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ON WALL-CROSSING INVARIANT COMBINATIONS OF

WELSCHINGER NUMBERS FOR RATIONAL SURFACES WITH

A CONIC BUNDLE

S. FINASHIN, V. KHARLAMOV

Abstract. We refine the real enumerative invariants insensitive to changes
in the real structure introduced in our previous paper on del Pezzo surfaces,

and extend these refined invariants to arbitrary rational surfaces. The con-

struction involves a choice of an auxiliary conic bundle together with a Pin−-
structure. We prove that the resulting invariants are independent of these

auxiliary choices and establish recursive relations for their computation.
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. . . the course of my own investigations and views makes me
think that [this my] consideration may be of service to
those persevering labourers (amongst whom I endeavour to
class myself), who, occupied in the comparison of physical
ideas with fundamental principles, and continually
sustaining and aiding themselves by experiment and
observation, delight to labour for the advance of natural
knowledge, and strive to follow it into undiscovered regions.

M. Faraday 1857, On the Conservation of Force.

1. Introduction

1.1. Objects and goals. The goal of this paper is to show how the counting
scheme for real rational curves that is insensible to wall-crossing, introduced in
[FK-2] for del Pezzo surfaces, can be extended to arbitrary rational surfaces equipped
with an auxiliary conic bundle structure.

Throughout the paper we denote by X a nonsingular complex rational surface
endowed with a real structure given by an antiholomorphic involution conjX : X →
X. By a real conic bundle we mean a proper regular map π : X → P1 equivariant
with respect to conjX and the standard real structure conjP1 on P1, whose generic
fibers π−1(p), p ∈ P1, are non-singular rational curves, while the singular fibers
split into pairs of (−1)-curves. As is known (and explained in Section 2.1 below),
there is a natural fiber-preserving conj-invariant embedding X ⊂ P(E) into the
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projectivization of a suitable 3-dimensional real vector bundle E → P1, in which
the fibers of π become conics in the P2-fibers of P(E).

The advantage of a conic bundle structure in X is twofold.
On the one hand, it allows us to introduce, on the real locus XR = Fix(conj),

certain inherited Pin−-structures (see sections 3.3–3.4 for precise definition). As in
our previous work [FK-2], these structures provide a natural sign correction to the
Welschinger numbers [W1].

On the other hand, in the del Pezzo case studied in [FK-2], we summed the
modified Welschinger numbers over the divisor classes D having a fixed intersection
index m = −KD ∈ Z. Since K2 > 0 in the del Pezzo case, such a count involves
only a finite number of divisor classes. In contrast, if K2 6 0, their number
is infinite. Another role played by conic bundles is therefore to make the count
finite by restricting the sum to divisor classes that, in addition to having a fixed
m = −KD, have a fixed intersection index with the divisor class of the fibers of
the conic bundle (see Lemma 1.2.1).

1.2. Counting scheme. Since X is assumed to be a rational surface, we have
Pic(X) = H2(X) and using Poincaré duality identify it with H2(X). We define
the bi-layer, Lm,n(X) ⊂ Pic(X) = H2(X), as the set of divisor classes D with
−KD = m and CD = n, where C is the divisor class of the fibers of a fixed conic
bundle π : X → P1. In the real case, we let Lm,nR (X) = Lm,n(X) ∩ ker(1 + conj∗).

1.2.1. Lemma. For any conic bundle X → P1 and any m,n ∈ Z, the number of
effective divisor classes D of bi-level (m,n) is finite.

Proof. Follows from [L, Example. 1.4.31] and very ampleness of −K + rC for any
r sufficiently large (see Proposition 2.1.4). �

The main object of this paper is the following double sequence of integers

(1.2.1) Nm,n(X, θ) =
∑

α∈Lm,n
R (X)

iq̂(α)−m2

wk(α), k ∈ {0, 1}, k = m− 1 mod 2

where (in accordance with the definitions given in Section 3):

• θ is a Pin−-structure on XR inherited from a Pin−-structure on PR(E),
• wk(α) is the modified Welschinger number, which differs from the original

Welschinger number by a factor (−1)ga(α), with ga(α) = α2+αK
2 − 1,

• q̂ = q ◦ Υ where Υ is the Viro homomorphism (see Section 3.2) and q :
H1(XR;Z/2)→ Z/4 is the quadratic function defined by θ (see, for example,
[K-T]).

If the number of singular fibers is s, we restrict our choice of θ to monic Pin−-
structures, that is to those with q(w∗1(XR)) = 1.

1.3. Main results. Note that the number s of singular fibers of a conic bundle
X → P1 is χ(X) − 4 = 8 −K2, so, parity of s is the same as for χ(X) and, thus,
for χ(XR).

1.3.1. Theorem. The double sequence Nm,n(X, θ) is the same for all real conic
bundles X → P1 with given number s > 2 of singular fibers and XR 6= ∅. In
particular, this double sequence does not depend on a choice of an inherited Pin−-
structure θ (monic, if s is odd). Furthermore, the numbers Nm,n(X, θ) vanish if
n /∈ 2Z>0. Besides, if s is even, then they vanish also if m /∈ 2Z>0.
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This theorem allows to forget about auxiliary conic bundle and a Pin−-structure
and attribute numbers Nm,n to any rational surface X with fixed K2 6 6. In
Section 4.6 we show that these numbers are all greater or equal to 0.

In the next theorem, by GWX(α) we mean the genus-0 Gromov-Witten invariant
of α ∈ H2(X) and, thanks to Theorem 1.3.1, drop θ from notation N2m,2n(X, θ)

1.3.2. Theorem. For any m ∈ Z>1, n ∈ Z>0, and any real conic bundle X → P1

with s > 4 singular fibers and XR 6= ∅, we have

(1.3.1) N2m,2n(X) = 2m−3
∑

α∈Lm,n(X)

(eα)2GWX(α),

where e is an arbitrary element of 〈K,C〉⊥ ⊂ H2(X) with e2 = −2.

Due to this theorem, for any real conic bundle X with s > 4 singular fibers,
computating N2m,2n can be reduced to a computation of the second moments of
Gromov-Witten invariants,

GW [2]
m,n :=

∑
α∈Lm,n(X)

(eα)2GW (α), e ∈ (K,C)⊥, e2 = −2,

(which are indeed independent on a choice of a root e ∈ (K,C)⊥, see Proposition
4.4.2). To compute these moments we provide a pair of recursive relations for

computing simultaneously GW
[2]
m,n and

GWm,n :=
∑

α∈Lm,n(X)

GW (α)

starting from GWm,0, GW1,n, and GW
[2]
1,n as initial valuers, see Proposition 5.1.1

and Theorems 5.2.3, 5.3.2.
Note that, due to Theorem 1.3.1, if the number of singular fibers is even, the

numbers Nm,n vanish unless both m,n are even. Thus, in the case of even number
of singular fibers, the cited recurrence relations reduce the computation of the whole

double sequence Nm,n to a computation of sequences GWm,0, GW1,n, and GW
[2]
1,n.

In the case of odd number of singular fibers, the above recurrence relations are
missing the numbers Nm,n with odd m. Thus, to complete the recursion we provide
an additional recurrence relation (see Corollary 5.4.3), which allows us to reduce
computing the double sequence Nm,n to a computation of three sequences of initial

values, GW1,n, GW
[2]
1,n, and N1,n.

1.4. The relation to previously defined invariants for del Pezzo surfaces.
To compare with the results in [FK-2], we recall that the invariants Nm introduced
there 1 were defined following the same counting scheme (1.2.1). The only difference
is that the summation was taken over α ∈ LmR (X) := ∪n>0 Lm,nR (X) and that the

Pin−-structure was chosen differently and is not associated with a conic bundle.
Our new invariants Nm,n refine the previous Nm in the following sense.

1.4.1. Theorem. For any m > 1, we have Nm =
∑
n>0 Nm,n.

1.4.2. Remark. In [FK-2] we explored an enumerative (curve counting) meaning of
the numbers Nm, and by this reason all the results were stated only for del Pezzo
surfaces. However, since the deformation classification of real del Pezzo surfaces

1Our notation for Nm in [FK-2] is Nm,k, where k ∈ {0, 1} is determined by k = m− 1 mod 2.
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coincides with that of real rational surfaces having K2 > 0, all the results in
[FK-2] can be extended to the latter class of surfaces. Note also that the cases
5 6 K2 6 6 were excluded from consideration in [FK-2] because they required a
different approach to define the Pin−-structures.

1.5. Plan of the paper. In Section 2, we reduce the study of arbitrary conic
bundles to 3 particular types of embedded ones (see Theorem 2.2.1). In Section
3, we introduce the notion of inherited Pin−-structures and establish some basic
properties of our counting scheme. Section 4 is devoted to proving Theorems stated
in the Introduction. In Section 5, we provide recursion relations for computing

numbers GWm,n, GW
[2]
m,n and finally Nm,n. In Sections 6 and 7, we compute the

initial values for the above recursion, in the cases K2 > 0 and K2 = 0, respectively.
In addition, in Section 7 we provide a generating function for Nm,n in the case
K2 = 0. In Section 8 we give additional recursion relations and present tables with
some numerical values of our invariants.

1.6. Conventions. Occasionally, we extend our considerations to complex-analytic
(rather than algebraic) varieties Z (usually, to an open subset Z ⊂ X in a rational
surface). We call such variety Z real if it is endowed with an anti-holomorphic
involution conj : Z → Z, called a complex conjugation, or real structure. We denote
by ZR ⊂ Z the fixed point set of conj and call it the real locus of Z.

A notion of conic bundles extends literally to the complex-analytic setting, with
any smooth complex-analytic space B as a base. Such a conic bundle π : Z → B
is called real, if X and B are real and π is equivariant. By minimality of a conic
bundle X → P1 we mean relative minimality, i.e., absence of exceptional curves in
the fibers.

Given a pair of fiber bundles over the same base, by a bundle isomorphism we
mean an isomorphism acting identically on the base. By a bundle automorphism
we understand an automorphism sending each fiber to itself.

Given a real Lefschetz family f : X → D with nonsingular X and a nodal
degeneration at 0 ∈ D (which we will call Morse-Lefschetz families, see details in
Section 2.8) we mean by a real vanishing cycle of X(z) = f−1(z), z 6= 0, in X a
conj-invariant representative of classical Lefschetz vanishing spheres.

1.7. Acknowledgements. This research was initiated in 2024 during our Research
in Residence visits to Centre International de Rencontres Mathématiques, Luminy,
and to Institut des Hautes Études Scientifiques, Paris. We completed it during our
Research Fellows staying in MFO, Oberwolfach, 2026. We thank these institutions
for hospitality and excellent working conditions.

2. Conic bundles

2.1. Embedded conic bundles. Let πE : E → P1 be a rank 3 vector bundle, P(E)
its projectivization and X ⊂ P(E) a nonsingular hypersurface such that every fiber
Xp = X ∩ π−1

E (p), p ∈ P1, is a reduced conic. Then, the embedding X ⊂ P(E)
enriched by the restriction π : X → P1 of πE is called an embedded conic bundle.
For any embedded conic bundle π : X ⊂ P(E)→ P1, at every point p ∈ P1, one can
find a neighborhood p ∈ U ⊂ P1 over which the conic bundle is isomorphic to one of
two standard conic bundles embedded into U × P2 ∼= π−1(U) : one being given by
equation ax2 + by2 + cz2 = 0 where x, y, z are homogeneous coordinates in P1 and
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a, b, c are elements of the ring of regular functions O(U) not vanishing at p, if the
fiber over p is nonsingular, and, otherwise, given by equation ax2 + by2 + ctz2 = 0
where, in addition, t is a local coordinate in U vanishing at p (cf. [Be, Lemme
1.5.2]). Over C up to a choice of complex analytic isomorphism U × P2 ∼= π−1(U)
one can choose a, b, c equal to 1, while over R up to a conj-equivariant isomorphism
they can be choosen equal to ±1.

On the other hand, as is well known [Be, I, S], for any conic bundle π : X → B,
there exists a natural, functorial, construction realizing it as an embedded conic
bundle. Namely, the anticanonical line bundle −KX is relatively ample and defines
a so called canonical embedding φ : X ↪→ P(E) where E = π∗(O(−KX)) is a 3-
dimensional vector bundle. The image φ(X) is the zero-locus for a nonzero section
of the line bundle OP(E)(2) ⊗ π∗(det E ⊗ KB). For each point p ∈ B, the image

φ(Xp) of the fiber Xp = π−1(p) is a conic in P(Ep). This construction works for
conic bundles over an algebraic, or complex-analytic, manfiold B of any dimension.
In particular, this implies the following statement.

2.1.1. Proposition. Any smooth family of conic bundles π(t) : X(t) → P1, t ∈
S, over a parameter space S of any dimension, defines a smooth family of 3-
dimensional vector bundles E(t) = π∗(O(−KXt)) endowed with the canonical conic
bundle embeddings φ(t) : X(t) ↪→ P (E(t)), t ∈ S. For real families of conic bundles,
the families E(t), φ(t) are real as well. �

2.1.2. Proposition. Let X ⊂ P(EX), Y ⊂ P(EY ) be a pair of complex or real
conic bundles embedded into P2-bundles P(EX) → P1, P(EY ) → P1. Then, any
conic-bundle isomorphism f : X → Y extends to a unique bundle isomorphism
P(EX)→ P(EY ). If X and Y are real embedded bundles, then this isomorphism is
equivariant.

Proof. The uniqueness part of the statement follows from applying to each pair of
P2-fibers, (P(EXp ),P(EYp )), p ∈ P1, the uniqueness of a projective transformation

P(EXp )→ P(EYp ) extending a given isomorphism between two given reduced conics,

Xp ⊂ P(EXp ) and Yp ⊂ P(EYp ). The same uniqueness property together with gluing
argument reduces a proof of the existence part to its local counter-part, that is
to considering restrictions XU , YU of X,Y to small bundle neighborhoods π−1(U),
p ∈ U ⊂ P1, of the fibers π−1(p), p ∈ P1.

To justify a local existence, we argue as follows. Let ZU → P(H) be a canonical
embedding of a local conic bundle isomorphic to XU and YU , and let fU : XU → YU
is a given fiber-preserving isomorphism. Since the local model depends only on the
type, singular or nonsingular, of the central fiber π−1(p), there exist isomorphisms
(ΦU , φU ) : (U × P2, XU )→ (P(H), ZU ) and (ΨU , ψU ) : (U × P2, YU )→ (P(H), ZU ).
By functoriality of canonical embeddings, the automorphism ψUfUφ

−1
U : ZU → ZU

extends up to an ambient HU : P(H) → P(H). Now, a required extension of fU is
given by Ψ−1

U HUΦU . �

By Grothendieck-Birkhoff theorem, every vector bundle on P1 over any under-
lying field of characteristic 6= 2, splits into a direct sum of line bundles, which are
unique up to permutation (see [HM]). Accordingly, in what follows, we set

E = Ea0,a1,a2 =

2⊕
i=0

OP1(ai).
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For working with equations in P(E) we use the standard toric presentation of P(E)
as a C∗ × C∗-quotient of (C2 r {0}) × (C3 r {0}), which provides us, in addi-
tion to standard homogeneous coordinates (u, v) coming from the first factor, with
weighted-homogeneous coordinates (x0, x1, x2) coming from the second one. Recall
that the action of C∗ × C∗ is given as follows (see, for example, [R]):

(2.1.1)
(λ, 1) : (u, v;x0, x1, x2) 7→ (λu, λv;λ−a0x0, λ

−a1x1, λ
−a2x2),

(1, µ) : (u, v;x0, x1, x2) 7→ (u, v;µx0, µx1, µx2).

Consider divisor classes Mi, i = 0, 1, 2, of the projective line subbundles in
P(E) obtained from E by dropping summand OP1(ai) (in other words, the class of
{xi = 0} ⊂ P(E)). Consider also class M ∈ PicP(E) ∼= H2(P(E)) of the tautological
line bundle OP (E)(1), and the fiber class F . Standard homology computations then
yield the following.

2.1.3. Proposition. (cf. [R, FLS]) The classes M and F form together a basis of
PicP(E) = Z2. They satisfy the following:

(1) F 2 = 0, FM2 = 1,M3 =
∑2
i=0 ai.

(2) KE = −3M + (
∑2
i=0 ai − 2)F,

(3) aiF −M = Mi for each i = 0, 1, 2.
(4) Any embedded conic bundle X ⊂ P(E) has divisor class X = 2M + dF for

some d ∈ Z. �

The integer d in Proposition 2.1.3(4) will be called the degree of X in P(E).

2.1.4. Proposition. For every conic bundle π : X → P1 the divisor classes −KX +
rC, where C is the fiber divisor class, are very ample for any r sufficiently large.

Proof. Consider the conic bundle π : X → P1 as embedded in P(Ea0,a1,a2) → P1

with each ai > 0. Then, as is known (see, f.e., [R, Lemma 2.7]), the divisor class M
is very ample on Ea0,a1,a2 , and therefore the class MX induced by M on X is also
very ample. On the other hand, as it follows by adjunction from Proposition 2.1.3,
−KX = 3MX−(

∑
ai−2)C−(2MX+dC) = MX−(d−2−

∑
ai). Since C is nef, we

can conclude from above that −KX + rC is very ample for every r > d− 2−
∑
ai.
�

2.1.5. Proposition. Let π : E → P1 be a rank 3 vector bundle and X ⊂ P (E) a
nonsingular hypersurface such that every fiber Xb = X ∩ π−1(b), b ∈ B, is a conic.
Then, π|X : X → B is a conic bundle. Furthermore, there exists a line bundle L
over B such that X ⊂ P(E) = P(E ⊗ L) is a canonical embedding up to a bundle
automorphism of P(E).

Proof. For the first statement, see [P, Proposition 3.6.1]. Since two projective
bundles P(E) and P(E ′) over the same base B are isomorphic over B if an and only
if there exists a line bundle L such that E ′ = E⊗L (see, for example, [E-H, Corollary
9.5]), the second statement follows from the first statement and Proposition 2.1.2.

�

In the following Proposition, fn = fn(u, v) stand for homogeneous polynomials
of degree n in coordinates [u : v] of P1.

2.1.6. Proposition. Let X → P1 be a conic bundle. Then:
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(1) X admits a conic bundle embedding X ⊂ P(E), E = E0,a1,a2 , where 0 6
a1 6 a2 are uniquely determined by X.

(2) X is defined in P(E) by equation
∑

06i,j62 Aijxixj = 0, where x0, x1, x2

are weighted-homogeneous coordinates in the fibers of OP1 , OP1(a1), OP1(a2).
and the matrix {Aij} has form

(2.1.2)

 fd fa1+d fa2+d

fa1+d f2a1+d fa1+a2+d

fa2+d fa1+a2+d f2a2+d

 ,

where d is the degree of X in P(E).
(3) If a hypersurface X of P(E) defined by equation of the above form is non-

singular, then X ⊂ P(E) is an embedded conic bundle.
(4) The number, s, of singular fibers of the conic bundle X → P1 is equal to

3d+ 2(a1 + a2).

Proof. Part (1) of Proposition 2.1.6 is immediate from the last statement of Propo-
sition 2.1.5. In (2), the existence and the form of the quadratic matrix equation
(2.1.2) follows, for instance, from toric presentation of P(E0,a1,a2) as a C∗ × C∗-
quotient of (C2 r 0) × (C3 r 0), see, for example, [FLS]. Part (3) follows from
Proposition 2.1.5. Part (4) follows from that the number of singular fibers is equal
to the number of zeros of detA, that is deg(detA) = 3d+ 2(a1 + a2). �

2.2. Exhaustive representation of real deformation classes. In what follows
we let Es = E0,a1,a2 , where (a1, a2) is (0, 0) if s = 3k, (0, 1) if s = 3k+ 2, and (1, 1)
if s = 3k + 4, k > 0, and let Hs be the linear system 2M + dF in P(Es).

2.2.1. Theorem. Any real conic bundle X → P1 with s > 2 singular fibers is real
deformation equivalent to an embedded conic bundle from the linear system Hs.

Before proving Theorem 2.2.1, let us recall the following result going back to
A. Comessatti [C] (see [I] for a contemporary presentation).

2.2.2. Theorem. Each R-minimal real rational conic bundle X → P1 with XR 6= ∅
is either (1) a conic bundle with XR = mS2, m > 1, with 2m singular fibers which
are all real, or (2) a geometrically ruled surface Σk, k > 0, with the standard real
structure. In the latter case XR is homeomorphic to a torus, T2, if k is even, and
to a Klein bottle, K2, otherwise. �

The R-minimal models of type (1) and (2) in Theorem 2.2.2 will be called re-
spectively spherical and aspherical.

When proving Theorem 2.2.1, to control the deformation class we use the fol-
lowing criterium.

2.2.3. Theorem ([D-K]). (1) R-minimal spherical conic bundles are real deforma-
tion equivalent if and only if they have the same number of singular fibers.

(2) R-minimal aspherical conic bundles, X1 and X2, are real deformation equiv-
alent if and only if X1

R and X2
R are homeomorphic. Since Xi, i = 1, 2, is some

geometrically ruled surface with standard real structure, Σri , homeomorphism X1
R =

X2
R is equivalent to r1 = r2 mod 2. �

We say that a real conic bundle X is of spherical or aspherical minimal type if
its R-minimal model (resulted from blowing down in X some number of real and
some number of conjugate pairs of imaginary line-components of singular fibers) is
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spherical or aspherical. Note that a real conic bundle is of aspherical minimal type
if, and only if, it has no any empty real fiber.

The following statement is a straighforward consequence of Theorem 2.2.3.

2.2.4. Corollary. Assume that real conic bundles X, Y with nonempty real parts
have the same number of singular fibers. Then they are deformation equivalent if:

(1) either, X and Y are of aspherical minimal type, having no real singular
fibers and homeomorphic real loci XR ∼= YR.

(2) or, X and Y are of aspherical minimal type and have the same number > 1
of real singular fibers.

(3) or, X and Y are of spherical minimal type and have homeomorphic XR ∼=
YR, where a homeomorphism respects (up to reversing) the cyclic order of
the components induced by the projections to P1

R. �

2.3. Scheme of proof of Theorem 2.2.1. We prove Theorem 2.2.1 analysing the
three types of conic bundles in Corollary 2.2.4 and presenting explicit equations for
representatives of all deformation classes.

An equation of the form Ax2
0 + Bx2

1 + Cx2
2 = 0, where A,B,C are homogeneous

polynomials in (u, v) will be called diagonal. Choosing an affine coordinate t = u
v ,

we consider below the roots of A = A(t), B = B(t), C = C(t). According to
Proposition 2.1.6 we have the following.

2.3.1. Lemma. A diagonal equation defines in P(Es) a hypersurface, X, in the
linear system Hs if A,B,C have degrees d, d+ 2a1, d+ 2a2, where 0 6 a1 6 a2 6 1
and s = 3d+ 2(a1 + a2). This hypersurface is real if A,B,C are real. Moreover:

• X is a conic bundle if and only if all roots of the product ABC are distinct.
In this case, the s singular fibers of X are over the roots of ABC.
• The real fibers Ct ⊂ X have CtR = ∅ if and only if A(t),B(t),C(t) are of

the same sign. �

2.4. The case of aspherical minimal type without real singular fibers.

2.4.1. Proposition. If s > 2 is even, then the linear system Hs contains embedded
real conic bundles X0, X1 of aspherical minimal type with s singular fibers, all of
which are imaginary, and with X0

R = T2, X1
R = K2.

By Lemma 2.3.1, the equation Ax2
0 + Bx2

1 + Cx2
2 = 0, where A, B, C are generic

real polynomials without real roots of degrees d, d+2a1, d+2a2 respectively define
a real conic bundle X ⊂ P(Es), Es = E0,a1,a2 , without real singular fibers. If the
signs of A,B,C are not the same, it follows also that XR 6= ∅ and, thus, it is either
T2 or K2. The following Lemma shows how is it determined by the parity of a1

and a2.

2.4.2. Lemma. (1) If A < 0 and B,C > 0, then XR = T2 for even a1 + a2 and
XR = K2 for odd.

(2) If B < 0 while A,C > 0, then XR = T2 for even a2 and XR = K2 for odd.
(3) If C < 0 while A,B > 0, then XR = T2 for even a1 and XR = K2 for odd.

Proof. We will consider only case (1), since in other cases a proof is analogous. The
complement of XR in ER has 2 connected components. The component defined by
inequality Ax2

0 +Bx2
1 + Cx2

2 6 0 is fibered in 2-discs and contains as a deformation
retract the section x0 = 1, x1 = x2 = 0. The normal bundle of this section is
isomorphic to OR(a1)⊕OR(a2), which is trivial if and only if a1 + a2 is even. �
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Proof of Proposition 2.4.1. Lemma 2.4.2 implies that if (a1, a2) is (0, 1) or (1, 1),
or equivalently, even s > 2 not divisible by 6, we may construct X ⊂ P(Es) with
either XR = T2 or XR = K2 by our choice. For (a1, a2) = (0, 0), or equivalently, s
divisible by 6, a diagonal equation may give only XR = T2 and for construction X
with XR = K2 we use the following equation for X ⊂ P(Es) (cf., Lemma 2.3.1):

A(u2 + 2v2)x2
2 + B(ux1 − vx0)2 = (B + εC)(vx1 + ux0)2, 0 < ε� 1,

where A,B,C are generic homogeneous positive polynomials of the same degree
d − 2 > 0 in (u, v), d = s

3 . The component of ER r XR defined by inequality

A(u2 + 2v2)x2
2 + B(ux1 − vx0)2 6 (B + εC)(vx1 + ux0)2 is fibered in 2-discs and

has as a deformation retract the section x2 = 0, x0 = u, x1 = v. Since the normal
bundle of this section is non trivial, XR is homeomorphic to the Klein bottle.

When ε = 0 the conic bundle has imaginary multiple degenerate fibers but its
real part is nonsingular. �

2.5. The case of aspherical minimal type with > 1 real singular fibers.

2.5.1. Proposition. For any s > 2 and any sR with 1 6 sR 6 s, sR = s mod 2, the
linear system Hs contains a conic bundle X of aspherical minimal type with sR real
singular fibers.

Proof. We start with the case sR > 2, in which X can be presented by an equation
in a diagonal form Ax2

0 + Bx2
1 + Cx2

2 = 0 where A,B,C are real homogeneous
polynomials in u and v of degree degA = d 6 degB = 2a1 + d 6 degC = 2a2 + d
(see Lemma 2.3.1).

Note that we can split sR > 2 into a sum sR = rA + rB + rC, where

0 6 rA 6 degA, 0 6 rB 6 degB, 1 6 rC 6 degC,

rA, rB, rC are of the same parity as degA = degB = degCmod 2.

Then, we pick A, B and C with rA, rB and rC real mutually distinct roots.
To obtain X of aspherical minimal type we need that CR 6= ∅ for all conic-fibers

C, which means that A, B and C will not be of the same sign for all t ∈ R. This is
achieved if A, B and C have respectively signs −, + and + at −∞ and their real
roots are displaced in an order encoded by the following sequences of letters A, B,
C (the order of letters refers to the order of roots of these polynomials):
• If s is even, the order of roots is B . . .BCA . . .AC . . .C, where fragments

A . . .A, B . . .B and C . . .C are of lengths rA, rB and rC − 1 respectively.
• If s is odd, the order of roots is C . . .CA . . .AB . . .B, where fragments A . . .A,

B . . .B and C . . .C are of lengths rA, rB and rC respectively.
It is left finally to construct X with sR = 1 (and in particular, with odd s). Such

X can be defined by equation F = Ax2
0 + 2Dx1x2 + ε(Bx2

1 + Cx2
2), 0 < ε << 1,

where A,B,C,D are real polynomials of degrees d, d + 2a1, d + 2a2, d + a1 + a2,
with mutually distinct roots, which implies (see Lemma 2.3.1) that X is from the
linear system Hs if s = 3d + 2(a1 + a2), so, d > 1 is odd. The real singular fibers
of X are over the roots of

det

A 0 0
0 εB D

0 D εC

 = A(ε2BC−D2),
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and if we choose A to have a unique real root and BC to take negative values at
the roots of D, then X will be an aspherical minimal type conic bundle with only
one real singular fiber. �

2.6. The case of spherical minimal type.

2.6.1. Proposition. For any integers s > sR > 2, such that sR = smod 2 and any
integer partition sR = s1 + · · ·+ sk, where si > 2 for 1 6 i 6 k, there exists a conic
bundle X of spherical minimal type in the linear system Hs, with s complex and sR
real singular fibers, where s1, . . . , sk are the numbers of real singular fibers on the
connected components of XR listed in the cyclic order determined by πR : XR → P1

R.

We start proving with two elementary combinatorial lemmas and setting some
terminology prior to them. By a balanced trisection of integer r > 0 we mean its
partition r = rA + rB + rC, into non-negative integers whose pairwise differences
are allowed to be −2, 0, 2. Clearly, for any r > 0 such a trisection exists and unique
up to permutation of the summands. Namely, it is

(2.6.1)


n+ n+ n if r = 3n

(n− 1) + (n+ 1) + (n+ 1) if r = 3n+ 1

n+ n+ (n+ 2) if r = 3n+ 2

By a balanced trisection of a partition r = r1 + · · ·+ rk, ri > 0 we mean a balanced
trisection r = rA+rB+rC of r and of each summand, ri = rAi +rBi +rCi , 1 6 i 6 k,
such that rZ = rZ1 + · · ·+ rZk for Z = A,B,C.

2.6.2. Lemma. Any partition r = r1 + · · · + rk with all ri > 2, admits a balanced
trisection.

Proof. For proving by induction in k, it is enough to verify, as an induction step,
that for a balanced trisections r = rA+rB+rC, and rk = rAk +rBk +rCk the differences
rA − rAk , rB − rBk , rC − rCk is a trisection of r − rk, if we order the summands so
that rA 6 rB 6 rC and rAk 6 r

B
k 6 r

C
k . The verification is straightforward with the

formulas 2.6.1 for trisections. �

A word w formed by r letters in alphabet {A,B,C} will be said to be irreducible
if for every 1 6 k < r the numbers of letters A, B and C in its substring of k first
letters are not of the same pairity.

2.6.3. Lemma. For any balanced trisection r = rA + rB + rC > 2 there exists an
irreducible word with rA letters A, rB letters B and rC letters C.

Proof. Without loss of generality we may suppose that rA 6 rB 6 rC, from where
rC > 0 since r > 0.

If r is even and rB > 1, than the required word is

CA . . .ABC . . .CB . . .BC

where strings A . . .A, B . . .B, C . . .C, are of lengths rA, rB − 1 and rC − 2 respec-
tively. If rB = 0, then our assumptions imply that rA = 2, rC = 0, and the required
word is simply AA. If r is odd, than the required word is

AC . . .CB . . .BA . . .AC

where strings A . . .A, B . . .B, C . . .C, are of lengths rA − 1, rB and rC − 1 respec-
tively. �
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Proof of Proposition 2.6.1. Like before, we consider X defined by an equation in
the diagonal form Ax2

0+Bx2
1+Cx2

2 = 0, where A,B,C are homogeneous polynomials
in (u, v) of degree d, d+ 2a1, d+ 2a2 respectively. The singular fibers of X appear
over the roots of A,B,C in P1. We will specify the order in which the real roots
of A,B,C are displaced on the line P1

R, and displace the remaining imaginary roots
at arbitrary distinct complex-conjugate pairs of points of P1 r P1

R, to make the
polynomials real and without common roots. Our assumptions allow to do it so
that A,B,C have the required degrees and thus, X belongs to the linear system Hs.
To set the order of roots, we apply Lemma 2.6.2 to the partition sR = s1 + · · ·+ sk,
and obtain a balanced trisection with si = sAi +sBi +sCi , i = 1, . . . , k. The real roots
of ABC will be split into k consecutive groups, and the numbers sAi , sBi , sCi will
denote the number of roots of A, B and C in each group. The order of the latter ones
are set to be the same as the order of letters A,B,C in the corresponding k words
specified by Lemma 2.6.3, for each of the balanced trisections si = sAi + sBi + sCi .
Let us choose the signs of polynomials A,B,C so that at −∞ the values are all
positive. Note that after passing si roots of A,B,C in each of the k groups the
signs of A,B,C have to be the same, since sAi , s

B
i , s

C
i have the same parity. Now

it is left to notice that the irreducibility condition for each of the k groups of si
real roots implies that the signs of A,B,C will not be the same in the intervals
between the si roots of the same group, which implies that the real loci of conic
fibers withing each group will be non-empty and therefore, each of the k groups
will give precisely one connected component of XR with precisely si real singular
fibers. �

2.7. Proof of Theorem 2.2.1. Using Theorems 2.2.2-2.2.3 and Corollary 2.2.4, it
is straightforward to check that the examples constructed in Sections 2.4-2.6 include
representatives for each of the real deformation classes of real conic bundles with
s > 2 singular fibers over C and nonempty real locus. �

2.8. Morse-Lefschetz families and wall-crossing. We call a complex analytic
family X(z), z ∈ D = {z ∈ C | |z| < 1} a Morse-Lefschetz family, if:

• X = ∪zX(z) is a non-singular 3-fold, each X(z) with z 6= 0 is non-singular,
while X(0) has one singular point, a node x0 ∈ X(0);

• the projection f : X → D is a proper map being a submersion at every point
except x0;

• in appropriate local coordinates z1, z2, z3 around x0 the projection can be written
as z =

∑
i z

2
i .

If X is equipped with a real structure sending X(z) to X(z̄) for each z ∈ D, the
family is called real. Then the nodal point of X(0) has to be real and with respect
to appropriate real local coordinates at this point the map f is given by

(2.8.1) f(z1, z2, z3) = a1z
2
1 + a2z

2
2 + a3z

2
3 , a1, a2, a3 ∈ R, a1a2a3 6= 0.

2.8.1. Proposition. If a Morse-Lefschetz family X = ∪z∈DX(z) is formed by hy-
persurfaces X(z) ⊂ P(E) in the linear system 2M + dF , d > 0, then for each z 6= 0
the hypersurface X(z) is a (nonsingular) conic bundle with respect to the projection
π(z) induced from π : P(E)→ P1 and the vanishing class ez ∈ H2(X(z)) is orthogo-
nal to KX(z) and CX(z), where CX(z) stands for the class of the fibers of this conic
bundle.

Proof. Follows from Propositions 2.1.5 and 2.1.3. �
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2.9. Real embedded conic bundles.

2.9.1. Proposition. For any s > 4 there exists a real Morse-Lefschetz family X =
∪z∈DX(z) formed by hypersurfaces X(z) in the linear system Hs, such that X(z) are
non-singular (and thus, conic bundles) for z 6= 0 and X(0) has one nodal singular
point, and such that for t ∈ R ∩ D
• for even s, XR(t) = S2 if t > 0, XR(t) = ∅ if t < 0, and XR(0) = {pt},
• for odd s, XR(t) = RP2⊥⊥S2 if t > 0, XR(t) = RP2, if t < 0 and XR(0) =
RP2⊥⊥{pt}.

In both cases {pt} is a nodal point resulted from collapsing of S2-component.

Proof. A construction of X = X(t), t > 0 with the required topology of XR is
provided by Proposition 2.6.1, where we set sR = 2 in the case of even s and sR = 5
in the case of odd. In the first case, the two singular fibers must bound the only
connected component of XR, one fiber is minimum and another is maximum of the
conic-bundle XR → R ∼= P1

R r {∞} (recall that the fiber, C, over ∞ is chosen to
have CR = ∅).

In the second case, we consider a partition sR = 2 + 3, corresponding to X
having XR with 2 connected components, one of which has 2 singular fibers which
implies that this component is S2, like in the previous case, and another has 3
singular fibers and thus, this component is RP2. To construct a Morse-Lefschets
family X(z), z ∈ D, we note that by the construction in Proposition 2.6.1, the two
singular fibers on S2 ⊂ XR lie over the roots of the same polynomial, A,B, or C

(without loss of generality, we may suppose it is A). Then we consider X(t), t > 0,
defined by real polynomials At, and constant polynomials Bt = B, Ct = C, where
only the two real roots of A are changing and are moving towards each other and
remain distinct until t = 0, and become a pair of imaginary complex-conjugate
roots for t < 0. �

2.9.2. Proposition. Any pair of real conic bundles in the linear system Hs with
s > 4 can be connected by a finite sequence of deformations and real Morse-Lefschetz
families of conic bundles from this linear system. If the real locus of the both conic
bundles is non-empty the sequence of real Morse-Lefschetz families can be chosen
not to contain conic bundles with empty real locus.

If the number of singular fibers is odd then the above deformations and Morse-
Lefschetz families X(t) can be enriched with a continuous family of real nonsingular
fibers C(t) ⊂ X(t) with CR(t) 6= ∅ placed away from the nodes that appear in the
Morse-Lefschetz families.

Proof. Recall that each point in the complement of the discriminant of the linear
system 2M + dF is a conic bundle (see Proposition 2.1.6(3)).

For d > 0, this linear system is very ample (see, for example, [R, Theorem
2.5]). Thus, the first statement follows from [K, Theorem 2.5] (which states that,
in characteristic zero, every generic projective line in a very ample linear system
defines a Lefschetz pencil). As for the second statement, it is sufficient to notice
that the locus formed in a real linear system by hypersurfaces with empty real locus
is contractible.

Since s = 3d + 2(a1 + a2) and 0 6 a1 6 a2 6 1, the assumption s > 4 implies
that the only remaining case to be considered is that of d = 0 and Es = E0,1,1. In
this case, the linear system M provides a regular map to P4 and the image Z of
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P(E0,1,1) under this map is a quadric cone over a nonsingular quadric in P3. Thus,
in this case the discriminant in the linear system 2M+dF = 2M of sections of Z by
quadrics has 2 irreducible components. One of them is the hyperplane in the space
of quadrics passing through the vertex of the cone, while the other is formed by
quadrics tangent to Z at smooth points. Generic points of the second component
correspond to 1-nodal sections (as it follows from simple existence of such sections,
easily justified by an example). Therefore, all but possibly one point in a generic
subpencil of 2M correspond to a nonsingular or 1-nodal section, which implies the
results stated.

For the final statement, we notice that for any pair of model (constructed in
Sections 2.4, 2.5, 2.6) real conic bundles having the same odd number of singular
fibers we can select the coefficients in the defining equations in such a way that the
both bundles, X and Y , have a common real nonsingular fiber, C = π−1

E (p) ∩X =

π−1
E (p)∩Y , with CR 6= ∅. Then, by a small real perturbation we transform (X,C)

and (Y,C) into (X ′, CX) and (Y ′, CY ), where X ′, Y ′ are placed in general position
and CX = π−1

E (p) ∩ X ′, CY = π−1
E (p) ∩ Y ′. Next, we observe that the interval

tX ′ + (1 − t)Y ′, t ∈ [0, 1], of the Lefschetz pencil generated by X ′, Y ′ can be
enriched with a family of real fibers tCX + (1− t)CY = π−1

E (p)∩ (tX ′ + (1− t)Y ′),
which are all nonsingular, and hence placed away from the nodes of the pencil. �

3. Combined signed count via Pin−-structures

3.1. Generalities on Pin−-structures on surfaces inherited from 3-folds.
For a manifold V we denote by Pin−(V ) the set of Pin−-structures on V , which
is, if non-empty, an affine space (torsor) over H1(V ;Z/2). Recall that for surfaces,
Σ, there is a canonical 1–1 correspondence, θ 7→ qθ between Pin−(Σ) and the set
of quadratic functions H1(Σ;Z/2) → Z/4, such that qθ+h = qθ + 2h, for h ∈
H1(Σ;Z/2). In particular, qθ+w1 = −qθ where w1 = w1(Σ).

3.1.1. Lemma. Let Σ be a closed surface which bounds a compact 3-manifold V ,
and let q : H1(Σ;Z/2) → Z/4 be a quadratic function determined by a restriction
to Σ of a Pin−-structure defined on V . Then

q(h) = 0, for any h ∈ ker(H1(Σ;Z/2)→ H1(V ;Z/2)).

Proof. For any closed 2-manifold Σ with a Pin−-structure represented by a qua-
dratic function q we have (cf., [Bro, Th. 1.20(x)])

2q(h) = Br(q)−Br(q + h∗) ∈ Z/8,

where Br is the Brown invariant, h ∈ H1(Σ;Z/2) and h∗ ∈ H1(Σ;Z/2) is the dual
class. If (Σ, q) bounds then Br(q) = 0 since it is a cobordism invariant (see [K-T,
Lemma 3.6]). And if h bounds in V , then Br(q + h∗) = 0 for the same reason. �

3.2. Lifting of the quadratic functions from H1(XR;Z/2) to H−2 (X). Recall
that for a real algebraic surface X with XR 6= ∅, there is Viro homomorphism
Υ : H−2 (X)→ H1(XR;Z/2) defined in H−2 (X) = ker(1 + conj∗ : H2(X)→ H2(X))
(see [DIK, Chapter 1] or [FK-1]). This homomorphism respects the intersection
form, and induces an isomorphism

H1(XR;Z/2) ∼= H−2 (X)/(1− conj∗)H2(X).
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This yields a correspondence qθ 7→ q̂θ assigning to the quadratic function qθ :
H1(XR;Z/2)→ Z/4 associated with θ ∈ Pin−(XR) the function

q̂θ = qθ ◦ Υ : H−2 (X)→ Z/4 satisfying

q̂θ(x+ y) = q̂θ(x) + q̂θ(y) + 2x · y mod 4.

3.3. Inherited Pin−-structures for X having even number of singular fibers.

3.3.1. Lemma. For any real embedded conic bundle X ⊂ P(E) with even number
of singular fibers, P(ER) splits in a unique way into two halves (3-manifolds), with
XR as their common boundary.

Proof. A 3-dimensional manifold bounding XR is constructed via continuous fiber-
wise filling of the real locus CtR of conics Ct = π−1(t), t ∈ P1

R, in the corresponding
P2
R-fibers of ER. For a non-singular conic CtR, the complement P2

tRrCtR splits into
a union W 1

t ∪W 2
t of connected components. A continuity of choice of one of these

components, W 1
tR means that the parity of χ(WtR) changes if and only if t overpass

a critical value. �

3.3.2. Remark. The halves in Lemma 3.3.1 are determined by the signs F > 0 and
F 6 0 of a defining real equation F =

∑
Aij(u, v)xixj of X given by Proposition

2.1.6. These signs are well defined at each point of XR, since the homogeneity
conditions in λ and µ (see (2.1.1) in Section 2.1) imply pairity of the weighted
degrees of the summands Aijxixj .

Fixing one half of this decomposition defines its boundary coorientation (in the
outward normal direction). This gives a reduction map

inhX : Pin−(P(ER))→ Pin−(XR),

which is affine with respect to the inclusion homomorphism H1(P(ER);Z/2) →
H1(XR;Z/2). Reversing the coorientation changes θX = inhX(θE) to θX +w1 (cf.,
[K-T, Lemma 1.10]). In particular, the quadratic function q̂(x) associated with θX

is changed to
q̂(x) + 2w1(x) = −q̂(x) mod 4 .

We say that a Pin−-structure θX ∈ Pin−(XR) is inherited from PR(E) if θX =

inhX(θE) for some choice of θE and a half of PR(E) (see Lemma 3.3.1). The set of
all inherited Pin−-structures will be denoted Pin−inh(XR, E), or simply Pin−inh(XR)
if E is clear from the context.

3.3.3. Lemma. The set Pin−inh(XR, E) is a torsor with respect to the subgroup Z/2+
Z/2 ⊂ H1(XR;Z/2) spanned by w1(XR) and class [CR]∗ dual to [CR]. Furthermore,
for any pair θ1, θ2 ∈ Pin−inh(XR, E), we have

q̂θ1(x) = ±q̂θ2(x) + 2κ(CR · x) mod 2, κ ∈ Z/2.

Proof. The fibration fE : P(ER)→ P1
R leads to a short exact sequence

0→ H1(P1
R;Z/2)→ H1(P(ER);Z/2)→ H1(P2

R;Z/2)→ 0.

It implies that H1(P(ER);Z/2) is isomorphic to Z/2 ⊕ Z/2 and generated by the
class dual to the fiber of fE and w1(P(ER)), because the latter one is mapped to
w1(P2

R) 6= 0. The pull-back map H1(P(ER);Z/2) → H1(XR;Z/2) sends the class
dual to the fiber to [CR]∗ and, since by Lemma 3.3.1 XR has a trivial normal
bundle in P(ER), it sends w1(P(ER)) to w1(XR). Under reversal of coorientation



16 CONIC BUNDLE

the inherited Pin−-structures are shifted by w1(XR), which in its turn leads to
multiplication by −1 of the associated quadratic functions. �

3.3.4. Proposition. For any θ ∈ Pin−inh(XR, E), we have:

• qθ([CR]) = 0,
• qθ(w∗1) = 0 for the class dual to w1 ∈ H1(XR;Z/2),
• qθ([VR]) = 0 for each real vanishing cycle V ⊂ X.

Proof. For the dual of induced classes (like [CR] and w∗1) it follows from Lemma
3.1.1. For the case of vanishing classes, see [FK-1, Lemma 2.4.2]. �

3.4. Inherited Pin−-structures for X having odd number of singular fibers.
Consider an embedded real conic bundleX ⊂ P(E) with an odd number s of singular
fibers. Pick any real fiber P2

t = P(Et) ⊂ P(E) for which the conic C = X ∩ P2
t is

non-singular. By the same reason as in the case of even number of singular fibers,
we have the following.

3.4.1. Lemma. For any real embedded conic bundle X ⊂ P(E) with odd number
of singular fibers, and any choice of a distinguished nonsingular fiber C = X ∩ P2

t ,
P(ER) r P2

tR splits in a unique way into two halves with XR r C as their common
boundary. �

If the distinguished fiber C corresponds to the point (u = 1, v = 0) ∈ P1, then
the halves in Lemma 3.4.1 are determined by the signs F > 0 and F 6 0 of a
defining real equation F =

∑
Aij(u, 1)xixj of X given by Proposition 2.1.6 (cf.

Remark 3.3.2).
Lemma 3.4.1 provides a canonical (up to sign) coorientation of XRrCR in P(ER),

which yields a reduction map

inhXC : Pin−(P(ER))→ Pin−(XR r CR).

3.4.2. Lemma. The restriction map res : Pin−(XR)→ Pin−(XRrCR) is surjective.

Proof. Since Pin−(XR) 6= ∅, the restriction as a map of torsors is associated with
the inclusion homomorphism H1(XR;Z/2)→ H1(XR rCR;Z/2). So, it remains to
notice that the latter one is epimorphic. �

Any Pin−-structure θ ∈ Pin−(XR) whose restriction to XR r CR, will be called
inherited from P(E). The set of all such inherited structures will be denoted
Pin−inh(XR, CR, E), or shortly, Pin−inh(XR, CR), if E is fixed. By Lemma 3.4.2, the

set Pin−inh(XR, CR, E) is non-empty.

3.4.3. Lemma. Under the assumptions of Lemma 3.4.1, the set Pin−inh(XR, CR, E)
is an affine space with respect to the subgroup of H1(XR;Z/2) spanned by w1(XR)
and [CR]∗. Furthermore, for any pair θ1, θ2 ∈ Pin−inh(XR, CR, E), we have

qθ1(x) = ±qθ2(x) + 2κ(CR · x), where κ ∈ Z/2.

Proof. The proof is similar to that of Lemma 3.3.3. Indeed, the descents of Pin−-
structures from P(ER) to XRrCR differ by aw1(XRrCR)+b[C ′R]∗ where C ′ ⊂ XrC
is a generic real fiber and a, b ∈ Z2. This implies that their lifts up to Pin−-
structures on XR differ by combinations of w1(XR) and [CR]∗. �

3.4.4. Proposition. Under assumptions of Lemma 3.4.1, for any θ ∈ Pin−inh(XR, CR, E)

(1) qθ(CR) = 0,



CONIC BUNDLE 17

(2) qθ(w
∗
1) = ±1,

(3) qθ(VR) = 0 for each real vanishing cycle V of X r C in P(E).

Proof. (1)–(2) are analogous to the proof of Proposition 3.3.4. Recall that qθ(x) =
x2 mod 2 from where qθ(w

∗
1) have the same parity as χ(XR) and, therefore, as s. �

We say that θ ∈ Pin−inh(XR, CR, E) is monic if qθ(w
∗
1) = 1. The set of monic

structures form a subset denoted Pin−inh,mon(XR, CR, E) ⊂ Pin−inh(XR, CR, E).

3.5. Welschinger numbers and their modification. Traditional Welschinger
numbers, and our modified Welschinger numbers are defined respectively as

w̃k(α) =
∑

[A]=α

(−1)sA , and wk(α) =
∑

[A]=α

(−1)cA = (−1)ga(α)w̃k(α)

for a symplectic 4-manifold (X,ω) with an anti-symplectic involution conj : X → X
(called real structure) and a generic tamed almost complex structure J and anti-
commuting with conj. In this definition, α ∈ H−2 (X) = ker{1 + conj∗ : H2(X) →
H2(X)}, c1 ·α > 0 and the curves A counted in the class α are real, rational and pass
through some generic conj-invariant set of m−1 points x ⊂ X, m = c1 ·α, including
k points in XR and 1

2 (m−k− 1) pairs of complex conjugate imaginary points. The
integers sA and cA are respectively the number of solitary and cross-like real nodal
points of A, while ga(α) is the arithmetic genus, which is congruent modulo 2 to
the total number of real nodes cA + sA. For a generic almost complex structure,
all the counted curves are irreducible and reduced, see [W1]. For invariance of
w̃k(α) under real deformations of (X,x), see also [W1]. For independence from a
distribution of the k real constraints among the connected components of XR, see
[Bru-2].

We let w̃k(α), wk(α) be defined for all k ∈ Z>0, α ∈ H−2 (X), by setting them
equal to zero if the set of curves A to be counted is empty, for instance, if any of
the conditions m > 0, 0 6 k 6 m− 1, and k = m− 1 mod 2 is not satisfied.

In the algebraic setting, if X is a real del Pezzo surface or c1 · α > 1 and X is
a real rational surface with a generic complex structure, then, similar to Gromov-
Witten numbers, the numbers w̃k(α) and wk(α) are enumerative, that is for generic
point constraints, without passing to almost complex structure, the counted curves
are irreducible and reduced, and their count following the above definition gives
the same result as for a generic almost complex structure, cf. [GP].

3.5.1. Lemma. For any real rational symplectic 4-manifold X (in particular, for
any real rational conic bundle), w̃k(α) = 0 if α2 6 −2.

Proof. For a generic almost complex structure J , no class α ∈ H2(X) with α2 6 −2
can be realized by a reduced irreducible J-holomorphic curve. 2 �

3.6. The numbers Nm,n. Consider a real embedded conic bundle X ⊂ E with
s > 0 singular fibers. Assume XR 6= ∅. If s is odd, choose a non-singular fiber
C ⊂ X. We pick θ ∈ Pin−inh(XR, E) if s is even, and pick it in Pin−inh,mon(XR, E , CR)
if s is odd. For any m,n ∈ Z, we define

(3.6.1) Nm,n(X, θ) =
∑

α∈Lm,n
R (X)

iq̂(α)−m2

wk(α), k ∈ {0, 1}, k = m− 1 mod 2,

2
Kh: to ask Schevchishin for an appropriate reference; may be, Welschinger itself? In his Lemma 1.1

from Secondary St-Wh the corresponding complex statement is called standard fact of Gromov-Witten theory.
McDuff-Salamon speak on Universal Moduli Space, while Ivashkovich-Shevchishin compute its dimension.
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where q̂θ = qθ ◦ Υ : H−2 (X)→ Z/4 (see Section 3.2) and

Lm,nR (X) = {D ∈ H−2 (X) | −KD = m,CD = n}.
For any real conic bundle X → P1, the above definitions can be applied to its

canonical embedding X → E (see Section 2.1). By Proposition 2.1.2, any other
presentation of X as an embedded conic bundle is ambient isomorphic to this one
and so, yields the same set Pin−inh(XR, E) if s is even and Pin−inh,mon(XR, E , CR)

(after fixing a conic-fiber C) if s is odd. As a result, we obtain the same collections
of numbers Nm,n(X, θ). This justifies dropping a specific embedding X ⊂ E from
the notation Nm,n(X, θ). (Note that for odd s, the definition of these numbers
depends on the choice of C, since θ does depend.)

By Proposition 2.1.1, every real deformation family X(z) → P1, z ∈ D, of
real conic bundles extends to a real deformation family of canonical embeddings
φ(z) : X(z) ↪→ P(E(z)), z ∈ D. By equivariant version of Eheresmann theorem,
for any real deformation family of real embedded conic bundles X(z) ⊂ P(E(z)),
there exist, well-defined up to isotopy, diffeomorphisms µz1,z2 : (E(z1), X(z1)) →
(E(z2), X(z2)), z1, z2 ∈ D, such that µz1,z3 = µz2,z3 ◦ µz1,z2 and conjµz1,z2 conj =
µconj z1,conj z2 . They induce well-defined monodromy translation maps H∗(X(z1))→
H∗(X(z2)), H∗(E(z1)) → H∗(E(z2)) for z1, z2 ∈ D at the level of homology, and
Pin−(X(t1)) → Pin−(X(t2)), Pin−(E(t1)) → Pin−(E(t2)) for t1, t2 ∈ DR at the
level of Pin−-structures, which also we denote all by respectively µz1,z2 and µt1,t2 .

3.6.1. Proposition. Let X(z) ⊂ P(E(z)), z ∈ D, be a real deformation family of real
embedded conic bundles having s singular fibers. If s is odd, let C(z) ⊂ X(z), z ∈ D,
be a family of nonsingular fibers such that C(z2) = µz1,z2C(z1) and conjC(z) =
C(conj z). Then, for any pair t1, t2 ∈ DR the map µt1,t2 gives a bijection{

Pin−inh(X(t1)R, E(t1))→ Pin−inh(X(t2)R, E(t2)) for even s,

Pin−inh,mon(X(t1)R, C(t1)R, E(t1))→ Pin−inh,mon(X(t2)R, C(t2)R, E(t2)) for odd s.

Moreover, for any Pin− structure θ1 sent by this bijection to θ2,

Nm,n(X(t1), θ1) = Nm,n(X(t2), θ2), for all m,n ∈ Z.

Proof. These are straightforward consequences of definitions and deformation in-
variance of Welschinger numbers. �

3.6.2. Corollary. Assume that for some s > 2 the double sequence Nm,n(X, θ) is
independent of the choice of a real embedded conic bundle X with XR 6= ∅ in the
linear system Hs, and of the choice of

(1) θ ∈ Pin−inh(XR, Es), if s is even,

(2) a real nonsingular fiber C ⊂ X and θ ∈ Pin−inh,mon(XR, CR, E), if s is odd.

Then the double sequence Nm,n(X, θ) remains the same for all real conic bundles
X → P1 with s singular fibers and XR 6= ∅.

Proof. By Theorem 2.2.1, each real conic bundle X having s > 2 singular fibers
over C is deformation equivalent to a real conic bundle X ′ ∈ Hs embedded in
P(Es). If s is odd, this deformation can be enriched by a deformation of fixed
fibers. According to Proposition 2.1.1 such a deformation induces a deformation
X(z) ↪→ P(E(z)) connecting the canonical embedding X(t0) = X ↪→ P(E(t0)) with
the canonical embedding X(t1) = X ′ ↪→ P(E(t1)) which in its turn determines a
continuous family of Pin−-structures θt on P(E(t)) with θ0 = θ as initial value. By
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Proposition 2.1.5 X ′ ↪→ P(E(t1)) is a conic bundle isomorphic to X ′ ↪→ P(Es). Now,
there remains to notice that the numbers Nm,n(X, θ) are preserved under bundle
deformations and bundle isomorphisms of X(t) ↪→ P(E(t)). �

4. Proof of main results

4.1. Coherence of inherited Pin−-structures under wall-crossing. Consider
a pair of embedded real conic bundles X1, X2 ⊂ P(E) with an even number of
singular fibers and assume that they are related by a wall-crossing in the same linear
system 2M + dF , d ∈ 2Z>0. More formally, there is a real Morse-Lefschetz family
π : X → D (see Section 2.8) formed by X(z) ∈ |2M + dF |, z ∈ D, such that X1 =
X(t1), X2 = X(t2) for some t1, t2 ∈ DR r {0}. Such a family is defined by a real
equation

∑
Aij(u, v, z)xixj = 0 with coefficients depending analytically on z and

polynomial homogeneous in u, v of degrees as in Proposition 2.1.6. This equation
is unique up to a factor g(z) which is a conj-equivariant function g : D→ Cr {0}.
For each t ∈ DR, the signs of

∑
Aij(u, v, t)xixj are well-defined at each point of

P(ER), cf., Remark 3.3.2. Therefore, a choice of family X determines uniquely a
continuous family of decompositions of P(ER) into the halves

∑
Aij(u, v, t)xixj > 0

and
∑
Aij(u, v, t)xixj 6 0 having XR(t) as a common boundary (cf., definitions in

Section 3.3).
Accordingly, we say that Pin−-structures θXk ∈ Pin−inh(XkR, E), k = 1, 2 are

coherent (with respect to the chosen family X ), if there exists a Pin−-structure

θ ∈ Pin−(P(ER)) such that θXk = inhXk(θ), where inhXk are determined by the
halves {

∑
Aij(u, v, t)xixj > 0} ⊂ P(ER) with t = tk.

The following is an immediate consequence of definitions.

4.1.1. Lemma. For any real embedded conic bundle X ⊂ P(E) belonging to a given
real Morse-Lefschetz family of conic bundles with even number of singular fibers and
any θX ∈ Pin−inh(XR, E), there exists a family of coherent inherited Pin−-structures
on this Morse-Lefschetz family that coincides with θX on XR. �

Furthemore, for a small Milnor ball B ⊂ P(E) around the nodal point of X(0)
the family X(t)rB is locally trivial over a small concentric disc t ∈ DεR ⊂ D, which
yields the monodromy transport isomorphisms

µt : H−2 (X(0) rB)→ H−2 (X(t) rB) = H−2 (X(t) r E(t)) = H−2 (X(t)) ∩ [E(t)]⊥,

where E(t) ⊂ X(t) are the vanishing spheres and for the isomorphism H−2 (X(t) r
E(t)) = H−2 (X(t)) ∩ [E(t)]⊥ see, e.g., [FK-2, Prop. 2.3.2]. On the other hand,
our choice of the halves in P(ER), introduced for t 6= 0, extends continuously to
XR(0) r B and, thus, provides a continuous family of inherited Pin−-structures
θt ∈ Pin−(XR(t) r B) for all t ∈ DεR, which for t 6= 0 coincide with the restriction

of the former θX(t) ∈ Pin−inh(XR(t), E) to XR(t) rB.

4.1.2. Proposition. If θX(t1) ∈ Pin−inh(XR(t1), E), θX(t2) ∈ Pin−inh(XR(t2), E) with
t1, t2 ∈ DR r {0} are coherent with respect to a chosen real Morse-Lefschetz family
π : X → D of conic bundles with even number of singular fibers, then for any
α ∈ H−2 (X(0) rB) one has

q̂θX(t1)(µt1(α)) = q̂θX(t2)(µt2(α)).
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Proof. By definition of coherence, there exists θ ∈ Pic−(P(E)) such that θX(t1) =

inhX(t1)(θ) and θX(t2) = inhX(t2)(θ). On the other hand, their respective restric-
tions to XR(ti)rB coincide with introduced above θti . Therefore both q̂θX(t1) ◦µt1
and q̂θX(t2) ◦µt2 are included in the continuous family of quadratic functions q̂θt ◦µt :
H−2 (X(t)) ∩ [E(t)]⊥ = H−2 (X(0) r B) → Z/4. But any continuous family of
quadratic Z/4-valued functions on a finitely generated Z/2-vector spaces is con-
stant. �

All of the above extends to real embedded conic bundles, X ⊂ P(E), with an odd
number of singular fibers, but requires a special adjustment caused by the need to
fix one of real nonsingular fibers (see Section 3.4).

So, in the case of odd d, we consider similarly a pair of real embedded conic
bundles X1, X2 ⊂ P(E) belonging to the same linear system 2M + dF , and related
by wall-crossing. For simplicity (without loss of generality), we can assume that
their fixed fibers Ck = Xk ∩ P(E∞R) coincide and put C = C1 = C2.

The connecting real Morse-Lefschetz family π : X → D formed by X(z) ∈
|2M+dF |, Xk = X(tk) for some tk ∈ DRr{0}, k = 1, 2, is defined by a unique (up to
a conj-equivariant factor g : D→ Cr{0}) real equation

∑
Aij(u, v, t)xixj = 0 with

coefficients depending analytically on t and polynomial homogeneous in u, v. Here,
we choose {

∑
Aij(u, 1, t)xixj > 0} as a half of P(ER)×DR having XRr(CR×DR) as a

boundary, and let inhXC : Pin−(P(ER)) = Pin−(P(ER)×DR)→ Pin−(XRr(CR×DR))
to be defined by this choice.

4.1.3. Lemma. The restriction mapping res : Pin−(XR)→ Pin−(XR r (CR ×DR))
is surjective.

Proof. Here, XR is a manifold of dimension 3, and therefore, as is well known,
Pic−(XR) 6= ∅. Thus, like in the proof of Lemma 3.4.2, the result follows from
surjectivity of the restriction homomorphism H1(XR)→ H1(XRr (CR×DR)) . �

We define Pin−inh(XR, CR, E) ⊂ Pin−(XR) to be res−1(inhXC (Pin−(P(ER)))). We

say that Pin−-structures θXk ∈ Pin−inh(XkR, CR, E), k = 1, 2, are coherent (with

respect to the chosen family X ), if there exists θ ∈ Pin−inh(XR, CR, E) such that

the reduction maps Pin−(XR)→ Pin−(XkR), k = 1, 2, respecting the coorientation
given by ∂

∂t send θ to θXk . Clearly, such a coherence depends only on the choice of
the connecting Morse-Lefschetz family.

4.1.4. Proposition. For any real embedded conic bundle X ⊂ P(E) belonging to
a real Morse-Lefschetz family of conic bundles with odd number of singular fibers
and any θX ∈ Pin−inh,mon(XR, CR, E), there exists a family of coherent inherited

Pin−-structures on this Morse-Lefschetz family that coincides with θX on X.

Proof. As it follows from Lemma 4.1.3, the set Pin−inh(XR, CR, E) is an affine space
over a subgroup of H1(XR;Z/2) spanned by w1(XR) and [CR×DR]∗. On the other
hand, by Lemma 3.4.3, Pin−inh(XR, CR, E) is an affine space with respect to the
subgroup of H1(XR;Z/2) spanned by w1(XR) and [CR]∗. So, it remains to notice
that the restriction homomorphism H1(XR;Z/2)→ H1(XR;Z/2) sends [CR×DR]∗

to [CR]∗, and (because of triviality of the normal bundle of XR in XR) w1(XR) to
w1(XR). �

4.1.5. Lemma. If θX(tk) ∈ Pin−inh,mon(XR(tk), CR, E) with tk ∈ DR r {0}, k = 1, 2
are coherent with respect to a real Morse-Lefschetz family π : X → D of conic
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bundles with odd number of singular fibers, then for any α ∈ H−2 (X(0) r B) we
have

q̂θX(t1)(µt1(α)) = q̂θX(t2)(µt2(α)).

Proof. It coincides literally with that of Proposition 4.1.2. �

4.1.6. Remark. If one of two coherent (with respect to a real Morse-Lefschetz family)
inherited structures is monic, then the other is monic too. To justify this, it is
sufficient to notice that w∗1(XR(t)) is supported in the complement of a vanishing
cycle.

4.2. Push-forward formula. Assume that real embedded conic bundles X,Y ⊂
P(E) belonging to the same linear system 2M + dF , d ∈ Z>0, are related by wall-
crossing, and consider a connecting them real Morse-Lefschetz family π : X → D
formed by X(z) ∈ |2M + dF |, X = X(t1), Y = X(t2) for some t1, t2 ∈ DR,
t1 < 0 < t2. To shorten further notation, let us identify the lattices H2(X;Z) and
H2(Y ;Z) using a smooth trivialization of the fibration X → D over the punctured
upper half disc D+ = {z ∈ D, Im z > 0, z 6= 0}. Clearly, this identification preserves
the canonical class K, the class of the fibers C, and the vanishing class e. The
involutions ct : H2(X(t)) → H2(X(t)) for t = t1, t2 with t1 < 0 < t2 become
related by the Picard-Lefschetz transformation:

(4.2.1) ct = se ◦ c−t se(v) = v + (ev)e,

where e ∈ H2(X(t)) is the vanishing class of the underlying nodal degeneration.
Suppose that the direction of wall-crossing is chosen so that χ(XR) < χ(YR),

which means that the Morse index of the modification XR → YR has either index 2
(pinching of a circle), or index 0 (birth of a spherical component). Consider conj-
invariant vanishing cycles (2-spheres) EX ⊂ X and EY ⊂ Y and their traces on
the real loci, EXR = EX ∩ XR and EYR = EY ∩ YR. Under above identification of
H2(Y ;Z) with H2(X;Z) and the chosen direction of wall-crossing, we have

H−2 (Y ) = {α ∈ H−2 (X) |αe = 0}
We consider the orthogonal projection

(4.2.2) pe : H−2 (X)→ H−2 (Y )⊗Q, given by v 7→ v +
1

2
(ev)e,

and the functions WX,θX

k : H−2 (X) → Z, WY,θY

k : H−2 (Y ) → Z with k ∈ Z de-

fined by WX,θX

k (α) = iq̂X(α)−m2

wk(α), α ∈ H−2 (X) and, respectively, WY,θY

k (α) =

iq̂Y (α)−m2

wk(α), α ∈ H−2 (Y ) (see Section 3.5 for notation wk(α)).
The push-forward operation treated in the next proposition transforms functions

h : H−2 (X) → Z into functions pe∗(h) : H−2 (Y ) ⊗ Q → Z defined by pe∗(h)(y) =∑
x∈(pe)−1(y) h(x). It is properly defined, if h has finite support in (pe)−1(y), for

each y ∈ H−2 (Y )⊗Q.
The proof of this proposition is literally the same as the proof of [FK-2, Prop.

3.1.1], with a replacement (at the very end of the proof) of the reference to [FK-2,
Prop. 2.3.2] by reference to Proposition 4.1.2 if d is even and 4.1.5 if d is odd.
Therefore we omit the proof.

4.2.1. Proposition. Assume that real conic bundles X,Y ⊂ P(E) with s singular
fibers are related by a Morse-Lefschetz family, both XR, YR are non-empty and
χ(XR) < χ(YR). Let θX ∈ Pin−(XR), θY ∈ Pin−(YR) be coherent Pin−-structures
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taken from Pin−inh if s is even and Pin−inh,mon if odd. When s is odd, assume also
that the fixed conic-fibers in the family are placed away from the node that appears
in this family. Then:

(1) The push-forward pe∗(W
X,θX

k ) is properly defined.

(2) It is supported on H−2 (Y ) = H−2 (Y )⊗ 1 ⊂ H−2 (Y )⊗Q.

(3) pe∗(W
X,θX

k ) =WY,θY

k on H−2 (Y ). �

4.2.2. Corollary. For X, Y and θX , θY as in the assumptions of Proposition 4.2.1,
the numbers Nm,n(X, θX) and Nm,n(Y, θY ) coincide for all m,n ∈ Z.

Proof. It follows from Proposition 4.2.1, since (m,n) is preserved by pe∗ and

Nm,n(X, θX) =
∑

α∈Lm,n
R (X)

WX,θX

k (α), k ∈ {0, 1}, k = m− 1 mod 2. �

4.3. Invariance of Nm,n and proof of Theorems 1.3.1, 1.4.1.

4.3.1. Theorem. For any fixed s > 2, the double sequence Nm,n(X, θX) does not
depend on a choice of a real conic bundle X ⊂ P(Es), XR 6= ∅, from the linear
system Hs and a choice of a Pin−-structure θX taken in Pin−inh(X, Es) if s is even

and in Pin−inh,mon(X, Es, C) (with arbitrary choice of a fiber C) if s is odd. Moreover,
these numbers vanish if n is odd, and in case of even s they vanish also if m is odd.

Proof. As it follows from Theorem 2.2.1, there exists a real conic bundle Y which
belongs to the same linear system Hs, has YR = S2 if s is even, and has YR = RP2

otherwise. On the other hand, Proposition 2.9.2 and Corollary 4.2.2 (to make its
assumptions satisfied we use Lemma 4.1.1 if s is even and Lemma 4.1.4 if odd) imply
Nm,n(X, θX) = Nm,n(Y, θY ). Thus, due to uniqueness of Pin−-structures on S2 and

that for Pin−-structures on RP2 with qθ(w
∗
1) = 1, we conclude that Nm,n(X, θX)

does not depend on θX and on X (for a fixed s). Furthermore, in both cases some
of the real fibers of Y have no real points, and therefore, for any real divisor class

D ∈ H2(Y ) we get DC
mod 2

= DRCR = 0, which implies that Nm,n = 0 for odd n.

Similarly, if s is even, DK
mod 2

= DRKR = 0 because H1(YR;Z/2) = 0, wherefrom
we get vanishing of Nm,n = 0 for odd m. �

Proof of Theorem 1.3.1. The first part of Theorem 1.3.1 and vanishing of Nm,n(X, θ)
under the indicated parity conditions follow from Theorem 4.3.1 and Corollary 3.6.2.
The vanishing for n < 0 follows from non-negativity of the intersection of effective
classes with the fibers of our conic bundle. For the vanishing in the case m 6 0,
see [GP, Lemma 4.2]. �

Proof of Theorem 1.4.1. Recall that, by definition, for any real conic bundle Y we
have LmR (Y ) = ∪n>0 Lm,nR (Y ). Thus, as in the proof of Theorem 4.3.1, it is sufficient

to choose Y with YR = S2 (if s is even) or RP2 (if odd) and to use uniqueness of θ
(monic if s is odd). �

4.4. An invariance of the right-hand side of (1.3.1). By Dk, k > 0, we denote
the lattice {x̄ ∈ Zk |

∑
i xi ∈ 2Z}, where Zk is equipped with the quadratic form

−
∑
i x

2
i . It gives D0 = 0, D1 = 〈4〉, D2 = A1 ⊕ A1 and D3 = A3.

4.4.1. Lemma. For any conic bundle with s > 2 singular fibers the lattice (K,C)⊥

is isomorphic to Ds, and each of its roots represents a vanishing cycle.
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Proof. As is known (and easy to check by taking as representative examples generic
blowups X = P2#(s+1)P̄2 with s > 2 and the conic bundle H−E), (K,C)⊥ admits
a geometric basis consisting of roots represented by vanishing cycles. Therefore, the
action of the monodromy group on H2(X) contains the Weyl group of (K,C)⊥ =
Ds. The latter group is generated by reflections in the basic roots, and in the case
of Ds with s > 3 it acts transitively on the set of roots, see [Bo, Ch. 6, §1.3, Prop.
11]. �

4.4.2. Proposition. For any embedded conic bundle X with s > 3 singular fibers,
the sum

∑
α∈Lm,n(e·α)2GW (α) does not depend on the choice of a root e ∈ (K,C)⊥.

Furthermore for every u, v ∈ (K,C)⊥, we have

u2
∑

α∈Lm,n

(v · α)2GW (α) = v2
∑

α∈Lm,n

(u · α)2GW (α).

Proof. The independence of
∑
α∈Lm,n(e · α)2GW (α) from the choice of e follows

from invariance of GW (α) and Lm,n under deformation of X as a conic bundle
combined with transitivity of the action of the Weyl group of Ds, s > 3, on the set
of roots.

The second statement follows from the same arguments plus the fact that for s >
3 the function Ds → Z, x 7→ x2 is the only (up to scalar factor) quadratic function
invariant under the action of the Weyl group (as it follows from the irreducibility
of the action, see [Bo, §2.1, Prop. 1]). �

4.5. Proof of Theorem 1.3.2. This proof repeats nearly verbatim the arguments
from the proof of Theorem 1.2.3 in [FK-2].

First of all, we notice that due to Theorem 1.3.1 and Proposition 4.4.2 it is
sufficient to check the formula (1.3.1) for some particular example of a real conic
bundle X with a given number s > 4 of singular fibers and XR 6= ∅, with some
particular choice of a lattice root in (K,C)⊥ ⊂ H2(X).

An appropriate set of examples is given by Proposition 2.9.1. It provides, for each
s > 4, a real Morse-Lefschetz family f : X → D, D = {z ∈ C | |z| < 1} of embedded
conic bundles X(z) ⊂ P(E) such that for real 0 < z < 1 a spherical component S2 ⊂
XR(z) is collapsing to the unique node of X(0) as z → 0+, z ∈ R. In accord with
the construction given in Proposition 2.9.1, we choose a continuous conj-invariant
family of embedded nonsingular rational curves C(z) ⊂ X(z), z ∈ D, such that, for
each z ∈ D, C(z) is a fiber of π(z) : X(z)→ P1, and C(0) is disjoint from the node
of X(0). Then, we follow the proof from [FK-2] passing from algebraic to symplectic
setting, use the curves C(z) for defining, by duality, a dimension 2 cohomology class
on the total space of the symplectic fibration described there. This class extends the
notion of conic level uniformly to all the fibers of the latter fibration including the
singular fiber, with the property to vanish on every homology class of the P1 × P1-
component of the singular fiber. After that, it is sufficient to repeat the proof from
[FK-2] restricting the consideration of involved real (respectively, complex) curves
to those of conic-level 2n (respectively, n). �

4.6. Positivity. Recall that due to Theorem 1.3.1 the bivariate sequence Nm,n is
well defined for any real rational surface with a fixed K2 6 6.

4.6.1. Theorem. Nm,n > 0 for any m,n ∈ Z.
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Proof. Assume, first, that K2 is 6 6 but 6= 5 (which in terms of conic bundles
means that the number of singular fibers is > 2 and 6= 3). Take as an example
a real conic bundle X with XR = RP2⊥⊥S2 or S2. In such a case, all curves

are counted with sign +1, which is due to iq̂(α)−m2

= 1 and wk(α) > 0 for any
α ∈ Lm,nR (X) (the former relation follows from the choice of monic Pin−-structures

when XR = RP2⊥⊥S2, while the latter one is due to Welschinger positivity theorem
[W2, Theorem 1.1]). In the case K2 = 5 there exists an example of a real conic
bundle with XR = RP2, to which the Welschinger theorem is also applicable (for
that value of K2), and the same argument works. �

4.6.2. Remark. For K2 6 4, the positivity of N2m,2n for all m,n ∈ Z is also a

straightforward consequence of Theorem 1.3.2 and positivity of GW
[2]
m,n.

5. Recursion formulas

5.1. Values at the levels (m, 0).

5.1.1. Proposition. For any real conic bundle X with s > 2 singular fibers the

numbers GWm,0, GW
[2]
m,0 and Nm,0, m > 1 vanish, except

GW1,0 = 2s, GW2,0 = 1, GW
[2]
1,0 = 4, N2,0 = 1,

and, in the case of odd s, N1,0 = 2.

Proof. For any effective divisor D ⊂ X, vanishing of n = D ·C implies that D is a
component of a conic fiber. This gives the values of GWm,0, for m = 1, 2 along with

GWm,0 = GW
[2]
m,0 = 0 for m > 2. To check GW

[2]
1,0 = 4, GW

[2]
2,0 = 0, one can take

as an example a real conic bundle with a spherical component and observe that
the spherical component represents a vanishing cycle. This cycle does not meet

some conic-fibers, which gives GW
[2]
2,0 = 0, and meets transversely the 4 irreducible

components of two singular fibers and is disjoint from other singular fibers, which

implies GW
[2]
1,0 = 4.

By Theorem 1.3.2, N2m,0 = 2m−3GW
[2]
m,0, while N2m+1,0 = 0 if s even by Theo-

rem 1.3.1. For the remaining formula N1,0 = 2 in the case of odd s > 2 one can take
as an example a real conic bundle with one and only one real singular fiber. Then,
the only real effective divisors of bi-level (1, 0) are the irreducible components of
this real singular fiber. Each of these components contribute 1 to N1,0, since the

Pin−-structure on XR is monic and vanishes on the conic-fibers. �

We obtain these relations using the following statement, which is a direct con-
sequence of the associative law for the small quantum product.

5.2. Recursion for GWm,n. The following statement is a direct consequence of
the associative law for the small quantum product.
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5.2.1. Proposition. Let X be a rational surface. Then, for any H1, H2, H3, H4 ∈
H2(X) and any α ∈ H2(X) with −Kα > 2, the following relation holds:
(5.2.1)

(H1H2)(αH3)(αH4)GW (α) + (H3H4)(αH1)(αH2)GW (α)+∑
α=α1+α2

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(α1H1)(α1H2)(α2H3)(α2H4)(α1α2) =

(H1H3)(αH2)(αH4)GW (α) + (H2H4)(αH1)(αH3)GW (α)+∑
α=α1+α2

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(α1H1)(α1H3)(α2H2)(α2H4)(α1α2)

where m = −Kα and m1 = −Kα1. �

5.2.2. Lemma. For K2 6 6 and any m ∈ Z>1, n ∈ Z>0, we have

(5.2.2)
∑

v∈(K,C)⊥⊗Q
β∈(K,C)⊗Q,−Kβ=m,Cβ=n

β+v∈H2(X;Z)

GW (β + v)v = 0.

Proof. For any root vector e ∈ (C,K)⊥, the invariance of Gromov-Witten invariants
under Picard-Lefschetz transformations, implies∑

v∈(K,C)⊥⊗Q
β∈(K,C)⊗Q,−Kβ=m,Cβ=n

β+v∈H2(X;Z)

GW (β + v)v =
∑

v∈(K,C)⊥⊗Q
β∈(K,C)⊗Q,−Kβ=m,Cβ=n

β+v∈H2(X;Z)

GW (β + v)(v + (ev)e),

which in its turn implies ∑
v∈(K,C)⊥⊗Q

β∈(K,C)⊗Q,−Kβ=m,Cβ=n
β+v∈H2(X;Z)

GW (β + v)(ev)e = 0.

Thus, for any root vector e ∈ (K,C)⊥ we have

e ·
∑

v∈(K,C)⊥⊗Q
β∈(K,C)⊗Q,−Kβ=m,Cβ=n

β+v∈H2(X;Z)

GW (β + v)v = 0

Since (K,C)⊥ is a non-degenerate lattice and it is generated by the root vectors
(see Lemma 4.4.1), the result stated follows from the latter relation. �

Convention. In what follows, to simplify writing sums with many rules or limits
on parameters, we authorize, when working under summation with expressions like
GW (β + v) to take vectors β ∈ (K,C) ⊗ Q, v ∈ (K,C)⊥ ⊗ Q with a convention
that GW (β + v) = 0 if β, v are not respecting the gluing rule β + v ∈ H2(X).

5.2.3. Theorem. For any d = K2 6 6 and any m ∈ Z>2, n ∈ Z>1 the following
holds

(5.2.3)

(4mn− dn2)GWm,n =
∑

m=m1+m2
n=n1+n2

GWm1,n1
GWm2,n2

(
m− 2

m1 − 1

)
·

(m1 −
n1d

2
)n2(m1n2 −m2n1)(

1

2
(m1n2 + n1m2)− 1

4
n1n2d).
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If m > 3 and mn− dn2

4 6 0, or m = 2 and mn− dn2

4 < 0, then GWm,n = 0. For

m = 2 and mn − dn2

4 = 0, the only non zero values of GWm,n are GW (2, 8
d ) = 1

with d = 1, 2, and 4.

Proof. We put K ′ = d
2C +K and choose H1 = −K ′, H2 = C − e, H3 = −K ′ − e,

H4 = C where e ∈ (K,C)⊥ is a root vector. Then we apply Proposition 5.2.1 to
α ∈ H2(X) written in a form α = m

2 C−
n
2K
′+ v with v ∈ (K,C)⊥⊗Q. This gives

(5.2.4)

(2(m− nd

2
− ev)n+ 2(m− nd

2
)(n− ev) + dn(n− ev))GW (α) =∑

m=m1+m2
n=n1+n2
v=v1+v2

v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(m1 −

n1d

2
)n2

(
(m1 −

n1d

2
− ev1)(n2 − ev2)−

(n1 − ev1)(m2 −
n2d

2
− ev2)

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
+ v1v2)

where αj , j = 1, 2, stands for
mj

2 C −
nj

2 K
′ + vj . Taking the average with respect

to ±e we get
(5.2.5)

(4(m− nd

2
)n+ dn2)GW (α) =∑

m=m1+m2
n=n1+n2
v=v1+v2

v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(m1 −

n1d

2
)n2

(
(m1 −

n1d

2
)n2−

n1(m2 −
n2d

2
)
)
(
1

2
(m1n2 +m2n1)− n1n2d

4
+ v1v2).

Then summing over all v ∈ (K,C)⊥ ⊗Q we obtain
(5.2.6)

(4mn− dn2)GWm,n =
∑

m=m1+m2
n=n1+n2

(
m− 2

m1 − 1

)
(m1 −

n1d

2
)n2(m1n2 − n1m2)

((1

2
(m1n2 +m2n1)

− n1n2d

4
)
∑

v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)
)

+
∑

v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)(v1v2)
)
.

Finally, due to Lemma 5.2.2,∑
v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)(v1v2) =
∑

v1∈(C,K)⊥⊗Q

GW (α1)v1 ·
∑

v2∈(C,K)⊥⊗Q

GW (α2)v2 = 0

and the required recursion relation follows.
To prove the stated vanishing of GW (α) with α = m

2 C −
n
2K
′ + v we note

that α2 = mn − dn2

4 + v2 6 mn − dn2

4 and argue as follows. If m > 3 then
the counted rational curves D with [D] = α are constrained by at least 2 points,
so that moving one these points and keeping the others implies α2 = D2 > 0,

contradicting the assumption mn − dn2

4 6 0. Similarly, if m > 2, moving one of

the point-constraints we conclude that mn − dn2

4 > 0, contradicting assumption

mn − dn2

4 < 0. Finally, if m = 2 and GW (α) 6= 0, then, by above, α2 > 0, which
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under assumption mn− dn2

4 = 0 implies v = 0 and dn = 8. Thus, there remains to

consider α = −C − n
2K with d = 4, 2, and 1, and to observe that GW (2, 8

d ) = 1 in
each of these 3 cases (cf. Remark 6.3.2).

�

5.3. Recursion for GW
[2]
m,n.

5.3.1. Lemma. Let K2 6 5. Then, for any e ∈ (K,C)⊥ with e2 = −2 we have

(5.3.1)
∑

v∈(K,C)⊥⊗Q

GW (
m

2
C − n

2
K ′ + v)(ev)v = −1

2
GW [2]

m,ne.

Proof. Due to invariance of GW (m2 C −
n
2K
′ + v) with respect v 7→ v + e(ve) we

have
(5.3.2)∑

v∈(K,C)⊥⊗Q

GW (
m

2
C − n

2
K ′ + v)(ev)v =

∑
v∈(K,C)⊥⊗Q

GW (
m

2
C − n

2
K ′ + v)(e(v + e(ve)))(v + e(ve)) =

−
∑

v∈(K,C)⊥⊗Q

GW (
m

2
C − n

2
K ′ + v)(ev)v −

∑
v∈(K,C)⊥⊗Q

GW (
m

2
C − n

2
K ′ + v)(ev)2e

which gives the result stated. �

5.3.2. Theorem. Let K2 6 5. Then, for any m > 2, n > 0 the following recursion
relation holds
(5.3.3)

(2(m− nd

2
)2 + (2 + d)n2)GWm,n + (4 + d)GW [2]

m,n =∑
m=m1+m2
n=n1+n2

(
aGWm1,n1GWm2,n2 + b1GW

[2]
m1,n1

GWm2,n2 + b2GWm1,n1GW
[2]
m2,n2

+ cGW [2]
m1,n1

GW [2]
m2,n2

)

where

a =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2n2

2 − (m1 −
n1d

2
)(m2 −

n2d

2
)n1n2)

b1 =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)(n2

2 − (m2 −
n2d

2
)n2)

b2 =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2 − (m1 −

n1d

2
)n1)

c =
1

2

(
m− 2

m1 − 1

)
((m1 −

n1d

2
)(m2 −

n2d

2
) + n1n2 + n1(m2 −

n2d

2
)− 3(m1 −

n1d

2
)n2).

Proof. We put K ′ = d
2C +K and choose H1 = H3 = −K ′ − e, H2 = H4 = C − e,

where e ∈ (K,C)⊥, e2 = −2, and apply Proposition 5.2.1 to α ∈ H2(X) written in
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a form α = m
2 C −

n
2K
′ + v with v ∈ (K,C)⊥ ⊗Q. This gives

(2(m− nd

2
− ev)2 + (2 + d)(n− ev)2)GW (α) =∑

(m,n)=(m1,n1)+(m2,n2)

v=v1+v2,v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
((m1 −

n1d

2
− ev1)2(n2 − ev2)2−

(m1 −
n1d

2
− ev1)(n1 − ev1)(m2 −

n2d

2
− ev2)(n2 − ev2))(

1

2
(m1n2 +m2n1)− n1n2d

4
+ (v1v2))

where αj , j = 1, 2, stands for
mj

2 C −
nj

2 K
′ + vj . Taking the average with respect

to ±e we get

(2(m− nd

2
)2 + (2 + d)n2 + (4 + d)(ev)2)GW (α) =∑

(m,n)=(m1,n1)+(m2,n2)

v=v1+v2,v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
+ v1v2)

((m1 −
n1d

2
)2n2

2 − (m1 −
n1d

2
)(m2 −

n2d

2
)n1n2 + (ev1)2(n2

2 − (m2 −
n2d

2
)n2)+

(ev2)2((m1 −
n1d

2
)2 − (m1 −

n1d

2
)n1) + (ev1)(ev2)

(
4(m1 −

n1d

2
)n2 − (m1 −

n1d

2
)n2

− (m1 −
n1d

2
)(m2 −

n2d

2
)− n1n2 − n1(m2 −

n2d

2
)
)
.

Then we sum over all v1, v2 ∈ (K,C)⊥⊗Q and cancel the terms with (ev1)(ev2), (v1v2),
(v1v2)(ev1)2, (v1v2)(ev2)2 (that is justified by splitting off a factor

∑
GW (αj)(evj),

or
∑
GW (αj)vj and applying Lemma 5.2.2) which gives

(5.3.4)

(2(m− nd

2
)2 + (2 + d)n2)GWm,n + (4 + d)GW [2]

m,n =∑
(m,n)=(m1n1)+(m2,n2)

GWm1,n1GWm2,n2

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2n2

2−

− (m1 −
n1d

2
)(m2 −

n2d

2
)n1n2) +

∑
(m,n)=(m1,n1)+(m2,n2)

GW [2]
m1,n1

GWm2,n2

(
m− 2

m1 − 1

)

(
1

2
(m1n2 +m2n1)− n1n2d

4
)(n2

2 − (m2 −
n2d

2
)n2) +

∑
m=m1+m2
n=n1+n2

GWm1,n1
GW [2]

m2,n2

(
m− 2

m1 − 1

)

(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2 − (m1 −

n1d

2
)n1)+∑

(m,n)=(m1,n1)+(m2,n2)

v=v1+v2,v1,v2∈(K,C)⊥⊗Q

GW (α1)GW (α2)

(
m− 2

m1 − 1

)
(v1v2)(ev1)(ev2)

(3(m1 −
n1d

2
)n2 − (m1 −

n1d

2
)(m2 −

n2d

2
)− n1n2 − n1(m2 −

n2d

2
)).
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Finally, it remains to apply Lemma 5.3.1 which allows to replace the last sum
by

1

2

∑
m=m1+m2
n=n1+n2

GW [2]
m1,n1

GW [2]
m2,n2

(
m− 2

m1 − 1

)
((m1 −

n1d

2
)(m2 −

n2d

2
) + n1n2+

n1(m2 −
n2d

2
)− 3(m1 −

n1d

2
)n2).

�

5.4. Recursion for Nm,n. The recursion relation suggested in this section (see
Corollary 5.4.3) reduces computing the double sequence Nm,n to a computation

of three sequences of initial valuers, GW1,n, GW
[2]
1,n, and N1,n. More precisely,

this recursion relation involves also the double sequence GWm,n and, as additional
initial values, the sequences GW2,n, N2,n. For the first one, GWm,n, we have already
provided a recursion relation reducing its computation to the sequences GW1,n and
GWm,0. As to N2,n, these numbers vanish for n odd (see Theorem 1.3.1), while for

n even we may use, as above, the formula N2,2k = 2−2GW
[2]
1,k (see Theorem 1.3.2)

and consider GW
[2]
1,k (instead of N2,2k) as a sequence of initial valuers.

Following [FK-2], we introduce the following notations:

(5.4.1) Γm,n = −21−lNm,n,

where l = 1
2 (m− 1− k), k ∈ {0, 1}, k = m− 1mod 2; and

ΓB = −21−lNB

with B written in the form B = m
2 C−

n
2K
′+v with K ′ = d

2C+K, v ∈ (C,K)⊥⊗Q.
Note that, according these definitions,

(5.4.2) Γm,n =
∑

B∈Lm,n
R

ΓB

Recall Solomon’s recursion rule (cf. [H-S, (OGW3)] and [Ch, Th.1.1(RWDVV3)])
which is a corollary of an analog for WDVV-equation designed by Solomon [S2] in
the framework of open strings.

5.4.1. Theorem. Let H1, H2, H3 ∈ H−2 (X) be fixed elements with H1H3 = 0.
Then, for any B ∈ Lm,nR and each pair (m,n) ∈ Z>3 × Z>0 the following relation
holds:

(H1H2)(H3B)ΓB = Θ
(1)
B + Θ

(2)
B , where

Θ
(1)
B =

1

4

∑
B1+B2=B

(H1B1)((H3B1)(H2B2)− (H2B1)(H3B2))

(
l − 1

l1

)(
k

k1

)
ΓB1ΓB2

Θ
(2)
B =

1

2

∑
BF−conj∗ BF

+BU=B

(BUBF )(H1BF )((H3BF )(H2BU )− (H2BF )(H3BU ))

(
l − 1

lU

)
GW (BF )ΓBU

l =
1

2
(m− 1− k), k ∈ {0, 1}, k = m− 1mod 2. �
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5.4.2. Theorem. Let d = K2 6 6. Then, for any pair (m,n) ∈ Z>3 × Z>1 and
l = 1

2 (m− 1− k), k ∈ {0, 1}, k = m− 1mod 2, we have a recursion relation

2nΓm,n =
1

4

∑
n1+n2=n
m1+m2=m
m1,m2>1

n1(n1m2 − n2m1)

(
l − 1

l1

)(
k

k1

)
Γm1,n1

Γm2,n2

+
1

4

∑
2nF +nU=n

2mF +mU=m
mF ,mU>1

nF (mUnF +mFnU −
dnUnF

2
)(nFmU − nUmF )

(
l − 1

lU

)
GWmF ,nF

ΓmU ,nU
.

Proof. Due to invariance of the numbers Nm,n, it is sufficient to check the formula
for a particular real conic bundle X with a given d = K2. Let us choose a maximal
one. Then, conj∗ acts on H2(X) = PicX as multiplication by −1, and (K,C)⊥ is
isomorphic to Dr, r = 6−K2.

To apply Theorem 5.4.1, we choose H1 = H3 = C, H2 = −K. We put, as above,
K ′ = d

2C +K and write B in the form B = m
2 C −

n
2K
′ + v with v ∈ (C,K)⊥ ⊗Q.

Then,

(H1H2)(H3B)ΓB = 2nΓB

while on the other side we get

Θ
(1)
B =

1

4

∑
B1+B2=B

n1(n1m2 −m1n2)

(
l − 1

l1

)(
k

k1

)
ΓB1

ΓB2
,

Θ
(2)
B =

1

2

∑
BF−conj∗ BF

+BU=B

(
mUnF +mFnU

2
− dnUnF

4
+ vUvF )(nFmU −mFnU )nF

(
l − 1

lU

)
GW (BF )ΓBU

.

Since conj∗ = − id (due to our choice of X) and (by Lemma 5.2.2)∑
BF∈L

mF ,nF
C

vFGWBF
= 0,

the summing the above expressions for Θ
(1)
B and Θ

(2)
B over B ∈ Lm,nR = Lm,nC gives

the result stated. �

Passing from Γm,n to Nm,n according (5.4.1), we get the following.

5.4.3. Corollary. Let d = K2 6 6. Then, for any pair (m,n) ∈ Z>3 × Z>1 and
l = 1

2 (m− 1− k) > 1, k ∈ {0, 1}, k = m− 1 mod 2, we have a recursion relation

nNm,n =
∑

2nF +nU=n
2mF +mU=m
mF ,mU>1

2mF−3nF (mUnF +mFnU −
dnUnF

2
)(nFmU − nUmF )

(
l − 1

lU

)
GWmF ,nF

NmU ,nU
− 1

2

∑
n1+n2=n
m1+m2=m
m1,m2>1

n1(n1m2 − n2m1)

(
l − 1

l1

)(
k

k1

)
Nm1,n1Nm2,n2 .

�
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6. Up to eight blowups

Here, we find sequences GW1,n, GW
[2]
1,n, and N1,n for conic bundles on rational

surfaces with 1 6 K2 6 6. 3 Over C, such surfaces can be seen as blowups
of P2 at k points with 3 6 k 6 8. Since each, complex or real, deformation
class of conic bundles π : X → P1 has a del Pezzo representative, we restrict our
computations to del Pezzo case. An advantage of considering del Pezzo surfaces

is based on the fact that for them the values of GW1,n, GW
[2]
1,n, and N1,n come

from the contribution of (−1)-curves, except for the case k = 8, n = 2, where the
contribution of anticanonical curves should be added.

6.1. Class C and Dn-coordinates in a blowup model. A blowup presentation
X = P2#kP̄2, k > 1, yields an identification

H2(X) = H2(P2)

k−1⊕
i=0

H2(P̄2) = Z⊕ Zk, with standard generators H, e0, . . . , ek−1.

Considering a conic bundle with the fiber class C = H−e0, we obtain a description

〈K,C〉⊥ = {v = yH −
k−1∑
i=0

xiei | y, x0, . . . , xk−1 ∈ Z , y = x0, 2y = x1 + · · ·+ xk−1}

and an identification, v 7→ (x1, . . . , xk−1), of 〈K,C〉⊥ with the model of Dk−1 given
in Section 4.4.

6.1.1. Lemma. Let X = P2#kP̄2, k > 1. Then every h ∈ H2(X) with −K ·h = m,
C · h = n can be decomposed as

(6.1.1) h =
1

2
(mC − nK ′ + v), K ′ = K +

d

2
C, v ∈ Dk−1 = 〈K,C〉⊥, d = 9− k.

Conversely, a vector h = 1
2 (mC − nK ′ + v) ∈ H2(X)⊗Q with

(6.1.2) v ∈ Dk−1 = 〈K,C〉⊥, v
2

= yH − ye0 −
k−1∑
i=1

xiei

belongs to H2(X) if and only if:

(1)
∑k−1
i=1 xi = n+m+ nd

2 mod 2,

(2) the vector x̄ = (x1, . . . , xk−1) lies in Zk−1 if n is even and in (Z + 1
2 )k−1 if n is

odd.

Proof. Expressing C,K and v in the basis formed by H and ei, 0 6 i 6 k − 1, we
obtain

h = (
m

2
−nd

4
)(H−e0)+

n

2
(3H−

k−1∑
i=0

ei)+
v

2
,

v

2
= yH−ye0−

k−1∑
i=1

xiei, 2y =

k−1∑
i=1

xi.

Integrality of the coefficients −n2 − xi of h at ei, for 1 6 i 6 k − 1, means that

x̄ = (x1, . . . , xk) lies in Zk−1 for even n and (Z + 1
2 )k−1 for odd. Integrality of

the e0-coefficient nd
4 −

m
2 −

n
2 − y is equivalent to integrality of the H-coefficient

m
2 −

nd
4 + 3n

2 + y, which in its turn equivalent to nd
2 −m− n− 2y ∈ 2Z. �

3Recall that the numbers N1,n are well defined only for K2 6 6, while GW
[2]
1,n only for K2 6 5.
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For any k > 1, n > 0 we consider a subgroup D1,n ⊂ 1
2Dk−1 ⊂ 1

2Z
k−1 defined in

terms of x̄ = (x1, . . . , xk−1) and |x̄|2 =
∑
i x

2
i as

D1,n =

{
{x̄ ∈ Zk−1 | |x̄|2 = n+ 1− n2d

4 }, if n is even,

{x̄ ∈ (Z + 1
2 )k−1 |

∑k−1
i=1 xi ∈ 2Z + nd

2 , |x̄|
2 = n+ 1− n2d

4 }, if n is odd.

6.2. Counting lines. In a del Pezzo surface X, by a line we mean a smooth
rational curve L ⊂ X with L2 = −1. By adjunction, KL = −1 and we denote by
L1,n ⊂ L1,n the subset formed by the classes of lines.

6.2.1. Lemma. Let X = P2#kP̄2, 1 6 k 6 8, be a del Pezzo surface equipped with
a conic bundle. Then:

(1) The only effective divisors whose classes belong to L1,n, n > 0, are lines unless
k = 8 and n = 2. In the case k = 8, they are the lines and the anticanonical
divisors.

(2) Each line in X is completely determined by its homology class.
(3) L1,n = {C2 −

n
2K
′ + v

2 |
v
2 ∈ D

1,n}.

Proof. (1) and (2) are well known (see for instance [FK-1] for enumerating of effec-
tive divisors with m = 1 on del Pezzo surfaces).

Relation (6.1.1) gives presentation of lines at level (1, n) as L = C
2 −

n
2K
′ + v

2 .

Since C ·K ′ = C ·K = −2, C2 = K ·K ′ = 0, we obtain

−1 = L2 =
1

4
(4n+ n2(K ′)2) +

v2

4
= n− n2d

4
+
v2

4
=⇒ |x̄|2 = n+ 1− n2d

4
.

By Lemma 6.1.1, x̄ ∈ Zk−1 for n even and x̄ ∈ (Z + 1
2 )k−1 for n odd. Moreover,

item (1) of Lemma 6.1.1 gives
∑k−1
i=1 xi = n+ 1 + nd

2 mod 2, which for odd n can be

recorded as
∑k−1
i=1 xi ∈ 2Z + nd

2 . For even n, item (1) is satisfied automatically:

k−1∑
i=1

xi
mod 2

= |x̄|2 mod 2
= n+ 1− n2d

4

mod 2
= n+ 1 +

nd

2
.

It is by this reason that it is omitted in the definition of D1,n for n even. �

Let us fix k ∈ Z>1. Put d = 9− k and consider a sequence in n > 0:

S1,n = |D1,n| =

]{x̄ ∈ Zk−1 | |x̄|2 = n+ 1− n2d
4 } if n is even,

]{x̄ ∈ (Z + 1
2 )k−1 |

k−1∑
i=1

xi ∈ 2Z + nd
2 , |x̄|

2 = n+ 1− n2d
4 } if n is odd.

6.2.2. Remark. Note that for odd n the condition
∑k−1
i=1 xi ∈ 2Z + nd

2 is satisfied

precisely for a half of vectors x̄ ∈ (Z+ 1
2 )k−1 satisfying condition |x̄|2 = n+1− n2d

4 .

This is because replacing x1 by −x1 changes the pairity of
∑k−1
i=1 xi while not

changing |x̄|2. Therefore, we may equivalently define

S1,n = |D1,n| = 1

2
]{x̄ ∈ (Z +

1

2
)k−1 | |x̄|2 = n+ 1− n2d

4
} if n is odd.

The following proposition is a direct consequence of Lemma 6.2.1.

6.2.3. Proposition. For a conic bundle on a del Pezzo surface X = P2#kP̄2, 1 6
k 6 8:

(1) The number of lines of level (1, n) is equal to S1,n.
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(2) For k 6 7 as well as for k = 8, n 6= 2, we have GW1,n = S1,n, while for
k = 8 we have GW1,2 = S1,2 +GW (−K). �

6.2.4. Proposition. For a conic bundle on X = P2#kP̄2, 2 6 k 6 8:

∑
n>0

GW1,nq
n+1 =


2(k − 1)q + 2k−2q2 for 2 6 k 6 5,

10q + 16q2 + q3 for k = 6,

12q + 32q2 + 12q3 for k = 7,

14q + 64q2 + 96q3 + 64q4 + 14q5 for k = 8.

Proof. It follows from Proposition 6.2.3 that GW1,0 counts unit vectors in Zk−1,

which gives 2(k−1), while GW1,1 counts with coefficient 1
2 the vectors of square k−1

4

in ( 1
2 +Z)k−1, which gives 2k−2 (see Table 1). For k = 6, the value GW1,2 = S1,2 = 1

counts the zero element in Z5. The symmetry in the last two rows of Table 1
shows that GW1,2 = GW1,0 = 14 for k = 7, while GW1,4 = GW1,0 = 2 and

GW1,3 = GW1,1 = 64 for k = 8. The last remaining value GW1,2 = 4
(

7
2

)
+ 12 = 96

results from counting vectors x̄ ∈ Z7, |x̄|2 = 2, which gives S1,2 to which we add
the number GW (−K) = 12 of anti-canonical rational curves. �

Table 1. Values of n+1− n2d
4 . Sign ”-” stands for negative values.

k\n 0 1 2 3 4
2 1 1

4 - - -
3 1 1

2 - - -
4 1 3

4 - - -
5 1 1 - - -
6 1 5

4 0 - -
7 1 3

2 1 - -
8 1 7

4 2 7
4 1

6.3. Generating function for the moments. For a fixed k ∈ Z>1, put d = 9−k
and consider a sequence in n ∈ Z>0: S

[2]
1,n = 2

∑
x2

1, with summation over the set{
{x̄ ∈ Zk−1 | |x̄|2 = n+ 1− n2d

4 }, if n is even,

{x̄ ∈ (Z + 1
2 )k−1 |

∑k−1
i=1 xi = nd

2 mod 2, |x̄|2 = n+ 1− n2d
4 } if n is odd.

Note that for odd n the definition can be reformulated (see Remark 6.2.2):

S
[2]
1,n =

∑
x2

1, summed over the set {x̄ ∈ (Z +
1

2
)k−1 | |x̄|2 = n+ 1− n2d

4
}.

6.3.1. Proposition. For X = P2#kP̄2, 4 6 k 6 8 endowed with a conic bundle:

(1) GW
[2]
1,n = S

[2]
1,n.

(2) The generating function for GW
[2]
1,n is

∑
n>0

GW
[2]
1,nq

n+1 =


4q + 2k−3q2 for 4 6 k 6 6,

4q + 16q2 + 4q3 for k = 7,

4q + 32q2 + 48q3 + 32q4 + 4q5 for k = 8.
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Proof. By Proposition 4.4.2, for counting the moments we can use a vector v =
(1, 0, . . . , 0) instead of a root e and then multiply the v-moment by the normalization

factor e2

v2 = 2. This gives a sum 2
∑
x2

1 over the set D1,n from Lemma 6.2.1(3),
which proves the claim for even n. In the case of odd n, we drop the condition

on
∑k−1
i=1 xi for D1,n in Lemma 6.2.1(3) and preserve only the condition |x̄|2 =

n+ 1− n2d
4 . This doubles the number of vectors with the same value |x1| (see the

proof of Proposition 6.2.3(1)), and therefore we drop factor 2 (which appeared for
even n).

Finally, we GW
[2]
1,n = S

[2]
1,n, using Proposition 6.2.3, since in the case d = 1, n = 2

the curves in | −K| contribute 0 to GW
[2]
1,2. �

6.3.2. Remark. The numbers GWm,n, GW
[2]
m,n and Nm,n have the following symme-

try properties if d = 1, 2, 4:

GWm,n = GWm, 4dm−n
, GW [2]

m,n = GW
[2]

m, 4dm−n
, Nm,n = Nm, 4dm−n

The reason is existence of an involution on X for d = 1, 2, 4 (namely, Bertini, Geiser
and one of basic involutions for d = 4, see [D2, Sect. 6.4]) which transforms a conic
bundle whose fiber class is C to a conic bundle with the fiber class C ′ = 4

d (−K)−C.

A divisor class α ∈ Lm,n with respect to C, belongs to Lm, 4dm−n with respect to
C ′. On the other hand, the count for each of the indicated numbers is independent
of the choice of a conic bundle.

6.4. Numbers N1,n.

6.4.1. Proposition. The only non-zero values of N1,n for surfaces X = P2#kP̄2

with 3 6 k 6 8 are


N1,0 = 2, for k = 4,

N1,0 = 2,N1,2 = 1 for k = 6,

N1,0 = 2,N1,2 = 4,N1,4 = 2 for k = 8.

Proof. In accordance with Theorem 1.3.1, N1,n = 0 if n or k is odd (since s and
k have opposite parity). As it follows, for example, from Propositions 6.2.3-6.2.4,
in the cases k = 4, 6, 8 the numbers N1,n vanish for n > 2, n > 3 and n > 5
respectively, which shows that the only non-vanishing N1,n are the indicated ones.

For proving N1,0 = 2 in the case k = 2r ∈ {4, 6, 8}, consider a real model of
X obtained by blowing up r generic pairs of conjugate points, p1, p̄1, . . . , pr, p̄r, so
that XR = P2

R. Equip X with a conic bundle obtained by taking pull-back to X of
the pencil of conics passing through p1, p̄1, p2, p̄2. Denote by Li the in X obtained
by taking pull-back of the line in P2 passing through pi and p̄i. The lines L1, L2

are the only real ones on level (1, 0), and each of them contributes +1 to N1,0 with

respect to the monic Pin−-structure on P2
R.

In the case k = 6, the lines L1, L2, L3 are the only real ones and only L3 has
level (1, 2). This gives N1,2 = 1.

In the case k = 8, the symmetry indicated in Remark 6.3.2 implies N1,4 = N1,0 =
2. A similar straightforward count gives also N1,2 = 4, but it looks smarter to use∑
nN1,n = N1 (see Theorem 1.4.1) and N1 = 8 (see [FK-1]). �

7. Nine blowups

In this section, we consider rational conic bundles with K2 = 0 and provide a
full set of initial values and bivariate recursive relations for the invariants Nm,n.
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Under assumption K2 = 0, Theorem 1.3.2 shows that N2m,2n = 2m−3GW
[2]
m,n for

any m ∈ Z>1, n ∈ Z>0, while according to Theorem 1.3.1 all the other numbers N∗,∗

are zero. This reduces computing of the double sequence N∗,∗ to that of GW
[2]
∗,∗.

On the other hand, by substituting d = 0 into Theorems 5.2.3 and 5.3.2 we get

a bivariate recursion reducing computation of GWm,n and GW
[2]
m,n with m > 2 to

computation of the initial values, GWm,0, GW1,n and GW
[2]
1,n.

Below, we accomplish the latter task in two steps. First, we find a generating

function for GW1,n, and then we derive from it a generating function for GW
[2]
1,n.

As to GWm,0, their values are already given in Proposition 5.1.1.
Since Gromov–Witten invariants are preserved under deformation, it suffices to

perform these calculations for a particular choice of nine points. Following J. Bryan
and N.C. Leung [BL] we choose nine blow-up points to be the base points of a pencil
of plane cubics. Then, the blown-up surface, which we continuer to denote by X,
becomes equipped with an elliptic fibration f : X → P1 with fibers that form the
anticanonical linear system.

7.1. Generating function for GW1,n. First, let us recall some basic results.

7.1.1. Proposition. [M, §4],[M-P, Lemma 12 and Corollary 13] Let f : X → P1

be a rational relatively minimal elliptic surface with a section and without reducible
fibers. Then:

(1) A homology class α ∈ H2(X) can be realized by a section, if and only if α2 =
αK = −1.

(2) Each section is uniquely determined by its homology class.
(3) If D ⊂ X is a rational curve with −DK = 1, then the splitting of D into

irreducible components has form D = L +
∑
miFi, mi ∈ Z>0, where L is a

section and Fi are the singular fibers of f . �

Through the rest of this section we use notations S1,n, S
[2]
1,n introduced in Section

6 which we specialize to the case d = K2 = 0. In particular, this gives

(7.1.1) S1,n =

{
]{x̄ ∈ Z8 | |x̄|2 = n+ 1}, for even n,

]{x̄ ∈ (Z + 1
2 )8 | |x̄|2 = n+ 1,

∑
xi = 0 mod 2} for odd n.

To compute GW1,n, we find first the cardinality |L1,n| of the subset L1,n ⊂ L1,n

formed by classes realized by sections.

7.1.2. Corollary. If an elliptic surface as in Proposition 7.1.1 is endowed with a
conic bundle, then |L1,n| = S1,n, for any n > 0.

Proof. It follows immediately from Proposition 7.1.1 and Lemma 6.1.1 applied to
X = P2#9P̄2, since in terms of decomposing α in a form α = 1

2 (C − nK + v) with

v ∈ D8 = 〈C,K〉⊥, v
2 = x̄ we get α2 = −1 if and only if |x̄|2 = n+ 1. �

One can deduce from [CS][Sec.8.1] a formula

S1,n = 16[σ3(n)− σ3(
n

2
)], where σ3(n) =

∑
d|n

d3, and σ3(n) = 0 if n /∈ Z,

with the generating function in q = eπiz expressed through theta-series∑
n>1

S1,nq
n =

1

2
(θ2(z)8 + θ3(z)8 − θ4(z)8) = 16q + 128q2 + 448q3 + 1024q4 + . . .
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We give details on a slightly different way of presentation.

7.1.3. Proposition.

(7.1.2)

∞∑
k=0

S1,2kq
2k+1 =

1

2
(θ8

3(q)− θ8
3(−q)),

∞∑
k=0

S1,2k+1q
2k+2 =

1

2
θ8

2(0, z),

where

(7.1.3) θ3(q) =

+∞∑
m=−∞

qm
2

, θ2(τ, z) =

+∞∑
m=−∞

e(2m+1)iτ+πiz(m+ 1
2 )2

with q = eπiz.

Proof. According to (7.1.3) we have 1
2 (θ8

3(q) − θ8
3(−q)) =

∑∞
k=0 c2k+1q

2k+1 where

c2k+1 = ]{x̄ ∈ Z8 |
∑
x2
i = 2k + 1}. Thus, the first identity in (7.1.2) follows from

the first part of (7.1.1).
Similarly, we have

1

2
θ8

2(0, z) =
∑

m̄∈(Z+ 1
2 )8

1

2
q
∑
m2

j =

∞∑
k=0

1

2
c2k+2q

2k+2

where c2k+2 = ]{m̄ ∈ (Z+ 1
2 )8 |

∑
m2
i = 2k+ 2}. Therefore, the second identity in

(7.1.2) follows from the second part of (7.1.1) and Remark 6.2.2. �

7.1.4. Theorem. [BL, Theorem 6.2] Let f : X → P1 be a rational relatively minimal
elliptic surface with a section L and without reducible fibers. Then,

(7.1.4)
∑
r>0

GW (L− rK)qr =
∏
j>1

(1− qj)−12. �

7.1.5. Theorem.

(7.1.5)

∞∑
n=0

GW1,nq
n+1 = F(q) ·Π∞j=1(1− q2j)−12

where

(7.1.6) F(q) =
1

2
(θ8

3(q)− θ8
3(−q) + θ8

2(0, z)).

Proof. For L−rK as in Theorem 7.1.4, the C-level of L−rK is equal to C ·L+2r.
Since in addition (L − rK)2 = 2r − 1, Proposition 7.1.1 implies that the set of
divisor classes of rational curves of bi-level (1, n) splits into a disjoint union of the
sets L1,n−2r − rK = {α− rK |α ∈ L1,n−2r}, r > 0, which implies

GW1,n = S1,nGW (L) + S1,n−2GW (L−K) + S1,n−4GW (L− 2K) + . . .

Combining this with Theorem 7.1.4 we get (7.1.5). �
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7.2. Generating function for GW
[2]
1,n. By analogy with Section 7.1, we start with

counting the partial moments S
[2]
1,n for sections of bi-level (1, n):

S
[2]
1,n :=

∑
α∈L1,n

(eα)2GW (α).

For that, we use once more S1,n = |L1,n|, GW (α) = 1 and, in accordance with
Proposition 4.4.2, get the following expression by replacing e with a vector (1, 0, . . . , 0):
(7.2.1)

S
[2]
1,n = 2

∑
x2

1 taken over

{
x̄ ∈ Z8 :

∑
x2
i = n+ 1 for n even,

x̄ ∈ (Z + 1
2 )8 :

∑
x2
i = n+ 1,

∑
xi = 0 (mod 2) for n odd.

7.2.1. Proposition.

(7.2.2)

∞∑
k=0

S
[2]
1,2kq

2k+1 =
1

8πi

(∂θ8
3

∂z
(z)− ∂θ8

3

∂z
(z + 1)

)
,

∞∑
k=0

S
[2]
1,2k+1q

2k+2 =
1

8πi

∂θ8
2

∂z
(0, z),

where q = eπiz and θ2(τ, z) is as defined in Proposition 7.1.3.

Proof. By definition,

∂θ8
3

∂z
(z) =8πi

∑
m̄∈Z8

m2
1q

∑
m2

j ,

∂θ8
3

∂z
(z + 1) =8πi

∑
m̄∈Z8

m2
1(−q)

∑
m2

j ,

∂θ8
2

∂z
(0, z) =8πi

∑
m̄∈Z8

(m1 +
1

2
)2q

∑
(mj+ 1

2 )2 .

Being combined with (7.2.1) and Remark 6.2.2 this gives the stated result. �

7.2.2. Theorem.

(7.2.3)

∞∑
n=0

GW
[2]
1,nq

n+1 = F [2](q) ·Π∞k=1(1− q2k)−12

where

(7.2.4) F [2](q) =
1

8πi

(∂θ8
3

∂z
(z)− ∂θ8

3

∂z
(z + 1) +

∂θ8
2

∂z
(0, z)

)
with q = eπiz.

Proof. This follows from Proposition 7.2.1 and a decomposition

GW
[2]
1,n = S

[2]
1,n + S

[2]
1,n−2GW (L−K) + S

[2]
1,n−4GW (L− 2K) + . . .

where L− nK is as in Theorem 7.1.4. �

A few first terms of the sequences GW1,n and GW
[2]
1,n = 4N2,2n (computed using

Theorems 7.1.5, 7.2.3) are as follows.
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Table 2. First values of GW1,n and GW
[2]
1,n = 4N2,2n

GW1,0 GW1,1 GW1,2 GW1,3 GW1,4 GW1,5 GW1,6

16 128 640 2560 8832 27392 78336

GW
[2]
1,0 GW

[2]
1,1 GW

[2]
1,2 GW

[2]
1,3 GW

[2]
1,4 GW

[2]
1,5 GW

[2]
1,6

4 64 384 1792 6912 23712 50832

N2,0 N2,2 N2,4 N2,6 N2,8 N2,10 N2,12

1 16 96 898 3456 5928 12708

8. Concluding Remarks

8.1. An additional recursion formula for GWm,n. The following proposition is
one more straightforward consequence of the associativity law for the small quantum
product.

8.1.1. Proposition. Let X be a rational surface. Then, for any H1, H2, H3 ∈
H2(X) and any α ∈ H2(X) with −Kα > 3, the following relation holds:

(8.1.1)

(
(H1H2)(αH3)− (H2H3)(αH1)

)
GW (α) =∑

α=α1+α2

GW (α1)GW (α2)(α1α2)
((m− 3

m2 − 1

)
(α1H1)(α2H2)(α2H3)−(

m− 3

m1 − 1

)
(α1H1)(α1H2)(α2H3)

)
where m = −Kα and mi = −Kαi, i = 1, 2. �

Taking H1 = K,H2 = H3 = C in Proposition 8.1.1 we get the following recursion
statement.

8.1.2. Theorem. For any m > 3, the following relation holds

(8.1.2)

2nGWm,n =
∑

m=m1+m2
n=n1+n2

GWm1,n1
GWm2,n2

((m− 3

m1 − 1

)
m1n1n2−

(
m− 3

m2 − 1

)
m1n

2
2

)
(
1

4
n1n2d−

1

2
(m1n2 + n1m2)).

8.2. An additional recursion formula for GW
[2]
m,n. The idea is to apply twice

Proposition 5.2.1 and follow the same simplification arguments as in the proof
of Theorem 5.3.2: first, to H1 = H3 = −K ′, H2 = H4 = C − e; second, to
H ′1 = H ′3 = −K, H ′2 = H ′4 = C − e. Then, we take the sum of the results

(which eliminates d from the coefficient before GW
[2]
m,n). As an outcome, we get the

following recursion having a non-zero constant coefficient in front of GW
[2]
m,n.
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8.2.1. Theorem. Let K2 6 5. Then, for any m > 2, n > 0 the following recursion
relation holds
(8.2.1)

(2(m− nd

2
)2 + 2m2 + 4n2)GWm,n + 8GW [2]

m,n =
∑

m=m1+m2
n=n1+n2

(
aGWm1,n1

GWm2,n2
+

b1GW
[2]
m1,n1

GWm2,n2
+ b2GWm1,n1

GW [2]
m2,n2

+ cGW [2]
m1,n1

GW [2]
m2,n2

)
where

a =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2n2

2 +m2
1n

2
2−

−m1m2n1n2 − (m1 −
n1d

2
)(m2 −

n2d

2
)n1n2),

b1 =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)(2n2

2 − (2m2 −
n2d

2
)n2),

b2 =

(
m− 2

m1 − 1

)
(
1

2
(m1n2 +m2n1)− n1n2d

4
)((m1 −

n1d

2
)2 +m2

1 − (2m1 −
n1d

2
)n1),

c =
1

2

(
m− 2

m1 − 1

)
((m1 −

n1d

2
)(m2 −

n2d

2
) + n1n2 + n1(m2 −

n2d

2
)+

(m1 + n1)(m2 + n2)−−3(m1 −
n1d

2
)n2 − 4m1n2).

8.3. Tables. The values GW1.n, N1,n, and GW
[2]
1,n given in the tables below for

X = P2#kP̄2, k 6 8, were found in Section 6.
For k 6 6, the classes of effective divisors of bi-level (2, n) are limited to those

of fiber-classes of conic bundles, which reduces their enumeration to a purely arith-

metical task, and, thus, we can find GWm.n and GW
[2]
m,n for m = 2 straightfor-

wardly, as we did it for m = 1. By Theorem 1.3.1, N2,n = 0 for odd n. For even

n and k > 5, in accordance with Theorem 1.3.2 one can use N2,n = 1
4GW

[2]
1,n2

. For

even n and k = 3, 4, the values N2,n can be easily found taking as example a conic
bundle X → P1 having minimal number of real singular fibers. Then, XR is S2 if
k = 3 (with its unique Pin−-structure), and RP2 if k = 4 (with its unique monic
Pin−-structure), and, thus, all effective divisor classes of bi-level (2, n) are counted
with weight +1.

In the case k = 7, the computations are analogous, except for the layer L2,2,
which contains the class −K in addition to the fiber-classes of conic bundles. This
unique additional effective divisor class, −K, contributes 12 to GW2.2 and 0 to

GW
[2]
2,2. Similar to above cases, N2,2 = 1

4GW
[2]
1,1 = 4.

In the case k = 8, we apply the recurrence relations from Theorems 5.2.3 and

5.3.2) to find GWm.n and GW
[2]
m,n for m = 2 and 3, and then use Theorem 1.3.2

to find N2,2n = 1
4GW

[2]
1,n. By Theorem 1.3.1, N2,2n+1 = 0. The values of N3,n for

k > 3 are found using Corollary 5.4.3.

8.3.1. Remark. The condition s > 4 in Theorem 1.3.2 turns out to be essential.
Namely, for k = 4 (that is, s = 3) the claim of that theorem is not satisfied for

instance for N2,2 = 0, which is not 1
4GW

[2]
1,1 = 2.
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In Tables below we let

GWm :=
∑
n

GWm,n, GW [2]
m :=

∑
n

GW [2]
m,n.

Table 3. The values on the levels m = 1, 2 for k 6 7

k GW1,0/N1,0 GW1,1/N1,1 GW1,2/N1,2 GW1/N1 GW2,0/N2,0 GW2,1/N2,1 GW2,2/N2,2 GW2,3/N2,3 GW2,4/N2,4 GW2/N2

3 4/0 2/0 0/0 6/0 1/1 2/0 0/0 0/0 0/0 3/1
4 6/2 4/0 0/0 10/2 1/1 4/0 0/0 0/0 0/0 5/1
5 8/0 8/0 0/0 16/0 1/1 8/0 1/1 0/0 0/0 10/2
6 10/2 16/0 1/1 27/3 1/1 16/0 10/2 0/0 0/0 27/3
7 12/0 32/0 12/0 56/0 1/1 32/0 72/4 32/0 1/1 138/6

k GW
[2]
1,0 GW

[2]
1,1 GW

[2]
1,2 GW

[2]
1

4 4 2 0 6
5 4 4 0 8
6 4 8 0 12
7 4 16 4 24

GW
[2]
2,0 GW

[2]
2,1 GW

[2]
2,2 GW

[2]
2,3 GW

[2]
2,4 GW

[2]
2

0 2 0 0 0 2
0 4 0 0 0 4
0 8 4 0 0 12
0 16 40 16 0 72

Table 4. The values on the level m = 3 for k 6 7

k GW3,0/N3,0 GW3,1/N3,1 GW3,2/N3,2 GW3,3/N3,3 GW3,4/N3,4 GW3,5/N3,5 GW3/N3

3 0/0 2/0 0/0 0/0 0/0 0/0 2/0
4 0/0 4/0 1/1 0/0 0/0 0/0 5/1
5 0/0 8/0 8/0 0/0 0/0 0/0 16/0
6 0/0 16/0 52/2 16/0 0/0 0/0 84/2
7 0/0 32/0 304/0 576/0 304/0 32/0 1248/0

Table 5. The values on the levels m = 1, 2 and 3 for k = 8

n 0 1 2 3 4 5 6 7 8 the sum

GW1,n/GW
[2]
1,n/N1,n 14/4/2 64/32/0 96/48/4 64/32/0 14/4/2 0/0/0 0/0/0 0/0/0 0/0/0 252/120/8

GW2,n/GW
[2]
2,n/N2,n 1/0/1 64/32/0 448/288/8 1216/864/0 1672/1232/12 1216/864/0 448/288/8 64/320 1/0/1 5130/3600/30

n 0 1 2 3 4 5 6 7 8 9 10 11 GW3/N3

GW3,n/N3,n 0/0 64/0 1664/8 12864/0 47328/40 98688/0 125184/64 98688/0 47328/40 12864/0 1664/8 64/0 446400/160
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[E-H] D. Eisenbud, J. Harris, 3264 & All That. Intersection Theory in Algebraic Geometry.

Cambridge University Press, 2016.

[FK-1] S. Finashin, V. Kharlamov, Two kinds of real lines on real del Pezzo surfaces of degree
1. Selecta Math. (N.S.) 27 (2021), no. 5, Paper No. 83, 23 pp.

[FK-2] S. Finashin, V. Kharlamov, On wall-crossing invariance of certain sums of Welschinger
numbers. Sel. Math. New Ser. 29, 41 (2023), no. 4. https://doi.org/10.1007/s00029-023-

00838-x

[FLS] C. Frei, D. Loughran, E. Sofos, Rational points of bounded height on general conic
bundle surfaces. Proc. London Math. Soc. (3) 117 (2018), 407–440.

[GP] L. Göttsche, R.Pandharipande, The quantum cohomology of blow-ups of P2 and enumer-

ative geometry. J. Differential Geom. 48 (1998), no. 1, 61 – 90.
[HM] M. Hazewinkel, C.F. Martin, A short elementary proof of Grothendieck’s theorem on

algebraic vector bundles over the projective line. J. Pure Appl. Algebra 25 (1982), issue 2, 207

- 211.
[H-S] A. Horev, J. P. Solomon The open Gromov-Witten-Welschinger theory of blowups of

projective plane. arXiv:1210.4034, 34 pages.

[I] V.A. Iskovskih, Minimal models of rational surfaces over arbitrary fields. Izv. Akad. Nauk
SSSR Ser. Mat. 43 (1979), no. 1, 19–43, 237.

[K] N.M. Katz, Pinceaux de Lefschetz: Théorème d’existance. SGA 7 EXPOSE XVII
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