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DISTANCE PRESERVERS FOR LOBACHEVSKY SPACE

ALEXANDER BELTON, DOMINIQUE GUILLOT, APOORVA KHARE, AND MIHAI PUTINAR

Abstract. We obtain a complete description of the class of entrywise preservers of
Lorentz–Gram matrices. This resolves, for the case of constant negative curvature,
the classification of entrywise preservers obtained by Schoenberg in the zero-curvature
(Euclidean) and constant-positive-curvature (spherical) settings. These preservers
admit a Lévy–Khintchine-type representation and their asymptotic characteristics
are related to Krein’s classification of screw lines in Lobachevsky space. Connections
with complete Nevanlinna–Pick kernels and Bochner subordination are also obtained.
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1. Introduction

The classification of functions that, when applied entrywise, preserve a distinguished
class of structured matrices has a long history, with contributions from Schur towards
the start of the twentieth century, then proceeding via Pólya and Szegő to the seminal
work of Schoenberg, and more recently to entrywise preservers of moment matrices
[6] and of totally positive kernels [7]. Fundamentally, these results are all obtained
by exploiting properties of positive definiteness and the many tools available in this
setting. While these classifications encompass Euclidean and spherical geometry (zero
and constant positive curvature), the corresponding results for hyperbolic geometry
(constant negative curvature) had been lacking until now.

Here, we establish a complete classification for preservers of Gram-type matrices with
Lorentzian signature. Matrices with entries in [1,∞) that have leading diagonal with
all entries equal to 1 and exactly one positive eigenvalue, counted with multiplicity,
are precisely the Gram matrices for infinite-dimensional Lobachevsky space L; these
matrices were named Lorentz–Gram by Loewner [23].

The entrywise transformations preserving all Lorentz–Gram matrices are shown
herein to form a rigid class related to Bernstein functions. By doing this, we see that
the classical Schoenberg classification for Euclidean and spherical distance geometry
has a precise negative-curvature counterpart.

We show that a function f : [1,∞) → [1,∞) sends the collection of Lorentz–Gram
matrices to itself when applied entrywise if and only if f has the representation

f(t) = 1 + γ1(1,∞)(t) + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) (t ≥ 1), (1.1)

with the convention
tα − 1

α
:= log t if α = 0,

where the order α ∈ [0, 1], the drift β ∈ R+, the jump γ ∈ R+ and the Lévy measure ν
is a positive Radon measure such that

β ≥ α(1 + γ + ν
(
(0,∞)

)
) if α ∈ (0, 1], (1.2)

so that ν is necessarily finite in this case, and∫
(0,∞)

min{s, 1}dν(s) <∞ if α = 0.
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Euclidean Spherical Hyperbolic

Model (ℓ2, d2) (S∞, d∡) ⊆ ℓ2 (L, dh) ⊆ ℓ2

Curvature 0 +1 −1

Gram invariant d2(x, y)
2 = ∥x− y∥2 cos d∡(x, y) = ⟨x, y⟩ cosh dh(x, y) = [x, y]

Embedding
certificate

d2 conditionally
negative definite

cos ◦ d positive
semidefinite

cosh ◦ d has exactly one
positive square

Matrix class squared distance:
entries in R+, zero
diagonal, conditionally
negative definite

correlation: entries
in [−1, 1], unit
diagonal, positive
semidefinite

Lorentz–Gram: entries
in [1,∞), unit diagonal,
exactly one positive
eigenvalue

Continuous
preserver f

Bernstein function
vanishing at the origin

absolutely monotone
function with f(1) = 1

normalised Bernstein
function in log t plus a
regularised drift

Representation
for f

βt

∞∑
n=0

cnt
n 1 + β

tα − 1

α

(ν Lévy measure)
+

∫
(0,∞)

(
1− e−ts

)
dν(s)

(cn ≥ 0,
∑

n cn = 1)
+

∫
(0,∞)

(
1− t−s

)
dν(s)

Metric
transform φ

s 7→
√
f(s2) s 7→ arccos

(
f(cos s)

)
s 7→ arcosh

(
f(cosh s)

)
Established by Schoenberg, 1938

[34, 35]
Schoenberg, 1942 [36] This article

Table 1.1. Continuous distance preservers in constant-curvature
spaces. In each case, the transform φ ◦ d is again a metric of the
same type when f acts entrywise to preserve the corresponding class of
Gram-type matrices.

This is the integrability condition for the Lévy–Khintchine representation of Bernstein
functions, which is no coincidence: we may re-write (1.1) as

f(t) = 1 + γ1(1,∞)(t) +B(log t) +B′(∞)
( tα − 1

α
− log t

)
(t ≥ 1),

where B is a Bernstein function that vanishes at the origin:

B(x) = βx+

∫
(0,∞)

(1− e−xs) dν(s) (x ≥ 0).

The validity of the inequality (1.2) is equivalent to t 7→ t−αf(t) being non-decreasing
on (1,∞). In terms of the Bernstein-function representation, this requirement becomes

B′(x) ≥ α(1 + γ +B(x)−B′(∞)x) (x > 0).

Every function f of this form, other than the constant function f ≡ 1, is a distance
preserver in the following sense: if d is the hyperbolic metric on L then φ ◦ d is also
a metric on L, where φ := arcosh ◦ f ◦ cosh. The naturalness of this relationship is
explained below; see Theorem 3.2.
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To obtain the representation (1.1), we first show that every entrywise preserver has
two characteristics governing its growth, which we call its order and type. We then
show by elementary methods that the following functions are preservers for suitable
choices of the parameters:

t 7→ ta, t 7→ 1 + b log t, t 7→ 1 + p− pt−a, t 7→ 1− q + qt.

These examples allow us to conjecture a candidate class of preservers, which we prove
is stable under the natural closure operations. Finally, in Theorem 6.1, we show that
no other preservers exist.

Our proofs exploit the classification of screw lines in Lobachevsky space obtained by
Krein [20]. Their geometry, through the elliptic, parabolic and hyperbolic trichotomy
obtained by Krein, corresponds to the analytic classification of bounded preservers
of zero order, unbounded preservers of zero order and preservers of positive order,
respectively.

Bavaud has highlighted the relevance of entrywise preservers of Euclidean squared-
distance matrices to machine learning and data analysis [4]. Moreover, the ground-
breaking article by Krioukov and collaborators [22] opened up a vast range of applic-
ations of hyperbolic distance geometry; here we mention just a few [13, 29, 31]. From
this applied perspective, our study of inner transforms of hyperbolic distance is natural
and timely.

In particular, Lorentz–Gram matrices are also the Gram matrices associated with
kernels of real hyperbolic type [28]. Thus our classification is also the classification of
functions which operate on kernels of real hyperbolic type. In particular, the power-
preservation result obtained by Monod and Py [28, Theorem 3.10], that if α ∈ [0, 1]
then Kα is a kernel of real hyperbolic type whenever K is, appears as a special case of
the classification obtained here.

As consequences of our analysis, we are able to link the results obtained below
with the theories of complete Nevanlinna–Pick kernels (Section 4.1) and Bochner sub-
ordination (Section 7.3). Furthermore, we resolve a question of Cohen and Lifshits
(Proposition 4.3) concerning fractional Ornstein–Uhlenbeck fields on hyperbolic space.

To ensure our presentation is self-contained and accessible to the broad audience we
hope it to attract, we provide a detailed introduction to Lobachevsky space in Section 2
and full proofs of auxiliary results in Appendix A.

We conclude in Section 8 with some reflections on what we have achieved and what
might be next.

1.1. Notation. We use standard mathematical notation, so that C, R and Q denote
the fields of complex, real and rational numbers. We let N denote the set of natural
numbers, starting at 1, whereas R+ and Z+ denote the sets of non-negative real numbers
and integers, respectively, with each including 0. A vector v ∈ Rn is a column vector
by default, with the corresponding row vector being vT ; the vector 1n has n entries,
each equal to 1. The n × n identity matrix for the usual matrix multiplication is
denoted Idn×n.

1.2. Acknowledgements. The authors thank the Mathematisches Forschungsinstitut
Oberwolfach for support and hospitality via the Equivariant-kernel transforms and
Schur functions project within its Research Fellows programme, where work on this
paper was initiated. AB thanks the Isaac Newton Institute for Mathematical Sciences,
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Cambridge, for the support and hospitality of its Retreats programme, where further
work on this paper was undertaken via EPSRC grant EP/Z000580/1. DG was partially
supported by NSF grant #2350067. AK acknowledges support from the Government
of India via an ARG grant (ANRF/ARG/2025/011665/MS) from ANRF, a Shanti
Swarup Bhatnagar Award from CSIR and the DST FIST program-2021 TPN-700661.
Mihai Putinar was partially supported by a Simons Foundation collaboration grant.
Claude Opus 4.8, Opus 5 and Fable 5 were used to support the development of some of
the working in Sections 3 to 7 and the appendix. The authors have verified the content
of all AI-assisted material, including all references and mathematical claims, and take
full responsibility for the content of this paper.

2. Preliminaries

Let ℓ2 = ℓ2(Z+) denote the real Hilbert space of square-summable sequences indexed
by the non-negative integers, with the standard inner product

⟨x, y⟩ :=
∞∑
i=0

xiyi for x = (x0, x1, . . .) and y = (y0, y1, . . .).

We introduce a symmetric bilinear form, the Lorentz form:

ℓ2 × ℓ2 → R; (x, y) 7→ [x, y] := x0y0 −
∞∑
j=1

xjyj = x0y0 − ⟨x′, y′⟩,

where we write x = (x0, x
′) ∈ R ⊕ ℓ2(N); we will use this decomposition without

further comment and will also consider ℓ2(N) as the subspace {0} ⊕ ℓ2(N) of ℓ2. The
Cauchy–Schwarz inequality gives that

[x, y]2 ≤ ⟨x, x⟩ ⟨y, y⟩ for any x, y ∈ ℓ2.

In particular, the Lorentz form is jointly continuous when ℓ2 is equipped with the norm
topology.

We have also the hyperbolic Cauchy–Schwartz inequality

[x, y]2 ≥ [x, x] [y, y] for any x, y ∈ {z ∈ ℓ2 : [z, z] > 0}; (2.1)

to see this, note that x0 ̸= 0 and the quadratic polynomial p(t) := [tx+ y, tx+ y] has
a real root, since

p(0) = [y, y] > 0 and p(−y0/x0) = −⟨tx′ + y′, tx′ + y′⟩ ≤ 0.

We now specialise to the Lobachevsky space

L := {x ∈ ℓ2 : x0 > 0 and [x, x] = 1}. (2.2)

It is immediate that if x ∈ L then x0 ≥ 1, with equality exactly when x = e := (1, 0).
In fact, any x ∈ L \ {e} may be written uniquely in the form

x = e cosh θ + ω sinh θ,

where θ ∈ (0,∞) and ω ∈ ℓ2(N) is a unit vector. Conversely, the vector

x = e cosh θ + ω sinh θ ∈ L
for any θ ∈ R+ and any unit vector ω ∈ ℓ2(N). For the proof of both of these facts, see
Proposition A.1.
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In particular, there is a path

[0, 1] → L; t 7→ e cosh(tα) + ω sinh(tα)

from e to any x ∈ L, which is therefore path connected, so connected, when L has the
subspace topology given by the Hilbert-space norm. It now follows from (2.1) that

[x, y] ≥ 1 for any x, y ∈ L,
since [x, x] = 1 and z 7→ [x, z] is continuous on L.

2.1. The hyperbolic metric. The hyperbolic distance r between points x and y in L
is defined by the identity

[x, y] = cosh r.

Symmetry of the resulting metric is immediate, as is the fact that a point in L is at
zero distance from itself. Now suppose x, y ∈ L are such that

1 = [x, y] = x0y0 − ⟨x′, y′⟩
and let x̂ := (1, x′) ∈ ℓ2 and similarly for ŷ. Then

1 = [x, x] = x20 − ⟨x′, x′⟩ ⇐⇒ x20 = 1 + ⟨x′, x′⟩ = ⟨x̂, x̂⟩
and similarly for y0, so

⟨x̂, x̂⟩ ⟨ŷ, ŷ⟩ = x20y
2
0 = ⟨x̂, ŷ⟩2.

Equality holds in the Cauchy–Schwarz inequality, so x̂ and ŷ are linearly dependent,
and since x̂0 = ŷ0 = 1, we have that x̂ = ŷ and hence x′ = y′. Finally, we see that

x20 = ⟨x̂, x̂⟩ = ⟨ŷ, ŷ⟩ = y20,

so x0 = y0 and therefore x = y. This shows that the metric is faithful.
To establish the triangle inequality, we first recall the existence of a useful collection

of isometries. Given any x ∈ L, we have that

[x− e, x− e] = [x, x]− 2[x, e] + [e, e] = 1− 2x0 + 1 = 2(1− x0).

Thus, if x ̸= e, so that x0 > 1, the vector

u :=
x− e√
2(x0 − 1)

∈ ℓ2

is such that [u, u] = −1. Hence the linear map

Rx : ℓ2 → ℓ2; y 7→ y + 2[u, y]u

is such that

Rxu = −u, Rxe = x, Rxx = e and Rx(Rxy) = y for any y ∈ ℓ2.

Furthermore, if y, z ∈ ℓ2 then

[Rxy,Rxz] = [y + 2[u, y]u, z + 2[u, z]u]

= [y, z] + 4[u, y][u, z](1 + [u, u])

= [y, z],

so Rx is a bijection from L to itself that exchanges e and x and preserves the hyperbolic
distance.
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Now let x, y, z ∈ L and let r, s, t ∈ R+ be such that

cosh r = [x, y], cosh s = [y, z] and cosh t = [z, x].

Let R = Ry if y ̸= e and let R be the identity map otherwise. Then the triangle
inequality

r + s ≥ t (2.3)

holds if and only if the same inequality holds with (x, y, z) replaced by (Rx,Ry = e,Rz),
and so, without loss of generality, we may assume that y = e. Applying cosh to both
sides of (2.3) and using the addition formula, we must show that

cosh r cosh s+ sinh r sinh s ≥ cosh t ⇐⇒ [x, e] [e, z] + sinh r sinh s ≥ [z, x]

⇐⇒ x0z0 + sinh r sinh s ≥ x0z0 − ⟨x′, z′⟩.

Furthermore, we have that sinhu =
√
cosh2 u− 1 for any u ∈ R+, so

sinh r sinh s =
√

[x, e]2 − 1
√
[e, z]2 − 1 =

√
(x20 − 1)(z20 − 1).

Noting that 1 = [x, x] = x20 − ⟨x′, x′⟩ and similarly for z, we need to show that√
⟨x′, x′⟩ ⟨z′, z′⟩ ≥ −⟨x′, z′⟩,

but this is an immediate consequence of the Cauchy–Schwarz inequality. Hence the
triangle inequality holds for the hyperbolic distance and

d : L × L → R+; (x, y) 7→ arcosh[x, y] (2.4)

is a metric.

2.2. Topology. The fact that the norm topology on L is the same as the topology
generated by the hyperbolic metric follows from the readily verified identity

⟨x− y, x− y⟩ = 2
(
(x0 − y0)

2 + [x, y]− 1
)

for any x, y ∈ L. (2.5)

If x(n) → x in norm then x(n)0 → x0 and, by (2.5), we see that [x(n), x] → 1,
hence x(n) → x in the hyperbolic topology. Conversely, if x(n) → x in the hyperbolic
topology then [x(n), x] → 1. Furthermore, we have that

| arcoshx(n)0 − arcoshx0| = |d(x(n), e)− d(x, e)| ≤ d(x(n), x) → 0

and therefore x(n) → x in the norm topology, again by (2.5).
The identity (2.5) may also be used to show that Lobachevsky space L is complete

for both the ℓ2 norm and the hyperbolic metric. In fact, as we can write

L = {x ∈ ℓ2 : x0 ≥ 1 and [x, x] = 1},

it’s clear that L is a norm-closed subset of ℓ2, so L is complete for the ℓ2 norm. If the
sequence

(
x(n)

)∞
n=1

is Cauchy for the metric d then so is
(
x(n)0 = cosh d(x(n), e)

)∞
n=1

,

using the reverse triangle inequality as above, and therefore
(
x(n)

)∞
n=1

is Cauchy for
the norm, by (2.5). Thus there exists x ∈ L with x(n) → x in the norm topology. In
particular, we have that x(n)0 → x0 and therefore [x(n), x] → 1 by another application
of (2.5). This shows that L is also complete for the hyperbolic metric.
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2.3. Lorentz–Gram matrices. We are interested in the equivalent of Gram matrices
for the bilinear form [·, ·]; Loewner named these Lorentz–Gram matrices in [23]. These
will be characterised shortly: see Theorem 2.2.

Let

M :=
∞⋃
n=1

{M = [mij ] ∈ [1,∞)n×n :M is symmetric, mii = 1 for any i} (2.6)

and

M1+ := {M ∈ M :M has exactly one positive eigenvalue}. (2.7)

Here and throughout, we count eigenvalues by multiplicity, so

[
1 0

0 1

]
does not have

exactly one positive eigenvalue.

Lemma 2.1. If M and N are real symmetric matrices and their difference M −N is
positive semidefinite then M has at least as many positive eigenvalues as N .

Proof. This is a consequence of Weyl’s interlacing theorem: see [17, Corollary 7.7.4(d)].
□

Theorem 2.2. The following are equivalent for a matrix M = [mij ]
n
i,j=1 ∈ M.

(1) The matrix M ∈ M1+.
(2) There exists v ∈ [1,∞)n and a positive semidefinite matrix A ∈ Rn×n such that

M = vvT −A and Av = 0.
(3) There exists v ∈ [1,∞)n and a positive semidefinite matrix A ∈ Rn×n such that

M = vvT −A.
(4) There exists v ∈ Rn and a positive semidefinite matrix A ∈ Rn×n such that

M = vvT −A.
(5) There exist x(1), . . . , x(n) ∈ L such that mij = [x(i), x(j)] for any i and j.

Proof. We note first that trM = n > 0, so M always has at least one positive eigen-
value.

If (4) holds then, by Lemma 2.1, the matrix M has no more than one positive
eigenvalue and so (1) holds.

If (1) holds then, by the Perron–Frobenius theorem [17, Theorem 8.2.8] and spectral
decomposition for real symmetric matrices, we can write M = vvT − A, where the
vector v = (v1, . . . , vn)

T has positive entries, the matrix A = [aij ]
n
i,j=1 is positive

semidefinite and Av = 0. Furthermore, it holds that v2i = mii + aii ≥ 1 and so vi ≥ 1.
Hence (1) implies (2).

It is clear that (2) implies (3) and (3) implies (4), so the first four statements are
equivalent.

Given (3), we can write A = BTB for some matrix B with columns b1, . . . , bn ∈ Rn.
Setting x(i) := (vi,b

T
i , 0, 0, . . .) ∈ ℓ2(Z+), we see that [x(i), x(j)] = vivj − bT

i bj = mij

for any i and j, so x(1), . . . , x(n) ∈ L and (3) implies (5).
Finally, if (5) holds then

[x(i), x(j)] = x(i)0x(j)0 − ⟨x(i)′, x(j)′⟩ = (uuT −G)ij for any i and j,

where u := (x(1)0, . . . , x(n)0)
T ∈ [1,∞)n and G is a Gram matrix, so positive semi-

definite. Thus (5) implies (3). □
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We note that M1+ is not closed under the Schur product: if

Ma,b :=

1 a b

a 1 a

b a 1

 (a, b ≥ 1)

then, by Proposition A.4, the matrix M2,6 ∈ M1+ but M◦2
2,6 =M4,36 /∈ M1+, because

2(2)2 − 1 = 7 ≥ 6 and 2(4)2 − 1 = 31 < 36.

The set M1+ is also not convex: we have that M1,1 ∈ M1+ and M2,7 ∈ M1+ but
M3/2,4 ̸∈ M1+, because

2(1)2 − 1 = 1 ≥ 1, 2(2)2 − 1 = 7 ≥ 7 and 2(3/2)2 − 1 = 7/2 < 4.

We note that M1+ is closed under taking principal submatrices. If M ∈ M1+ has
an m×m principal submatrix A, with eigenvalues

λ1 ≤ · · · ≤ λn−1 ≤ 0 < λn and µ1 ≤ · · · ≤ µm,

respectively, then, by the Cauchy interlacing theorem [17, Theorem 4.3.28],

µ1 ≤ · · · ≤ µm−1 ≤ λn−m+m−1 = λn−1 ≤ 0

and µm > 0 because A has positive trace.
We also introduce relaxations of M and M1+, where the leading diagonal is allowed

to be non-constant:

M∗ :=

∞⋃
n=1

{M = [mij ]
n
i,j=1 ∈ [1,∞)n×n :M is symmetric} (2.8)

and M∗
1+ := {M ∈ M∗ :M has exactly one positive eigenvalue}. (2.9)

A real symmetric matrix with trace at least one has exactly one positive eigenvalue
if and only if its second largest eigenvalue is non-positive. It follows that the sets M1+

and M∗
1+ are closed under pointwise limits.

We note also that M∗
1+ is closed under scaling: if M ∈ M∗

1+ then λM ∈ M∗
1+ for

any λ ≥ 1.

Remark 2.3. In previous work [8], we described those functions that act entrywise to
preserve real symmetric matrices with exactly k negative eigenvalues. The restricted
class of functions found there, namely the positive homotheties and, when k = 1, the
negative constants, may be compared to the far richer family of preservers that appears
here, where the entries of elements of M∗

1+ are constrained to lie in [1,∞).

3. Distance preservers

Our initial aim is to classify the collection of functions of the form φ : R+ → R+

such that φ ◦ d is a metric on L. In particular, we must have that φ(x) = 0 if and
only if x = 0. We will show the relationship between this property and the entrywise
preservation of M1+ and M∗

1+ in Theorem 3.2.
We begin our approach via the following result, which was announced by Krein

in 1948 [20] and appears as Theorem 6.1 in [18]. The great utility of this theorem is that
it replaces a non-linear geometrical question with a linear-algebraic spectral condition,
so bringing the problem within the framework of entrywise matrix preservers.
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Theorem 3.1 (Krein, 1948). Let (Q, ρ) be a set Q equipped with a map ρ : Q×Q→ R+

such that

ρ(p, q) = ρ(q, p) and ρ(p, p) = 0 for any p, q ∈ Q.

There exists a map Φ : Q→ L such that

d
(
Φ(p),Φ(q)

)
= ρ(p, q) for any p, q ∈ Q

if and only if the real symmetric matrix[
cosh ρ(qi, qj)

]n
i,j=1

has exactly one positive eigenvalue for any q1, . . . , qn ∈ Q.

The eigenvalue characterisation of Lorentz–Gram matrices and Krein’s certificate of
isometric embedding into Lobachevsky space were recently rediscovered by Tabaghi
and Dokmanić [37].

Given φ as above, we let

f := cosh ◦ φ ◦ arcosh : [1,∞) → [1,∞)

and note that the condition that φ(x) = 0 if and only if x = 0 is equivalent to requiring
that f(t) = 1 if and only if t = 1. Furthermore, if Q := L and ρ := φ ◦ d then the
initial hypotheses of Theorem 3.1 are satisfied, and

cosh ρ(p, q) = (cosh ◦ φ ◦ d)(p, q) = f
(
[p, q]

)
for any p, q ∈ Q = L.

It follows from Theorem 3.1 that if the matrix [f
(
[x(i), x(j)]

)
]ni,j=1 has exactly one

positive eigenvalue for any x(1), . . . , x(n) ∈ L then there exists a map

Φ : L → L such that φ
(
d(x, y)

)
= d

(
Φ(x),Φ(y)

)
for any x, y ∈ L.

In particular, if x, y, z ∈ L then

φ
(
d(x, y)

)
+ φ

(
d(y, z)

)
= d

(
Φ(x),Φ(y)

)
+ d

(
Φ(y),Φ(z)

)
≥ d

(
Φ(x),Φ(z)

)
= φ

(
d(x, z)

)
and therefore φ ◦ d is a metric on L.

We can summarise this working in the following theorem. The equivalence of (3)
and (4) will be shown below: see Theorem 3.4.

We use the notation f [A] := [f(aij)] to denote the result of applying a function f
entrywise to a matrix A = [aij ] and f [−] := A 7→ f [A].

Theorem 3.2. Let φ : R+ → R+ be such that φ−1
(
{0}

)
= {0} and let

f : [1,∞) → [1,∞); t 7→ coshφ(arcosh t).

The following are equivalent.

(1) There exists a map Φ : L → L such that

d
(
Φ(x),Φ(y)

)
= φ

(
d(x, y)

)
for any x, y ∈ L.

(2) The matrix [f
(
[x(i), x(j)]

)
]ni,j=1 ∈ M1+ for any x(1), . . . , x(n) ∈ L.

(3) The map f when applied entrywise preserves M1+, that is, f [M1+] ⊆ M1+.
(4) The map f when applied entrywise preserves M∗

1+, that is, f [M∗
1+] ⊆ M∗

1+.

Any of these four statements implies the following one.

(5) The map φ ◦ d : L × L → R+ is a metric on L.
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The embedding Φ in Theorem 3.2(1) is continuous if φ (equivalently, f) is.
By Proposition A.3, this leads to a strictly smaller class of functions than initially

considered: if ϑ(x) ≡ min{x, 1} then ϑ ◦ d is a metric on L but the corresponding
map f does not preserve the set M1+ when acting entrywise.

Hence we modify our initial aim as follows: we seek to classify the collection of
functions of the form f : [1,∞) → [1,∞) such that f(t) = 1 if and only if t = 1 and for
which the symmetric kernel

L × L → [1,∞); (x, y) 7→ f
(
[x, y]

)
has exactly one positive square: for any x(1), . . . , x(n) ∈ L, the matrix

f [M ] := [f
(
[x(i), x(j)]

)
]ni,j=1 (3.1)

has exactly one positive eigenvalue. By a slight abuse of terminology, we will call such
a function f a distance preserver for Lobachevsky space, or just a distance preserver for
the sake of brevity.

Thus f is a distance preserver if and only if f−1
(
{1}

)
= {1} and f [−] sends the

set M1+ to itself. In particular, we see that the class of distance preservers is closed
under composition.

Remark 3.3. A symmetric kernel K : X×X → [1,∞) with K(x, x) = 1 for any x ∈ X
is said to be of real hyperbolic type [28, 27] if and only if it admits a representation

K(x, y) = cosh d
(
Φ(x),Φ(y)

)
(x, y ∈ X)

for some Φ : X → L. Equivalently, every matrix
[
K(xi, xj)

]n
i,j=1

has exactly one

positive eigenvalue. Thus the problem considered here is exactly the classification of
every function f such that f ◦ K is of real hyperbolic type whenever K is.

It follows directly from Theorem 2.2 that the Lorentz form [·, ·] has exactly one
positive square, and so the identity function is a distance preserver (as it should be).

It also follows directly from Theorem 2.2 that if, for arbitrary x(1), . . . , x(n) ∈ L,
the matrix f [M ] in (3.1), can be written in the form vvT −A, where the vector v ∈ Rn

and the matrix A is positive semidefinite, then f is a distance preserver.
We now complete the proof of Theorem 3.2.

Theorem 3.4. Given R = [rij ]
k
i,j=1 ∈ M∗ and m ∈ N, we let n := km and define the

blow-up block matrix M = [mpq]
n
p,q=1 ∈ M by setting

mpq :=


1 if p = q,

rii if p ̸= q, p, q ∈ Ci,

rij if p ∈ Ci, q ∈ Cj , i ̸= j,

where Ci := {(i − 1)m + 1, . . . , im} for i = 1, . . . , k. If R has at most one positive
eigenvalue then M ∈ M1+.

It follows that if f : [1,∞) → [1,∞) with f(1) = 1 then f [−] preserves M1+ if and
only if f [−] preserves M∗

1+.

Proof. Given i ∈ {1, . . . , k}, we note that if u ∈ Rn is supported on Ci, so that up = 0
whenever p ̸∈ Ci, and 1TCi

u = 0 then Mu = (1 − rii)u. This shows that 1 − rii is an
eigenvalue of M with multiplicity at least m− 1 and k(m− 1) of the eigenvalues of M
are non-positive.
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Now for each i ∈ {1, . . . , k}, let vi = m−1/21Ci and note that the set V = {v1, . . . ,vk}
is orthogonal to any vector u considered in the previous paragraph. Furthermore, we
have that

vT
i Mvi = 1 + (m− 1)rii =: qii and vT

i Mvj = mrij =: qij (i ̸= j).

Thus on the space spanned by V the matrix M is unitarily equivalent to Q = [qij ]
k
i,j=1.

By Sylvester’s law of inertia, the matrix Q has the same inertia as

DQD = [δij
(
rii +m−1(1− rii)

)
+ (1− δij)rij ]

k
i,j=1,

where D := diag(m−1/2, . . . ,m−1/2). In particular, the matrixM has the same number
of positive eigenvalues as DQD. We note that

R−DQD = diag
(
m−1(r11 − 1), . . . ,m−1(rkk − 1)

)
,

which is positive semidefinite, and so R has at least as many positive eigenvalues
as DQD does, by Lemma 2.1, and so at least as many as M does. SinceM has at least
one positive eigenvalue, because its trace is positive, the first claim follows.

For the second, we assume f [−] preserves M1+ and suppose R ∈ M∗
1+. The previous

result gives that M ∈ M1+ and so f [M ] ∈ M1+. We note that f [M ] has the same
form as M , with rij replaced by f(rij) for all i and j. Hence the matrix

[δij(f(rii) +m−1
(
1− f(rii)

)
) + (1− δij)f(rij)]

k
i,j=1

has exactly one positive eigenvalue, so letting m → ∞ gives the same for f [R]. The
converse is immediate. □

Corollary 3.5. A distance preserver f : [1,∞) → [1,∞) is non-decreasing on [1,∞)
and continuous on (1,∞).

Proof. For such a function f and any s, t ∈ [1,∞) we see that[
s

√
st

√
st t

]
∈ M∗

1+ =⇒

[
f(s) f

(√
st
)

f
(√
st
)

f(t)

]
∈ M∗

1+ ⇐⇒
√
f(s)f(t) ≤ f(

√
st).

Furthermore, we may assume s ≤ t and then[
s t

t s

]
∈ M∗

1+ =⇒

[
f(s) f(t)

f(t) f(s)

]
∈ M∗

1+ ⇐⇒ f(s) ≤ f(t).

Hence f is multiplicatively midpoint concave and non-decreasing. It follows that f is
continuous on (1,∞) [30, Theorem 71A]. □

Definition 3.6. Given a distance preserver f , its continuous regularisation f̃ is defined
by setting γ := f(1+)− 1 ≥ 0, which exists as f is non-decreasing and bounded below,
and then

f̃ : [1,∞) → [1,∞); t 7→ (1 + γ)1{1}(t) + 1(1,∞)(t)f(t).

We note that f̃ is continuous and non-decreasing.

We claim that f̃ [−] maps M1+ into M∗
1+. To see this, let M = vvT − A ∈ M1+,

where A is positive semidefinite and v ∈ [1,∞)n. For any ε > 0, let

Mε :=M + εvvT = uuT −A, where u :=
√
1 + εv.
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ThenMε ∈ M∗
1+, by Lemma 2.1 and the fact thatMε has positive trace. Furthermore,

we have that Mε ∈ (1,∞)n×n and so f̃ [Mε] = f [Mε] ∈ M∗
1+, by Theorem 3.2(4).

Letting ε→ 0+, we see that f̃ [Mε] → f̃ [M ] entrywise and f̃ [M ] ∈ M∗
1+, as claimed.

This observation will allow us to reduce the classification of distance preservers to
the classification of the subclass of distance preservers that are continuous.

3.1. Two characteristics. In this section we show that every distance preserver has
two fundamental characteristics, which we call order and type in analogy with the use
of these terms in complex-function theory. They provide the basis for the classification
that we are developing.

Our first result provides a restriction on the growth rate of any distance preserver.

Proposition 3.7. Given any distance preserver f , the function

(1,∞) → (0,∞); t 7→ f(t)− 1

t− 1

is non-increasing.

Proof. For any λ ∈ (0, 1], let

θλ : [1,∞) → [1,∞); t 7→ λt+ 1− λ (3.2)

and note that θλ is strictly increasing, θλ(1) = 1 and θλ ◦ θµ = θλµ for every choice of λ
and µ.

We know from Proposition A.5 that, given an integer m ≥ 2 and a, b, c ≥ 1, the
matrix

N
(m)
a,b,c ∈ M1+ if and only if b2 ≥ θ(m−1)/m(a)θ(m−1)/m(c).

Since we have that f [N
(m)
a,b,c] = N

(m)
f(a),f(b),f(c), if f is a distance preserver then

f
(√

θλ(a)θλ(c)
)
≥

√
θλ
(
f(a)

)
θλ(f(c)

)
(a, c ≥ 1, λ = (m− 1)/m).

Letting m→ ∞ recovers multiplicative midpoint concavity once again:

f(
√
ac) ≥

√
f(a)f(c) (a, c ≥ 1).

Taking a = c gives that

f
(
θλ(a)

)
≥ θλ

(
f(a)

)
(a ≥ 1) (3.3)

and so

f
(
θλµ(a)

)
= f(θλ

(
θµ(a)

)
) ≥ θλ(f

(
θµ(a)

)
) ≥ θλ(θµ

(
f(a)

)
) = θλµ

(
f(a)

)
for λ = (m− 1)/m and µ = (n− 1)/n. Since

M

N
=

N∏
j=M+1

j − 1

j
(M,N ∈ N, M < N),

we see that the inequality (3.3) holds for all λ ∈ Q ∩ (0, 1] and so for all λ ∈ (0, 1] by
continuity. [For a = 1 the inequality is trivial and f is continuous on (1,∞).]
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If t > s > 1 then we can write s = λt+1−λ with λ = (s− 1)/(t− 1) and (3.3) gives
that

f
(
θλ(t)

)
≥ θλ

(
f(t)

)
⇐⇒ f(λt+ 1− λ) ≥ λf(t) + 1− λ

⇐⇒ (t− 1)f(s) ≥ (s− 1)f(t) + t− 1− s+ 1

⇐⇒ f(s)− 1

s− 1
≥ f(t)− 1

t− 1
.

This gives the result. □

We now associate two characteristics to any distance preserver that quantify its
growth rate.

Theorem 3.8. Given any distance preserver f , the following limits exist:

α := lim
t→∞

log f(t)

log t
∈ [0, 1] and C := lim

t→∞
t−αf(t) ∈ [f(1+),∞]. (3.4)

These are respectively the order and the type of f .

Proof. We know from the proof of Corollary 3.5 that

F : (0,∞) → (0,∞); x 7→ log f(ex)

is concave and non-decreasing, so

F (tx+ (1− t)x0) ≥ tF (x) + (1− t)F (x0) (t ∈ [0, 1], x > x0 > 0)

and, taking t = (y − x0)/(x− x0) for y ∈ (x0, x),

F (y)− F (x0)

y − x0
≥ F (x)− F (x0)

x− x0
≥ 0. (3.5)

Hence

α := lim
t→∞

log f(t)

log t
= lim

x→∞

F (x)

x
= lim

x→∞

F (x)− F (x0)

x− x0

x− x0
x

= lim
x→∞

F (x)− F (x0)

x− x0

exists and lies in R+.
It follows immediately from Proposition 3.7 that if t > 2 then

f(t) ≤ 1 + (f(2)− 1)(t− 1) = O(t) as t→ ∞. (3.6)

Hence there exists c > 0 such that f(t) ≤ ct for all sufficiently large t, whence

α ≤ lim
t→∞

log c+ log t

log t
= 1.

Furthermore, if t = ex and t0 = ex0 , with t > t0, then

F (x)− F (x0)

x− x0
≥ α ⇐⇒ log

(
f(t)/f(t0)

)
≥ α log(t/t0) ⇐⇒ t−αf(t) ≥ t−α

0 f(t0),

so t 7→ t−αf(t) is non-decreasing on (1,∞). As f is non-decreasing on [1,∞), we see
that

lim
t→1+

t−αf(t) = f(1+) ≥ 1,

so C := limt→∞ t−αf(t) ∈ [f(1+),∞] and f(t) ≥ f(1+)tα for all t > 1. □
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3.2. Four examples. We now show through elementary arguments the existence of
four classes of distance preservers. They will be used to motivate our working and
illustrate our results.

If x ∈ L then

1 = [x, x] = x20 − ⟨x′, x′⟩ =⇒ ⟨x′, x′⟩ < 1 + ⟨x′, x′⟩ = x20.

Hence if x, y ∈ L then |⟨x′, y′⟩| < x0y0, by the Cauchy–Schwarz inequality, so writing

[x, y] = x0y0

(
1− ⟨x′, y′⟩

x0y0

)
gives the series expansions

[x, y]a = xa0y
a
0

(
1− a

⟨x′, y′⟩
x0y0

+
a(a− 1)

2

(⟨x′, y′⟩
x0y0

)2
− a(a− 1)(a− 2)

6

(⟨x′, y′⟩
x0y0

)3
+ · · ·

)
and

log[x, y] = log x0 + log y0 −
⟨x′, y′⟩
x0y0

− 1

2

(⟨x′, y′⟩
x0y0

)2
− 1

3

(⟨x′, y′⟩
x0y0

)3
− · · · .

Thus if a ∈ (0, 1] and

f1 : [1,∞) → [1,∞); t 7→ ta (3.7)

then the n× n matrix

[f1
(
[x(i), x(j)]

)
] = D1n(D1n)

T −DH1

[
⟨x(i)′′, x(j)′′⟩

]
D,

where

D := diag(x(1)a0, . . . , x(n)
a
0), x(i)′′ := x(i)′/x(i)0 ∈ ℓ2(N)

and H1 is an absolutely monotone function on (−1, 1).
Similarly, if b ∈ (0,∞) and

f2 : [1,∞) → [1,∞); t 7→ 1 + b log t (3.8)

then the matrix

[f2
(
[x(i), x(j)]

)
] = 1n×n + v1Tn×1 + 1n×1v

T −H2[⟨x(i)′′, x(j)′′⟩]

= (1n + v)(1n + v)T − vvT −H2

[
⟨x(i)′′, x(j)′′⟩

]
,

where v := (b log x(1)0, . . . , b log x(n)0)
T , the vectors x(1)′′, . . . , x(n)′′ are as before

and H2 is an absolutely monotone function on (−1, 1).
Since vvT is positive semidefinite, the Gram matrix [⟨x(i)′′, x(j)′′⟩] is positive semi-

definite and absolutely monotone functions preserve positive semidefiniteness, we see
that the functions f1 and f2 are distance preservers.

For a third example, given p > 0 and a > 0, we let

f3 : [1,∞) → [1, p) ⊆ [1,∞); t 7→ 1 + p− pt−a (3.9)

We have that

f3
(
[x, y]

)
= 1 + p− p(x0y0 − ⟨x′, y′⟩)−a

= 1 + p− px−a
0 y−a

0

(
1 + a⟨x′′, y′′⟩+ a(a+ 1)

2
⟨x′′, y′′⟩2 + · · ·

)
,
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where x = x0(1, x
′′) and y = y0(1, y

′′). Therefore, with the previous notation,[
f3([x(i), x(j)])

]
= (1 + p)1n1

T
n − pD−1H3

[
⟨x(i)′′, x(j)′′⟩

]
D−1,

where the absolutely monotone function H3 is such that

H3(x) :=

∞∑
n=0

(
a+ n− 1

n

)
xn (−1 < x < 1).

Hence f3 is a distance preserver. Moreover, letting a → ∞ gives the existence of a
family of discontinuous preservers of the form

t 7→

{
1 if t = 1,

1 + p if t > 1.

Finally, if q ∈ [1,∞) then

f4 : [1,∞) → [1,∞); t 7→ 1− q + qt

is a distance preserver, since f4(1) = 1, f ′4(t) = q > 0 and Theorem 2.2 shows that

f4[M ] = (1− q)11T + qM = qM − (q − 1)11T ∈ M1+ (M ∈ M1+).

We can also show directly that f4 preserves M1+. Suppose M =
[
[x(i), x(j)]

]n
i,j=1

for

some x(1), . . . , x(n) ∈ L and, for each i ∈ {1, . . . , n}, let

y(i) :=
(√
qx(i)0, y(i)

′), where y(i)′ := (
√
q − 1,

√
qx(i)′) ∈ ℓ2(N)

is produced by applying a scaled forward shift to x(i)′ and inserting
√
q − 1 as the first

coordinate. Then

[y(i), y(j)] = 1− q + q[x(i), x(j)] = f4[M ]ij (i, j ∈ {1, . . . , n}).

3.3. Positive semidefiniteness and conditionally negative definiteness. If

r : (0,∞) → (0,∞); x 7→ 1/x

is the reciprocal map and x = x0(1, x
′′), y = y0(1, y

′′) ∈ L then

r
(
[x, y]

)
= x−1

0 y−1
0 (1− ⟨x′′, y′′⟩)−1 (3.10)

= x−1
0 y−1

0 (1 + ⟨x′′, y′′⟩+ ⟨x′′, y′′⟩2 + · · · ) = x−1
0 y−1

0 R
(
⟨x′′, y′′⟩

)
and the function R is absolutely monotone on (−1, 1). Hence the entrywise map r[−]
sends M1+ into the cone of positive semidefinite matrices S+; for convenience, we let

S :=
∞⋃
n=1

{A = [aij ] ∈ Rn×n : aij = aji for any i, j} (3.11)

and S+ := {A ∈ S : A is positive semidefinite}. (3.12)

This is a variation on the following result of Bapat [2, Proof of Lemma 6], which is a
consequence of a result of Micchelli [26, Corollary 3.1].

Theorem 3.9. If A = [aij ] ∈ S ∩
⋃∞

n=1(0,∞)n×n has exactly one positive eigenvalue

then its Hadamard inverse A◦−1 := [a−1
ij ] is positive semidefinite and infinitely divisible

[16].



DISTANCE PRESERVERS FOR LOBACHEVSKY SPACE 17

Remark 3.10. The Hadamard inverse is also relevant to the theory of complete
Nevanlinna–Pick kernels.

Given x = x0(1, x
′′) and y = y0(1, y

′′) ∈ L, we have from (3.10) that

1

[x, y]
=

x−1
0 y−1

0

1− ⟨x′′, y′′⟩
.

Thus, letting B denote the open unit ball of ℓ2(N), the Drury–Arveson kernel

B ×B → (0,∞); (z, w) 7→ 1

1− ⟨z, w⟩
can be seen as a perturbation of the restriction of the reciprocal Lorentz form to the
natural embedding {x0(1, x′′) ∈ L : x′′ ∈ B} of B into L. In particular, the reciprocal
Lorentz form is a complete Nevanlinna–Pick kernel [1, Theorem 3.10].

The working above for f2 shows that if M = [x(i), x(j)] ∈ M1+ then

logM = log[x0]1
T + 1 log[x0]

T −H2[⟨x(i)′′, x(j)′′⟩] ∈ N ,

where x0 = (x(1)0, . . . , x(n)0)
T and

N :=
∞⋃
n=1

{A ∈ Rn×n : A ∈ S and vTAv ≤ 0 for any v ∈ C1⊥n×1}, (3.13)

the cone of conditionally negative definite matrices.
We note that the inclusion

log[M1+] ⊆ N0 :=
∞⋃
n=1

{A = [aij ] ∈ [0,∞)n×n : A ∈ N and aii = 0 for each i} (3.14)

is strict: if B is the squared-distance matrix given by the points −
√
a, 0 and

√
a ∈ R

for some a > 0, so that

B =

 0 a 4a
a 0 a
4a a 0

 ∈ N0,

then

exp[B] =

 1 ea e4a

ea 1 ea

e4a ea 1

 ̸∈ M1+,

by Proposition A.4, since

e4a − 2e2a + 1 = (e2a − 1)2 > 0.

The collection N0 is precisely the set of all Euclidean squared-distance matrices; this
is essentially due to Schoenberg [33].

Remark 3.11. The concept of conditional negative definiteness is fundamental to
the construction of Gaussian fields with stationary increments. Following Faraut and
Harzallah (see [11]), Istas [19, Theorem 4.1] showed that, on the finite-dimensional real
hyperbolic space Ln :=

(
ℓ2({0, . . . , n− 1})× {0}

)
∩ L, the kernel

d2H : Ln × Ln → R+; (x, y) 7→
(
arcosh[x, y]

)2H
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is conditionally negative definite, and so hyperbolic fractional Brownian motion with
Hurst index H exists, if and only if H ∈ (0, 1/2].

We conclude this section by recording the facts that if M ∈ M∩N then M ∈ M1+

and if M ∈ M∗ ∩N then M ∈ M∗
1+, by [3, Corollary 4.1.5].

3.4. Additive representation for preservers. The result of Bapat and Micchelli
recorded above as Theorem 3.9 allows us to prove the following theorem, which is our
first step towards finding an additive representation for preservers.

Theorem 3.12. Let f : [1,∞) → [1,∞) have the integral representation

f(t) = Ctα −
∫
R+

t−s dν(s) (t ≥ 1), (3.15)

where α ∈ [0, 1], the finite Radon measure ν is supported on R+ and C := 1 + ν(R+).
Then f is a distance preserver, with order α and type C − ν

(
{0}

)
1{0}(α), as long as α

and ν|(0,∞) are not both zero.

Proof. It is immediate that f(1) = 1 and, as |st−s−1| ≤ (e t0 log t0)
−1 for all t ≥ t0 > 1,

we may differentiate under the integral sign to see that

f ′(t) = αCtα−1 +

∫
R+

st−s−1 dν(s) (t > 1),

which is positive as long as α > 0 or ν ̸= 0 on (0,∞). Hence f is strictly increasing.
Given any M ∈ M1+, we have that

f [M ] = CM◦α −
∫
R+

M◦−s dν(s),

where [mij ]
◦x = [mx

ij ] is the Hadamard power for any x. The first term CM◦α is

of the form vvT − A, where A is positive semidefinite, by Theorem 2.2 and the fact
that f1 is a distance preserver. Moreover, Theorem 3.9 gives that M◦−s = (M◦−1)◦s

is positive semidefinite for all s ≥ 0 and the result follows from another application of
Theorem 2.2; the statement about characteristics is immediate. □

We note the following examples of the additive representation (3.15), where δx de-
notes the measure with unit mass supported at x.

f1(t) ≡ ta a ∈ (0, 1] α = a, ν = 0

f3(t) ≡ 1 + p− pt−a p, a > 0 α = 0, ν = pδa

f4(t) ≡ 1− q + qt q ≥ 1 α = 1, ν = (q − 1)δ0

If f has the representation (3.15) then f(t) = O(tα) as t→ ∞, so f2 cannot have such
a representation. However, for any b > 0, if a ∈ (0, 1) is sufficiently small then taking
the measure ν = (a−1b− 1)δ0 in (3.15) gives

f(t) = a−1bta − a−1b+ 1 = 1 + b
ea log t − 1

a
→ 1 + b log t = f2(t) as a→ 0+.

This motivates the introduction of the following two families of preservers.
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Given any α ∈ (0, 1], any finite positive Radon measure ν supported on (0,∞) and
any β ≥ α(1 + ν

(
(0,∞)

)
), setting

fα,β,ν(t) := 1 + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) (t ≥ 1)

defines a preserver: note that

f ′α,β,ν(t) = βtα−1 +

∫
(0,∞)

st−s−1 dν(s) (t > 1)

and

fα,β,ν [M ] =
β

α
M◦α −

(β
α
− 1− ν

(
(0,∞)

))
11T −

∫
(0,∞)

M◦−s dν(s).

For α = 0 we require β ≥ 0 and ν need not be finite but it satisfies the following
integrability condition:∫

(0,∞)
min{s, 1}dν(s) <∞ ⇐⇒

∫
(0,∞)

s

1 + s
dν(s) <∞.

We also insist that β and ν cannot both be zero. Then setting

f0,β,ν(t) := 1 + β log t+

∫
(0,∞)

(1− t−s) dν(s) (t ≥ 1)

gives a preserver. To see this, we first write f(t) := f0,β,ν(t) = 1 +B(log t), where

B(x) := βx+

∫
(0,∞)

(1− e−xs) dν(s) (x ≥ 0).

Thus B is a Bernstein function with B(0) = 0 (see [32, Chapter 3]) and

f [M ] = 11T +B
[
log[M ]

]
for any M ∈ M1+.

As noted above, we have that log[M ] ∈ N0, the closed cone of conditionally negative
definite matrices with non-negative entries and zeros on the leading diagonal. We
know that Bernstein functions are entrywise preservers of this class, because exp[−sA]
is positive semidefinite for any A ∈ N0 and any s > 0, and so f [M ] ∈ N ∩M ⊆ M1+.

3.5. Closure under composition. The collection of distance preservers is closed
under composition. We show now that this is the case for the collection of preservers
that we have just introduced.

If g1(t) = 1 + B1(log t) and g2(t) = 1 + B2(log t), where B1 and B2 are Bernstein
functions that vanish at the origin, then

g2
(
g1(t)

)
= 1 +B2(log

(
1 +B1(log t)

)
).

Since x 7→ log(1 + x) is a Bernstein function that vanishes at the origin and the class
of Bernstein functions is closed under composition, the function g2 ◦ g1 is of the same
form.

Next we suppose α ∈ (0, 1], β ≥ 0 and ν is a finite positive Radon measure on R+

and write

f(t) = Ctα −
∫
R+

t−s dν(s) = Ctα
(
1− 1

C

∫
R+

t−s−α dν0(s)
)
,
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where

C ≥ a := 1 + ν
(
(0,∞)

)
and ν0 : A 7→ (C − a)δ0(A) + ν

(
A ∩ (0,∞)

)
.

We also let

ψ(t) :=
1

C

∫
R+

t−s−α dν0(s) =

∫
R+

t−r dν̃α(r),

where ν̃α : A 7→ C−1ν0
(
(A− α) ∩ R+

)
, and we have that

0 ≤ ψ(t) ≤ ψ(1) =
C − 1

C
< 1 (t ≥ 1).

If g is another function of the same form, so that

g(t) = C ′tα
′ −

∫
R+

t−s dν ′0(s) (t ≥ 1),

then

g
(
f(t)

)
= C ′f(t)α

′ −
∫
R+

f(t)−s dν ′0(s). (3.16)

We know that, for |z| < 1,

1− (1− z)α
′
=

∞∑
n=1

cnz
n, where cn :=

α′(1− α′) · · · (n− 1− α′)

n!
≥ 0.

Hence we can write

Cα′
tαα

′ − f(t)α
′
= Cα′

tαα
′
(1−

(
1− ψ(t)

)α′
) = Cα′

∞∑
n=1

cnt
αα′
ψ(t)n,

and therefore

f(t)α
′
= Cα′

tαα
′ −

∫
R+

t−s dσ(s),

where, with ⋆ denoting convolution on R+, the measure

σ : A 7→ Cα′
∞∑
n=1

cnν̃
⋆n
α (A+ αα′)

has total mass Cα′ − 1 (which may be seen by taking t = 1 in the previous expression

for f(t)α
′
).

For the second term on the right-hand side of (3.16), if s ≥ 0 then

f(t)−s = C−st−sα
(
1− ψ(t)

)−s
= C−st−sα

∞∑
n=0

dn(s)ψ(t)
n,

where

dn(s) = (−1)n
(
−s
n

)
=
s(1 + s) · · · (n− 1 + s)

n!
≥ 0.

Thus

f(t)−s =

∫
R+

t−r dτs(r), where τs : A 7→ C−s
∞∑
n=0

dn(s)ν̃
⋆n
α

(
(A− sα) ∩ R+

)
,



DISTANCE PRESERVERS FOR LOBACHEVSKY SPACE 21

and taking t = 1 shows that τs is a probability measure. It follows that

g
(
f(t)

)
= C ′Cα′

tαα
′ − C ′

∫
R+

t−s dσ(s)−
∫
R+

∫
R+

t−r dτs(r) dν
′
0(s)

= C ′Cα′
tαα

′ −
∫
R+

t−s dρ(s),

by Tonelli’s theorem, where

ρ := C ′σ +

∫
R+

τs dν
′
0(s)

has total mass C ′(Cα′ − 1) + (C ′ − 1) = C ′Cα′ − 1, as required.
We next consider the mixed cases. If

f(t) = 1 + C(tα − 1) +

∫
(0,∞)

(1− t−s) dν(s) (t ≥ 1)

and g(t) ≡ 1+B(log t) for a Bernstein function B that vanishes at the origin then f ◦ g
has the same form, since

x 7→ (1 + x)α − 1 and x 7→ 1− (1 + x)−s

are Bernstein functions that vanish at the origin and this class forms a cone that is
closed under pointwise limits. Finally, as

f(t) = Ctα
(
1− ψ(t)

)
=⇒ F (x) := log f(ex) = logC + αx+ log

(
1− ψ(ex)

)
,

it suffices to show that F ′ is completely monotone [32, Chapter 1]. We can write
ξ(x) := ψ(ex) and then

F ′(x) = α+
d

dx
log

(
1− ψ(ex)

)
= α+

−ξ′(x)
1− ξ(x)

= α− ξ′(x)
∞∑
n=0

ξ(x)n,

where

ξ(x) =

∫
R+

e−rx dν̃α(r) ∈ [0, 1) (x > 0).

It is immediate that ξ is completely monotone and therefore so are the functions −ξ′
and ξn for any n ≥ 1, as the class of completely monotone functions is closed under
products. As it is also closed under sums and pointwise convergence, we have the
closure result claimed.

Notation 3.13. We let R1 denote the collection of finite positive Radon measures
on R+ and R2 the collection of positive Radon measures on (0,∞) that satisfy the
Lévy–Khintchine integrability condition: such a measure ν belongs to R2 if and only if∫

(0,∞)
min{s, 1}dν(s) <∞.
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The working above shows that F := F1 ∪ F2 is closed under composition, where

F1 :=
{
f : t 7→ Ctα −

∫
R+

t−s dν1(s) | α ∈ (0, 1], ν1 ∈ R1, C = 1 + ν1(R+)
}

(3.17)

and

F2 :=
{
f : t 7→ 1 + β log t+

∫
(0,∞)

(1− t−s) dν2(s) | (β, ν2) ∈ (R+ ×R2) \ {(0, 0)}
}
.

(3.18)

If B0 denotes the set of non-zero Bernstein functions that vanish at 0,{
f : R+ → R+; x 7→ βx+

∫
(0,∞)

(1−e−xs) dν(s) | (β, ν) ∈ (R+×R2)\{(0, 0)}
}
, (3.19)

then we have that

F2 = {f : t 7→ 1 +B(log t) | B ∈ B0}.

We can unify the representations of F1 and F2 if we make the following definition:

tα − 1

α

∣∣∣
α=0

:= lim
α→0+

tα − 1

α
= log t (t ≥ 1).

Then f ∈ F if and only if

f(t) = 1 + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s), (3.20)

where α ∈ [0, 1], (β, ν) ∈ (R+ × R2) \ {(0, 0)} and β ≥ α(1 + ν
(
(0,∞)

)
), and this

inequality is always satisfied if α = 0.
This form is immediate if α = 0, and if α ∈ (0, 1] then ν must be finite, by the

inequality, and we can write f as an element of F1 with

C =
β

α
and ν1 : A 7→ (C − 1− ν

(
(0,∞)

)
)δ0(A) + ν

(
A ∩ (0,∞)

)
.

We call α the order, β the drift and ν the Lévy measure of f . We show below in
Section 3.7 that this terminology is appropriate.

3.6. Closure under pointwise limits. Since M1+ is closed under pointwise limits,
so is its class of entrywise preservers. In this section we determine which functions
can be obtained as pointwise limits of sequences of elements of the class F . We obtain
a collection of distance preservers which includes functions with a jump discontinuity
at 1, which is generated by mass from the Lévy measures escaping to infinity.

Suppose fn has the form (3.20) for any n ∈ N, with parameters (αn, βn, νn), and
suppose that

(
fn(t)

)
is convergent, with limit f(t), for all t ≥ 1.

It is immediate that f(1) = 1. Since (αn) is bounded, we may pass to a subsequence
and assume that αn → α ∈ [0, 1]. Furthermore, we have that

fn(2) ≥ 1 + βn
2αn − 1

αn
≥ 1 + βn log 2 =⇒ fn(2)− 1

log 2
≥ βn ≥ 0,

so we may pass to a further subsequence and assume that βn → β ∈ R+.
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For the sequence of measures (νn), note first that setting

πn : A 7→
∫
A∩(0,∞)

(1− e−s) dνn(s)

defines a finite measure on [0,∞], since

s

e
≤ 1− e−s ≤ s

(
s ∈ [0, 1]

)
and 1− e−1 ≤ 1− e−s ≤ 1

(
s ∈ [1,∞)

)
.

[This also shows that νn ∈ R2 if and only if πn is finite.] Furthermore, we have that

πn
(
[0,∞]

)
= fn(e)− 1− βn

eαn − 1

αn

and so the sequence (πn) is bounded in C[0,∞]∗. Passing to a subsequence, there
exists a finite positive measure π on [0,∞] such that

∫
[0,∞] g dπn →

∫
[0,∞] g dπ for any

continuous function g : [0,∞] → R.
In particular, for any t ∈ (1,∞) we may take

χ0 : [0,∞] → R; s 7→


log t if s = 0,

1− t−s

1− e−s
if 0 < s <∞,

1 if s = ∞.

Then

fn(t)− 1− βn
tαn − 1

αn
=

∫
(0,∞)

(1− t−s) dνn(s)

=

∫
[0,∞]

χ0(s) dπn(s)

→
∫
[0,∞]

χ0(s) dπ(s)

and therefore

f(t) = 1 + β
tα − 1

α
+ π

(
{0}

)
log t+

∫
(0,∞)

(1− t−s) dν(s) + π
(
{∞}

)
(t > 1),

where ν ∈ R2 is such that dν(s) = (1− e−s)−1 dπ(s).
We now claim that if α > 0 then π has no mass at the origin and ν is finite, with

β ≥ α(1 + ν
(
(0,∞)

)
+ π

(
{∞}

)
).

To see this, we may first assume that αn > 0 for all n and then

νn
(
(0,∞)

)
≤ βn
αn

− 1 for any n ∈ N,

so each measure νn is finite and their total masses are bounded above by M , say. Now
suppose δ > 0, ε > 0 and the continuous function χε is such that

χε : [0,∞] → [0, 1]; s 7→

{
1 if 0 ≤ s ≤ ε,

0 if s ≥ 2ε.
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Then

π
(
{0}

)
≤

∫
[0,∞]

χε(s) dπ(s) = lim
n→∞

∫
[0,∞]

χε(s) dπn(s) ≤
∫
[0,∞]

χε(s) dπm(s) + δ

for some m ∈ N and∫
[0,∞]

χε(s) dπm(s) =

∫
(0,∞)

χε(s)(1− e−s) dνm(s) ≤ (1− e−2ε)M.

As this upper bound may be made arbitrarily small by shrinking ε, we see that π has
no mass at the origin, as claimed.

For the inequality, let δ > 0 and ε > 0 and consider the continuous function

χ∞ : [0,∞] → R+; s 7→


(1− e−ε)−1s/ε if 0 ≤ s ≤ ε,

(1− e−s)−1 if ε ≤ s <∞,

1 if s = ∞.

Then

ν
(
[ε,∞)

)
+ π

(
{∞}

)
≤

∫
[0,∞]

χ∞(s) dπ(s) ≤
∫
[0,∞]

χ∞(s) dπm(s) + δ

for some sufficiently large m. Now,∫
[0,∞]

χ∞(s) dπm(s) =

∫
(0,∞)

χ∞(s)(1− e−s) dνm(s)

=

∫
(0,ε)

(1− e−s)s

(1− e−ε)ε
dνm(s) + νm

(
[ε,∞)) ≤ νm

(
(0,∞)

)
≤M.

This shows that ν is finite and also gives the bound claimed.
It follows that if f : [1,∞) → [1,∞) lies in the pointwise closure F of F then f(1) = 1

and

f(t) = 1 + γ + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) (t > 1), (3.21)

where α ∈ [0, 1], (β, ν) ∈ R+×R2 and γ ∈ R+, with β ≥ α(1+ γ+ ν
(
(0,∞)

)
) and this

inequality is always satisfied if α = 0.
If γ > 0 then this function is discontinuous at 1, but this is the only discontinuity that

can arise. To see that every such f can appear, we note that if β ≥ α(1+γ+ν
(
(0,∞)

)
)

and fn ∈ F has parameters (α, β, νn := ν + γδn) then

β ≥ α(1 + γ + ν
(
(0,∞)

)
) = α(1 + νn

(
(0,∞)

)
)

and if t > 1 then

fn(t) = 1 + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dνn(s)

= 1 + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) + γ(1− t−n) → f(t) as n→ ∞.
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We also have a direct proof that every f of the form (3.21) preserves M1+. Given
any M = [mij ]

n
i,j=1 ∈ M1+, we let N = [nij ]

n
i,j=1 ∈ S be defined by setting

nij :=

{
1 if mij = 1,

0 if mij ̸= 1.

Since mii = 1 for all i, we see that∣∣∣∣∣ 1 nij

nij 1

∣∣∣∣∣ = 1− n2ij ≥ 0

and ∣∣∣∣∣∣∣
1 nij nki

nij 1 njk

nki njk 1

∣∣∣∣∣∣∣ = 1 + 2nijnjknki − (n2ij + n2jk + n2ki) ≥ 0;

if none, two or three of nij , njk and nki are zero then this is immediate, and if only one
is zero then the corresponding principal submatrix A ofM has determinant −(mij−1)2,
say, where mij > 1, contradicting the fact that A ∈ M1+. This shows that N is 3-PMP
and therefore positive semidefinite [5, Theorem 2.7].

If we define f̃ on [1,∞) by setting f̃(1) = 1 + γ and f̃(t) = f(t) for all t > 1, then

f [M ] = f̃ [M ]− γN,

so it suffices to show that f̃ [−] sends M1+ into M∗
1+. We now split into two cases.

If α > 0 then

f̃(t) = Ctα −
∫
R+

t−s dν0(s) (t ≥ 1),

where

C =
β

α
and ν0 : A 7→ (C − ν

(
(0,∞)

)
− 1− γ)δ0(A) + ν

(
A ∩ (0,∞)

)
.

The argument proceeds exactly as before.
For α = 0, again the argument is unchanged: we have that

f̃ [M ] = (1 + γ)11T +B
[
log[M ]

]
for some Bernstein function that vanishes at the origin, so f̃ [M ] ∈ N and again we

have that f̃ [M ] ∈ M∗
1+, by [3, Corollary 4.1.5].

We note that, for any f satisfying (3.21), the inequality β ≥ α(1 + γ + ν
(
(0,∞)

)
) is

equivalent to requiring the function t 7→ t−αf(t) to be non-decreasing on (1,∞). If f
is of the form (3.21) then

tf ′(t)− αf(t)

= t
(
βtα−1 +

∫
(0,∞)

st−s−1 dν(s)
)
− α(1 + γ)− β(tα − 1)− α

∫
(0,∞)

(1− t−s) dν(s)

= β − α(1 + γ + ν
(
(0,∞)

)
) +

∫
(0,∞)

(s+ α)t−s dν(s) ≥ 0 for any t > 1

if and only if β ≥ α(1 + γ + ν
(
(0,∞)

)
), since

∫
(0,∞)(s + α)t−s dν(s) → 0 as t → ∞,

by the monotone convergence theorem. To see that s 7→ (s+ α)t−s is ν-integrable for
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any t > 1, we note that this function is bounded on (0,∞) and has a limit at the origin,
since

lim
s→0+

(s+ α)t−s = α and lim
s→∞

(s+ α)t−s = 0.

It remains to consider integrability on (0, 1) if ν is infinite, but then α = 0 and

0 ≤ (s+ α)t−s ≤ s for any s > 0.

3.7. Uniqueness of the additive representation. If the map f : [1,∞) → [1,∞)
has the representation (3.21) and f(1) = 1 then

γ = f(1+)− 1, α = lim
t→∞

log f(t)

log t
and β = lim

t→∞
t1−αf ′(t).

Given these parameters, the uniqueness of the measure ν follows from standard Laplace-
transform arguments.

The first claim is immediate. For the second, we let F (x) := log f(ex) for all x > 0
and note that, if α = 0,

0 ≤ F (x)

x
=

log x

x
+

1

x
log

(
x−1f(1+) + β +

∫
(0,∞)

1− e−xs

x
dν(s)

)
and, if α ∈ (0, 1],

F (x)

x
= α+

1

x
log

(
e−αxf(1+) + βα−1(1− e−αx) + xe−αx

∫
(0,∞)

1− e−xs

x
dν(s)

)
.

For the third, we have that

t1−αf ′(t) = β + t−α

∫
(0,∞)

st−s dν(s) → β as t→ ∞,

following the same manner of working as at the start of the proof of Theorem 3.12.
We also note that f is of finite type if α > 0, since

C := lim
t→∞

t−αf(t) =
β

α

in this case, and if α = 0 then f has finite type C = 1 + γ + ν
(
(0,∞)

)
if and only

if β = 0 and ν is finite, since in this case

f(t) = 1 + γ + β log t+

∫
(0,∞)

(1− t−s) dν(s) (t > 1).

4. Three consequences for positive-semidefinite kernels

Positive-semidefinite kernels may be obtained naturally from distance preservers.
Here, we record three consequences of this observation: a connection with complete
Nevanlinna–Pick kernels, a perturbation result that produces new preservers from old
and the non-existence of certain fractional Ornstein–Uhlenbeck fields.
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4.1. Complete Nevanlinna–Pick kernels. Consider a kernel on L of the form

G : L × L → R+; (x, y) 7→ g
(
d(x, y)

)
, (4.1)

where g : R+ → R+ is continuous. We may write

G(x, y) = g
(
d(x, y)

)
= g

(
arcosh[x, y]

)
= h

(
[x, y]

)
,

where h := g ◦ arcosh : [1,∞) → R+.
The kernel G is positive semidefinite if and only if the matrix

[G
(
x(i), x(j)

)
]ni,j=1 ∈ S+

for any finite collection x(1), . . . , x(n) ∈ L.
If f : [1,∞) → [1,∞) is a distance preserver then its continuous regularisation f̃

maps M1+ to M∗
1+ and the entrywise reciprocal r[−] maps M∗

1+ into S+. Thus if we

set g := r ◦ f̃ ◦ cosh then the kernel

G : L × L → (0,∞); (x, y) 7→ 1

f̃
(
[x, y]

) (4.2)

is positive semidefinite. This kernel is also infinitely divisible, which may be seen by
noting that f1 ◦ r ◦ f̃ = r ◦ f1 ◦ f̃ , where f1 is as in Section 3.2.

The kernel G is, in fact, a complete Nevanlinna–Pick kernel. By the Quiggin–
McCullough criterion [1, Corollary 1.12], a positive-semidefinite kernel K that takes
positive values is a complete Nevanlinna–Pick kernel if and only if, for every finite
collection of distinct points x(1), . . . , x(n), the matrix[ 1

K
(
x(i), x(j)

)]n
i,j=1

has exactly one positive eigenvalue. For G this matrix is the image of a Lorentz–Gram
matrix under the action of the preserver f̃ , so G is a complete Nevanlinna–Pick kernel.
This reasoning extends to provide the following result.

Proposition 4.1. Let f : [1,∞) → [1,∞) be a distance preserver and let

K : X ×X → (0,∞)

be a complete Nevanlinna–Pick kernel such that K(x, x) ≤ 1 for every x ∈ X. Then

Kf : X ×X → (0,∞); (x, y) → f
(
K(x, y)−1

)−1

is also a complete Nevanlinna–Pick kernel.

Proof. We note first that, as K is positive semidefinite,

0 < K(x, y)2 ≤ K(x, x)K(y, y) ≤ 1 (x, y ∈ X)

and so Kf is well defined. Next, given x(1), . . . , x(n) ∈ X, the Quiggin–McCullough
criterion [1, Corollary 1.12] gives that

M :=
[
K(x(i), x(j)

)−1]n
i,j=1

∈ M∗
1+.

Since f is a distance preserver, we have that f [M ] ∈ M∗
1+. The reciprocal map r[−]

sends M∗
1+ into S+, and therefore[

Kf

(
x(i), x(j)

)]n
i,j=1

= (r ◦ f)[M ] ∈ S+.
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Thus Kf is positive semidefinite and its reciprocal matrix is f [M ], which has exactly
one positive eigenvalue. Another application of the Quiggin–McCullough criterion gives
the result. □

4.2. Perturbation of distance preservers. Krein [21, (4.14)] states that a kernel G
of the form (4.1) is positive semidefinite if and only if

h : [1,∞) → R+; t 7→
∫
R+

t−s dµ(s) =

∫
R+

e−s log t dµ(s) (4.3)

for some finite positive Radon measure µ on R+ and this representation is unique.
A proof of the existence part of this claim was given by Faraut and Harzallah [12,
Théorème 8.1]; uniqueness follows from the uniqueness of the Laplace transform.

By Bernstein’s theorem, this integral-representation theorem shows that the kernel G
is positive semidefinite if and only if the function x 7→ h(ex) is completely monotone.
Then x 7→ h(e−x) is absolutely monotone on (−∞, 0), so is real analytic there. It
follows that h is real analytic on (1,∞) and g is real analytic on (0,∞), since the
functions log, x 7→ −x and cosh are real analytic also.

In particular, if f is a distance preserver then x 7→ 1/f̃(coshx) = 1/f(coshx) is real
analytic on (0,∞) and so f is real analytic on (1,∞). We exploit this observation in
Section 6.

Corollary 4.2. If f : [1,∞) → [1,∞) is a distance preserver and h : [1,∞) → R+ has
the representation (4.3) for some finite positive Radon measure µ on R+ then

k : [1,∞) → [1,∞); t 7→ af(t)− h(t)

is also a distance preserver, where a := 1 + µ(R+).

Proof. Note first that h(t) ≤ µ(R+) for any t ≥ 1 and so k(t) ≥ a−µ(R+) = 1. We also
have that k(1) = a− h(1) = a− µ(R+) = 1 and if t > 1 then f(t) > 1 and h(t) ≤ h(1),
so k(t) > a− h(1) = 1. Hence k−1

(
{1}

)
= {1}.

Furthermore, if {x(1), . . . , x(n)} ⊆ L then, by Theorems 3.2 and 2.2,

[k
(
[x(i), x(j)]

)
] = a

[
f [
(
[x(i), x(j)]

)
]
]
− [h

(
[x(i), x(j)]

)
]

= avvT − aA− [G
(
x(i), x(j)

)
]

= uuT −B,

where u :=
√
av and B ∈ S+. The final remark before Section 3.2 gives the claim. □

We note that our class of preservers in F is closed under this operation: if f has the
form (3.21), so that

f(t) = 1 + γ1(1,∞)(t) + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) (t ≥ 1)

with β ≥ α(1 + γ + ν
(
(0,∞)

)
), and

h(t) =

∫
R+

t−s dµ(s) = −
∫
(0,∞)

(1− t−s) dµ(s) + µ(R+) (t ≥ 1)
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for some finite Radon measure µ on R+, with a := 1 + µ(R+), then

af(t)− h(t) = 1 + aγ1(1,∞)(t) + aβ
tα − 1

α
+

∫
(0,∞)

(1− t−s) dπ(s) (t ≥ 1),

where π := aν + µ|(0,∞), and

aβ ≥ α(a+ aγ + aν
(
(0,∞)

)
)

= α(1 + aγ + aν
(
(0,∞)

)
+ µ(R+)) ≥ α(1 + aγ + π

(
(0,∞)

)
),

as required.

4.3. Fractional Ornstein–Uhlenbeck random fields. In [10, Section 13], Cohen
and Lifshits ask whether the fractional Ornstein–Uhlenbeck random field with covari-
ance

G : (x, y) 7→ exp
(
−a d(x, y)α

)
(4.4)

exists on finite-dimensional real hyperbolic space Ln for some a > 0 and α > 1. We
show here that this is not possible.

Proposition 4.3. Given any a > 0 and α > 1, there exists an integer n(a, α) such that
the fractional Ornstein–Uhlenbeck field with covariance G as in (4.4) does not exist in
dimension n for any n ≥ n(a, α).

Proof. As in (4.1), we can write G : (x, y) 7→ h
(
[x, y]

)
, where here

h : [1,∞) → (0,∞); t 7→ exp(−a(arcosh t)α).
We suppose for contradiction that G is positive semidefinite. Given this, it follows from
(4.3) that

F : R+ → (0,∞); x 7→ h(ex)

is completely monotone, so log ◦ F is convex [25, Lemma 4.3]. However, from (5.2) we
have that

logF (x) = −a
(
arcosh(ex)

)α ∼ −a(x+ log 2)α as x→ ∞,

and x 7→ −a(x+log 2)α is concave. It follows that G is not positive semidefinite. Thus,
for sufficiently large n there exist x(1), . . . , x(n) ∈ L such that

[
G
(
x(i), x(j)

)]n
i,j=1

is

not positive semidefinite. □

We conclude this section by noting that a theory of invariant infinitely divisible
positive-definite kernels on symmetric spaces was developed by Gangolli, who obtained
a generalised Lévy–Khintchine representation: see [14, Theorem 3.31], noting that Φ
in (3.112) should be Ψ.

5. Screw lines

The analytic characteristics introduced above have a direct geometric meaning. To
reveal this, we turn to screw lines in Lobachevsky space; these are curves where the
distance between two points depends only on the increment of the curve parameter.
Krein obtained a remarkable classification of screw lines into elliptic, parabolic and
hyperbolic types which we recall below. As every distance preserver transforms a
screw line into another screw line, Krein’s trichotomy imposes strong restrictions on
the asymptotic behaviour of preservers.
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We recall first that a continuous function ℓ : R → L is a screw line if there exists a
function λ : R → R, called the metric function for the screw line, such that

d
(
ℓ(x), ℓ(y)

)
= λ(x− y) for any x and y ∈ R;

equivalently, we have that

[ℓ(x), ℓ(y)] = coshλ(x− y) for any x and y ∈ R.

Note that a metric function is necessarily zero at the origin, even and continuous.
The simplest non-trivial example of a screw line in Lobachevsky space is

ℓ0 : R → L; x 7→ (coshx, sinhx, 0, 0, . . .)

since [ℓ0(x), ℓ0(y)] = cosh(x−y) and the corresponding metric function λ0 is the identity
map.

Krein classified the possible metric functions that may arise in this context: see [20]
and [18, Sections 26 and 27]. The function λ arises as the distance function of a screw
line ℓ if and only if Λ := cosh ◦ λ has exactly one of three possible representations:

x 7→ a−
∫
(0,∞)

cos(xs) dσ(s) (elliptic);

x 7→ a cosh(bx)−
∫
R+

cos(xs) dσ(s) (hyperbolic);

x 7→ 1 +

∫
R+

1− cos(xs)

s2
dµ(s) (parabolic).

The constants a ∈ [1,∞) and b ∈ (0,∞), the positive Radon measure σ is supported
on R+, has total mass a − 1 and no mass at 0 in the elliptic case, and the positive
Radon measure µ is supported on R+ and is such that∫

(0,1]

dµ(s)

s2
= ∞ and

∫
[1,∞)

dµ(s)

s2
<∞. (5.1)

In the elliptic case, the function Λ is bounded and therefore so is λ. In the hyperbolic
case, we have that

lim
x→∞

Λ(x)

cosh(bx)
= a and so lim

x→∞

λ(x)

x
= b,

since
coshλ(x)

cosh(bx)
∼ exp(λ(x)− bx) as x→ ∞.

In the parabolic case, we may take any δ > 0 and write

x−2
(
Λ(x)− 1− x2

2
µ
(
{0}

))
=

∫
(0,δ)∪[δ,1]∪(1,∞)

1− cos(xs)

x2s2
dµ(s)

≤ µ
(
(0, δ)

)
+

2µ
(
[δ, 1]

)
x2δ2

+
2

x2

∫
[1,∞)

dµ(s)

s2
.
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Hence 2x−2Λ(x) → µ
(
{0}

)
as x → ∞. The conditions (5.1) on µ imply that Λ is

unbounded (see Proposition A.10). Thus λ is also unbounded and this working shows
that

λ(x)− 2 log x→ log µ
(
{0}

)
∈ [−∞,∞) as x→ ∞.

5.1. Consequences for distance preservers. Suppose f : [1,∞) → [1,∞) is a
continuous distance preserver with corresponding metric preserver φ and embedding
map Φ from Theorem 3.2.

If ℓ is a screw line then so is Φ ◦ ℓ, with metric function φ ◦ λ, since

d(Φ
(
ℓ(s)

)
,Φ

(
ℓ(t)

)
) = φ(d

(
ℓ(s), ℓ(t)

)
) = φ

(
λ(s− t)

)
for any s and t,

and cosh ◦ φ ◦ λ = f ◦ cosh ◦ λ = f ◦ Λ.
In particular, the screw line Φ ◦ ℓ0 has metric function φ ◦ λ0 = φ and therefore

the function cosh ◦ φ = f ◦ cosh must have one of the three forms above. Which form
appears is controlled by the characteristics

α := lim
t→∞

log f(t)

log t
∈ [0, 1] and C := lim

t→∞
t−αf(t) ∈ [1,∞].

If α = 0 and C < ∞ then f and Λ are bounded, so Λ is elliptic. If α = 0 and C = ∞
then f and Λ are unbounded, so Λ cannot be elliptic. Nor can Λ be hyperbolic, since

lim
x→∞

Λ(x)

cosh(bx)
= lim

x→∞
21−b f(coshx)

(coshx)b
= 0 for any b > 0;

this holds because

lim
x→∞

(coshx)b

cosh(bx)
= 21−b and

log f(t)

log t
≤ b

2
⇐⇒ t−bf(t) ≤ t−b/2.

Hence Λ is parabolic in this case. Finally, if α > 0 then

Λ(x)

cosh(αx)
∼ 21−α(coshx)−αf(coshx) → C21−α as x→ ∞,

so Λ is hyperbolic, with a = C21−α and b = α. In particular, we see that C must be
finite if f is continuous and α > 0. We summarise this working in the following table.

α = 0, C <∞ elliptic

α = 0, C = ∞ parabolic

α > 0, C <∞ hyperbolic a = C21−α, b = α

α > 0, C = ∞ impossible

Thus the analytic dichotomy between zero and positive order and between finite or
infinite type is precisely Krein’s geometric trichotomy.

We conclude this section by noting that if α = 0 and C = ∞ then the representing
measure µ can have no mass at 0. To see this, we note that

arcosh ey = log
(
ey +

√
e2y − 1

)
∼ log(2ey) = y + log 2 as y → ∞, (5.2)

so setting y = log coshx gives that

2y−2f(ey) ∼ 2(arcosh ey)−2f(ey) = 2x−2Λ(x) → m0 := µ
(
{0}

)
as y → ∞. (5.3)
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We let v := (ey, e2y, e3y)T ∈ (1,∞)3 for y > 0. Then vvT ∈ M∗
1+ and therefore

f [vvT ] =
[
f(e(i+j)y)

]3
i,j=1

∈ M∗
1+.

If m0 > 0, it follows that

2

m0y2
f [vvT ] →

 4 9 16

9 16 25

16 25 36

 as y → ∞.

As this matrix has determinant −8, it cannot lie in M∗
1+. Hence we must have m0 = 0.

5.2. Four examples of screw-line representations. To illustrate these ideas, we
show how the four examples of Section 3.2 correspond to screw lines and derive their
representations.

If f1(t) ≡ ta for some a ∈ (0, 1] then Λ1 := f1 ◦ cosh is hyperbolic and

(coshx)a = 21−a cosh(ax)−
∫
R
cos(xs) dσa(s)

for some finite positive Radon measure σa with total mass σa
(
(0,∞)

)
= 21−a − 1.

Re-arranging, we can write

h(x) := 21−a cosh(ax)− (coshx)a =

∫
R+

cos(xs) dσa(s),

whence

h′(x) = a21−a sinh(ax)− a(coshx)a−1 sinhx

and h′′(x) = a221−a cosh(ax)− a(a− 1)(coshx)a−2 sinh2 x− a(coshx)a

= a221−a cosh(ax)− a(a− 1)(coshx)a−2(cosh2 x− 1)− a(coshx)a

= a221−a cosh(ax)− a2(coshx)a + a(a− 1)(coshx)a−2

= a2h(x) + a(a− 1)(coshx)a−2.

If q is the inverse Fourier transform of the Schwarz function x 7→ (sechx)2−a (see
Proposition A.6) then

q(y) =
1

2π

∫
R
e−ixy(sechx)2−a dx =

1

2aπ
B
(2− a+ iy

2
,
2− a− iy

2

)
(y ∈ R),

where B denotes the beta function, by Proposition A.9. Setting

p(y) :=
2a(1− a)

a2 + y2
q(y) for any y ∈ R

and

g(x) :=

∫
R+

cos(xs)p(s) ds =
1

2

∫
R
eixyp(y) dy for any x ∈ R,

we have that

a2g(x)− g′′(x) = a(1− a)

∫
R
eixyq(y) dy = a(1− a)(sechx)2−a.
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Hence k := g − h is such that a2k − k′′ ≡ 0, and so there exist constants A1 and A2

such that

g(x) = h(x) +A1 cosh(ax) +A2 sinh(ax) for any x ∈ R.

Now

0 = g′(0)− h′(0) = aA2 =⇒ A2 = 0

and then

A1 = sech(ax)g(x)− sech(ax)h(x) → 0− 21−a + 21−a = 0 as x→ ∞,

since g is a Schwartz function. Thus g = h, which shows that σa is absolutely continuous
with respect to Lebesgue measure and

dσa
ds

=
a(1− a)

2a−1π(a2 + s2)
B
(2− a+ is

2
,
2− a− is

2

)
for any s ∈ (0,∞).

If f2(t) ≡ 1 + b log t, where b ∈ (0,∞), then α = 0 and C = ∞, so Λ2 := f2 ◦ cosh is
parabolic and we have that

b log coshx =

∫
R+

1− cos(xs)

s2
dµb(s) (x ≥ 0),

where µb = bµ1 is a measure supported on (0,∞).
By Proposition A.8 and the theorems of Fubini and Tonelli, we see that

tanh t =

∫
[0,t]

sech2 u du =

∫
[0,t]

∫
R+

cos(su) s cosech(πs/2) ds du

=

∫
R+

∫
[0,t]

cos(su) du s cosech(πs/2) ds

=

∫
R+

sin(st)

s
s cosech(πs/2) ds.

Noting that

s 7→ sin(st)

s
s cosech(πs/2)

extends to a continuous function on R+ bounded by s 7→ |t|s cosech(πs/2), which is
integrable by Proposition A.7, we have that

log coshx =

∫
[0,x]

∫
R+

sin(us)

s
s cosech(πs/2) dsdu =

∫
R+

1− cos(xs)

s2
s cosech(πs/2) ds.

This shows that µb is absolutely continuous with respect to Lebesgue measure and has
density

dµb
ds

= bs cosech(πs/2) for any s ∈ (0,∞).

For f3(t) ≡ 1 + p− pt−a, where p ∈ (0,∞) and a ∈ (0,∞), we see immediately that
the function Λ3 := f3 ◦ cosh is elliptic, since f3 is bounded, and Proposition A.9 gives
that

f3(coshx) = 1 + p−
∫
(0,∞)

cos(xs) dτa(s),
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where τa is absolutely continuous with density

dτa
ds

=
2a−1p

πΓ(a)

∣∣∣Γ(a+ is

2

)∣∣∣2.
For f4(t) ≡ 1 − q + qt, where q ≥ 1, we see immediately that Λ4 := f4 ◦ cosh is

hyperbolic, with

a = lim
x→∞

1− q + q coshx

coshx
= q, b = 1 and σ = (q − 1)δ0.

6. Characterisation of distance preservers

In this section we will establish the following theorem, which shows that F \ {1} is
the whole family of distance preservers.

Theorem 6.1. If f : [1,∞) → [1,∞) acts entrywise to preserve M1+ then f has the
representation

f(t) = 1 + γ + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s) (t > 1),

where α ∈ [0, 1], β ∈ R+, γ ∈ R+ and ν ∈ R2 are such that β ≥ α(1 + γ + ν
(
(0,∞)

)
,

which is always satisfied if α = 0.

To prove this result, we first suppose f to be continuous and resolve separately the
positive-order and zero-order cases, and then use the notion of continuous regularisation
to settle the general case.

6.1. The continuous positive-order case. We claim first that if the continuous
distance preserver f has order α ∈ (0, 1] and type C ∈ [1,∞) then the kernel

K : (x, y) 7→ Ceα(x+y) − f(ex+y) (x, y > 0)

is positive semidefinite.
To see this, we let x1, . . . , xn > 0; it suffices to show that[

Ceα(xi+xj) − f(exi+xj )
]n
i,j=1

= D
[
C − e−α(xi+xj)f(exi+xj )

]n
i,j=1

D

is positive semidefinite, where D := diag(eαx1 , . . . , eαxn). We have that[
C − e−α(xi+xj)f(exi+xj )

]n
i,j=1

= C1n1
T
n −D−1f [vvT ]D−1,

where v := (ex1 , . . . , exn)T ∈ (1,∞)n. As f is a distance preserver and vvT ∈ M∗
1+,

we see that
M := D−1f [vvT ]D−1 ∈ M∗

1+,

by Sylvester’s law of inertia. Given any x0 > 0, the same working holds with v replaced
by v0 = (ex0 , ex1 , . . . , exn)T ∈ (1,∞)n+1, and the corresponding matrix

M0 =

[
m00 mT

m M

]
∈ M∗

1+,

where
m00 := e−2αx0f(e2x0) and mT := (e−α(x0+xi)f(ex0+xi)

)n
i=1

;

we note that
m00 → C and m → C1n as x0 → ∞.
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Given any non-zero x ∈ Rn, the matrix M0 acts on the two-dimensional space spanned
by (1,0)T and (0,x)T as

M ′ :=

[
m00 mTx

xTm xTMx

]
.

By the Poincaré separation theorem [17, Corollary 4.3.37], the matrix M ′ has no more
than one positive eigenvalue. It has exactly one becausem00 > 0 and either xTMx ≥ 0,
in which case M ′ has positive trace, or xTMx < 0, in which case M ′ has negative
determinant. Thus

m00(x
TMx)− (mTx)2 ≤ 0 ⇐⇒ xTMx ≤ (mTx)2

m00
→ C2(1Tx)2

C
= CxT11Tx,

whence xT (C11T −M)x ≥ 0. This shows that K is positive semidefinite, as claimed.
We now turn to the following version of a theorem due toWidder [39, Theorem VI.21]:

if the Hankel kernel

(0,∞)× (0,∞) → R; (x, y) 7→ h(x+ y)

is positive semidefinite and h is analytic on (0,∞) then there exists a finite positive
Radon measure µ on R such that

h(x) =

∫
R
e−xs dµ(s) (x > 0).

Thus f has the representation

f(t) = Ctα −
∫
R
t−s dµ(s) (t > 1), (6.1)

where µ is a finite positive Radon measure on R; by continuity, this identity also holds
if t = 1. To conclude, we show that µ is supported on R+.

If a, b ∈ R are such that a < b < −α and µ
(
(a, b)

)
> 0 then b+ α < 0 and

C − t−αf(t) =

∫
R
t−(s+α) dµ(s) ≥

∫
(a,b)

t−(s+α) dµ(s) ≥ µ
(
(a, b)

)
t−(α+b) → ∞

as t→ ∞, which is a contradiction; we recall that f(t) = O(t) as t→ ∞. Hence µ has
support in [−α,∞). Moreover, we can write∫

[−α,∞)
t−s dµ(s) = µ

(
{−α}

)
tα +

∫
(−α,∞)

t−s dµ(s),

so we may assume that µ has support in (−α,∞).
Finally, we know that Λ = f ◦ cosh is hyperbolic, with b = α and a = C21−α, so

there exists a finite positive Radon measure σ on R+ such that

f(cosh t) = a cosh(bt)−
∫
R+

cos(st) dσ(s)

and therefore

I :=

∫
(−α,∞)

(cosh t)−s dµ(s) = C(cosh t)α − C21−α cosh(αt) +

∫
R+

cos(st) dσ(s)
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is bounded for all large t. If µ
(
(−α, 0)

)
> 0 then µ

(
(−α,−ε]

)
> 0 for some ε ∈ (0, α)

and
I ≥ µ

(
(−α,−ε]

)
(cosh t)ε → ∞ as t→ ∞,

which is a contradiction. Hence µ is supported on R+ and so f ∈ F1, which gives the
result.

6.2. The continuous zero-order case. We now suppose f is continuous and has
zero order, and let

ϕ : R+ → R+; x 7→ f(ex).

Then ϕ is continuous and non-decreasing on R+ and real analytic on (0,∞). We also
have that ϕ(y) = o(y2) as y → ∞: if f is of finite type this is immediate, and it follows
from (5.3) otherwise.

We will show first that −ϕ′′ gives rise to a positive-semidefinite Hankel kernel. For
any x := (x0, x1, . . . , xn)

T ∈ (0,∞)n+1, we let

v := (ex0 , ex1 , . . . , exn)T ∈ (1,∞)n+1

and note that

f [vvT ] =

[
ϕ(2x0) mT

m M

]
∈ M∗

1+,

where m := (ϕ(x0 + x1), . . . , ϕ(x0 + xn)
)T

and M = [ϕ(xi + xj)]
n
i,j=1. It follows from

the Haynsworth inertia formula [15] that the number of positive eigenvalues of f [vvT ]
is one more than the number of positive eigenvalues of the Schur complement

M − ϕ(2x0)
−1mmT ,

so this last matrix must be negative semidefinite. Hence

yTMy ≤ 1

ϕ(2x0)

( n∑
i=1

yi ϕ(x0 + xi)
)2

for any y ∈ Rn.

In particular, if y ∈ Rn is such that 1Ty = 0 and x∗ := max{x1, . . . , xn} then∣∣∣ n∑
i=1

yiϕ(x0 + xi)
∣∣∣ = ∣∣∣ n∑

i=1

yi
(
ϕ(x0 + xi)− ϕ(x0)

)∣∣∣ ≤ n∑
i=1

|yi|
(
ϕ(x0 + x∗)− ϕ(x0)

)
,

since ϕ is non-decreasing, and we can let x0 → ∞ in such a way as to make

ϕ(x0 + x∗)− ϕ(x0)√
ϕ(2x0)

→ 0.

To see this, we suppose for contradiction that ε > 0 and X > 0 are such that(
ϕ(x0 + x∗)− ϕ(x0)

)2 ≥ ε2ϕ(2x0) for any x0 > X.

If x0 > max{X, 2x∗} and the integer k ∈ (x0/(2x∗), x0/x∗) then 2kx∗ > x0 > kx∗ and

ϕ(2x0) ≥ ϕ(2x0)− ϕ(x0) ≥
k∑

i=1

ϕ(x0 + ix∗)− ϕ(x0 + (i− 1)x∗)

≥ ε
k∑

i=1

√
ϕ
(
2(x0 + (i− 1)x∗)

)
,
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so √
ϕ(2x0) ≥ kε ≥ x0ε

2x∗
⇐⇒ ϕ(2x0) ≥

ε2

4x2∗
x20,

which contradicts the fact that ϕ(y) = o(y2) as y → ∞.
This shows that M is conditionally negative definite. We now suppose yT = (v,−v)

for some vT ∈ Rn and x = (x0, x1, . . . , xm, x1 + δ, . . . , xm + δ), where x1, . . . , xm > 0
and δ > 0. This shows that the second-order forward-difference matrix[

ϕ(xi + xj)− 2ϕ(xi + xj + δ) + ϕ(xi + xj + 2δ)
]m
i,j=1

=
[
∆2

δϕ(xi + xj)
]m
i,j=1

is negative semidefinite, where the forward increment (∆δk)(t) := k(t+δ)−k(t) for any
real-valued function k defined on (0,∞) and any δ > 0 and t > 0, with ∆2

δ := ∆δ ◦ ∆δ.
If k is real analytic on (0,∞) then it may be shown by Taylor expansion that

δ−2∆2
δk(x) → k′′(x) as δ → 0+.

Hence the matrix

[ϕ′′(xi + xj)]
n
i,j=1

is negative semidefinite for any x1, . . . , xn > 0, as claimed.
We now use [39, Theorem VI.21] again to obtain a finite positive Radon measure

on R such that

−ϕ′′(x) =
∫
R
e−xs dµ(s) (x > 0).

We claim that µ is supported on [0,∞). This representation gives that ϕ′′(x) ≤ 0 for
any x > 0 and therefore ϕ′ is non-increasing. It is bounded below by zero, as f is
non-decreasing on (1,∞) and ϕ′(x) = exf ′(ex) ≥ 0, so

−
∫ ∞

1
ϕ′′(x) dx = ϕ′(1)− lim

x→∞
ϕ′(x) <∞.

However, if δ > 0 is such that c := µ
(
(−∞,−δ]

)
> 0 then

−ϕ′′(x) ≥ ceδx (x > 0) =⇒ −
∫ ∞

1
ϕ′′(x) dx ≥ c

∫ ∞

1
eδx dx = ∞.

Hence −ϕ′′ is completely monotone, by [39, Theorem IV.12a], so ϕ′ is also completely
monotone. Since f ≥ 1 and f(1) = 1, it follows that the function B := ϕ − 1 ∈ B0.
Thus we can write f(t) = 1 +B(log t) and again we have the representation claimed.

6.3. The general case. To conclude, we let f be a distance preserver and recall the
continuous regularisation

f̃ : [1,∞) → [1,∞); t 7→

{
f(1+) if t = 1,

f(t) if t > 1.

Then f̃ is continuous and acts entrywise to map M1+ into M∗
1+. Since f is non-

decreasing, we see that f̂ := f(1+)−1f̃ maps [1,∞) to itself and so f̂ [−] sends M1+

into itself. Hence there exist α ∈ [0, 1], β̂ ≥ 0 and ν̂ ∈ R2 such that β̂ ≥ α(1+ν̂
(
(0,∞)

)
)

and

f̂(t) = 1 + β̂
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν̂(s) (t ≥ 1).
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Thus

f(t) = 1 + γ1(1,∞)(t) + β
tα − 1

α
+

∫
(0,∞)

(1− t−s) dν(s),

where γ := f(1+)− 1, β := f(1+)β̂ and ν := f(1+)ν̂, with

β = f(1+)β̂ ≥ f(1+)α(1 + ν̂
(
(0,∞)

)
) = α(1 + γ + ν

(
(0,∞)

)
).

We include the degenerate case where α, β and ν are all zero, as long as γ > 0.

7. Multiplicative representation and subordinators

In this section we introduce a multiplicative representation for continuous distance
preservers and show a connection to the theory of Lévy processes.

We recall first that if f : [1,∞) → [1,∞) is a distance preserver then (log ◦ f)[−]
maps M1+ into N . If f is also continuous then it follows [12, Corollaire 8.2] that

f(t) = tα exp
(∫

(0,∞)

(
1− t−s

)
dµ(s)

)
for any t ∈ [1,∞), (7.1)

where α ∈ R+ and the positive Radon measure µ ∈ R2. We call this the multiplicative
or exponential Bernstein representation of f .

We see immediately from (7.1) that

log f(t)

log t
= α+

∫
(0,∞)

1− t−s

log t
dµ(s) → α as t→ ∞,

so our use of α is appropriate: it is the order of f and so α ∈ [0, 1]. The type

C = lim
t→∞

t−αf(t) = exp
(
lim
t→∞

∫
(0,∞)

(1− t−s) dµ(s)
)
= eµ

(
(0,∞)

)
∈ [1,∞],

so f has finite type if and only if the measure µ is finite. In particular, if α > 0 then µ
must be finite.

7.1. The relationship between additive and multiplicative representation. If
the continuous distance preserver f has infinite type then α = 0 and there exists a
Bernstein function B ∈ B0 such that∫

(0,∞)
(1− e−xs) dµ(s) = log f(ex) =: F (x) = log

(
1 +B(x)

)
(x ≥ 0).

We see that µ is the representing measure for the Bernstein function F and so every
Lévy measure µ ∈ R2 may appear when α = 0.

If f has finite type then we have that

Ceαx exp
(
−
∫
(0,∞)

e−xs dµ(s)
)
= f(ex) = Ceαx −

∫
R+

e−xs dν(s) (x ≥ 0),

where the finite positive Radon measure ν on R+ has total mass ν(R+) = C−1. Thus,
if Lσ denotes the Laplace transform of a measure σ, we see that

(Lν)(x) = Ceαx(1− e−(Lµ)(x)) = Ceαx
∞∑
n=1

(−1)n+1

n!
(Lµ⋆n)(x)
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and, equivalently,

(Lµ)(x) = − log
(
1− C−1e−αx(Lν)(x)

)
=

∞∑
n=1

1

n
(Lσ⋆nα )(x),

where the finite positive Radon measure

σα : A 7→ C−1ν
(
(A− α) ∩ R+

)
.

Hence if f has representation (7.1) and is of finite type then µ is supported on [α,∞)
and the measure

δ0 − exp⋆(−µ) =
∞∑
n=1

(−1)n+1

n!
µ⋆n (7.2)

is positive. Conversely, if the finite Radon measure µ on R+ is supported on [α,∞) for
some α ∈ [0, 1] and (7.2) is positive then the function f defined by (7.1) is a continuous
distance preserver.

To provide an example to illustrate this working, we suppose c, d ∈ (0,∞) and
consider f defined by (7.1) with α ∈ [0, 1] and µ = cδd, so that

f(ex) = eαx exp
(
c(1− e−dx)

)
= eαx+c exp(−ce−dx) (x ≥ 0).

If (y1, y2, y3)
T ∈ R+ then v := (ey1 , ey2 , ey3)T ∈ [1,∞)3 and f [vvT ] = DAD, where

D := ec/2 diag(eαy1 , eαy2 , eαy3) and A =
[
exp

(
−ce−d(yi+yj))

)]3
i,j=1

.

Given h ∈ (0, c/9],we set

yi := −1

d
log

(
i

√
h

c

)
≥ 0 (i = 1, 2, 3).

Then

−c exp
(
−d(yi + yj)

)
= −ijh

and, letting x = e−h,

A =

 e
−h e−2h e−3h

e−2h e−4h e−6h

e−3h e−6h e−9h

 = x

 1 x x2

x x3 x5

x2 x5 x8

 ̸∈ M∗
1+,

since A has determinant −x10(1− x)3(1 + x) < 0.
It follows that f is not a distance preserver for any α ≥ 0 and any c, d > 0. It is

clear that the positivity constraint on the measure defined by (7.2) is violated, as

∞∑
n=1

(−1)n+1

n!
µ⋆n = cδd −

c2

2
δ2d +

c3

6
δ3d − · · ·

has negative mass at 2d.
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7.2. Four examples of multiplicative representation. The representation (7.1)
of the function f1 is immediate: the constant α = a and the measure µ is the zero
measure.

For f2, we note first that

log(1 + x) =

∫
(0,∞)

(
1− e−xs

)e−s

s
ds (x ≥ 0); (7.3)

to see this, we let

H : (0,∞)× [0,∞) → R; (s, x) 7→ (1− e−xs)
e−s

s

and note that∫
(0,∞)

∂H

∂x
(s, x) ds =

∫
(0,∞)

e−(1+x)s ds =
1

1 + x
(x ≥ 0)

so (7.3) holds if we can differentiate under the integral sign. For any s ∈ (0,∞), the
mean-value theorem gives r ∈ (0, s) such that

1− e−xs

s
= xe−xr ∈ [0, x]

and therefore the right-hand side of (7.3) is well defined. We also have that∣∣∣∣∂H∂x (s, x)

∣∣∣∣ ≤ e−s (s > 0, x ≥ 0)

and differentiation under the integral sign is valid, as this upper bound is an integrable
function of s on (0,∞) and is independent of x.

Thus if b ∈ (0,∞) and t ∈ [1,∞) then

log f2(t) = log(1+b log t) =

∫
(0,∞)

(
1−e−bs log t

)e−s

s
ds =

∫
(0,∞)

(
1−t−r

)e−r/b

r
dr, (7.4)

so the representing measure in (7.1) is supported on (0,∞) and is absolutely continuous

there with density s 7→ e−s/b/s; we note that∫
(0,∞)

s

1 + s

e−s/b

s
ds = b

∫
(0,∞)

e−u

1 + bu
du ≤ b <∞.

To find the representation (7.1) of f3, we note that

log f3(t) = log(1 + p) + log
(
1− p

p+ 1
t−a

)
= − log

(
1− p

p+ 1

)
+ log

(
1− p

p+ 1
t−a

)
and use the fact that

log(1− x) = −
∞∑
n=1

xn

n
(−1 ≤ x < 1)

to write

log f3(t) =

∞∑
n=1

1

n

( p

p+ 1

)n
(1− t−an) =

∫
(0,∞)

(1− t−s) dµp,a(s)
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where the representing measure

µp,a :=
∞∑
n=1

1

n

( p

p+ 1

)n
δan

has total mass log(p+ 1).
Furthermore, we can set r := (q − 1)/q and use the working for f3 to write

log f4(t)− log t = log
( 1− q + qt

t− qt+ qt

)
= log

( t− r

t− tr

)
= log

(1− (r/t)

1− r

)
=

∞∑
n=1

rn

n
(1− t−n).

Hence f4 = f1,µq , where

µq :=
∞∑
n=1

1

n

(q − 1

q

)n
δn

has total mass log q.

7.3. A probabilistic interpretation. In this section, we follow [9] but with some
changes of notation to avoid clashes with that used elsewhere.

A subordinator is defined to be a non-decreasing Lévy process, that is, a stochastic
process S = (Su)u∈R+ with non-decreasing càdlàg paths and independent stationary
increments, such that S0 = 0; we regard the index u as representing time.

The possibility that S increases to ∞ in finite time is included, so we let the stopping
time ζ := inf{u ≥ 0 : Su = ∞} and then, conditionally on {u < ζ}, it holds that the
increment Su+v − Su is independent of the right-continuous and complete σ-algebra
generated by {Sw : w ≤ u} and has the same distribution as Su.

Given a subordinator S, its Laplace exponent F is defined by the identity

E[e−xSu ] = e−uF (x) (x ≥ 0),

with the convention that e−x∞ = 0 for every x. Then F has the form

F (x) = k + dx+

∫
(0,∞)

(1− e−xs) dΠ(s) (x ≥ 0),

where the killing rate k ∈ R+, the drift d ∈ R+ and the Lévy measure Π ∈ R2.
Conversely, every such triple gives rise to the Laplace exponent of some subordinator.

The lifetime ζ has an exponential distribution with parameter k, so that ζ ≡ ∞ if
and only if k = 0. Such subordinators are called strict.

An example of a strict subordinator is the Gamma subordinator Γ = (Γu)u≥0 with
Laplace exponent FΓ such that

FΓ(x) := log(1 + x) =

∫
(0,∞)

(1− e−xs)
e−s

s
ds (x ≥ 0),

where the integral identity follows from (7.3). A Gamma random variable X with
shape a and rate b has density function

R+ → R+; x 7→ ba

Γ(a)
xa−1e−bx

and Laplace transform

E[e−xX ] =
( b

b+ x

)a
= exp

(
−a log(1 + b−1x)

)
,
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so Γu is a Gamma random variable with shape a = u and rate b = 1.
Given any continuous preserver f with multiplicative representation (7.1), we see

that

F (x) := log f(ex) = αx+

∫
(0,∞)

(1− e−xs) dµ(s)

and there exists a strict subordinator S such that

E[e−xSu ] = e−uF (x) for any x, u ≥ 0.

Henceforth we assume f is a continuous distance preserver with order α = 0. We
also have a Laplace exponent from the additive representation of f : we let

G(x) := f(ex) = 1 + βx+

∫
(0,∞)

(1− e−xs) dν(s) (x ≥ 0)

and H := G − 1 ∈ B0. Then there exist subordinators R and T , with T strict, such
that

E[e−xRu ] = e−uG(x) and E[e−xTu ] = e−uH(x) for any x, u ≥ 0.

From the fact that F = logG, we see that if UR is the renewal measure of the
subordinator R [9, Section 1.3] then∫

R+

e−xy dUR(y) = E
[∫

R+

e−xRu du
]
=

∫
R+

e−uG(x) du =
1

G(x)
= e−F (x) = E[e−xS1 ].

Hence UR is equal in distribution to the law of S1.
From the fact that F = log(1 +H) = FΓ ◦ H, we have the Bochner subordination

[9, Proposition 8.6]

Su
d
= TΓu (u ≥ 0),

where
d
= denotes equality of distributions and the processes Γ and T are independent.

The continuous distance preserver f2(t) ≡ 1 + b log t has order α = 0 and additive

representing measure ν = 0, so H(x) ≡ bx and Tu = bu, whence Su
d
= bΓu; note that

E[e−xbΓu ] =
( 1

1 + bx

)u
= exp

(
−u log(1 + bx)

)
= exp

(
−u log f2(ex)

)
= E[e−xSu ],

as required.
The continuous distance preserver f3(t) ≡ 1+ p− pt−a has order α = 0 and additive

representing measure νp,a = pδa, so H(x) ≡ p(1− e−ax) and

E[e−xTu ] = exp
(
up(e−ax − 1

)
) (u, x ≥ 0).

If Nx denotes a Poisson random variable with mean x then we have that Tu
d
= aNpu

and therefore Su
d
= aNpΓu for all u ≥ 0, so S is a negative-binomial process.

Theorem 7.1. Let S be the strict subordinator with Laplace exponent

F : R+ → R+; x 7→
∫
(0,∞)

(1− e−xs) dµ(s) (µ ∈ R2)

and let T be a subordinator that is independent of Γ. Then Su
d
= TΓu for all u ≥ 0 if

and only if T has zero killing rate and Laplace exponent H such that F = log(1 +H).
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Proof. If T is a subordinator with Laplace exponent FT that is independent of Γ then
conditioning on Γu gives that

E[e−xTΓu ] = E[e−ΓuFT (x)] = e−u(FΓ◦FT )(x).

Hence Su
d
= TΓu holds for all u ≥ 0 if and only if F = FΓ ◦ FT = log(1 + FT ).

If T has zero killing rate and Laplace exponent H then FT = H and so Su
d
= TΓu for

all u ≥ 0.

Conversely, if Su
d
= TΓu for all u ≥ 0 then F = log(1 + FT ), so FT = eF − 1. In

particular, we see that T has zero killing rate, since F (0) = 0, and the result follows.
□

Corollary 7.2. Suppose S, T and µ are as in the statement of Theorem 7.1. If µ is

finite then Su
d
= TΓu for all u ≥ 0 if and only if

σ := δ0 − exp⋆(−µ) =
∞∑
n=1

(−1)n+1

n!
µ⋆n

is a positive measure, in which case the Lévy measure ν of T equals exp(µ
(
(0,∞)

)
)σ.

8. Concluding remarks

Schoenberg’s classical theorems identify the entrywise transformations compatible
with Euclidean and spherical geometry through positivity and conditional negativity.
The results obtained above complete this picture for spaces of constant curvature by
treating the remaining case, that of hyperbolic space. The replacement of positive-
semidefinite Gram matrices by Lorentz–Gram matrices changes the underlying spectral
condition from positivity to the requirement of exactly one positive eigenvalue.

Several classical structures meet in the resulting classification. Krein’s screw lines
give geometric meaning to the order and type of a preserver; Bernstein and Lévy–
Khintchine representations describe its analytic structure; taking the reciprocal leads
to complete Nevanlinna–Pick kernels; the multiplicative representation for continuous
preservers admits an interpretation through subordinators. These are all different
manifestations of the same one-positive-square phenomenon.

It is natural to ask how much of this picture persists beyond real hyperbolic space.
In particular, one might consider entrywise transformations for rank-one symmetric
spaces, for the fixed-dimensional case, where preservation is required only up to a
prescribed matrix size, and for more general indefinite structures with a fixed number
of positive squares. In each case the central question will be whether the constraint
continues to result in a tractable functional calculus comparable to the Bernstein-type
structure obtained here.

Appendix A. Minor proofs and auxiliary results

Proposition A.1. Any x ∈ L \ {e} may be written uniquely in the form

x = e cosh θ + ω sinh θ,

where θ ∈ (0,∞) and ω ∈ ℓ2(N) is a unit vector. Conversely, the vector

x = e cosh θ + ω sinh θ ∈ L
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for any θ ∈ R+ and any unit vector ω ∈ ℓ2(N).

Proof. If x = (x0, x
′) ∈ L \ {e} then x′ ̸= 0 and x20 = 1+ ⟨x′, x′⟩ > 1, so x0 > 1. Hence

there exists θ ∈ (0,∞) such that x = e cosh θ+ω s, where ω = s−1 x′ and s > 0 is such
that

s2 = ⟨x′, x′⟩ = x20 − 1 = cosh2 θ − 1 = sinh2 θ.

This gives the representation claimed. For uniqueness, if

x = e cosh θ1 + ω1 sinh θ1 = e cosh θ2 + ω2 sinh θ2

then cosh θ1 = [e, x] = cosh θ2, so θ1 = θ2 and ω1 = ω2.
For the converse, we have that

[x, x] = [e, e] cosh2 θ + 2[e, ω] cosh θ sinh θ + [ω, ω] sinh2 θ = cosh2 θ − sinh2 θ = 1. □

Lemma A.2. Let (X, d) be a metric space and let δ ∈ (0,∞). Then

d′ : X ×X → R+; (x, y) 7→ min{d(x, y), δ}
is also a metric on X.

Proof. The only non-trivial thing to check is that the triangle inequality holds. For
this, let x, y, z ∈ X and note that if d(x, y) ≥ δ or d(y, z) ≥ δ then

d′(x, y) + d′(y, z) ≥ δ ≥ d′(x, z).

Finally, if d(x, y) < δ and d(y, z) < δ then

d′(x, y) + d′(y, z) = d(x, y) + d(y, z) ≥ d(x, z) ≥ d′(x, z). □

Proposition A.3. Fix δ ∈ (0,∞) and let

ϑ : R → R; x 7→ min{x, δ}.
Then ϑ−1

(
{0}

)
= {0} and ϑ ◦ d is a metric on L, where d is the hyperbolic metric, but

the kernel corresponding to

f : [1,∞) → [1,∞); t 7→ coshϑ(arcosh t) = min{t, cosh δ}
does not have exactly one positive square.

Proof. It is immediate that ϑ−1
(
{0}

)
= {0}, and ϑ ◦ d is a metric by Lemma A.2.

Furthermore, if h := δ/2 and

x(i) := (cosh(ih), sinh(ih), 0, 0, . . .) ∈ L (i = 1, 2, 3, 4)

then [x(i), x(j)] = cosh
(
(i− j)h). Hence if M :=

[
[x(i), x(j)]

]4
i,j=1

∈ M1+, a := coshh

and b := cosh δ = cosh(2h) = 2a2 − 1 then

f [M ] =


1 a b b

a 1 a b

b a 1 a

b b a 1

 ̸∈ M1+,

since

uT f [M ]u = 4 + 6a+ 6b > 0 and vT f [M ]v = 4− 6a+ 2b = 2(a− 1)(2a− 1) > 0

for orthogonal vectors u := (1, 1, 1, 1)T and v := (1,−1, 1,−1)T with uT f [M ]v = 0. □
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Proposition A.4. Given any a, b ∈ R, the matrix

A =Ma,b :=

1 a b
a 1 a
b a 1


has eigenvalues

1− b, 1 +
1

2

(
b−

√
8a2 + b2

)
and 1 +

1

2

(
b+

√
8a2 + b2

)
.

If a = b then A has eigenvalues 1−a and 2a+1 with multiplicities 2 and 1 respectively
and if A ∈ M then A has exactly one positive eigenvalue if and only if b ≤ 2a2 − 1.

Proof. It is readily verified that

det(λI −A) = (λ− 1 + b)(λ2 − (b+ 2)λ− 2a2 + b+ 1).

The claims follow in a routine manner. □

Proposition A.5. Given any a, b, c ∈ R and m ∈ N ∩ [2,∞), the 2m × 2m block
matrix

A = N
(m)
a,b,c :=

[
Ba b1m1Tm

b1m1Tm Bc

]
,

where Bx := (1− x)Idm×m + x1m1Tm for any x ∈ R, has eigenvalues 1− a and 1− c of
total multiplicity 2m− 2, and

1

2

(
2 + (m− 1)(a+ c)±

√
(m− 1)2(a− c)2 + 4m2b2

)
.

Thus A ∈ M∗ has exactly one positive eigenvalue if and only if

m2b2 ≥ (1 + (m− 1)a)(1 + (m− 1)c).

Proof. If v ∈ Rm is orthogonal to 1m then (v ⊕ 0m)T and (0m ⊕ v)T are eigenvectors
of A with eigenvalues 1− a and 1− c, respectively. This proves the first claim.

On the space spanned by (1m ⊕ 0m)T and (0m ⊕ 1m)T , the matrix A acts as[
1− a+ma mb

mb 1− c+mc

]
.

The result follows. □

Proposition A.6. For any b ∈ (0,∞), the function x 7→ (sechx)b is a Schwartz
function on R.

Proof. We recall that

d

dx
sechx = − sechx tanhx and

d

dx
tanhx = sech2 x for any x ∈ R.

Furthermore, we have that

| sechx| ≤ 2e−|x| and | tanhx| ≤ 1 for any x ∈ R.
We claim that the nth derivative of x 7→ (sechx)b is a finite linear combination of terms
of the form (sechx)c(tanhx)m, where c ≥ b and m ∈ Z+. This is true for n = 1, so
holds by induction, as

d

dx
(sechx)c(tanhx)m = −c(sechx)c(tanhx)m+1 +m(sechx)c+2(tanhx)m−1.
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The result follows. □

Proposition A.7. For any b ∈ (0,∞) and any n ∈ N, the function x 7→ xn cosech(bx)
is integrable on R.

Proof. Note first that

lim
x→0

x

sinh(bx)
= lim

x→0

1

b cosh(bx)
=

1

b
,

so the function x 7→ xn cosech(bx) can be made continuous at the origin. Furthermore,
if x ̸= 0 then ∣∣∣ xn

sinh(bx)

∣∣∣ ≤ (2n+ 1)!|x|n

b2n+1|x|2n+1
=

(2n+ 1)!

b2n+1
|x|−n−1

and the result follows. □

Proposition A.8. If x ∈ R and b ∈ (0,∞) then∫
R+

cos(xs) sech(bs) ds =
π

2b
sech(πx/2b),

so

sechx =

∫
R+

cos(xs) sech(πs/2) ds

and sech2 x =

∫
R+

cos(xs) s cosech(πs/2) ds.

Proof. It is readily verified that cosh has a simple zero at (2n + 1)πi/2 for any n ∈ Z
and is non-zero otherwise. Furthermore, if x ∈ R then

lim
z→πi/2

(z − (πi/2)
)
eixz

cosh z
=

e−xπ/2

sinh(πi/2)
= −ie−πx/2.

Hence, by Cauchy’s residue theorem, if N ∈ N then∫
[−N,N ]∪[N,N+πi]∪[N+πi,−N+πi]∪[−N+πi,−N ]

eixz

cosh z
dz = 2πe−πx/2,

where [z, w] denote the directed line segment from z to w.
If z = N + iy ∈ [N,N + πi] then∣∣∣ eixz

ez + e−z

∣∣∣ = e−xyeN

|e2N+2iy + 1|
≤ eN

e2N − 1

and similarly if z = −N + iy ∈ [−N − πi,−N ] then∣∣∣ eixz

ez + e−z

∣∣∣ = e−xyeN

|1 + e2N−2iy|
≤ eN

e2N − 1
,

so ∣∣∣∫
[N,N+πi]∪[−N−πi,−N ]

eixz

cosh z
dz

∣∣∣ ≤ 4πeN

e2N − 1
→ 0 as N → ∞.

Furthermore, we have that∫
[−N,N ]

eixz

cosh z
dz =

∫
[−N,N ]

eixu

coshu
du = 2

∫
[0,N ]

cos(xt) sech tdt
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and∫
[−N+πi,N+πi]

eixz

cosh z
dz =

∫
[−N,N ]

eixue−πx

cosh(u+ πi)
du = −2e−πx

∫
[0,N ]

cos(xt) sech tdt,

since

cosh(u+ πi) =
eueπi + e−ue−πi

2
= − coshu.

Rearranging and letting N → ∞, we have that∫
R+

cos(xt) sech tdt =
2πe−πx/2

2(1 + e−πx)
=

π

2 cosh(πx/2)

and hence∫
R+

cos(xs) sech(bs) ds =
1

b

∫
R+

cos(xr/b) sech(r) dr =
π

2b
sech(πx/2b),

as claimed.
The second identity follows immediately. For the third, note that the second gives

that

sech2 x =
1

4

∫
R

∫
R
eixv sech(πu/2) sech(π(v − u)/2) dudv.

Now,

1

4

∫
R
sech(πu/2) sech(π(v − u)/2) du

=

∫
R

1

eπu/2 + e−πu/2

1

eπ(v−u)/2 + eπ(u−v)/2
du

=

∫
R+

1

t+ t−1

1

eπv/2t−1 + e−πv/2t

2 dt

πt
(t = eπu/2)

=
2b

π

∫
R+

t

(t2 + 1)(t2 + b2)
dt (b = eπv/2)

=
2b

π(b2 − 1)

∫
R+

t

t2 + 1
− t

t2 + b2
dt (b ̸= 1)

=
1

2π sinh(πv/2)

[
log

( t2 + 1

t2 + b2

)]∞
0

=
v

2 sinh(πv/2)
,

which is an even function of v, and therefore

sech2 x =

∫
R+

cos(xs) s cosech(πs/2) ds. □

Proposition A.9. If x ∈ R and b ∈ (0,∞) then∫
R+

cos(xt)(sech t)b dt = 2b−2B
(b+ ix

2
,
b− ix

2

)
=

2b−2

Γ(b)

∣∣∣Γ(b+ ix

2

)∣∣∣2 ≥ 0,



48 ALEXANDER BELTON, DOMINIQUE GUILLOT, APOORVA KHARE, AND MIHAI PUTINAR

where the beta and gamma functions

B(z, w) :=

∫
[0,1]

tz−1(1− t)w−1 dt =
Γ(z)Γ(w)

Γ(z + w)
and Γ(z) :=

∫
R+

tz−1e−t dt

for any z, w ∈ C such that ℜz > 0 and ℜw > 0.

Proof. The substitution t = (1 + s)−1 gives that∫
[0,1]

tz−1(1− t)w−1 dt =

∫
R+

(1 + s)−z−wsw−1 ds.

Hence

B
(b+ ix

2
,
b− ix

2

)
=

∫
R+

(1 + s)−bs(b−ix)/2 ds

s

=

∫
R+

(s−1/2 + s1/2)−bs−ix/2 ds

s

= 2

∫
R
(ey + e−y)−beixy dy (s = e−2y)

= 22−b

∫
R+

cos(xt)(sech t)b dt.

The final claim now follows from the well known identity linking the beta and gamma
functions and the fact that Γ(z) = Γ(z) for any z ∈ C with ℜz > 0. □

Proposition A.10. Let µ be a positive Radon measure on (0,∞). The function

f : R → R+; t 7→
∫
(0,∞)

1− cos(st)

s2
dµ(s)

is bounded if and only if the integral

I :=

∫
(0,∞)

dµ(s)

s2

is finite.

Proof. We follow the proof of [38, Theorem 3].
Since s 7→

(
1− cos(st)

)
/s2 has a limit as s→ 0+ and

0 ≤ 1− cos(st)

s2
≤ 2

s2
,

if I is finite then f is bounded, with 0 ≤ f(t) ≤ 2I for all t ∈ R.
Conversely, suppose M > 0 is such that 0 ≤ f(t) ≤M for all t ∈ R and let

fϵ,a(t) :=

∫
[ϵ,a]

1− cos(st)

s2
dµ(s) (0 < ϵ < a <∞).

Then, by Tonelli’s theorem and the dominated convergence theorem, we have that

bn :=
1

n

∫
[0,n]

fϵ,a(t) dt =

∫
[ϵ,a]

(
1− sin(ns)

ns

)dµ(s)
s2

→
∫
[ϵ,a]

dµ(s)

s2
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as n→ ∞. Furthermore, we know that

0 ≤ fϵ,a(t) ≤ f(t) ≤M for any t ∈ R,

so 0 ≤ bn ≤M for all n. Hence 0 ≤
∫
[ϵ,a] dµ(s)/s

2 ≤M and, as M is independent of ϵ

and a, it follows that I is finite, with 0 ≤ I ≤M . □
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