy x v € H 2 (divr, I'). Hence,
u x v € H™2 (divr, ).

1
Conversely, let A € H, ?(divr, I'). Then, by [16, Thm. 2] we find a u € H(curl, 2)
suchthat A =u x v onl. OJ
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