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ABSTRACT. The mathematical description of shapes as elements of non-linear
geometric spaces has been central to the field of geometric statistics and has
spawned a variety of new links to other fields of mathematics: Geometric
data requires models for stochastic processes in geometric spaces, for example,
for data in structural and evolutionary biology, in biomedical imaging, and
in morphology such as plant sciences, and non-holonomic constraints lead
to sub-Riemannian geometric structures. The prevalence of shape data has
created a need for statistical inference tools to draw conclusions from observed
shapes in complex, non-linear settings, and new numerical techniques now
allow for studying geometries experimentally in novel ways, for example, using
neural networks to allow simulation of diffusion bridges in sub-Riemannian
spaces. The ability to model local information with sheaves gives the ability
to analyze shapes with neural networks.
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Introduction by the Organizers

The workshop S”: Statistics and Stochastics for Sheaves, Shapes, Stratified and
Sub-Riemannian Structures was dedicated to and held in memory of Sayan
Mukherjee. Sayan Mukherjee (Leipzig) organized the workshop together with
Karen Habermann (Coventry), Stephan Huckemann (Goéttingen) and Stefan
Sommer (Copenhagen), but Sayan sadly passed away before the workshop took
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place. We are deeply saddened by the loss of Sayan, and we kept him in mind
during the workshop, the workshop being just one part of Sayan’s scientific legacy.

The workshop has brought together 24 scientists from the fields of geometry,
probability, stochastic analysis, statistics and from major application areas. The
focus was to strengthen interactions between otherwise mostly separate fields to
accelerate progress and spawn new ideas, and to build on recent developments in
geometric statistics, both for shapes and for broader classes of geometric data that
cannot be modeled faithfully in vector spaces.

The scientific program included 21 invited talks of about 45 minutes each, which
left plenty of room for informal discussions and collaboration throughout the week.
Main themes of the talks at the workshop included

(1) metrics spaces and geometry of metric spaces in several specific cases,
(2) geometry of Wasserstein spaces,

(3) geometric statistics,

(4) machine learning on geometric objects, and

(5) shape space theory and methods.

On metric spaces and the geometry of metric spaces, Tom Nye and Fernando
Galaz-Garcia discussed the geometry of spaces of graphs and persistence diagrams,
and Washington Mio gave a talk on statistics on metric spaces including estimation
of barycenters and modes of probability distributions.

On the Wasserstein geometry theme, Tom Needham gave a talk on the ge-
ometry of Gromov-Wasserstein distances highlighting many links to the different
fields this workshop brought together, Mao Nishino discussed diffusion processes
on Wasserstein space and how to condition on observed data in the form of ob-
served measures, Alice Le Brigant presented a Wasserstein geodesic principal com-
ponent analysis for probability measures and raised an open question concerning
the first principal geodesic component for a family of Gaussian distributions in
higher dimensions, and Francois-Xavier Vialard introduced Gromov-Wasserstein
solver that scale to hundreds of thousands of points in minutes.

Several aspects of geometric statistics were covered in the talks. Huiling Le dis-
cussed Fréchet p-functions and Fréchet p-means generalizing the Fréchet mean on
manifolds. Susovan Pal presented asymptotic aspects of Fréchet mean estimation
with detailed new conditions for when smeariness can occur and cannot occur.
Yvo Pokern discussed estimation on complex projective spaces, and estimation
of subspaces of manifolds was the topic of Ian Dryden’s talk on principal nested
cones and of Xavier Pennec’s talk on flag manifolds and its role in statistics.

Machine learning and neural networks on complex geometric data was the topic
of the talk by Christoph von Tycowicz about convolution on manifold valued
graphs using diffusion, and of Erlend Grong’s talk on PDE learning on manifolds
and operator learning, including a discussion on operators equivariant under isom-
etry groups of sub-Riemannian model spaces. Infinite dimensional diffusion models
and training were the topic of Elizabeth Baker’s talk.

Concerning shape space analysis, Martin Bauer presented a recent result on
the completeness of reparametrization-invariant Sobolev metrics on the space of
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surfaces, concluding a ten year quest. Erik Jansson discussed gradient flows for
template-based reconstruction, Nicolas Charon talked about regression and classi-
fication of shapes in the space of varifolds, and Levin Maier spoke about periodic
geodesics on manifolds of mappings. Peter Michor discussed shape spaces quotient
the special Euclidean group (rigid motion, translations and rotations) with geom-
etry inherited from metrics on the diffeomorphism group with derivatives of rigid
motions in their null-space. Karen Habermann presented a complete characteri-
zation of stochastic completeness for landmark manifolds with inherited metrics.
This problem has been open for several years, and it has been discussed intensively
in Oberwolfach at previous workshops. The presentation at this workshop marks
the solution of the problem.

The workshop concluded with a perspective on possible future research direc-
tions, both theoretical and applied in nature, for geometric statistics, for instance,
linking Wasserstein approaches to diffusion models and generative Al, and various
other newly evolving machine learning methods.

Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-2230648, “US Junior Oberwolfach Fellows”.
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Abstracts

Infinite-dimensional diffusion models for Bayesian inverse problems
ELIZABETH BAKER

(joint work with Alexander Denker, Jes Frellsen)

1. INTRODUCTION AND MOTIVATION

Bayesian inverse problems in function spaces arise throughout the sciences and
engineering: one observes a noisy, indirect measurement of an unknown function
and seeks to characterise the full posterior distribution over that function. For-
mally, given Hilbert spaces H and Y, a measurable forward operator G : H — Y,
and observations of the form

y=G(f)+n, [f~m n~mo,
the Bayesian posterior ¥ satisfies, by the infinite-dimensional Bayes theorem [4],

N = gexp(-2(fm)

where ® : H XY — R is the negative log-likelihood potential and £ is a normalising
constant.

Score-based diffusion models (SDMs) have recently been extended to infinite-
dimensional function spaces [9, 7, 8], providing expressive data-driven priors on
such spaces. However, the problem of conditioning an infinite-dimensional SDM
to sample from a posterior ¥, rather than the prior 7, has remained open. This
work addresses that gap, building on the infinite-dimensional h-transform in [2].

2. INFINITE-DIMENSIONAL DIFFUSION MODELS

We work within the framework of [9]. Let C be a trace-class covariance operator
on H and let W be the associated cylindrical Wiener process. The SDE

dX, = —3X,dt +VC W, Xo~m,

has marginal distributions converging to N'(0,C) as t — oo. The time-reversed
process Z; := Xp_; satisfies

dZy = (32 + (T —t,Z)) dt + VC dW
where the score s(t,x) is defined as
s(t,x) = —(1—e )z — e ?E[X, | X; = z]).

In finite dimensions this coincides with V, logp:(x), but the formulation above is
well-posed in infinite dimensions.
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3. CONDITIONING VIA DOOB’S h-TRANSFORM

The central theoretical contribution [1] is to show that the reverse SDE can be

conditioned on Y = y by adding a guidance term to its drift, via an infinite-

dimensional Doob’s h-transform. We work under one of two general settings:

Setting 1.: The support of 7 lies in a ball of radius R in the Cameron-Martin
space of C.

Setting 2.: The prior is absolutely continuous with respect to a Gaussian,
dr/dN (0, Cr) o exp(—¥), with ¥ having at most quadratic growth and
Lipschitz gradient, and ® Fréchet differentiable.

In both settings the time-reversed SDE has a strong solution [9, Theorems 12-

13]. We define the h-transform

hY(t,z) == € ' Eplexp(—®(Xo,y)) | X¢ = 2],
where P denotes the path measure of the unconditional process.
Theorem 1 (Conditional SDE). Under Setting 1 or Setting 2, the conditional

path measure PY = P(- | Y = y) satisfies dPY = h¥(T, Zy) dP. Moreover, the
conditional process Z} satisfies

dzy = (gzg/ + (T —t,Z¢) + CV log h¥(T —t, ng)) dt +/C dW}H,

where Vlog hY denotes the Riesz representative of the Fréchet derivative of log hY
with respect to x.

Differentiability of h¥ is established by different arguments in each setting. In
Setting 2 it follows from the differentiability of ® and ¥ via a Gaussian change
of variables. In Setting 1 it follows from the Cameron-Martin theorem applied to
the transition kernels of the forward SDE.

Theorem 2 (Score Decomposition). Under Setting 1 or Setting 2, setting By =
e t2(1 —e )1, the guidance term decomposes as

CVlogh¥(t,x) = s¥(t,x) — s(t, x)
= 5 (ELXo | X, ==, Y = y] — E[Xo | X, = a]),

where sY(t,z) == —(1 — e~ ")~ (z — e7"/?E[Xo | X; = 2,Y = y]) is the conditional
score.

This is the infinite-dimensional analogue of the finite-dimensional identity
Vaelogp(y | ) = Vilogp(x: | y) — Vi logpe(ae) [5], and justifies the modular
approach of learning only the guidance term on top of a pre-trained unconditional
score.

4. APPROXIMATING THE GUIDANCE TERM

Since hY involves the full transition law of the infinite-dimensional process, the
guidance term CVloghY is intractable. To learn this we introduce Supervised
Guidance Training [1] which recasts the problem as a denoising score matching
problem.
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Proposition 1 (Supervised Guidance Training). Define

B =~ E[ B0 | X Y] - X

If B is bounded, then the minimiser of the score-matching objective
IE[Hu(t,Xt,Y) - CVIoghY(t,Xt)HiJ

coincides with the minimiser of the simulation-free denoising objective
2

+ s(t, Xe) +u(t, X¢,Y)

E X, — e V2X,
1—et

K

where the expectation is over (Xo,Y) ~ Law(Xy,Y) and X; ~ Law(X; | Xo). The
mingmiser u* is almost surely unique and satisfies u*(t,z,y) = CVlog h¥(t, x).

The space K is chosen as the Cameron-Martin space of C' under Setting 1,
or H itself under Setting 2, and boundedness of B follows from [9, Lemma 8|.
Training requires only the forward pass of the pre-trained score network sg and
paired samples (Xo,Y) available by forward simulation of the PDE. For a new
observation setting, only the lightweight guidance network u, need be retrained;
the unconditional score is kept fixed.

5. CONCLUSION

In this work, based on [1], we developed a framework for using diffusion models
to learn posterior distributions for Bayesian inverse problems. We show that this
can be done via conditioning of infinite-dimensional SDEs. The resulting guidance
term can be decomposed into the score and conditional score terms. Therefore,
by learning the conditional score we can learn posterior distributions.
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Completeness of reparametrization-invariant Sobolev metrics on the
space of surfaces

MARTIN BAUER
(joint work with Cy Maor and Benedikt Wirth)

1. COMPLETENESS OF REPARAMETRIZATION-INVARIANT SOBOLEV METRICS ON
THE SPACE OF SURFACES

The results presented in this talk are based on joint work with Cy Maor and
Benedikt Wirth [3].

Motivation: Reparametrization-invariant Riemannian metrics on spaces of im-
mersions have become a central tool in shape analysis and geometric data sci-
ence [6, 1]. They provide a mathematically rigorous framework for comparing geo-
metric objects and induce Riemannian metrics on shape spaces of unparametrized
submanifolds. At the same time they form a natural generalization of right-
invariant metrics on diffeomorphism groups and thus constitute an important
class of examples in infinite-dimensional Riemannian geometry. A fundamental
question concerns completeness properties of these metrics. Around 2013, David
Mumford conjectured that Sobolev metrics of sufficiently high order on spaces of
immersions should be complete, analogously to strong Sobolev metrics on diffeo-
morphism groups. This conjecture was verified for spaces of immersed curves by
Bruveris, Michor and Mumford [4] and subsequently generalized in several direc-
tions, see e.g. [5, 2] and the references therein. The main result of the present
work establishes conditions ensuring metric and geodesic completeness as well as
the existence of minimizing geodesics on the space of immersed surfaces, thereby
confirming the completeness conjecture of Mumford in this important special case.
We note, that prior to the present work, no completeness result was known for
reparametrization invariant metrics on this space.

Statement of Main Results: To formulate the main result, we first introduce
some notation. Let Imml(M ,R?%) denote the Hilbert manifold of H'-immersions
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of a closed oriented surface M into R¢, where d,I > 3. We then consider the
curvature-weighted Sobolev metric

G (ha, ha) :/

(P - ha =+ [HI (9(Vh1, V) + g(V2hi, V2ha))
M

(1)
+g(vkh1,vkh2)) vol,

of order 3 < k < [, where g, H, V and vol denote the metric, mean curvature,
Levi—Civita connection and volume form induced by the immersion f. It can be
easily verified, that the metric is invariant under the action of the group of Sobolev
diffeomorphisms Diff l(M ) and therefore descends to the shape space

SH(M,RY) := Tmm! (M, R?)/ Diff' (M).
The main result of the paper is the following theorem:

Theorem 1 (Completeness Properties of the Space of Immersed Surfaces [3, The-
orem 1.1]). Let M be a two-dimensional, closed manifold, let d,I > 3 and let
Imml(M, R?) be the space of all immersions of M into R? of reqularity H', equipped
with the Riemannian metric G* from (1) of order 3 <k <1. We have:

(a) Metric Completeness of Imm"* (M, R%): The space (Imm” (M, R%), G*)
is metrically complete.

(b) Geodesic Completeness of Imm'(M,R%) for | > k: The space of im-
mersions (Imm'(M,R®), G¥) is geodesically complete. The result contin-
ues to hold for | = oo, i.e., the space of smooth immersions Imm (M, R?)
equipped with the metric G* is geodesically complete.

(c) Existence of Minimizing Geodesics on Imm"(M,R%): For any two
immersed surfaces fo, f1 in the same connected component of Imm”* (M,R%)
there exists a minimizing G*-geodesic in Immk(M, R?) connecting them.

(d) Metric Completeness of S*(M,R%): The space S¥(M,R?) is metrically
complete with respect to the metric induced by G*.

(e) Existence of Optimal Reparametrizations: For any two elements
[f1],[f2] € S¥(M,R?) in the same connected component there exists an
optimal reparametrization ¢ € Diff* (M) attaining the infimum in the def-
inition of the quotient distance,

dist([f1], [fo]) = inf  distgr(f1, f2 0 ) = distgr(f1, f2 0 §).

pEeDIffF (M)

(f) Shape Space is a Geodesic Length Space: For any two elements
[f1], [f2] € S*(M,R?) in the same connected component there exists a min-
imizing connecting geodesic in S*(M,R?), in the sense of metric geometry,
for the metric induced by G*.

Proof Strategy and Open Questions: The proof proceeds in two steps. First,
we establish a general criterion for metric completeness, geodesic completeness
and existence of minimizing geodesics for strong Riemannian metrics defined on
open subsets of complete Hilbert manifolds. This result is formulated in terms of
bounds on metric balls and may be of independent interest. Second, we verify the
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assumptions of this abstract theorem for spaces of immersions. The main techni-
cal difficulty is obtaining control of the induced metric, mean curvature and their
derivatives on G*-metric balls. This is achieved by combining intrinsic Sobolev
estimates with Michael-Simon—Sobolev inequalities. These estimates exclude de-
generations such as curvature blow-up and loss of immersedness at finite geodesic
distance, thereby yielding the desired completeness properties.

We believe that the methods developed in this work provide a direct route to-
wards proving analogous completeness results for immersed submanifolds of arbi-
trary dimension and codimension. In particular, we expect that suitably weighted
Sobolev metrics of order above the critical threshold dim(M)/2 4+ 1 should satisty
metric completeness, geodesic completeness, and existence of minimizing geodesics
on both the space of immersions and the corresponding shape space.

At the same time, several important questions remain open. Most notably, it is
not known whether the curvature weights used in the present work are essential. In
particular, it remains unclear whether unweighted Sobolev metrics of sufficiently
high order are complete on spaces of immersed surfaces. Further interesting di-
rections include extensions to metrics of fractional order and to immersions into
general ambient manifolds, the construction of complete geometries on spaces of
embeddings, and the development of convergent discretizations of the correspond-
ing geodesic boundary value problems.
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Regression and classification of shapes in the space of varifolds
NicorLas CHARON
(joint work with Emmanuel Hartman, Murad Hossen)

Despite important progress in the rapidly developing field of geometric deep learn-
ing [1], performing statistical analysis on geometric data—where each observation
is a shape such as a curve, graph, or surface—remains challenging due to sev-
eral factors, the most fundamental of which being the non-Euclidean nature of
shape spaces. Indeed, shapes are generically defined as equivalence classes of
parametrization functions, e.g. Lipschitz embeddings ¢ : M — R™ where M is
a base parameter space such as S' or S?, modulo the action of some invariance
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groups. Among those is the invariance to reparametrization, namely to the right
composition ¢ o v by any bi-Lipschitz homeomorphism v of M. Building ma-
chine learning frameworks that incorporate those fundamental invariances is often
crucial to ensure generalizability of the trained models to new observations.

In this work, we proposed a new framework to tackle the tasks of classification
and regression on datasets of curves, spatial networks and surfaces. At its core,
our approach leverages the representation of such objects as varifolds [2], which in
our context, are defined as positive measures on the product space R™ x S”~1 and
can be interpreted as distributions of points with tangent/normal directions at-
tached. A key property is that any parametrized shape ¢ as above can be naturally
associated with a varifold ;1 which in addition is invariant to reparametrizations
of g. This varifold p; € MT(R™ x S"~1) can be viewed via its dual action on any
test function h € C.(R™ x S"71) as

(g, h) = /M h(q(m), Z(m)) d voly(m).

Our proposed framework, that we coin SVarM [3], consists in building regressor or
classifier functionals in the space of varifolds, which, thanks to the mapping g — p,
from shape spaces to varifolds, will in turn lead to a corresponding invariant shape
regression/classification model. Our primary focus has so far been on the simplest
possible class of varifold functionals, which, similar to SVM in Euclidean spaces,
consist of the affine maps of the form p +— (u, h) + § parametrized by a “support”
test function h € C.(R"x.S"!) and a bias 8 € R. By modelling h as a Multi Layer
Perceptron neural network, one can then estimate h and S from a given training
set of shapes (viewed as varifolds) with their corresponding labels. We showed,
on several benchmark datasets and examples, that this leads to a competitive
approach in terms of classification or regression performance when evaluated on
test sets, while keeping the size and number of trainable parameters of the model
noticeably smaller than typical alternative geometric deep learning architectures.

(wh) @

FIGURE 1. Towards parametrizing nonlinear functionals on vari-
fold spaces.

Although those results were obtained based on simple affine functionals on
varifold space, one could extend this setting in various ways. An approach in
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particular would consist in combining multiple functionals p +— (u, he) for different
test functions hq, ..., hr via some nonlinear function G as illustrated in Figure 1,
which, in principle, could allow one to approximate (in the limit of L — +00)
any weak-* continuous functional on the space of varifolds. We plan in further
exploring such a model in the future and evaluate its potential interest for problems
beyond regression and classification.
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Principal Nested Cones
IAN L. DRYDEN
(joint work with Yanyan Zhan, Yuexuan Wu)

In many statistical applications, it is common to encounter data that lie on a
type of cone, where there is a distinction between an overall scale variable and the
remaining scale-free structure. For example, in biology, it is of interest to examine
the relationship between size (a scale variable) and shape (geometrical properties
which are scale-free). Another example is a covariance matrix ¥ which can be
represented as the total variation tr(3) and a scale-free trace 1 positive definite
matrix ¥/tr(X). The distinction between scale and scale-free structure leads to
the representation of the data on a cone of a metric space, which is the product of
a positive real line (the scale) and an underlying metric space M. The use of the
cone representation can be helpful for examining the joint relationship between
the scale variable and data on the underlying metric space M.

Among such settings, object and shape data arise in a wide range of applica-
tions, including biology, medical imaging, computer vision, and molecular analysis
[2, 4, 5]. These data are commonly represented by landmark coordinates or de-
rived measurements such as lengths, widths, and angles, and can therefore be
high-dimensional. In addition, complex interactions between shape and size are
common. Dimension reduction and joint size-and-shape analysis are therefore fun-
damental challenges in statistical modeling.

A common approach to dimension reduction is to carry out Principal Compo-
nents Analysis (PCA), which is typically performed in the tangent space of shape
or size-and-shape space [2, Section 7.7]. Principal Nested Spheres (PNS; [3]) pro-
vides an alternative by performing a sequence of projections onto nested spherical
submanifolds rather than relying on tangent space approximations. An extension
to Principal Nested Shape Spaces (PNSS) was given by [1]. However, PNS and
PNSS remove scale by normalizing observations to unit size, thereby discarding
information about size.
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In order to retain scale information [6] propose Principal Nested Cones (PNC),
a nonlinear dimension-reduction framework that jointly models size and shape.
Through a sequence of nested cones, size is retained as an explicit geometric com-
ponent throughout the analysis. It leads to a novel representation for size-and-
shape data from a scale—structure decomposition, in which a radial component
encodes size and a manifold-valued component encodes shape. Moreover, the
approach generalizes naturally to broader Euclidean and non-Fuclidean settings.
Some details are as follows.

Let M be a compact Riemannian manifold with intrinsic geodesic distance
p(+,+), which ensures well-defined local projections onto submanifolds. A cone
Con(M) of a metric space consists of the product of a metric space (M, p) with
the non-negative real numbers [0, 00). Each point on the cone can be written as
(z,t) where x € M and ¢ > 0, and in addition all apex points (z,0) are identified
with each other. The cone is therefore a quotient space {M x [0,00)}/ ~, with
the apex equivalence relation ~. For PNC we construct a nested sequence of
submanifolds

M=Mg> Mg 2> DM,
which induces a nested sequence of cone submanifolds

Con(M) = Con(My) D Con(My—1) D --+ D Con(My).

To estimate such a sequence of submanifolds, at each stage k, we can minimize
the corresponding empirical objective function

Quie = Y77 p (@i ()%,

i=1

where (x;,7;) € Con(M), r; > 0 is the size of observation z;, and mj is the
intrinsic projection onto the lower-dimensional submanifold My_;1. Thus, in the
general setting, we minimize a size-weighted sum of squared intrinsic distances on
the manifold M, where size corresponds to the radial coordinate. This general
formulation is first illustrated via the spherical case M = S¢, where the cone
admits an explicit Euclidean realization via hypercones and the criterion reduces
to the sum of squared hypercone residuals.

To enable scalable computation in ultra-high-dimensional settings, we develop
a fast approximation combining PCA-based transformation with standard PNC.
Simulation studies and real data applications demonstrate that PNC captures non-
linear size-and-shape variation, improves representation and reconstruction, and
yields interpretable insights across morphometric, developmental, and molecular
datasets.
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Metric Geometry of Spaces of Persistence Diagrams
FERNANDO GALAZ-GARCiA

(joint work with Mauricio Che, Fernando Galaz-Fontes, Luis Guijarro, Ingrid
Amaranta Membrillo Solis, and Motiejus Valiunas)

Persistence diagrams are a standard tool in topological data analysis (TDA) for
summarizing the shape of data across scales. They were introduced by Cohen-
Steiner, Edelsbrunner, and Harer as equivalent representations for persistence
modules indexed by the positive real numbers [5]. The set of persistence diagrams
may be metrized with the p-Wasserstein metrics, parametrized by 1 < p < oo
(see [6]), with the metric corresponding to p = oo also known as the bottleneck
distance. In this way, one obtains a family of metric spaces D,(R?, A), where A
is the diagonal of R?, placing metric geometry and TDA in a common framework.

Mileyko, Mukherjee and Harer formalized these metric constructions in [7].
They also examined the completeness, separability, and compactness of subsets of
the space D,(R?, A) with the p-Wasserstein metric, 1 < p < oo, and the existence
of Fréchet means for probability distributions on D,(R?, A). Motivated by the
computation of Fréchet means of finite subsets of D,(R? A), Turner, Mileyko,
Mukherjee, and Harer later showed in [8], among other results, that Do(R2, A) is
an infinite-dimensional Alexandrov space with non-negative curvature. This result
established a connection between the still poorly understood geometry of infinite-
dimensional Alexandrov spaces and the metric geometry of spaces of persistence
diagrams.

The construction of spaces of persistence diagrams D,(R?, A) may be general-
ized by considering a metric pair (X, A), where X is a metric space and A is a
distinguished nonempty closed subset. In this context, (generalized) persistence
diagrams may be viewed as countable multisets of points in X, considered relative
to A ([2]; see also [1]).

In this talk, I will discuss the functorial construction (X, A) — D,(X, A), which
assigns to each metric pair (X, A) a pointed metric space D,(X, A) of persistence
diagrams equipped with the p-Wasserstein metric, 1 < p < oco. Several basic prop-
erties of the metric space X, such as completeness and geodesicity, are preserved
by the functor D,, with X assumed proper in the geodesic case (see [2, 3]). In par-
ticular, if X is a proper Alexandrov space of non-negative curvature and A C X is
any non-empty closed subset, then Dy (X, A) is an infinite-dimensional Alexandrov
space of non-negative curvature.
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I will also discuss more recent work [4] in which the bottleneck and p-Wasserstein
distances are recovered as special cases of a broader construction obtained by
replacing the usual ¢ norm by the norm of a normalized permutation-invariant
Banach sequence ideal E. Under natural assumptions on E, the resulting matching
formula defines a metric and the associated spaces of persistence diagrams are
complete, separable, and geodesic. This enlarges the class of metrics available on
spaces of persistence diagrams while preserving the basic geometric properties of
the classical cases.
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Equivariant nonlinear operators
ERLEND GRONG
(joint work with F. Ballerin)

We are motivated by the following question. Let P be a nonlinear partial differen-
tial operator on a Riemannian manifold (M, g). Let G be its group of isometries.
We say that P is G-equivariant if

P(fop)=P(f)op, for any f € C*°(M),p € G.

We consider this question for the case where (M, g) is a simply connected Rie-
mannian model space, i.e., Riemannian manifolds with constant sectional curva-
ture that, up to scaling, are isometric to a sphere, the hyperbolic space or the
euclidean space. We will also consider nonlinear differential operators that are
polynomial, meaning that they are linear combinations of operators on the form

(1) f=(Laf)(Laf) - (Lnf), with each L; a linear differential operator.

For an operator as in (1), if each L; is linear order r;, then we call k = max{ri, ...,
rn} the order, p =1y + -+ r, the total order and n the polynomial degree of the
operator respectively. and extend these definitions by linearity to all polynomial
differential operators. We write NPDO(M) for all nonlinear polynomial differential
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operators, with NPDOP (M) being the subspace of operators of total order < p. We
write NPDO (M) for the subspace of equivariant operators under the isometry
group G.

Our result is that all such operators can be categorized by multigraphs. A
multigraph ~ consists of vertices V[y] = {v1,...,v,}, and edges E[y] that are
unordered pairs of vertices, allowing both multiple edges between vertices, as well
as loops. We define the degree deg(v) of a vertex v as the number of edges adjacent
to it, with loops counting twice, and define V¥ = V4¢&(v).8ym for the corresponding
symmetric covariant derivative. We then define a nonlinear differential operator
N([y]) from an isomorphism class [v] of a multigraph v by

VVMf =V f®- - V", and N(}) = gy \vadel 1,

where tr g, takes a trace for each edge e = {v;,v;} € E[y] between V" f and V" f.
If v has n vertices with maximal degree k and p edges, then N([y]) has order k,

total order 2p and polynomial degree n. As an example, if v = 8—e, then
2.
N([7) = e (V3R N (Veaf) = (VAL V) — 3 Ric(Vf, Vf)

*1,%1,%2
Our main result is as follows.

Theorem 1 ([1]). Let MG be the collection of all equivalence classes of multi-
graphs, with subset MGP being those that have at most p edges. If (M,g) is a
simply connected d-dimensional complete manifold of constant sectional curvature
and isometry group G, then

N : spang MG — NPDO(M)® is surjective.
Furthermore for any
p <d, Nlspanmar : spang MGP — NPDO? (M)% is bijective.

This theorem generalizes a result by Helgason [2] stating that linear equivariant
differential operators on the same spaces are polynomials in the Laplacian. The
result is motivated by learning PDEs, see, e.g., [4, 3, 5]. The result shows that the
number of candidate terms that need to be considered when learning an equivariant
partial differential operator is asymptotically constant in the dimension d if we
limit ourselves to a maximal total order and polynomial degree.

Studying the kernel of the operator N also gives us nontrivial linear depen-
dence relations between differential operators which exist for lower dimensional
manifolds, but in in higher dimensions. The smallest nontrivial case is below.

Theorem 2 ([1]). On any Riemannian manifold of dimension d > 2, the operators
Pf=|VFIPAN? = VAPV + 20V F(Vf, NP = 2Af - V2F(VE V),
Qf = (Af)? = 3AFIV?fIIP + 200 V3, L, V2 L VLT

are equivariant with respect to isometries, and they are identically zero if and only
if d=2.
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The discussion described the mathematical foundations for these results. We
also gave some comments on operators that were equivariant under the identity
component of the isometry group as well as under the isometry group of a sub-
Riemannian model space.

REFERENCES

[1] Ballerin, Francesco, and Erlend Grong. Equivariant nonlinear partial differential operators
on constant curvature spaces. arXiv preprint arXiv:2605.16847 (2026).

[2] Helgason, Sigurdur Differential operators on homogeneous spaces. Acta Math. 102 (1959),
239-299.

[3] Rudy, Samuel H., et al. Data-driven discovery of partial differential equations. Science ad-
vances 3, no. 4 (2017): €1602614.

[4] Brunton, Steven L., Joshua L. Proctor, and J. Nathan Kutz. Discovering governing equa-
tions from data by sparse identification of nonlinear dynamical systems. Proceedings of the
national academy of sciences 113 no. 15 (2016): 3932-3937.

[5] Both, Gert-Jan, et al. DeepMoD: Deep learning for model discovery in noisy data. Journal
of Computational Physics 428 (2021): 109985.

Stochastic completeness for landmark space
KAREN HABERMANN
(joint work with Stefan Sommer)

In shape analysis, in computational anatomy and for stochastic models of shape
evolution the Large Deformation Diffeomorphic Metric Mapping framework models
shape variations as diffeomorphic deformations. Important shape spaces within
this framework are spaces of landmarks with Riemannian metrics induced from
right-invariant metrics on compactly supported diffeomorphisms, see [4]. Shapes
are then characterized by n > 2 ordered distinct landmarks in R4 for d > 1.

In diffeomorphic landmark matching, two landmark configurations consisting of
the same number of landmarks are compared by solving an optimization problem
which minimizes a suitable energy functional associated with flows of compactly
supported diffeomorphisms that transform one landmark configuration into the
other one. The landmark manifold Land™ of n distinct landmarks in R? can
be endowed with a Riemannian metric g such that this optimization problem is
equivalent to the geodesic boundary value problem for g on Land™. For modeling
stochastic shape evolutions and for performing data statistics on these spaces, it
is of fundamental importance to study long-time existence of Brownian motion
on the Riemannian landmark manifold (Land”, g), that is, to analyze stochastic
completeness properties of (Land”, g).

The first progress [1] made in this direction provides a full characterization for
long-time existence of Brownian motion for landmark configurations of exactly
two landmarks and governed by a radial kernel. For Sobolev metrics one finds
the threshold phenomenon that low-order Sobolev metrics allow landmark colli-
sion in finite time with positive probability, whereas sufficiently regular Sobolev
metrics and Gaussian kernels give long-time existence of Brownian motion. The
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results in [2] then establish a full characterization of geodesic completeness for
spaces of landmarks with smooth translation- and rotation-invariant metrics for
arbitrary numbers of landmarks, and give examples of geodesically complete but
stochastically incomplete landmark manifolds.

In the recent work [3], we finally extend the stochastic completeness theory for
landmark spaces from two landmarks to arbitrary numbers of landmarks and, for
translationally and rotationally invariant kernels, we link stochastic completeness
for any number of landmarks to specific properties of the Fourier transform of
the kernels. We combine Grigor’yan’s volume growth criterion with quantitative
controls in terms of the Euclidean distance for geodesic balls in the landmark
manifold. We show that in geodesic balls, one can control both the Euclidean
size of individual landmarks and the rate at which pairwise landmark distances
may approach zero. We then use a lower bound on the minimal eigenvalue of the
landmark cometric to upper bound the Riemannian volume growth of geodesic
balls.

An important class of translationally and rotationally invariant kernels used in
applications arises from the Sobolev differential operator Lys = (Id —02A)* for
5> % and o > 0. A consequence of our analysis is the following characterization,
which yields the same threshold previously observed in [1] for the two-landmark
case.

Theorem. Suppose the Riemannian metric g on the landmark configuration space
Land™ arises from the Sobolev operator Lygs. If we have s > 1 + % then the
landmark manifold (Land™, g) is stochastically complete for all n > 2.

This threshold observed in the stochastic completeness for cometric kernels
arising from Sobolev operators is exactly the same one as for the geodesic com-
pleteness, where it is a consequence of [2] that, for any number of landmarks, the
manifold (Land", g) is geodesically complete if and only if s > 1 4 %
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Gradient flows for template-based reconstruction
ERIK JANSSON

(joint work with Carola—Bibiane Schoénlieb, Ozan Oktem, Jonathan Krook,
Klas Modin)

Shape matching refers to the optimisation problem of aligning an initial template
shape A to a target shape B by means of an optimal Lie group action. A shape
is in turn just an element of a shape space V', which is a space acted upon by the
Lie group G. The goal is then, abstractly, to find the group element minimising

g — L(g9-A, B) +R(g),

where £: V x V — R is a suitable fidelity term and R is a regularisation that
penalises unwanted behaviours. In many applications, the group is the infinite-
dimensional group of diffeomorphisms of some underlying manifold M, denoted
by Diff(M). One possible choice of regularization, used in large deformation dif-
feomorphic metric mapping, see for instance Bruveris and Holm [2] or Younes [7],
is to use

(1) R(g) = d*(g,¢).
Here, e € G is the identity element and d: G x G — R is a distance on G.

A challenge with using the regularisation (1) is to evaluate d, as this involves
solving an optimisation problem, so the shape matching problem is a coupled
optimisation problem on a Lie group. To solve this, the distance is taken as
the distance functional of a right-invariant Riemannian metric. In this case, the
minimisation problem can be replaced by finding a minimising curve : [0,1] — G
in the group

1
(2) v L(v(1).A,B) + )\/0 (¥(t),5(t))r)dt such that v(0) = e,

with (-,-) denoting a right-invariant metric on G. This, however, requires work-
ing with curves in the group, or generating them from a curve of vector fields,
and therefore incurs additional computational cost. It turns out that the minimi-
sation problem is equivalent to the Euler—Poincaré equation on the Lie algebra
coupled to a reconstruction equation for the group curve. The actual optimisation
is performed by shooting: given a first guess of the initial velocity of the curve
v, integrate the governing Euler—Poincaré equation and flow equation to obtain
the corresponding curve -, calculate the gradient of the functional with respect
to the initial velocity, and take a gradient descent update step. This is iterated
until convergence, and each gradient descent step requires solving two differential
equations.

To avoid this, Balehowsky et al. [1] suggested to solve the matching problem
via a gradient flow directly on the group. This offers some benefits, mainly that
we now solve one differential equation on the group, rather than having to solve
two equations each gradient descent update. A central result in Balehowsky et
al. [1] is that if the group is equipped with a right-invariant metric and the group
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action of G on V has a momentum map (see for instance Marsden and Ratiu [6]),
the gradient flow is straightforward to write down.

In this talk, we are interested in indirect matching, namely, the case when the
target shape B is replaced by observed data y in some data space Y. The geometric
setup changes very little: indeed, all we require is a forward model F that takes
us from V' to Y, and models how data in Y is generated from data in V. The
optimisation problem then becomes

g L(F(g9-A),y) +R(9)-

The found g thus produces a deformed template g.A, which should be close to
whatever element of V' that generates the data. Thus, we obtain a reconstruction
that incorporates the bias that whatever is reconstructed is a deformation of A. If
the template is chosen appropriately, this allows for incorporation of an informative
anatomical prior which may aid reconstruction performance (see for instance Lang
et al. [5] for an example of this in the context of tomographic reconstruction). Also
in the indirect matching setting, two routes can be taken, either the LDDMM
approach, which was done in for instance Chen and Oktem [3] and Lang et al.
[5], or the gradient flow route, which is the topic of this talk. We present an
application of the gradient flow, namely reconstruction from cryo-EM data, i.e., the
reconstruction of protein conformations from noisy images. This is a challenging
task, but one well-suited for template-based reconstruction as we can incorporate
prior knowledge of which protein is being imaged, and use as a template a reference
conformation. In this setting, we use a coarse-grained protein model, meaning
that we can work with a finite-dimensional group. The LDDMM approach was
explored in Jansson et al. [4], and while it produces good reconstructions, the
repeated solving of the governing differential equation slows the approach down,
rendering it less useful for heterogeneous cryo-EM problems. In this talk, we
showcase the applicability of the gradient flow approach, and show that it means
faster convergence than the LDDMM approach and opens up for reconstruction in
more complicated settings, for instance for reconstruction of multi-chain proteins
or simple problems with conformational heterogeneity.
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Fréchet p-functions and Fréchet p-means
HuiLING LE
(joint work with Karthik Bharath and Andrew T.A. Wood)

Let M be a complete and simply connected Riemannian manifold (without bound-
ary) of dimension d, and p be the distance function on M induced from the Rie-
mannian metric. Also, let p be a probability measure on M and p > 1 be a
constant.

The Fréchet p-function F), , on M, associated with 1 and p, is defined as

1
Fupioes o [ plaaPdu(a)
PJm

A point &, € M is a Fréchet p-mean of y if it minimises £, ,. In particular, a
Fréchet 1-mean is a Fréchet median and a Fréchet 2-mean is commonly known
simply as a Fréchet mean.

In the first part of the talk, we discuss the conditions required on y to ensure
the existence of the gradient and Hessian of F), , at any given point x, and also
find their expressions. These conditions on u, as well as the term that is additional
to the expected Hessian of p(z,2’)? /p in the expression for the Hessian of F), ,, are
primarily related to the cut locus of x. It turns out that, for the case d = 1, the
Hessian of F), ; requires a separate investigation, due to the different behaviour of
F,1 on a 1-dimensional manifold.

In the second part, we discuss some probabilistic and statistical properties of
Fréchet p-means. In particular, the results in the first part of the talk enable us
to apply the so-called d-method to obtain the Central Limit Theorem for Fréchet
p-means under some mild conditions, and to investigate the influence function of
Fréchet p-means. The latter will play an important role in our future study of the
robustness of Fréchet p-means.

This work builds upon much previous work of various authors, some of which
are listed below.
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Principal Component Analysis in the Wasserstein space
ALICE LE BRIGANT
(joint work with Nina Vesseron, Elsa Cazelles and Thierry Klein)

In this talk we discuss how to perform Principal Component Analysis (PCA)
of a dataset whose elements are probability distributions. The goal is to identify
(geodesic) curves in the space of probability measures that best capture the modes
of variation of the underlying dataset.

A natural strategy is to identify the probability measures with their probability
density functions and to perform PCA on these using the L? Hilbert metric. Un-
fortunately, as highlighted in [2], the components computed in this manner fail to
capture the intrinsic structure of the dataset: the projections onto the components
most likely result in non-positive and un-normalized functions.

Using the 2-Wasserstein metric instead has proven to overcome these limita-
tions by taking into account the geometry of the space of distributions. The
2-Wasserstein metric endows the space of probability distributions with a Rie-
mannian-like structure, framing the problem as PCA on a (positively) curved
Riemannian manifold.

A first approach to solve this task, known as Tangent PCA (TPCA), consists
in embedding the data into the tangent space at a reference point, and applying
classical PCA in this flat space, as in [3]. TPCA is computationally advantageous
but can generically induce distortion in the embedded data, depending on the
curvature of the manifold at the reference point and the dispersion of the data.

A more geometrically coherent approach is Geodesic PCA (GPCA) proposed for
Riemannian manifolds in [5, 4], where principal modes of variations are geodesics
that minimize the variance of the projection residuals. Following this approach,
the first geodesic component of a set of probability measures vq,...,v, in the
Wasserstein space solves

(1) t— t;rlgfelzod851c iz::lnf W2 ) )
The second principal component is defined to be the geodesic that minimizes the
same cost function, with the constraint of intersecting the previous component
orthogonally. The subsequent principal components have the additional constraint
of going through the intersection of the first two principal geodesics.

In this talk, we introduce two algorithms to solve the exact GPCA problem in
the Wasserstein space of (i) centered Gaussian distributions and (ii) a.c. prob-
ability measures on R%. Our methods are exact in the sense that they do not
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rely on a linearization of the Wasserstein space, and the components are true
geodesics that minimize the cost in (1). In the Gaussian case, we leverage the
Bures-Wasserstein geometry [1] to lift the computations to the flat space of in-
vertible matrices. We show examples where GPCA and TPCA differ significantly,
and relate this effect to curvature. In the general case of a.c. probability dis-
tributions, we lift the probability distributions to the space of (non necessarily
optimal) maps that pushforward a given reference measure, as described by Otto
in [6]. This approach is independent of the chosen reference measure and yields a
convenient way to parametrize geodesic components and define orthogonality with
respect to the Wasserstein metric. In practice, we parametrize geodesic compo-
nents using multilayer perceptrons (MLPs), trained to minimize the cost in (1).
We show illustrations on images and 3D point clouds. Along the way, we prove
that for univariate Gaussian distributions, GPCA yields the same results whether
it is performed in the space of a.c. distributions or restricted to the Gaussian
submanifold.

The work described in this talk corresponds to [7]. In future work, it would be
interesting to modify the GPCA cost so that the residuals are computed from the
projection onto the subspace generated by all the previous components, and not
just the projections on the current geodesic component, so as to allow for better
reconstruction.
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On Periodic Geodesics on Half-Lie Groups
LEVIN MAIER
(joint work with Martin Bauer)

Infinite-dimensional Riemannian geometry differs from the finite-dimensional the-
ory in several basic ways: Hopf-Rinow fails in general [4], weak metrics may have
vanishing geodesic distance [5], and a Levi-Civita connection need not exist. Nev-
ertheless, certain mapping groups retain enough structure for global Riemannian
arguments to survive. The results reported here, obtained in joint work with Mar-
tin Bauer [1], show that topological mechanisms forcing closed geodesics in finite
dimensions still produce periodic geodesics on a broad class of infinite-dimensional
groups.

A Hilbert half-Lie group is a topological group carrying a Hilbert manifold
structure such that all right translations are smooth. A Riemannian metric G is
called strong if the musical map

g : TG — TG
is a bundle isomorphism. We focus on strong right-invariant metrics, for which
recent completeness results for half-Lie groups provide an infinite-dimensional

substitute for the compactness and completeness input used in the classical finite-
dimensional theory.

Periodic geodesics from the fundamental group. The first main result is
the analogue of minimizing the energy in a nontrivial free homotopy class, in the
spirit of classical closed-geodesic theory [6, 7, 8].

Theorem 1 (Closed geodesics in nontrivial homotopy classes, [1, Theorem 3.1]).
Let (G,G) be a Hilbert half-Lie group with a strong right-invariant metric. Under
mild regularity and closedness assumptions, if m1(G) # 0, then

0#[a] €em(G) = |[a] contains a nonconstant closed geodesic.

If [a] is primitive, this geodesic can be chosen prime. If dim G = oo, then right
translates give infinitely many geometrically distinct periodic geodesics.

The proof has two complementary forms: a direct minimization argument in
the prescribed homotopy class after normalization by right translation, and a
universal-cover argument in which a minimizing geodesic from the identity to the
relevant deck transformation projects to the required closed geodesic.

A Lyusternik—Fet theorem. The second result treats contractible periodic
geodesics, where the relevant topology is higher homotopy rather than m;. Let AgG
denote the component of contractible H'-loops in G, and let E be the Riemannian
energy. A nonzero class [I'] € my—1(AoG) determines the minimax value
c¢(T) = inf sup E(v(£)).
YEM] gcga-1
Because the metric is right-invariant, compactness has to be imposed modulo
right translations. This is essential rather than cosmetic: for noncompact G, the
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ordinary Palais—Smale condition fails, since right translates of any critical loop
have the same energy and need not contain a convergent subsequence.

Theorem 2 (Lyusternik—Fet theorem for half-Lie groups, [1, Theorem 3.9]). Let
(G, G) be a half-Lie group equipped with a strong right-invariant Riemannian met-
ric. Assume that mq(G) # 0 for some g > 2, and let 0 # [['] € mg—1(AoG) be the
induced class. If the energy functional satisfies the Palais—Smale condition at the
level ¢(I") modulo right translations, then (G, G) admits a nonconstant contractible
periodic geodesic of energy ¢(I') > 0. If dim G = oo, then right translates give
infinitely many geometrically distinct contractible periodic geodesics.

The proof is the classical minimax scheme with quotient-type compactness: one
first proves ¢(I") > 0, obtains a Palais—Smale sequence at this level, and then uses
compactness modulo translations to extract a critical point of E.

Finite-dimensional reduction. A third contribution is a transfer principle from
compact finite-dimensional totally geodesic submanifolds. If a half-Lie group G
carries a right-invariant metric whose Levi—Civita connection exists, and if G con-
tains a compact finite-dimensional totally geodesic submanifold M, then closed
geodesics of M are closed geodesics of G. Hence nontrivial 71 (M) yields closed
geodesics in the corresponding nontrivial classes, while nontrivial higher homotopy
of M yields contractible periodic geodesics. This reduction is useful also for weak
right-invariant metrics, where the strong-metric variational hypotheses above may
not be available.

Applications. First, strong Sobolev metrics on Diff*(M) provide examples for
Theorem 1. Let (M, g) be closed, let s > n/2 + 1, and let L be a positive, el-
liptic, self-adjoint pseudo-differential operator of order 2s. Then the associated
right-invariant H*-metric is strong, and if 71 (Diff*(M)) # 0, every nontrivial ho-
motopy class contains infinitely many geometrically distinct nonconstant periodic
geodesics. This applies, for example, to S', S2, tori T", and several principal
S'-bundles such as lens spaces whose fibre class is nontrivial.

Second, the finite-dimensional reduction applies to Sobolev diffeomorphism
groups through isometry groups. If K = Isomg(M,g) and the inertia opera-
tor L is K-equivariant and preserves Killing fields, then K is totally geodesic in
(Diff*(M), G*). Thus nontrivial 71 (K) gives periodic geodesics in the correspond-
ing nontrivial classes, while nontrivial m,(K) for some g > 2 gives contractible
periodic geodesics. The same statement holds for the volume-preserving Sobolev
diffeomorphism group. This covers standard spheres, flat tori, complex projec-
tive spaces with the Fubini-Study metric, and many compact homogeneous or
symmetric spaces.

For strong Sobolev metrics on diffeomorphism groups, the corresponding Palais—
Smale condition remains open. Finally, this hypothesis can be verified in a gen-
uinely infinite-dimensional model: for G = H x K, with H an infinite-dimensional
separable Hilbert space and K a compact non-aspherical Lie group, a suitable
strong right-invariant metric satisfies the Palais—Smale condition modulo right
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translations. Hence Theorem 2 yields a nonconstant contractible periodic geo-
desic. For generic coupling this geodesic is not obtained from a finite-dimensional
totally geodesic subgroup, showing that the minimax theorem is not merely formal.

REFERENCES

[1] M. Bauer and L. Maier, On periodic geodesics on half-Lie groups, preprint, 2026.

[2] M. Bauer, P. Harms, and P. W. Michor, Regularity and completeness of half-Lie groups, J.
Eur. Math. Soc., 2025.

[3] M. Bruveris and F.-X. Vialard, On completeness of groups of diffeomorphisms, J. Eur. Math.
Soc. 19 (2017), 15071544,

[4] C. J. Atkin, The Hopf-Rinow theorem is false in infinite dimensions, Bull. London Math.
Soc. 7 (1975), 261-266.

[5] P. W. Michor and D. Mumford, Vanishing geodesic distance on spaces of submanifolds and
diffeomorphisms, Doc. Math. 10 (2005), 217-245.

[6] L. A. Lyusternik and A. I. Fet, Variational problems on closed manifolds, Dokl. Akad. Nauk
SSSR. (N.S.) 81 (1951), 17-18.

[7] D. Gromoll and W. Meyer, Periodic geodesics on compact Riemannian manifolds, J. Differ-
ential Geom. 3 (1969), 493-510.

[8] W. Klingenberg, Lectures on Closed Geodesics, Springer, 1978.

[9] T. Marquis and K.-H. Neeb, Half-Lie groups, Transform. Groups 23 (2018), 801-840.

Not seeing Euclidean motions on landmark space: An
LDDMM-metric on Land™(R%)/ SE(d)

PETER W. MICHOR
(joint work with Sarang Joshi, Peter W. Michor and Stefan Sommer)

Abstract: Motivated by Kendall’s landmark shape spaces, which remove trans-
lation, rotation, and scale from landmark configurations equipped with Euclidean
geometry, we present an LDDMM-type Riemannian metric on the diffeomorphism
group Diff.(R?) which induces Riemannian metric on Land"(R?)/SE(d) whose
geodesics are easily computable as a Hamiltonian system on its cotangent space
without the need to invert the kernel matrix. The main ingredient is a screened
(regularized) elasticity operator on the space of vector fields with compact sup-
port whose nullspace (when extended) consists exactly of the infinitesimal rigid
motions. The construction also works on other shape spaces modulo rigid motions
like Emb(M,R?)/ Diff (M) for compact M or spaces of varifolds, or direction fields.
This talk is based on [2].

Infinitesimal rigid motions and the elasticity operator. Let SE(d) =
{A(z) = R(z) + b} = SO(d) x R? be the special Euclidean group of rigid mo-
tions of R? with Lie algebra se(d) = so(d) x R? = {A.x + a}.

The classical elasticity operator, also known as the Killing operator, symV :
C>®(R%,RY) — C>(R%, S?R?) is given by symVV = (9;V7 + 8;V')¢,_,. It has
the infinitesimal rigid motions as its null-space.
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We can identify the corresponding inertia operator by partial integration
/ Tr (sym VV.sym Vw) dr = — / < divsym VV.w> dx
Rd R~

where in the last line div acts on each column (equiv. each line) of sym VV. We
see that (a) if £ # 0 then the quadratic form in V({) is strictly positive definite,
so the symbol is elliptic for £ # 0; (b) if the integral vanishes then V has support
at £ = 0 and then V is an infinitesimal rigid motion, a Killing field.

From this we define the operator Ly = —divo symV which is elliptic on
the orthogonal complement of its null-space which coincides exactly with the Lie
algebra se(d) of infinitesimal rigid motions. Up to a factor this is the Helmholtz
operator of linear elasticity, i.e.,

LyymV = =2(AV 4+ VdivV) or LyameV = —pAV — (u+ A)VdivV)
By [3, 5, 4] Lrameé has Green’s function on the orthogonal complement of infin-
itesimal rigid motions in the form of the Kelvin matrix ® given by

2T
In R?: O(z) = ((?W +A) 1og Idy +(p + )\) PE >

T
((3u+/\)| |Id3+(u+>\)| |3>

Landmark space modulo rigid motions. SE(d) acts diagonally on landmark
space Land” (R?) as a proper action. For ¢ € Land”(R%), the infinitesimal action
is ¢, : se(d) — T,Land"(R%), given by (,(X,a) = (Xq1 + a,...,X¢q, + a) for
(X,a) € se(d) = s0(d) x R%. The tangent space to theSE(d)-orbit through g is

se(d)(q) == (g (se(d)) = {(Xq; + a)l-; : (X,a) € se(d)} C T, Land"(R?).

Its annihilator se(d)(q)™ consists of all & € T}¥ Land"(R?) with Y 1" | o (X¢q; +
a) = 0 for all (X, a) € se(d), equivalently Y1, a; = 0and > (g;al —ayql) = 0.

The action of the translation subgroup is free, and the quotient by all trans-
lations is the space of centered landmarks Landj(R?) := {q¢ = (¢;) : C(q) :=
L5, 4 = 0} where SO(d) is still acting; but it is not invariant under the action
of Diff 4(R?). We have the centroid mapping, the span mapping, and the rank of
a landmark

drp(2p + A)

In R?: P(z) = ————
. (z) mu(2p + A)

Clg)=q= (¢ — C(q))’?’_ = taé )( q), where t; is translation by b,
Span : Land" Rd U Gr,, (k rk(q) := dim(Span(gq)),

which maps a landmark ¢ to the linear subspace of R% spanned by its centered
translate § := (¢; — C(q))1~, = t&%q) (q).

For a landmark ¢, since ¢ contains a basis of Span(g ) the stabilizer or 1sotr0py
group SE(d), C SE(d) is SE(d)q = tc(q)-(SO(Span(q)*) x {Idspan(q) }'tC(q)’ con-
jugate to SO(d — k) x {Idy} where k = rk(q). The conjugacy class of the isotropy
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subgroup in SE(d) depends only on k = dim(Span(q)) and the orbit space is the
union of strata Tand' (R?) := Land"(R%)/SE(d) = Land}(R%)/SO(d) =: U, Sk
with dim(Sy) = nk — 1k(k +1). By the general theory the regular stratum is
connected, open and dense. Moreover, Sy is contained in the boundary of S
whenever k' < k: move some landmark components so that the rank drops.

The screened elasticity operator Ly = —(Id —02A)*~2 o divosym V inherits
the null-space se(d) of the elasticity operator. Its zero order term does not see
infinitesimal rigid motions. The Green’s kernel of Ly is obtained by convolving
the Kelvin matrix ® with the scalar Sobolev kernel kps-2, i.e. ks = kps—2 * .
Closed form solutions for operators of the form a(A)Lgym depend on the roots of
the polynomial a(A). In the case s = 3, the Green’s kernel in dim 2 is given by

(ka)i () = —ﬁ 515 (log + ko(r /o))
+ <ﬁ - M) 0:0; <TZ logr — TZ +0” (logr + ko(r/a)))

where ko denotes the modified Hankel function and r = |z|. In dimension 3, the funda-
mental solution is (¢ is the root of a(A))

(k2)ss(a) = 7= (1 - /) N

T T
1 1 11 r oo f1 e/
il - — =188, = -
+(47r/\+2u 4Mu) ](2+U <7“ T ))

For s > 3, the polynomial a(A) has multiple roots. See [6], e.g.

The kernel ks is conditionally positive definite with respect to se(d): for ¢ =
(¢:), the quadratic form («, 3) — szﬂ(ai, ks(qi — ¢;)B;) is positive definite on
o, f € Ty Land”™ satisfying »7:" (o, X (i) = 0 and Y77 (8;, X (¢;)) = 0. for all
X € se(d); i.e., pullbacks of covectors from Land"(R?)/SE(d).

These are exactly the rigid-motion constraints that appear when passing from
Land”(R?) to the quotient Land™(R%)/ SE(d).

Metrics and geodesics on Land™(R%)/ SE(d). Let & € T (Land™(R?)/ SE(d))
be a covector. Its pullback & = 7f,,q@ € T Land"(R%) by the projection
TLana Satisfies (&@,v) = aTv = &(Tymranav) for all v € T, Land"(R%). Moreover
St (e, X(gi)) = 0 for all X € se(d). The kernel is strictly positive definite on
se(d)(q)™™ and therefore defines a cometric on Land”(R?)/SE(d). By inversion,
this cometric induces a positive definite inner product on Ty, (Land™ (R?)/ SE(d)).

We can use general results (see [1]) on the induced metric on orbit spaces to
get information about Land”™(R%)/SE(d) = Landf (R?)/ SO(d)

Geodesics. The screened elasticity kernel kg gives a Hamiltonian

n

H(q,a) = % Z (i, ks(qi — q5)p;)

ij=1

on the cotangent bundle 7* Land" (R?), similarly to the Hamiltonian for the pos-
itive definite metrics. If the initial momentum is a pullback of a covector in
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T:(q)(Land”(Rd)/ SE(d)), then it is in se(d)(g)*™", and, as shown in the proposi-
tion below, it remains in se(d)(q)*™* along the Hamiltonian flow.

The flow lines on T* Land™ (R%) with initial momentum in se(d)(q(0))*"™ project
to horizontal geodesics on Land™ (R?) and hence to geodesics on Land™(R%)/ SE(d)
as long as they do not cross more singular strata.

Proposition. For (X,b) € se(d), define the momentum map Jixp(q,a) =
>, ai(Xqi+b) € R. Then the function J x ) is preserved along the Hamilton-
ian flow of H. In particular, if a(0) € se(d)(q(0))*™, then a(t) € se(d)(q(t))*™
for all t for which the flow exists.

This follows from Emmy Noether’s theorem.
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On Stability of Barycenters and Modes of Probability Measures
WASHINGTON MIO
(joint work with Tom Needham)

We address the problem of stable representation of the barycenters and modes of
probability distributions on a Polish metric space. The challenge comes, in part,
from the fact that even a small perturbation to a distribution can lead to a large
change in Fréchet mean sets on spaces as simple as a circle. We address this issue
by introducing a merge tree representation of barycenters, which takes the form
of a merge tree equipped with a height function and a metric-measure structure.
Modes are treated as special cases of barycenters through the use of generalized
forms of the Fréchet variance function. We prove that barycentric merge trees
are stable with respect to optimal transport metrics and describe an algorithmic
approach for approximating these merge trees.

Let (X,d) be a connected and locally path connected Polish metric space and
0: X x X — R a pseudo-metric. We say that 6 is L-admissible, L > 0, if 8(x,y) <
Ld(x,y), Vx,y € X. (In applications to mode analysis, 6 is typically a diffusion
distance derived from a kernel function [1], such as the heat kernel of a Riemannian
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manifold, thus providing a multiscale view of modes.) The p-deviation function of
a Borel probability measure 4 on X with finite p-moments, p > 1, is defined as

(o) = ([ o ant)) "

the pth root of the Fréchet p-variance function of p with respect to . The merge
tree T}, is the quotient space of X under the equivalence relation x ~ y if there
is t € R such that o,(x) = o,(y) = t and x and y lie in the same connected
component of the sublevel set o, !(—00,t]. Clearly, o, induces a height function
6p: T, — R satisfying 0, = 6, om, where m: X — T}, is the quotient map.
The leaves of T}, represent the connected components of the local minimum sets
(the barycenters) of o, and the tree structure captures interrelationships between
these local minima. We metrize T, with a cophenetic distance denoted d, and
let pup = mgpu. The (functional) barycentric merge tree representation of y is the
quadruple T, = (Tp, dp, ptp, Gp)-

Stability of barycentric merge trees is formulated with respect to (a variant of)
an optimal transport distance introduced by Sturm [3]. To describe this distance,
given T, = (Tp, dp, pip, 6p) and T = (T}, d,,, p,, 5,,), consider: (i) all metric cou-
plings 0 between (T}, dp, j1,) and (T}, d,,, ju;,); that is, metrics § on the disjoint
union X U X' that restrict to d, and d, on the supports of y, and ju,, respectively;
(ii) all probabilistic couplings h between (T}, u1,) and (T}, u;,). If p, i’ have finite
p-moments, the Kantorovich-Sturm distance dxs (T, T,)) is defined as

disp(Tp, 7;,') = ién}f max{D(d, h), F(h)},

where
1/p

pem=([  reyaey)

is the structural offset of (4, k) and
1/p
Fi = ([ loyte) - oyl)ldnie.y)

TpxT}),

is the functional offset of h.

We state our main stability result for the special case of a geodesic space (X, d).
The full statement can be found in [2], as well as discussion of matters related to
computation.

Theorem. Suppose (X, d) is a geodesic space and 6 is an L-admissible pseudo-
metric. If u, p’ have finite p-moments, then

dKS,;D(’EN 7;:;/) < 2pr(/1'7 Ml)a
where w, denotes the Wasserstein p-distance.

Corollary. Empirical barycentric merge trees converge to the population barycen-
tric merge tree almost surely; that is, limy, oo disp(Tp, Tn,p) = 0, almost surely.
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Geometry of Gromov-Wasserstein Distances
ToM NEEDHAM
(joint work with Martin Bauer, Facundo Mémoli, Mao Nishino)

The Gromov-Wasserstein (GW) distances [1] comprise a family of metrics on the
space of metric measure spaces—that is, triples of the form (X,dx, pux), where
(X,dx) is a compact metric space and px is a fully supported Borel proba-
bility measure—defined as follows. For metric measure spaces (X, dx,ux) and
(Y,dy,py) and p € [1,00), the associated GW distance is

GW,(X,Y) = inf |ldx —dy||Lr(xem)

5 TE€C(pux, 1y )

1/p
1
— it ]l - dy ) Pan(egany) )
meC(ux,py) (XxY)?2

where the infimum is over the space of measure couplings C(ux, py), or Borel
probability measures 7 on X X Y with marginals px and py .

Over the past several years, there has been an influx of variants of GW dis-
tances which are designed to compare complex data types, such as node- and
edge-attributed graphs. A general framework that recovers many of these vari-
ants as special cases was introduced in our recent paper [2]. The construction
depends on a fixed separable metric space (Z,dz). For p € [1,00), we define a
(Z, p)-network to be a triple (X, wx, ux) such that (X, px) is a Polish probability
space and wx : X x X — Z is a Z-valued kernel, which is p-integrable in the sense
that

v //Xxx dz(wx (@, xl)’ zo)Pdpx (z)dpx (afl) < 00

for some (and hence, for any) zo € Z. Given two (Z, p)-networks (X, wx, ux) and
(Y, wy, uy ), we define the Z-Gromouv- Wasserstein distance between them to be

1
GWY) =5 it s o ey
This naturally generalizes the classical GW distance, which is recovered in the case
that Z = R, with its standard metric. Moreover, it recovers the p-Wasserstein dis-
tance over the ground metric space Z, as well as many other metrics which have
been introduced in the literature. These special cases demonstrate the applicabil-
ity of the Z-GW framework to shape analysis and object-oriented data science.
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The generality of the framework suggests additional applications which have not
previously appeared.

The main goal of our work is to describe properties of the Z-GW distance and,
in particular, how they depend on properties of Z. Results appearing in [2] concern
its metric and topological properties: it is complete if Z is complete, geodesic if
Z is geodesic, and the resulting metric space is always contractible. Ongoing
work focuses on the Alexandrov geometry of the Z-GW metric space, such as
curvature bounds, which depend strongly on the geometry of the underlying space
Z. These geometric results are largely based on the following main result from our
forthcoming paper, concerning submetries between some metric spaces associated
to Z. Recall that a submetry is a map between metric spaces ¢ : M — N which
takes the open ball By (m,r) to the open ball By (¢(m),r).

Theorem. There exists a chain of submetries
£,([0,1)%,2) = MZ — PZ,
where

e £,([0,1]%,Z) is the space of (isomorphism classes of) measurable maps
(0,12 — Z satisfying an integrability condition analogous to (1), with
respect to Lebesque measure, endowed with a natural LP-type distance;

. Mg is the space of (isomorphism classes of ) (Z,p)-networks, endowed
with Z-GW distance;

° PPZ is the space of Borel probability measures on Z with finite pth moments,
endowed with the classical p-Wasserstein distance.

This theorem, and its various geometric consequences, will appear in a forth-
coming paper [3].
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Conditioning a measure-valued diffusion on the Wasserstein space
MAao NISIHINO
(joint work with Martin Bauer, Tom Needham, Stefan Sommer)

In this work in progress, we study a conditioning of a diffusion on the space of
probability measures equipped with the Wasserstein metric. We use the Dirichlet-
Ferguson diffusion [1] for an unconditioned process, and we will control the diffu-
sion so that the terminal measure follows the preference defined by a given function
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g : P(X) — R where P(X) is the space of probability measures on a closed Rie-
mannian manifold &. The unconditioned Dirichlet-Ferguson diffusion {x}+efo,1]

can be written as
> [2
= i0x. 1y, dX;(t) =4/ —dW;(t),
Mt ZS X;(t) (t) 5 (t)

i=1

where {s;}52; is a sequence of strictly decreasing positive numbers such that
Soo2 i si = 1 and {W;(¢)}$2, is a sequence of independent Brownian motions on
X. Therefore, the unconditioned process can be seen as a superposition of infin-
itely many independent Brownian motions on X', where particles of smaller mass
s; move faster. To condition the process, we need to solve the backward heat
equation

(1) 8tut + LU,t = 0, for a.e. t € (O,T),
ur =4g.

on the L? space on the Wasserstein space with the Dirichlet-Ferguson measure,
and L is the generator for the Dirichlet-Ferguson diffusion, which is informally a
sum of Laplacian for each particle coordinate weighted by the inverse of the mass.
Once we identify the solution, the following Girsanov argument will produce the
desired conditioning. By Girsanov’s theorem in Hilbert spaces [2, Theorem 1.0.6],
the processes

~

(2) Bilt) = Bi(t) - / VZ5: Dlog u, (i, Xi(r)) dr

are independent Brownian motions under f”, where P is a measure on the path
space satisfying
dP
dP

g(pr)
. uo (o)

Here, P is the original measure on the path space under which {}¢cjo,1) is a
Dirichlet-Ferguson diffusion, and Fr is the sigma-algebra generated by the process
up to time 7. N

Consequently, under P each particle satisfies the SDE

) aX,(t) = ﬁ 4Bi(t) + 2 Dlog s, Xo(1))

and the induced measure-valued process piy = > ;- si0x;,¢) solves a drifted version
of the Dirichlet—Ferguson diffusion. Now that we have the desired conditioning, we
would like to approximate the infinite dimensional diffusion by a finite dimensional
one. The naive way is to truncate the infinite sum E;ﬁl 5i0x,(¢) at a finite level
N. Our result is that the semigroup of the truncated process converges to the
semigroup of the original process as N — oo:

Theorem 1. The semigroup of the truncated conditioned process converges to the
semigroup of the original conditioned process as N — oo in the sense of generalized
Hilbert convergence [1, Section A.3].
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From limits of the matrix exponential to a geodesic metric
space of graphs
Tom M. W. NYE
(joint work with William M. Woodman)

Learning about populations of graphs via statistical analysis of samples from those
populations has become an important task in statistics and machine learning, with
applications in diverse areas. Here we focus on graphs which are vertex-labelled
by some set [n] = {1,...,n} and which are edge-weighted, with weights in R > 0.
If we consider a sequence of graphs in which some given edge weight tends to zero,
while the graphs otherwise remain fixed there are two possible limits: either the
edge is removed in the limiting graph, or the vertices at either end of the edge can
be merged (see Figure 1) below. If the edge weights represent a measure of direct
association between the objects represented by the vertices, e.g. co-expression in a
gene network or degree of sharing information in a social network, then the former
limit is appropriate. In contrast, if the weights represent physical distance or a
cost of interaction, for example, the latter limit is appropriate.

I—I e A
O—B O—6 O—6 wO—3 —O
FIGURE 1. Limiting graphs as weight w o varies. Left: in the
limit wq 2 — 0 vertices 1 & 2 have no direct association and the

edge is removed. Right: as edge weight w; 2 — oo, the vertices
are infinitely strongly associated, so merge.

However, for some applications these limits could be viewed as being reciprocal:
if edge weights represent association, then in the limit of infinite edge weight the
vertices should merge. For example, infinite association in a gene network would
occur between two genes which are only ever co-expressed, in which case the genes
would be represented by a single vertex. These limits are illustrated in Figure 1.
How can we construct a metric geometry for graphs which respects both these
limits? Can we do this in such a way that the space of graphs is a geodesic metric
space, since that will enable development of richer statistical methodology?
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The diffusion metric is defined as follows. Given a labelled, edge-weighted graph
g, let Q4 be the rate matrix of the continuous-time random walk on the vertices
of g, where the instantaneous rate of moving between vertices is given by the edge
weights. The diffusion metric [3, 4] is d¢(g1, g2) = ||Exp(tQgq, ) — Exp(tQg, )|| where
t > 0 is a fixed constant, the norm is the Frobenius norm and Exp is the matrix
exponential function. The diffusion metric compares the transition probability
matrices of the random walk on the graphs g1, g2 at time ¢, thereby accounting for
indirect connections between vertices. The time ¢ must be fixed for any analysis,
but for simplicity we fix ¢ = 1 here. If all the edge weights in a connected graph
on [n] are scaled by a parameter a, then the limit as & — oo can be interpreted
as a graph consisting of a single collapsed vertex. Conversely, when o« — 0, the
limit is n disconnected vertices. With this interpretation, the distance between
two arbitrary connected graphs should tend to zero in both limits as o — 0 or oo.
This is indeed observed for the diffusion metric: see Figure 2.

] — D 03
0+« a — oo
3,4
4 3

weights = aw;;

0.2
1,1 3
,171 0.1
1,1

1,1

FIGURE 2. Limits as all edges weights are scaled by a factor a.
Left: limits of the transition matrix of the random walk, and
proposed behavior of the graph. Right: diffusion metric between
two connected graphs under the same scaling.
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This shows that the diffusion metric is consistent with the idea that vertices
merge under the limit of infinite edge-weight, at least under this global scaling
limit. In contrast, other existing metrics do not show this behaviour. A related
collection of metrics [2] are defined by ||LP — LP || for some power p € R, where
Ly = —Q is the graph Laplacian. These metrics cannot reproduce this behaviour
under both limits & — 0 and — oo, and they blow up as a — oo for p > 0.

Beyond the global scaling limit, behaviour of the diffusion metric under more
general limits has not been studied. An existing result [1] can be used to calculate
certain limits of the matrix exponential: if @) and Q are the rate matrices of two
labelled graphs g, § on [n], then

Jim Exp(Q + pQ) = PExp(PQP)P

where P is orthogonal projection onto ker Q. By extending this result, the closure
of the image of the matrix exponential on the set of all rate matrices ¢4 can be
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identified. The boundary points are rank deficient and uniquely correspond to
graphs containing merged vertices (multi-labelled graphs). By applying the Hopf-
Rinow theorem, this is a geodesic metric space. The details of this construction
and the generalisation of the Campbell-Rose [1] result will be published elsewhere.
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Support conditions for smeary probability measures on spheres
SUSOVAN PAL

Let X be a random variable on the unit sphere S, with Riemannian distance d,
and let

Fu(p) = Eld*(p, X)]
be its Fréchet function. Assume that N € S™ is the prescribed Fréchet mean and
write the lifted Fréchet function in normal coordinates as

ﬁu(u) = F,(expy u), u € TnS™.

The talk concerned the following support question: how far from N must the

support of an absolutely continuous probability measure extend before the Hessian

of F}, can degenerate in a way which produces full or directional smeariness?
The starting point is an explicit fourth-order Taylor expansion, at u = 0, of

g(u;v) = d?(expy u, expy v), v=RO, Rec(0,m), ©ecS™ %

Assume first that p has a density which is rotationally symmetric about N and
vanishes in a neighbourhood of the antipode —N. Then the Hessian and fourth
derivative of F}, reduce to one-dimensional radial integrals. More precisely, if

bm(R) =1+ (m —1)Rcot R,
then
~ 2 ™
D?F,(0) = = (/ p(R)(sin R)™ 'b,,(R) dR) I,.
0
Similarly, the fourth derivative has the form
D*F,(0)[w, w, w,w] = 24|S™1| ( / p(R)(sin R)™ Yh,, (R) dR)

0

oI,
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where h,, is an explicit scalar function coming from the fourth-order term in the
expansion of g(u;v). Thus, in the rotationally symmetric case, the support prob-
lem is reduced to the sign and zero structure of the two geometry-only functions
b, and h,y,.

The function b, is strictly decreasing on (0,7) and has a unique zero R,, €
(r/2,m). For m > 4, the function h,, has a first zero S,, € (7/2,7), and the two
thresholds satisfy

R, < S

Moreover, both thresholds are super-hemispherical and approach the equator as
m — oo; for example R, = /24 O(1/m) and S,, = 7/2+ O(1/m).
The resulting rotationally symmetric support picture is as follows. If

supp 11 C B(N; Ryn),

then DQﬁM(O) is positive definite, hence no smeariness occurs. In dimensions
m = 2,3, rotationally symmetric 2-smeariness does not occur: if the Hessian is
forced to vanish, then the fourth derivative is negative in every non-zero direction,
so 0 is a strict local maximum rather than a smeary local minimum. For m > 4,
the quartic obstruction persists up to the larger threshold S,,: if

suppp C B(N;S,,) and DQZEH(O) =0,

then the fourth derivative is still negative in every non-zero direction. Thus a
rotationally symmetric 2-smeary density can only occur after the support crosses
the radius S,,.

Conversely, in the high-dimensional regime covered by the construction, this
obstruction is sharp up to an arbitrarily small excess beyond S,,. For every ¢ >
0, and for all sufficiently large m, one can construct a rotationally symmetric
probability measure with continuous density such that

supp u C B(N; Sp, + €), p{x: Sy <d(N,z) < Sy, +e} >0,
with
D*F,(0) =0,  D'F,(0)[w,w,w,w] >0 (w #0).

Hence N is a local 2-smeary Fréchet mean. Since rotational symmetry makes the
Hessian a scalar multiple of the identity, full and directional smeariness coincide
in this part of the theory.

I then discussed the non-rotationally symmetric case. For a general absolutely
continuous density p(R,©), still supported away from the antipode, the Hessian

is
~ i R R
D?*F,(0) =2 I+ (1- —— T
w(0) /0 /S?nfl (tanR - < tanR) 00 )
-p(R,0©)(sinR)™ ' dO dR.

This formula gives a closed-hemisphere obstruction: if

supp u C B(N;7/2),
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then the Hessian is positive definite, so neither full nor directional smeariness
occurs. More generally, support in B(N; R,,) prevents the Hessian from vanishing
identically, and hence rules out full smeariness.

The full and directional problems differ sharply beyond the hemisphere. For
every m > 2 and every € > 0, there exists an absolutely continuous probability
measure supported in

B(N;7/2+¢)

for which the Hessian at N is positive semidefinite of rank one, the third derivative
vanishes, and the fourth derivative is strictly positive on the kernel of the Hessian.
This gives a directionally 2-smeary local Fréchet mean with support arbitrarily
close to a closed hemisphere. Thus the hemispherical support bound is rigid for
directional smeariness.

Finally, I mentioned one finite-sample consequence in the non-smeary regime.
If H = D?F,(0) is positive definite, ¥ = Cov(logy X), and the usual non-smeary
central limit theorem together with a uniform (2 + ¢) moment bound gives con-
vergence of second moments, then the limiting variance modulation is

_ tracedH 'SH™)
N trace(X) '

o0

For absolutely continuous measures on S™, m > 2, the spectral bound
Amax(H/2) < 1

implies my > 1 whenever the above limit is valid. Thus, under hemispheri-
cal support and the stated moment condition, one obtains Type-I finite sample
smeariness, although ordinary smeariness is excluded by the positive-definite Hes-
sian.
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Flag for stats
XAVIER PENNEC

Dimension reduction is a key issue in numerous statistical and machine learning
problems. When data belong to a manifold, we first need to define families of
parametric subspace in manifolds which could play the role of principal subspaces.
Geodesic shooting along the main eigenvectors of the covariance matrix at the
Fréchet mean point generates a Geodesic Subspace (GS) which is used in tangent
PCA. The point and tangent vectors defining that GS that can also be optimized
to best fit the data in more principled methods such as Principal Geodesic Anal-
ysis (PGA) or Geodesic PCA (GPCA). To restore the full symmetry between the
parameters, we proposed in [1] to use the Exponential Barycentric subspace
(EBS) defined as the locus of weighted means of k + 1 reference points (with pos-
itive or negative weights summing up to 1). The EBS is locally a stratified spaces
of maximal dimension k comprised of critical points of the weighted variance sat-
isfying the barycentric equation ), A;log, (x;) = 0. Its metric completion is called
the affine span Aff(zg,...xy). Such spaces generalise the notion of Geodesic Sub-
spaces which can be shown to be the limit when reference points coalesce towards
a local 1-jet. If the exponential barycentric subspace is locally a regular manifold
when the reference points are affinely independent, the affine span is naturally a
stratified space as it includes the metric completion. Less natural stratifications
may also appear when the reference points are affinely dependent.

Barycentric subspaces and affine spans can naturally be nested by defining an
ordering of the reference points. This allows the construction of forward or back-
ward nested sequence of subspaces. However, these methods optimized for one
subspace at a time and cannot optimize the explained (or unexplained) variance
simultaneously for all the subspaces of the flag. In order to obtain a global cri-
terion, PCA in Euclidean spaces was rephrased in [1] as an optimization on the
flags of linear subspaces of the accumulated unexplained variance criterion. It is
well known that the best k-dimensional subspace in the least square sense is given
by the k first eigenvectors of the PCA, but their order cannot be decided with-
out adding an extra iterative step over the dimensions. With the optimization
of our accumulated unexplained variance criterion on the flags of subspaces, the
order of these eigenvectors is automatically decided. Thus we obtain a variational
formulation of the PCA algorithm but on the space of flags rather than on the
space of Grassmanians. This feature generalizes nicely to flags of affine spans in
Riemannian manifolds and gives a particularly appealing generalization of PCA
on manifolds, called Barycentric Subspaces Analysis (BSA).

Considering PCA as an optimization of flags spaces gives an interesting geo-
metric point of view, even in Euclidean spaces. Indeed, one usually consider the
succession of unidimensional eigenmodes for the interpretation of the data in PCA,
but more general flags with higher dimensional subspaces naturally arise with the
geometric point of view. They correspond to covariance matrix with repeated
eigenvalues, in which case eigenspaces are stable but eigenvectors may be freely
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rotated within each eigenspace. This raises an an important issue about the inter-
pretation of PCA modes, called the curse of isotropy [2]: principal components
associated with equal eigenvalues show large intersample variability and are arbi-
trary combinations of potentially more interpretable components.

One may easily overlook the problem because empirical eigenvalues are almost
surely distinct in practice due to sampling errors with a finite number of samples,
but we showed in [2] that many datasets are likely to suffer from the curse of
isotropy: in a dataset with 1000 samples, all the eigenvalue pairs with a relative
eigengap lower than 21% should be assumed to actually come from one repeated
eigenvalue. This demonstrates that the curse of isotropy cannot be overlooked. In
this context, we propose to transition from fuzzy principal components to more
interpretable principal subspaces, which can be seen as an optimization of the space
of flags. The final methodology, coined principal subspace analysis is extremely
simple and shows promising results on a variety of datasets from different fields.
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From limits of the matrix exponential to a geodesic metric
space of graphs
FRANCOIS-XAVIER VIALARD
(joint work with Guillaume Houry and Jean Feydy)

Given two metric-measure spaces (X, cx,a) and (Y, ¢y, 8), the Gromov—
Wasserstein distance is defined by

GW(a,B) = minﬁ)//(cx(x,x’) — 0y(y,y’))2d7r(x,y) dr(x’,y").

mell(a,

Gromov—Wasserstein distances compare metric-measure spaces by looking for
a coupling that preserves pairwise distances, rather than minimizing pointwise
displacements in a common ambient space. This makes them robust to rotations
and relabelings, at the price of a nonconvex quadratic matching problem.

The main message of this talk is that a large class of Gromov—Wasserstein (GW)
problems are implicitly an entropic optimal transport (EOT) problem after an (up
to an unknown/optimizable) feature lift, which has important consequences for its
computational complexity. This reduction was already known for the case of a
squared Euclidean cost, which was very limiting in practice, since the optimal
matchings were driven by large distance of pairwise points.

A cost ¢ is conditionally of negative type (CNT) precisely when Schoenberg’s
theorem gives a Hilbert embedding

c(z,a") = [|o(x) — p(a")Il3,.
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Equivalently, after fixing a base point zo, the centered kernel k(z,2’) = 3 (c(z, zo)+
c(xo, x') — c(x,2")) is positive definite. Thus CNT costs play for squared distances

the role that positive kernels play for inner products. With the GW lift

O(z) = (6(x), 3llo()]),

and similarly W(y), the entropy-regularized GW objective can be written, up to
an additive constant, as

GWE (0[, 5)

~C(ap)+sun_sgin {ITls + KL a0 ) -2 [0, 20)0(0) ) dr |
For fixed I", the minimization over 7 is exactly an EOT problem: one transports
®pa to 'y ¥y with the squared Euclidean cost and temperature £/8. The non-
convex GW search is therefore reduced to alternating between a Sinkhorn solve
and a linear alignment update for T'.

This reduction also explains the debiasing result. Entropic regularization breaks
the desired property GW.(«, @) = 0(> 0) and makes the gradient flow converge to
a biased steady state. The Sinkhorn GW divergence removes the self-interaction
bias:

SGW.(0,5) = GW.(a, ) — 3 (GW-(a,0) + GW.(5,8)).

In the CNT setting, this symmetrization is nonnegative and vanishes whenever the
two metric-measure spaces are isometric. For too large a temperatures, positivity
is not guaranteed, while for the Euclidean squared cost, positivity is restored for
small € with respect to the data.

Finally, we present an algorithm that exposes a clear computational tradeoff.
For N and M particles and feature dimensions D and F, the CNT implementation
stores O(ND + M E) numbers and costs

O(N?D + M*E) for the kernel-PCA embeddings,
O(N M ninnerfouter) for the Sinkhorn/GW loops.

This shows in particular that Gromov-Wasserstein estimations can be made qua-
dratic for a regime of a large number of particles with a choice of embedding
dimension usually of the order 20 to 200. Combining this with multiscale meth-
ods and with efficient implementation of kernel matrix products such as Keops,
our method broadens the use of Gromov-Wasserstein distances by allowing more
distance functions choices.
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Manifold GCN: Diffusion-based Convolutional Neural Network for
Manifold-valued Graphs

CHRISTOPH VON TYCOWICZ
(joint work with Martin Hanik, Gabriele Steidl)

There is an increasing interest in applying the predictive power of deep learning
to non-standard data types such as graphs, shapes, or special matrices. Often,
incorporating the underlying regularities of such data into the learning task (or
algorithm) leads to sizable empirical improvements. In this context, we investigate
the case where the learning task is formulated for graphs that are embedded in
a Riemannian manifold M, i.e. graphs G = (V, E,w, f) with vertex set V =
{v1,...,v,}, directed edge set E C V x V, positive edge weights w : E — R, and
manifold-valued feature map f:V — M.

We present two novel network units that can be used with this kind of data to
build deep architectures that adhere to the symmetries inherent to both the base
and feature/signal domains. Both units are equivariant under node permutations
and the feature manifold’s isometries. These properties have led to a beneficial
inductive bias in many deep-learning tasks. Furthermore, they enable novel, more
flexible feature designs. The presented results are part of the work published in [1].

1. DIFFUSION LAYER

We introduce a novel convolution-type layer that discretizes graph diffusion in
manifolds. We thereby utilize a link between convolution and diffusion processes
that graph neural networks have successfully used for Euclidean data [2]. Com-
bined with an explicit solution scheme for the diffusion equation, the new diffusion
layer exhibits the same local aggregation of features that makes convolution layers
so successful.

Let G = (V,E,w, f) be a graph with feature map f. We augment f with a
time parameter ¢ and consider, for a > 0, the M-valued graph diffusion equation

{%f@J)z—Af@JL veV, te(0,a),

f(v,0) = f(v), veV,

where A denotes the manifold-valued graph Laplacian derived in [3].

By discretizing this graph diffusion process, we can construct a convolution-
type neural network layer with time ¢ as learnable parameter. Furthermore, we
need a nonlinear activation function that prevents depth collapse. We propose the
following: With the sigmoid function sig(z) := e /(1+€%) and 0 = (V1,92) € RZ,,
we define, for any p € M, the nonlinear activation function Jf, :To,M — T,M by

(1)

oh(X) = sig(th | X |, — ¥2) X.

The activation function has two learnable parameters 91 and v, which increase
the network capacity and realize an isometry-equivariant, nonlinear re-scaling of
the input vector.
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With this activation function, we define the 1-step map step, 4 by

stepy ¢(f)(v) i= expy(,) (— 107, (AF (), veV.

The map step, 4 realizes a “nonlinearly activated” explicit diffusion step of length
t of Equation (1). Each vector Af(v) may be viewed as a “force” acting on the
feature f(v), steering it toward the weighted Fréchet mean of its neighboring nodes
in the graph; this displacement is realized through the exponential map. Since the
graph Laplacian depends solely on the immediate neighbors of a node—its 1-hop
neighborhood—the resulting 1-step map aggregates information only from these
local neighborhoods. Like numerical integration schemes, we extend the 1-step
map for £ > 1 to perform several steps by

2) stepf () = stepy g 0+ ostep, o(f).

¢ times

Again, stepfﬁe realizes ¢ “nonlinearly activated” explicit Euler steps of length ¢t > 0
for Equation (1).

Now, we can define our diffusion layer. Let €2 be the set of graphs with M-valued
vertex features.

Definition 1 (diffusion layer). For ¢ € N, let t = (t1,...,t.) € RS, and 60 =
(01,...,0.) € (RQZO)C. A diffusion layer with ¢ > 1 channels is a map Diff; g :
Q¢ — Q° with

c

Diﬁ‘tﬁ ((G7)g:1) = ((V;’ L, wi, Stepfi;ei (fz))) i1
i=
The diffusion layer takes ¢ graphs as input and diffuses them for certain amounts

of time. Thus, it consists of ¢ diffusion “channels”. It can be applied to graphs with
varying numbers of nodes and connectivity patterns. Remarkably, the diffusion
layer is equivariant under node permutations and isometric transformations of the
feature manifold.

2. TANGENT MULTILAYER PERCEPTRON

Beyond the diffusion layer, we introduce a “1x1 convolution” layer that enables
feature transformations at each node and allows the network width to vary. To
construct this layer, we adapt concepts from the vector neuron framework [4] to
the manifold-valued setting. Specifically, we define a linear transformation on
tangent vectors followed by a nonlinear activation. Owing to this nonlinearity,
multiple such layers can be composed to build deeper architectures, analogous to
a standard multilayer perceptron.

The layer maps ¢, input features fi,. .., fe,, t0 cout oOutput features g1, ..., ge,.. -
To achieve this, the manifold-valued node features are first represented in a com-
mon reference tangent space. Within this space, the layer learns two sets of linear
combinations. The first set defines vectors that determine positive and negative
half-spaces, while the second set produces output vectors that are subsequently
modified in a nonlinear manner depending on the half-space in which they lie.
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The resulting tangent vectors are then mapped back onto the manifold via the
exponential map.

3. EXPERIMENTS

We evaluated networks built from the proposed layers on two graph classification
benchmarks and obtained strong results. While they apply to a much broader
class of problems, our models surpassed existing state-of-the-art approaches that
were tailored specifically to the respective tasks.

The symmetry-equivariant nature of the feature representations further allowed
us to develop a new graph embedding approach that leverages the connection be-
tween graph node permutations and isometries in hyperbolic and SPD manifolds.
Compared with conventional degree-based embeddings, this method yielded sub-
stantial performance gains, highlighting the potential for geometric representation
learning.

Experiments in low-data regimes indicate that the proposed architectures can
achieve competitive performance with fewer training samples. A likely explanation
is the additional inductive bias introduced by their equivariance properties. Such
behavior is particularly attractive in domains where annotated data is limited. One
prominent example is medical shape analysis, where we demonstrated that sphere-
valued features can serve as compact shape descriptors and facilitate learning in
small-sample-size settings.
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