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ABSTRACT. A digital twin (DT) is a computational model that evolves over
time to persistently represent the structure, behavior, and context of a unique
physical system or process. DTs are characterized by a dynamic and contin-
uous two-way flow of information between the computational model and the
physical system. Data streams from the physical system are assimilated into
the computational model to reduce uncertainties and improve predictions of
the model, which in turn is used as a basis for controlling the physical system,
optimizing data acquisition, and providing decision support. The DT para-
digm brings along challenging mathematical and statistical questions which
were at the center of the workshop.
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Introduction by the Organizers

This workshop focused on the mathematical and statistical foundation of the dig-
ital twin paradigm. Presentations were structured according to key digital twin
elements: (1) the digital twin virtual representation in the form of evolution equa-
tions, generative modeling, operator learning, and reduced order modeling, (2) the
information flow from physical to virtual via data assimilation, Bayesian inference,
and machine learning, (3) the information flow from virtual to physical leading to
optimal control and optimization problems.

The workshop started with talks by Karl Kunisch and Dante Kalise on opti-
mal control. Houman Owhadi presented work on generative modeling approaches
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to learned Markov decision processes. Subsequent talks by Georg Stadler and
Femke Vossepoel focused on rare event estimates and data assimilation, respec-
tively. Marina Hohne discussed explainable Al in the context of digital twins while
Marc Bocquet highlighted connections between Al and data assimilation. Mar-
garet Trautner presented work on operator learning. The talk of Philipp Guth
returned to the problem of optimal control for uncertain linear systems. Reduced-
order modelling was at the focus of the presentation of Boris Krdmer. Contrasting
learning and coupling of measure approaches to sampling were presented in talks
by Ricardo Baptista and Georg Gottwald. Dirk Hartmann discussed applications
of digital twins in engineering. Estimation for partially observed diffusion pro-
cesses were at the focus of talks by Wilhelm Stannat and Raul Tempone, who also
added the control component. The talks by Ion Victor Gosea and Peter Benner
centered on operator learning and reduced order modeling. Nisha Chandramoor-
thy presented simplified model settings to guide our understanding of generative
modeling. Prashant Mehta made a connection between transformers and estima-
tion from an optimal control perspective. The topic of rare event estimation was
discussed by Tiangang Cui using tensor trains. Doubly intractable Bayesian infer-
ence and their Monte Carlo approximation were the focus of the talk by Robert
Scheichl. Elaine Spiller talked about the implementation and efficiency of Gauss-
ian process surrogates for geophysical hazards simulations. Soren Christensen
discussed offline and online learning settings for drift estimation in an optimal con-
trol context. Lars Griine presented efficient approximations for high-dimensional
optimal control problems exploiting sparse coupling structures. Proximal impor-
tance sampling for Bayesian inference was the focus of the presentation by George
Biros. Roland Herzog spoke about machine learning and optimal experimental
design tools for discovering thermodynamic equations of states. Didier Henrion
addressed the reduction of complexity in global optimization via low-rank polyno-
mial and tensor-train approximations. Michael Hintermiiller presented a combined
scale bridging and machine learning framework to model fibrous structures.

The Thursday afternoon session was devoted to a discussion on a formal math-
ematical formulation of the digital twins paradigm and the need for bench mark
test sets. The following continuous-time mathematical description of a digital twin
was presented by Sebastian Reich and discussed throughout the session. In order
to formalize the problem, it is assumed that the physical reality can be described
by the following set of differential equations

(18“) ZZ = fT(ZZ’ Ut)v
(1b) Vi =ni(zh) + vl

Here, V;' denotes a time-dependent function. Except for the observed {Y}s<t the
physical reality is inaccessible to the virtual environment. The control {Us}s<,
on the other hand, is provided by the virtual environment. We assume that the
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forward model describing a virtual representation of (1) is of the form

(2a) Xt = f(Xt, Up),
(2b) Y, = h(X;) + RV?W.

The functions f and h and the positive definite matrix R characterize the temporal
evolution of the virtual model and W; denotes Brownian motion.

For a given control U, data Y,}T collected from the physical object are assimilated
into the virtual model using the mean-field differential equations

(3a) Xo = (X0, U3) + K (Xo ) (V1 = V7).
(3b) Yi = h(X:) + RV2W,.

Here, y; denotes the law of X, conditioned on the observed data {Y}s<;. The
gain K (x, u) satisfies an elliptic partial differential equation, which follows from
the requirement that p; satisfies the associated Kushner—Stratonovitch equation.
We note that the derivation of the Kushner—Stratonovitch equation assumes that
the virtual reality is a replica of the physical reality; that is,

(4a) zf = (28, U,

(4b) Y, = n(z]) + VW]

with WJ denoting Brownian motion. We call this scenario the ideal digital twin

setting. However, important challenges for the digital twin paradigm follow from

discrepancies between physical and virtual realities; that is, between (1) and (2).
So far we have assumed that the control Uy is given. Finding the control requires

planning for the future 7 > t. We formulate the planning problem in the form of
a receding horizon stochastic optimal control problem and introduce, for example,

the functional
t+T 1
[ (wl+ 0 ar + et
t

where ¢(z) and ¥(z) denote cost functions,

(5) J (U, ey e) = EF

(6) ol = [ e @)ds, wrle] = [ V@ @)ds

their expectation values, and ., the law of X, conditioned on virtual observations
{Y*}i<r<ii7. Here, the virtual planning process X,, 7 > t, satisfies

(7a) XT = f(X7,Ur) + K(Xr, p1r) (YE - YT) )
(7b) Y = h(X,) + RY2W,

subject to initial conditions X; ~ pw; and pu; = . Expectation Et is taken over
the virtual observations Y. 7 > t.

T
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Invoking again the ideal twin setting, the statistics of virtual observations can
be represented via

(8) Yi = p-[h] + R1/2W7i—v

where Wi denotes Brownian motion. Finally, the desired control U; is obtained
by minimizing (5) with respect to

9) U[t,t+T] = {UT(HT)}t§T<t+T
over suitable families of feedback control laws wu, (u).

The stochastic optimal control problem, defined by (5), (7), and (8), falls under
the broad class of stochastic mean-field games with a common noise driver; here
Wi, The desired optimal control laws u*(u) follow from the Hamilton—Jacobi—
Bellman equation for the value function v,(p) associated with (5), (7), and (8).
Finally, Uy = u}(pt).

The performance of different virtual representations of one and the same phys-
ical reality can be assessed by comparing scores; for example, the continuously
ranked probability score based on the cumulative distribution functions of G =
g(Y;) and G = g(Y;") for given scalar-valued functions g.

The discussion on a mathematical formulation of the digital twin paradigm was
followed by the presentation of a bench mark test problem by Omar Ghattas.
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Abstracts

A learning based approximation of semi-concave functions with
applications to optimal control

KARL KUNISCH
(joint work with Donato Vasquez-Varas)

Our main goal is to find an optimal feedback law for the infinite horizon problem:

W e )= [ () + S )

u€L?(0,00;R™)
where y € H'(0,00; R?) is the unique solution of

(2) y'(t) = f(y(t) + Bly®)u(t), te(0,00), y(0)=yo
with 3 >0, £ € C*(Q), £(0) =0, ¢ >0, f € C1(Q), f(0) =0, B € CH(Q;R¥*™),
and Q C R? open, bounded and convex.

The main tool for investigating this problem involves the value function de-
fined as V(yo) = min  yer2(0,00m) J(u,90). If V€ C1(Q) then it satisfies the
Hamilton-Jacobi-Bellman (HJB) equation given by

HTV().0) = o { =TV )T (700 + Bl - 5~ )} =0,

u€R™

with boundary conditions V(0) = 0 and VV(0) = 0. If VV is available, then the
optimal feedback law is given by:

3) u(y) =557 WVV ().
and we may close the loop to obtain:
(4) y'(t) = f(y(t)) = BTBYV(y(1)), y(0) = yo.

Since no control constraints are incorporated in the HJB equation it simplifies to
1
V@) f) ~ 551B"VV W)l + Ey) = 0.

To solve this equation and hence to use (3) in practice one is confronted with at
least two difficulties. One results from the curse of dimensionality since (4) is a
hyperbolic equation in the dimension given by that of the state space of (2), the
other one since V' cannot be assumed to be C!, in general.

Still, in view of the practical relevance of feedback control much effort has
been made to develop approaches for solving the HJB equation in high dimen-
sions. In this talk we first survey recent developments, including policy iteration
in combination with tensor train techniques, data driven methods, the averaged
approximation scheme, Taylor expansions, and max-plus algebra techniques.

Subsequently we focus on our recent work in which we exploit the fact that
in many situations the solution to HJB, while not C', is at least semi-concave.
Semi-concave functions can be expressed as the pointwise infimum of a family
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of C' functions. In practice we expect that this family is finite. We develop a
semi-concavity preserving approximation scheme combining it with a hyperbolic
cross framework which naturally arises in with Legrendre polynomials which we
utilize in the inf-representation of V by C! functions. Approximation results for
this scheme for both the value function and the feedback law are derived.

Further, numerical results are presented, with special emphasis on an example
for which, in a parameter dependent manner, the value function switches from
being C' to being semi-concave.

REFERENCES

(1] K. Kunisch and D. Vasquez-Varas, Consistent Smooth Approzimation of Feedback Laws for
Infinite Horizon Control Problems with Non-Smooth Value Functions, Journal of Differential
Equations, 411, pp. 438-477, 2024.

[2] K. Kunisch and D. Vésquez-Varas, Convergence of Machine Learning Methods for Feed-
back Control Laws: Awveraged Feedback Learning Scheme and Data Driven Methods,
arXiv:2407.18403, 2024.

[3] K. Kunisch and D. Vésquez-Varas, Structure Preserving Approzimation of Semiconcave
Functions, arXiv:2602.07770, 2026.

Global optimization through a control-theoretic lens
DANTE KALISE

(joint work with Michael Herty, Yuyang Huang, Nikolas Kantas,
Hicham Kouhkouh)

Global optimization problems of the form

(1) min f(x)

are ubiquitous in computational science and engineering, and arise naturally within
the digital twin paradigm: model calibration, optimal experimental design, and
decision support all lead to landscapes which are non-convex, possibly non-smooth,
and for which gradients may be expensive or unavailable. In practice, such prob-
lems are routinely addressed with metaheuristics, which are effective yet often
lack a quantitative convergence theory. This talk presents a research programme
that recasts (1) as an optimal stabilization problem for a controlled dynamical
system, obtaining a globally informative surrogate of the landscape, exponential
convergence guarantees, and a scalable particle-based realization.

The starting point is the well-known correspondence between optimization al-
gorithms and continuous-time dynamics: gradient descent is the explicit Euler dis-
cretization of the gradient flow x = —V f(x), while Nesterov’s accelerated method
corresponds to a damped second-order ODE X + %x + Vf(x) =0 [4], with closed-
loop damping strategies studied in [5]. This raises a natural question: instead of
prescribing a dissipation mechanism, can one synthesize an optimal feedback law
for global optimization?
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Global optimization as optimal stabilization. We embed (1) into an infinite-
horizon, discounted optimal control problem

(2)
inf J(u(-),x) 1=/0 M (Fy®) + sllu@®)]?) dt, y(t) =u(t), y(0)=x,

u(-)eU
with pu,e > 0. The running cost rewards trajectories that reach and remain in

low-objective regions, while the quadratic penalty limits the control effort spent
navigating the landscape. The value function

Viu(x) = nf T (u(-), x)
satisfies the stationary first-order Hamilton—Jacobi-Bellman (HJB) equation
3) mVu(x) + 2 IVVL) 1 = f(x)

and the optimal control is realized in feedback form as u*(x) = —1VV,,(x), that is,
gradient descent over the surrogate V,, rather than over f itself. In the limiting case
of constrained controls and vanishing discount and penalization, one recovers the
Eikonal-type equation with vanishing Lagrangian studied in [6], while parabolic
regularizations of (3) connect to the deep relaxation PDEs of [7].

Stability and convergence rates. The first set of results [1] establishes that
the closed-loop dynamics indeed solve the global optimization problem. Let M
denote the set of global minimizers of f and y%(-) an optimal trajectory of (2).
For f continuous and bounded, the family of closed-loop systems is practically
asymptotically stable with respect to M: for every n > 0 there exist u > 0 and
7 = 7(n, p) such that dist(y%(t), M) < n for all ¢ > 7, in the spirit of stabilization
results for discounted optimal control [8].
Quantitative rates require additional structure [2]. Normalizing f, := min f via
V=V, — f./pand f:= f — f., we introduce

Assumption (A): I K > p >0 such that K‘N/H(x) < f(x) ¥xeR<
Substituting into the shifted HJB equation yields the inequality

3 VVul? > (K = p)Vy,

a Polyak-Lojasiewicz-type condition for the value function rather than for the
objective. As a consequence, V, is a Lyapunov function for the closed-loop dy-
namics, decaying as V,,(y%(t)) < e”E~#!V, (x), and optimal trajectories enjoy
three levels of exponential convergence:

(i) variational: pV,(y%(t)) — min f, under Assumption (A) alone;

(ii) objective: f(y%(t)) — min f, under an additional regularity assumption

on f, e.g. Holder continuity;
(iii) pathwise: dist(y%(t), M)? < g—fe*‘s(t’” dist(x, M)? for t > 7, under a
local growth condition near M.

A sufficient condition for the full hierarchy is local quadratic growth,

4 dist(x, M)? < f(x) < 2 dist(x, M)?



1620 Oberwolfach Report 26/2026

near M, which yields Assumption (A) with an explicit Riccati-type constant
K (p,c1,c2). This covers, among others, strongly convex smooth objectives, func-
tions with finitely many non-degenerate global minimizers, and soft k-means or
Gaussian-mixture likelihoods; local linear growth or metric regularity of 0 f also
suffice. Importantly, the estimates are robust under quasi-optimality: they persist
when the exact feedback —%VVM is replaced by a sufficiently accurate approxi-
mation, which is the enabling property for the numerical realization below. Nu-
merical validation on Himmelblau’s function, whose four global minima form a
disconnected M, confirms pathwise stabilization from arbitrary initializations at
the predicted exponential rate.

A scalable realization: controlled consensus-based optimization. Direct
HJB solvers suffer from the curse of dimensionality. Structured approximations
mitigate this: sparse polynomial expansions V;, = >, ¢;¢; [9], low-rank tensor train
decompositions [10], and separable physics-informed architectures. These surro-
gates are gradient-free and globally informative within the computational domain,
but their accuracy in high dimension is limited. We therefore couple a cheap
HJB surrogate with consensus-based optimization (CBO) [11, 12], a gradient-free
swarm of N particles

dX{ = =M (X{ —va(p})) dt + Bups(X}) dt + 0| X{ —va(py)| W],

where v, (pY) is the Laplace-principle weighted consensus point and upjp ~ -VV,
is the approximate feedback, entering as an additional drift with gain 8 (8 = 0
recovers standard CBO). The two mechanisms are complementary: the feedback
provides coarse global guidance from an inexpensive polynomial surrogate of V,,,
steering particles toward low-objective regions and reducing sensitivity to initial-
ization, while the consensus dynamics refine the search through stochastic explo-
ration and remain robust precisely in the quasi-optimality regime where the sur-
rogate is inaccurate. Numerical experiments on the Ackley and Rastrigin bench-
marks [3] demonstrate faster and more robust consensus formation than standard
CBO, with expected squared Wasserstein errors E[W2(pY, dx-)] of machine preci-
sion order in tests up to dimension d = 30.

Outlook. Ongoing work includes a structural characterization of objective classes
for which the surrogate construction scales, stabilization rates for the controlled
CBO dynamics and the interplay between surrogate accuracy and consensus for-
mation, gradient-based schemes derived from the optimal control formulation, ex-
tensions to non-smooth and constrained landscapes via metric regularity, and the
coupling with mean-field and McKean—Vlasov control for distributional targets.

REFERENCES
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Graphical conditional generative modeling for digital twin modeling
HouMAN OWHADI
(joint work with Zongren Zou, Théo Bourdais, Ricardo Baptista)

Digital twin modeling, including control and data assimilation under model uncer-
tainty, often faces an open-ended fidelity problem: adding variables, data streams,
and time scales can indefinitely increase model complexity, ultimately producing
systems that are difficult to maintain, validate, interpret, and use for stress or
safety testing. As an alternative, one can seek parsimonious stochastic surrogate
models built only on the variables needed to describe the relevant quantities of in-
terest. We introduce a framework for discovering such variables from observational
data by identifying which candidate inputs influence the full conditional law of a
target quantity, rather than only its conditional mean. This distinction is essential
in stochastic, coarse-grained, or partially observed systems, where dependencies
may appear through changes in variability, tail behavior, multimodality, or uncer-
tainty rather than through deterministic functional relationships. The framework
couples conditional generative modeling, which learns the conditional distribu-
tion of the target given candidate inputs, with Gaussian-process-based analysis of
variance (through kernel mode decomposition), which enables iterative pruning of
non-influential inputs and interpretable structure discovery. In control settings,
the resulting surrogate can be interpreted as a learned Markov decision process:
the method identifies not only a transition model, but also the state, action, and
memory variables needed to make the learned dynamics effectively Markovian.
Across examples involving stochastic dynamical systems, missing variables, PDE
control, reinforcement learning, and economic data, the discovered structures yield
interpretable stochastic surrogates whose downstream performance is comparable
to models trained on the full variable set.
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Updating failure estimates in digital twins
GEORG STADLER
(joint work with Winston Liang, Timo Schorlepp)

When a digital twin (DT) is used to make decisions about its physical twin (PT),
one often needs to take into account the probability of rare but important events.
Examples of such events include structural failure under stress, the collapse of
financial markets, or risks due to extreme weather. Mathematically, we want to
quantify the (evolution of the) tail of a quantity of interest (Qol) as data assimila-
tion or Bayesian inference updates the model. Computing posterior samples and
then studying the tail of the Qol empirically is expensive, doubly so for rare tail
events. Our approach instead uses asymptotics for small probabilities together
with measure concentration to replace sampling with optimization. We review the
approach first for a fixed prior distribution and then present extensions for the
posterior in a data assimilation problem.

Let ¢ : 8 € R™ — R be a Qol map (typically involving a PDE solve), where 0
is a random, possibly high-dimensional parameter with density 7,,. We seek the
probability of exceeding a given threshold z € R, i.e.,

Bor(2) := Pie(a(8) = 2).

For example, 8 may be estimated material parameters, and ¢ maps to a point
stress. Building on ideas from large deviation theory and methods from structural
engineering, we show in [4] that
(1) Py(z) = C(z)exp (— 1(8%)) as z — oo, 0" := argmin 1(0),
q(0)>z
where I(0) is the rate function (for Gaussian distributions ., I(0) is the negative
log prior and thus quadratic), and the optimizer 8* is called the instanton or the
most likely point. The sub-exponential prefactor C'(z) can be approximated using
second-order (i.e., Hessian) information at 8*. Writing n = V¢(0)/||Vq(6™)|| for
the outward normal to {q(8) = z} and Hypr := (I, — ' )V2q(0*)(I, —an')
for the curvature of the event boundary projected onto the tangent space, a second-
order reliability (SORM)-inspired approximation gives
n —1/2
C(2) ~ [2rll0" P (1= AN(Hion) | 7, A= VIOV,
i=1
with A;(+) the i-th eigenvalue, X is the Lagrange multiplier for the constraint in
the optimization problem in (1), and we assumed for simplicity that 8 ~ N (0, T).
This requires derivatives of ¢ (obtained typically using adjoint PDE solvers) and is
asymptotically exact as z — oo, though it often performs well already at moderate
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probabilities. Its main limitation is the assumption of a unique dominating point.
Residual bias can be corrected with sampling, e.g., importance sampling from a
shifted distribution, cross-entropy proposals, or control variates.

The preceding theory assumes a fixed prior m,,. In a DT, however, the param-
eter distribution is continually updated by data through a (typically nonlinear)
parameter-to-observation map F. Given y = F(8)+n with 6 ~ m,, = N (80, Co)
and 17 ~ N(0, Tps), and covariance operators Cy and Typs, one must instead quan-
tify the tail probabilities of the posterior. This raises new challenges: the posterior
is generally non-Gaussian even for a Gaussian prior, and the rate function, and
thus the approximation (1), has no immediate posterior analog.

Since there is no small-noise limit driving concentration, our approach is to
replace the rate function with the (unnormalized, negative log-) posterior

d C
JY(0) = 3IIF(8) — yU|IE,,. + 5116 — Ooll¢,-
The posterior tail probability is defined as

Ppost(z) = Ppost(q(e) Z Z) - ; exp ( — Jyd (0)) d0,

Z(y?) /{e:q<e>>z}
where Z(y?) is the Bayesian evidence. We use an asymptotic argument based on
posterior concentration as a result of rescaling the prior and likelihood, and then
interpret the asymptotics as a z — oo limit, similar as in [3]. This results in the
most likely point under the posterior given by

Ak

6 := argmin Jyd(H).

{6:9(0)>=}
The corresponding second-order (Laplace-type) expansion has the form
C(Z) d  ~x
(2) Phost(2) = = exp(—JY (0)),
’ Z(y?)

where C’(z) is a prefactor, formally analogous to the prior case, built from the

Hessians of J¥* and q at 0 projected onto the tangent space as in the prior case.
Moreover, Z(y?) is the evidence whose computation is difficult in itself, but it is
unnecessary if one only needs ratios of failure probabilities. Note that (2) reduces
to (1) if the data y are non-informative about the parameters.

Next, we illustrate the application of this approach for a simple Darcy flow
problem with two parameters. We consider the Qol ¢(61,02) = p(1/2), where
p solves —-L(ef1Lp(x)) = 1 on [0,1] with p(0) = 0, p(1) = 6. The data is
yd = p(1/4) observed with a draw of @ ~ N((0,100)7,1) and n ~ N(0,0.1%).
Figure 1 shows that the estimate based on the second-order approach agrees closely
with both the Monte Carlo reference and the naive integration across a range of
thresholds.

The proposed approach can be extended to problems with high parameter di-
mensions using scalable PDE-constrained optimization solvers and eigenvalue esti-
mation of second-derivative matrices as in [1, 3] for Bayesian inverse problems and
rare event probability estimation with prior distributions. Main challenges remain
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the estimation of the evidence, as well as verifying the dominant point assumption.
Alternatives to estimating small probabilities over posteriors include using tensor
train approximations of the posterior, [2], which could possibly be combined with

our approach.
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FIGURE 1. Left: Contours of the negative log-posterior J (blue
dashed) and of the Qol ¢ (red dashed) in the parameter

space (01,0s).

Shown are several instantons corresponding to

z € (52,53). Right: Resulting probability estimation using brute-
force MCMC sampling of the posterior (in gray we show the uncer-
tainty), the proposed second-order method, and grid quadrature.
All these results use a brute-force computation of the evidence.
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On the use of data assimilation in digital twins
FEMKE VOSSEPOEL
(joint work with Max Frei, Nikolaj Miicke)

Ensemble data-assimilation methods are widely used in digital twins to quantify
uncertainties and support decision-making. Data assimilation updates the state
(and/or the parameters) in such a way that end users can simulate scenarios as
realistically as possible. The output of the scenario simulation can then help the
users to make well-informed decisions.

The UrbanAIR digital twin (Horizon Europe Grant number 101188131) sup-
ports decisions related to the urban atmosphere. Choices in city planning, includ-
ing green and blue infrastructure, affect the urban temperature and air quality,
and simulations of this atmosphere under different boundary and initial condi-
tions can be used by municipalities to make choices in their design of the urban
landscape and in the implementation of safety measures. UrbanAIR features sev-
eral numerical models, ranging from regional weather [1] and city-scale models [2]
to models simulating the neighbourhood- and street level atmospheric dynamics
[3, 4]. Using benchmark cases that represent the urban landscape [5, 6], we de-
velop and test data assimilation schemes that estimate and update the boundary
conditions of the model domain to obtain the most realistic air flow in a simu-
lated urban environment. In this estimation, Bayes’ theorem forms the underlying
principle to combine the prior samples from the atmospheric models with avail-
able observations with data-assimilation methods. The ultimate objective of data
assimilation is to estimate the true posterior probability distribution of the state
and/or parameters (see, e.g. [7]).

To assess the performance of data-assimilation methods, various metrics are
available. For state and parameter estimation, common measures include the root-
mean-square error of the ensemble mean or the ensemble members with respect to
the available observations. The variance of the state as simulated in the ensemble
reflects the spread of the ensemble, which, if small, can indicate ensemble collapse.
In forecasting applications, graphical diagnostics such as Taylor diagrams and
rank histograms are often used to assess forecast skill and the representation of
uncertainty. These diagnostics provide useful information, but they do not always
reflect how well the method represents the underlying probability distribution of
the state or parameters.

From a Bayesian perspective, the performance of a data-assimilation method
should be assessed in terms of its ability to represent the posterior distribution
of the state or parameters. This can in principle be measured using probabilistic
distances such as the Wasserstein-2 metric or the Kullback—Leibler divergence, but
these metrics are difficult to apply in high-dimensional problems. For this reason,
[8] suggested the Continuous Ranked Probability Score (CRPS) as an alternative
measure, which is a continuous variant of the Brier score: E|X —y|— 1E|X — X'| =

J(F(z)-1{z > y})de, where  is the model variable of interest, y the observation
thereof, ;1 the mean and o the variance. Other metrics used in data-assimilation
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applications include: the Root Mean Square Error (RMSE), +/E[(y — ur)?]; the
Mean Absolute Error MAE, E[|y — pup|]; the Spread-skill, | RMSE/op — 1|; the
Dawid-Sebastiani Score, DSS; E[(y — pr)?]/0% +2Inopr. A comparison of these
metrics applied to a simplified geophysical problem illustrates how the CRPS is
more informative than the other metrics considered.

Alternative diagnostics inspired by information theory are entropy (H(x) =
— > . p(xi)log (p(x;))), mutual information I(z;x), written as a function of the
entropy and the joint entropy H(z,z) (I(z;2) = H(xz) + H(z) — H(z,x)) and the
derived data assimilation efficiency €p 4 that is defined as the ratio of the posterior
mutual information I(z;Z) and the total information in model and observations
I(z;z,y). An example based on a Kuramoto-Sivashinsky model [9, 10] illustrates
how the assessment of data-assimilation methods method can be evaluated with
the various metrics and what this implies for hyper-parameter choices and exper-
imental design.
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Developing trustworthy digital twins by incorporating explainable AI:
Detecting learned artefacts for faithful digital twin modeling

MARINA MARIE-CLAIRE HOHNE

Digital Twins are increasingly employed to support decision making in complex
systems by continuously integrating observational data with computational mod-
els. In precision agriculture, for example, Digital Twins have the potential to
optimize irrigation strategies, increase crop yield, reduce pesticide use, improve
resource efficiency, and support operational planning. As these systems increas-
ingly influence real-world decisions, it becomes essential to understand how they
arrive at their predictions and whether these predictions faithfully reflect the un-
derlying physical processes. Since a Digital Twin consists of several interacting
components, including sensor data acquisition, data preprocessing, state estima-
tion, uncertainty quantification, machine learning models, decision support, and
continuous feedback mechanisms, artificial intelligence is no longer confined to
a single prediction model but can be integrated throughout the entire pipeline.
Consequently, ensuring the trustworthiness of a Digital Twin requires the under-
standing and validation of every component rather than only the final prediction
model. A particular challenge arises from the fact that machine learning models
can learn spurious correlations during training, also known as Clever Hans artifacts
or shortcut learning. As a consequence, models may produce correct predictions
for the wrong reasons, relying on artifacts rather than the underlying physical
mechanisms they are intended to capture. Especially for Digital Twins, whose
purpose is to faithfully represent evolving physical systems, decisions based on
unintended correlations fundamentally undermine their reliability.

In this presentation I argue that Explainable Artificial Intelligence (XAI) pro-
vides an essential foundation for identifying and analysing such failure modes.
Local explanation techniques, such as Layer-wise Relevance Propagation [1], re-
veal which input features contribute to individual predictions. Furthermore, using
Bayesian neural networks, we can compute uncertainty-aware explanations incor-
porating the predictive uncertainty directly into the explanations themselves [6].
Since numerous explanation methods have been proposed, evaluating explanation
quality becomes a major challenge. Quantitative evaluation frameworks, such as
Quantus [2], allow explanation methods to be assessed with respect to faithfulness
and robustness, whereas MetaQuantus [3] extends this perspective by evaluating
the evaluation metrics themselves.

Beyond local explanations, understanding the global behavior of learned models
is highly important. Feature visualization enables the analysis of internal represen-
tations learned by deep neural networks, while our proposed method DORA [4] au-
tomatically identifies learned artifacts directly from the network parameters with-
out relying on external datasets, thereby avoiding additional dataset-induced bi-
ases. Furthermore, concept-based explanations further reveal semantically mean-
ingful concepts encoded within learned representations.

After introducing XAI, T demonstrated that both local [5] and global [7] expla-
nations can also be manipulated. Consequently, the central challenge is no longer
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explainability itself but faithfulness: to what extent does an explanation faithfully
represent the features and computations that lead to a certain prediction, and
to what extent does a learned model faithfully represent the underlying physical
system?

This perspective naturally extends from individual AI models to whole Digi-
tal Twin systems. If multiple interacting AI components contribute to state es-
timation, prediction, uncertainty quantification, and decision support, then the
explainability of a single model is no longer sufficient. Instead, the whole Digital
Twin itself requires explanation and validation.

I concluded by highlighting several open mathematical questions arising from
this point. How should faithfulness be defined mathematically for entire Digi-
tal Twins? Must latent state representations themselves satisfy notions of inter-
pretability? What does explainability mean for a Digital Twin comprising many
interacting learning components? Finally, how can explanations of Digital Twins
be validated quantitatively and independently of human judgment? Addressing
these questions will contribute to establish the mathematical foundations required
for Digital Twins, such that internal representations, predictions, and decisions
are not only accurate but also understandable, faithful, and verifiable.
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When AI provides the tools DA practitioners have been craving
MARC BOCQUET

(joint work with Tobias S. Finn, Sibo Cheng, Alban Farchi, Charlotte Durand,
Yumeng Chen, Ivo Pasmans, and Alberto Carrassi)

Data assimilation (DA) estimates the state of a chaotic system from an imperfect
model and noisy, partial observations [1]. The talk surveyed two ways in which
artificial intelligence (AI) can supply tools that DA practitioners have long needed:
learned probabilistic transition models for general model error, and neural analysis
operators that learn how to diagnose uncertainty and non-Gaussian error statistics.

SEQUENTIAL DA AND THE IENKF'S

The starting point is the hidden Markov model:

(1a) X1 = M(xx),
(1b) Y = Hk(xk) + éka ék ~ N(07 Rk)7

where observations arrive sequentially at ¢, and forecast errors grow rapidly under
chaotic dynamics M. Classical DA exposes a familiar tension: variational methods
such as 3D-Var and 4D-Var can handle nonlinear operators and asynchronous
observations, but do not directly capture the errors of the day; ensemble Kalman
filters (EnKFs) represent flow-dependent uncertainty, but are limited by the weak
nonlinearity assumption. Ensemble variational methods, especially the iterative
ensemble Kalman filter and smoother (IEnKF/IEnKS), combine these strengths
by optimising in the ensemble subspace [15, 6].
Focusing on a one time-step DA window [tg, 1], the IEnKF minimises

1 1
(2) L (xg) = 3 llxo0 — ioﬂipg)—l t3 ly1 —Hio M(XO)H;;l :

The Lorenz—96 (L96) model with Ny = 40 variables provides the low-order testbed
used throughout the talk [10]. In L96 experiments, the IEnKF outperforms both
a basic 4D-Var and a standard EnKF for moderately long windows, precisely
because it combines nonlinear smoothing with ensemble-based errors of the day

[5].
GENERATIVE DYNAMICS FOR MODEL ERROR: THE IENKF-G

Model error is unavoidable in realistic geophysical models. A Gaussian additive
formulation of model error,

(3) X1 = M(xx) + 1y, N, ~ N(0,Qp),
leads one to extends the IEnKF into the IEnKF-Q, whose objective over [tg, t1] is

1 1 1
(4) L(xo) =3 llxo— 5<0||fp8)—1 +5ly - Ha(x1)|[f + 3 1 = M(x0)llg; -
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It improves robustness but retains Gaussian-like assumptions and delicate inflation
tuning [13, 14]. We therefore proposed a broader view: learn the Chapman—
Kolmogorov transition

(5) p(xa]%0) = / ded (1 — M(xo,€)pele), &~ N(0,1),

using flow matching, diffusion, stochastic interpolants, or any related generative
models to learn M conditioned on the Gaussian random variable €. The point
is not to replace DA by a black-box emulator, but to enlarge the mathematical
class of sequential DA algorithms while preserving the structure of ensemble and
variational methods.

This yields the generative iterative ensemble Kalman filter (IEnKF-G), with
the cost function

1 1
(6)  L(x0,€) = B llxo0 — io”ipg)’l + 3 lly1 — Hi1o M(x0,€ )||R . ||5H

The analysis then searches jointly over the initial state and a latent model error
variable, while the learned generator supplies a non-Gaussian, state-dependent
transition model [3].

The numerical testbed was a two-scale L96-based dynamics, in which K = 40
large-scale variables interact with J = 4 fine-scale variables per large-scale variable;
the large scales alone define a misspecified coarse model [9, 8]. A residual convolu-
tional neural network was trained either deterministically or as a stochastic model
using a fair energy score. Inserted into DA, the IEnKF-G with N, = 40 model-
error degrees of freedom achieved the best RMSE among the compared methods,
outperforming an adaptively inflated EnKF and the more costly IEnKF-Q [12, 3].
Increasing N, from 1 to 40 improved the analysis, indicating that the latent coor-
dinates parametrised by e actively resolve missing transition uncertainty.

LEARNING THE ANALYSIS ITSELF: DANS

The second part used Al as a discovery tool for DA algorithms. A Data Assimi-
lation Network (DAN) replaces the analysis by a learned incremental operator ag
[11, 7, 2, 4]. Given forecast and analysis ensembles Ef  E2 € RV=*Ne innovations

7 2y - (=), =2 Zxkz,

and the linearised observation operator Hy, the update is

(8a) =Ej +a (E,H R, '6;),

(8b) Ek+1 = M (Ej).

The parameters 0 are trained over reference trajectories with the cost function

1
(9) ZZ ||Xkr Xkr )HQ’ ig,r S Xz,r,i-

r=1 k=1 i=1
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The striking empirical observation is that DAN performance barely depends on
Ne, even for N, = 1, while remaining competitive with a well-tuned EnKF. This
suggests that ag has internalised part of the analysis error covariance matrix.
The evidence is not only scalar RMSE: the leading time-averaged eigenspectra of
the covariance diagnosed by DAN and by an EnKF are close, and the learned
local patterns scale from N, = 40 to larger L96 grids without retraining [2, 4].
Under stronger nonlinear conditions, obtained by increasing the time step between
observations, DAN variants remain competitive with the IEnKF baseline, while
being more robust and extending to larger time steps, suggesting that ag learns
nonlinear sensitivities compatible with an effectively non-Gaussian prior.

CONCLUSION

The talk argued for a synthesis of DA and AI. Generative Al gives sequential DA
a practical way to represent general, non-Gaussian, state-dependent Chapman—
Kolmogorov transitions, leading to IEnKF-G as a principled extension of ensem-
ble variational DA. Conversely, DANs show that neural networks can rediscover
and illuminate DA mechanisms: covariance diagnosis, locality, inflation-like be-
haviour, and nonlinear prior sensitivity. Al thus provides tools DA practitioners
have been craving: learned probabilistic structure where models are wrong, and
learned analysis maps that reveal where classical schemes can be generalised.
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Enforcing Dirichlet boundary conditions in operator learning
MARGARET TRAUTNER
(joint work with Andrew M. Stuart)

Interest in, and the use of, neural network-based models for problems in science
and engineering has exploded in the past decade. For many of these problems,
the underlying phenomena are governed by partial differential equations (PDEs),
which map input functions to output functions via an infinite-dimensional oper-
ator. Operator learning encompasses a branch of machine-learning models that
generalize to this infinite-dimensional function space setting; the models them-
selves are termed neural operators.

Operator learning has proved empirically useful in two main cases. First, when
the underlying equations of the system are known, operator learning can accelerate
scientific computing by serving as a surrogate model for computationally expensive
numerical simulations. The second case is where a model is learned from data
alone, as the governing equations are unknown. However, in many settings, the
reality falls in between these two cases; some information is known about the
system, such as a boundary condition or conservation law, but the full descriptive
equations remain unknown. In these cases, it is natural to want to enforce the
known information without impeding the expressibility of the architecture or the
ability to learn an approximator through stochastic optimization. It is this setting
which largely motivates the present work: we enforce boundary conditions for
neural operators that hold even without training while retaining the expressibility
of the architecture. Furthermore, we develop the method in a manner that can
act on arbitrary mesh data and thus on general geometries in any dimension.

An attractive feature of many operator learning models is that they satisfy the
universal approximation property: for any desired accuracy € > 0, there exists a
parameterization of the model architecture in question that achieves e accuracy
for a map of interest over a certain input set. In other words, the model class is
expressive enough to capture the map of interest. Such results have been estab-
lished for the architectures DeepONet [1] and the Fourier Neural Operator (FNO)
[2], as well as for a broad class of operator learning models that contain both
nonlinear and nonlocal operations [3]. In this latter work in particular, it was
proved that for a kernel-integral neural operator, taking a single hidden layer that
performs an average over the domain, with the remaining layers being pointwise
neural network operations, is sufficient for universality. In general, it is a chal-
lenge to maintain universal approximation while enforcing known physical laws or
constraints explicitly.
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We make the following contributions to the state-of-the-art, in relation to en-
forcing Dirichlet boundary conditions within operator learning, as well as achieving
universal approximation in a general setting:

(1) We propose an operator learning architecture that automatically satisfies
Dirichlet boundary conditions by using the Dirichlet eigenfunctions of the
Laplacian as a basis.

(2) We prove universal approximation for a general class of nonlocal neural
operators, subsuming the proposed Dirichlet eigenfunction based architec-
ture as a special case; these approximation results may be of independent
interest beyond the application to enforcing Dirichlet boundary conditions.
This general class includes neural operators using only a single hidden layer
and single basis function as well as neural operators that perform approxi-
mation in a particular basis of interest. Sufficient conditions on such basis
functions are provided.

(3) We implement the proposed method to approximate two representative
operators defined by coefficient-to-solution maps arising in PDE problems:
the Darcy flow equation on a square domain and the Helmholtz equation
on a circular domain. We demonstrate the advantage of the proposed
method over FNO as well as over two possible alternative operator learning
approaches that also automatically satisfy the boundary condition.

Specifically, we introduce a new, kernel-integral based, operator learning archi-
tecture in which the output space of each layer builds an approximation in the
basis of Dirichlet eigenfunctions of the Laplacian in the output domain. These
eigenfunctions satisfy a zero boundary condition and thus, coupled with a zero-
preserving activation function and an appropriate fixed bias, create an architecture
that automatically satisfies the Dirichlet boundary condition of a PDE. In fact,
replacing the final hidden layer of any kernel-integral neural operator, includ-
ing FNO, with this Laplacian eigenfunction layer achieves the desired boundary
condition without training. In addition, as a departure from previous work that
automatically satisfies the boundary condition, this approach is applicable to com-
plex geometries and domains; we assume only that the output domain is bounded
in with Lipschitz boundary. Furthermore, the method requires no restriction on
choice of discretization or grid; it may be used on functions defined on arbitrary
meshes. Beyond the choice of the eigenfunctions of the Laplacian as the basis ele-
ments, we prove approximation theory for a much broader class of potential basis
functions. The approach we adopt suggests practical extensions of the method
to other classical basis choices, including various finite element bases. Numerical
results demonstrate the practicality and competitiveness of the proposed approach.
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A digital twin framework for output-feedback control of uncertain
linear systems

PaiLipp A. GUTH
(joint work with Karl Kunisch, Sérgio S. Rodrigues, Jesper Schroder)

A digital twin framework for output-feedback stabilization and parameter identi-
fication in uncertain dynamical systems is presented. A virtual model evolves in
parallel with the physical process, assimilating measurement data in real time. By
design, the twin reconstructs the system state and a generates stabilizing feedback,
while model parameters are simultaneously inferred from data of the controlled
dynamics using a Bayesian approach.

\
‘| Measurements

Physical System

Real-world physical phenomenon  Take s discrete perturbed observations of
evolves as the state as

y(t) = Aoy(t) + Bu(t), z(t;) = Cy(t;) +ny, l<j<s,

for time ¢t > 0, with unknown initial  where n; ~ N (0,T;) are independent.
state y(0) = yo ~ N(mo,Co) and un-

known parameter o.

(Goal: stabilize the physical syste

m estimate unknown parameter o
y(t) = 0

Virtual System

Control input

AN

The control input for the physical sys- Mirrors the physics and continuously
tem corrects itself

ult) = Ksy(0), §(t) = A0+ BK5§(H)+Ls (CTH—=(1)),
i i he virtual .
is designed based on the virtual system where K5 and L; are constructed with

the estimate o.

FiGURE 1. Illustration of the digital twin framework

Designing the virtual twin entails addressing several interrelated challenges:
(i) computing a parameter estimate & based on the output measurement data
collected from the physical system involves solving a sequence of inverse problems,
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which are typically ill-posed and sensitive to noise; (ii) constructing the state-
feedback operator Kz, with the goal of shaping the system’s closed-loop behavior
in accordance with a performance criterion, which in this work is stabilization. In
the presence of uncertainty in the parameter estimate &, this becomes a problem
of robust or risk-aware control; (iii) designing the observer gain Lz to ensure stable
and accurate reconstruction of the system state from noisy and possibly partial
measurements. This involves balancing responsiveness to new data with robustness
to measurement noise and plays a crucial role in ensuring that the virtual state y
remains synchronized with the true physical state y.

While each of these tasks has been studied extensively in isolation, a mathe-
matical framework that combines them into a single closed-loop system remains
largely unexplored. In particular, parameter estimation modifies the virtual model
on which the controller and observer design are based, while the applied control
itself influences the data available for subsequent parameter estimation. This
creates a strongly coupled interaction between inference and control. The main
contribution of this work is the formulation and rigorous analysis of a mathe-
matical framework (illustrated in Figure 1) that jointly addresses the interacting
challenges identified above, with the goal of stabilizing the physical system.

Under standard stabilizability and detectability assumptions, we establish sta-
bility of the coupled physical-virtual dynamics whenever the parameter estimate
belongs to a sufficiently small neighborhood Z of the true parameter. Consequently,
the virtual state tracks the evolution of the physical state and the physical system
is asymptotically stabilized by the feedback generated by the virtual twin. In this
regime, Riccati-based feedback and observer gains associated with the parameter
estimate ensure the desired stabilization and tracking properties. In particular,
for every ¢ € Z, the distribution of the coupled physical-virtual state converges to
a limit distribution, which is characterized explicitly in terms of its moments. Our
analysis highlights a fundamental mathematical feature of digital twins: param-
eter estimation, state reconstruction, and control cannot generally be treated as
independent tasks. Instead, they form a dynamically coupled system in which the
quality of inference affects control performance, and the chosen control strategy
determines the information available for future inference.

Several important directions for future research remain open. A central chal-
lenge is to establish conditions under which the evolving parameter estimate enters
and remains in the admissible neighborhood Z of the true parameter, thereby con-
necting the local stability theory with the sequential Bayesian update procedure.
Furthermore, adaptive strategies for selecting when model updates should be per-
formed remain to be developed. Our numerical experiments suggest that these
issues are critical for the proposed digital twin framework.
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System-theoretic reduced-order digital twin prototypes
Boris KRAMER
(joint work with Nick Corbin)

1. DiciTaAL TWINS PROTOTYPES VIA SYSTEM-THEORETIC MODEL REDUCTION

Digital twins are collections of models, of varying fidelity, that are continuously
synchronized with a physical asset. This positions a digital twin uniquely for con-
trol, decision making and scenario planning. There are several stages to developing
a digital twin, as there are to developing a physical product. In the prototyping
phase, a model class, its parameters, attributes and desirable properties are cho-
sen, and an initial prototype constructed. In the next stage, the twin goes live:
as the physical twin is in deployed and produces data, the digital twins continues
to get refined, recalibrated, and synchronized to the physical asset, keeping the
sim-to-real gap as close as possible.

If a digital twin is to be used for control, it should be efficient to evaluate to
allow for control action and decision making at the relevant process timescales.
Moreover, we choose a digital twin prototype model class as one that 1) is in
state-space form, to enable advanced state- and output feedback control, 2) has
suitable system-theoretic properties, such as retaining the most observable and
most controllable modes, 3) retains stability properties of the physical twin or
a higher-fidelity model thereof, 4) captures nonlinear transient responses of the
physical twin, 5) is synchronized with data from the physical twin. To satisfy
these requirements, we choose the framework of model reduction via nonlinear
balanced truncation, e.g., we start from a high-fidelity model of the physical twin
and reduce it by taking into account system-theoretic properties.

Balanced truncation (BT) model reduction is a system-theoretic framework to
construct reduced-order models (ROMs) of high-dimensional systems by retain-
ing important structures. It has been very successfully used for open-loop forced
systems, both for linear time invariant systems, and more recently for weakly non-
linear systems. The method first balances the system, in that it simultaneously
transforms the controllability and observability energies to diagonal form while
ordering the transformed states according to their input and output energy. Sec-
ond, BT then truncates the “hard to reach” and “hard to observe” states to get
a reduced-order model that retains the original models’ controllability, observabil-
ity, and stability properties. The method was first proposed for LTI systems by
Moore [1], and has been made computationally feasible for large-scale systems by
important developments for solving linear Lyapunov matrix equations in the 1990s
and 2000s. A comprehensive survey of its variants and extensions for LTI systems
are discussed in [2]. For nonlinear systems, the situation is different. The general
concept was introduced by Scherpen’s seminal work [3] for the open-loop case,
and [4] for the closed-loop case. However, to be able to put this theory to use in
practice, many computational challenges have to be overcome, yet slow progress
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over the past 30 years hindered a broader adoption. Herein, we discuss our recent
computational developments in balanced truncation for nonlinear systems.

2. BALANCING FOR NONLINEAR SYSTEMS
Consider a nonlinear control-affine system starting from initial state x(0) = xo:
x(t) = f(x) + g(x)u(t), y(t) = h(x),

The (open-loop) controllability and observability energy for stable systems are

defined as
1 )
(X0) = i = t)|2dt,
flxa)i= _min g [l
x(—00)=0, x(0)=x¢
1 o0
&)= 3 [ y@lFa u(o =o.

These energy functions (as well as their counterparts for the unstable case [4])
can be shown to obey high-dimensional Hamilton-Jacobi-Bellman equations [3, 4].
Under certain conditions on a neighborhood W of zero, there exists a coordinate
transformation x = ®(z) such that the energies in the new coordinate z are

1) € Eo(® o~
) )= e = 3 3 s
where 01(z) > ... > 0,,(2) are smooth singular value functions. The nonlinear bal-
ancing transformation ®(z) creates balanced model states that are “hard-to-reach”
and “hard-to-observe”. Those can be easily removed in the ROM construction.

Ex) 5= E(8(2) = 3 Y 0327

3. COMPUTATIONAL APPROACHES TO NONLINEAR BALANCED TRUNCATION

While the theoretical foundation of nonlinear balancing has been worked out over
30 years ago, its application to moderate to high-dimensional systems has so far
been hampered by the need for (i) solving n-dimensional HJB PDEs, (ii) efficiently
and uniquely computing a balancing transformation ®; (iii) constructing an effi-
cient ROM. We present several approaches to achieve computational feasibility for
nonlinear balanced truncation into the 1000s of states.

3.1. Solving the associated HJB equations. Based on work by Al’brekht in
1961, in [5, 6] we propose—for control-affine dynamical systems with polynomial
drift and input functions—a scalable polynomial ansatz for computing energy func-
tion approximations of the form
1

(2) g(X):E(XTV2X+V;X®X®X+...)

where ® denotes the Kronecker product of two vectors and vy, € R™" are the Taylor
series coefficients in vectorized form. We derive algorithms to efficiently solve
block-structured equations in n* unknowns via £L(M)vy = b. Here £(-) denotes
the k-way Kronecker sum and M is a stable (or stabilized) matrix. Computational
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examples for semi-discretized PDEs illustrate favorable scalability of our approach
up to billions of unknowns in the right-hand side b.

3.2. Balancing the nonlinear energy functions. The computation of the non-
linear balancing transformation ®(z) in equation (1) is nontrivial due to the dif-
ficulty of both achieving certain values (Hankel Singular Value Functions) along
the diagonal of the balanced system, as well as the requirement to set off-diagonal
entries to zero. While work in the 2000s by Fujimoto [10] and Krener [9] pro-
posed to approximate the nonlinear coordinate transformation as a Taylor series.
Similar to how the polynomial coefficients of the energy function can be com-
puted degree-by-degree using Al’brekht’s method, they show that the coordinate
transformation coefficients can also be computed degree-by-degree. However, the
method is merely outlined abstractly; conditions for the existence of the solutions
to the coefficients, details regarding the practical computation of the transforma-
tion coefficients, and a scalable implementation as needed for model reduction are
not provided.

Our work in [7] presents scalable approaches and concrete algorithms to com-
pute the nonlinear transformation

(3) x=0(z)=Tiz+Tz®Rz+...

Therein, we derive two sets of structured linear systems to obtain the transfor-
mation’s coefficients degree-by-degree, followed by a symmetrization to achieve
unique solutions. We also highlight numerical challenges that continue to exist,
such as clustering of Hankel singular values which leads to ill-conditioned solutions.

3.3. Balanced reduced-order model construction. The third step of nonlin-
ear balanced truncation model reduction is to define a nonlinear ROM

z.(t) = £.(z,) + gr(z-)u(t), yr(t) = hy(z,),

such that the input-to-output map of the ROM approximates the input-to-output
map of the FOM well. Moreover, preservation of controllability, observability
and stability properties are important features of nonlinear balanced truncation
model reduction. In [11] we proposed a nonlinear ROM that achieves input-normal
form, but only approximates the output-normal form. In [8] we addressed this
issue and derived direct series approximations for the transformations with explicit
coefficient computations. This form renders the controllability energy “input-
normal” and the output energy approximately “output diagonal”, and in a second
step guarantees full balancing.

4. OPEN PROBLEMS

While the theory of nonlinear balanced truncation model reduction has been avail-
able since the 1990s, scalable methods that can reduce systems of order 100-1000
have only very recently become available, as outlined above. Nevertheless, there
remain several open problems for nonlinear balanced truncation. First, it is clear
that for complex systems, algorithms are needed that scale to the 1,000,000s of
states, so more work needs to be done, mainly on memory efficient and compressed
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representations for the energy functions, transformations, and reduced model; this
may require considering more numerically advantageous basis functions and ap-
proximations than polynomials. Second, there still is not a clear understanding
in the community when full nonlinear balanced truncation (for nonlinear models
approximated on nonlinear balanced manifolds) significantly outperforms linear
projection onto a balanced subspace. A study of regions of stabilizability /stability
and accuracy could reveal such recommendations. Third, the algorithms proposed
in our work represent a balance-then-truncate approach that, similar to the case
in linear balancing, is ill-conditioned in the case of a minimal or nearly minimal re-
alization featuring zero or near-zero Hankel singular values. This presents a major
limitation, as zero and near-zero singular values are what indicate reducibility. In
our testing, we found that model parameters and, in particular, control and mea-
surement locations had to be artificially chosen in order to ensure that singular
values were nonzero and distinct in order to avoid numerical issues. The develop-
ment of a balance-and-reduce approach akin to square-root balancing in the linear
case could enable nonlinear balancing of non-minimal systems in a way that allevi-
ates this numerical ill-conditioning. Similar to the linear case, this could also open
the door to a low-rank adaptation to enable scalability to very high dimensions.

As it pertains to actual digital twin development, the nonlinear balanced trun-
cation model reduction is, in our opinion, a good prototype method. However, the
model has to be infused with data from the physical twin and continuously opti-
mized. This presents a major hurdle, as no data-driven techniques for nonlinear
balancing are available at present. Work in this direction would have tremendous
value for certifiable digital twins.
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Contrastive learning: A mathematical perspective
RICARDO BAPTISTA
(joint work with Andrew M. Stuart, Son Tran)

Multimodal contrastive learning is a methodology for linking data across differ-
ent modalities—for instance, text and images in data science, or Lagrangian and
Eulerian observations in data assimilation. The standard formulation identifies a
set of modality-specific encoders that map inputs into a shared latent space, where
representations are aligned. In this work, we present a probabilistic view that in-
terprets contrastive learning as defining conditional probability distributions for
each modality conditioned on the other, in a manner consistent with the joint data
distribution.

Let u € U and v € V represent data from two different modalities with a joint
probability distribution g € P(U x V). Bimodal contrastive learning seeks the
following encoders that map data to a common d.-dimensional latent space:

Gu: U X © — Se1
Go: V x O — Sk,

where © denotes a space of parameters. We learn the parameters of the encoders
given N ii.d. pairs {(u® v®)}N ~ u. A prototypical instantiation of bimodal
contrastive learning is the Contrastive Language-Image Pre-training (CLIP) frame-
work [1] that learns encoders by maximizing the objective:

N
1 % %
Lé\{ip(o) - N Z<gu(u(')§ Ou), gv(“”? 0u))/7
=1
1 N N ) )
(1) _ Z log Z elgu(u30.), 90 (v9)38,)) /7
2N
=1 j=1

1 N N () )
_ (gu(ut30u), go (v773600)) /7
5N jz:;log;e g g ,

with respect to the parameters 8 = (0,,0,,7), where 7 > 0 is a temperature
parameter. Maximizing Lé\fip aligns paired data while penalizing unpaired data.
At the population level, we show that CLIP defines an approximate joint dis-
tribution over (u,v). Let p, and p, be the marginal distributions of p for u and
v, respectively, and let p,, and p,, be the conditional distributions for each

modality conditioned on the other. A model for the joint distribution of (u,v) is:
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2) v(du, dv; §) exp((gu(u;Ou), gv(v;ev»/T) 1 (dur) 11 (),

with corresponding conditionals v,,,, and v,|,. Then, one can show that maximiz-
ing a rescaled empirical objective in (1) as N — oo is equivalent to minimizing
the sum of expected Kullback-Leibler (KL) divergences between the true and ap-
proximate conditionals:
J(Q) = %EUNH’U [DKL(Nu|1)(' | U) ” Vu\v(' | U3 9))}
+ %EUNIM [DKL(MWIU(' | U’) H Vvlu(' | U3 9))}

This probabilistic view suggests extensions of classical contrastive learning based
on other loss functions. For example, one can instead seek the encoders by mini-
mizing the KL divergence between the joint distributions y and v, or by minimizing
a one-sided loss for the expected error of only one conditional distribution.

We analyze the various losses in a multivariate Gaussian setting for u € R
and v € R%. In particular, we derive closed-form solutions for the minimizers of
each loss assuming linear encoders of the form g,(u) = Gu and g¢,(v) = Hv for
some matrices G € R%*%u and H € R%*9v. In this case, the joint distribution (2)
depends only on A = GTH € R%*%  For the Gaussian data distribution p =
N(0,C) with block covariance C' = (g'u‘: gzz ), we show that the minimizer of J
over A when d. = min(d,,, d,) is A* = C,1 C,,,C,.}, which recovers the conditional
means of ji,|, and j,|,, exactly, while overestimating their conditional covariances.
On the other hand, minimizing the one-sided conditional loss recovers both the
conditional mean and covariance of |, with the same encoders, while minimizing
the joint loss yields a closer approximation to the marginal covariances of p.

Numerically, we validate the results in two settings. First, we consider the
MNIST dataset, consisting of images and labels as the two modalities. We show
that models trained with the two-sided loss yield greater uncertainty in digit clas-
sification and image generation conditioned on a label. Second, we consider the
Lagrangian data assimilation problem, first introduced in [2], of identifying a veloc-
ity field from time-series trajectories of passive tracer positions, which can model
the recovery of ocean currents from the observed locations of sea ice floes. We
train a CLIP model on paired velocity and tracer trajectory data to demonstrate
how contrastive learning can be used to solve inverse problems without explicit
knowledge of a forward model. We then use the model to retrieve the most likely
velocity field corresponding to a given trajectory, or to sample velocities from its
conditional distribution.

Open directions include: (i) extending the framework to more than two modal-
ities or multiple samples of each modality; (ii) incorporating physical constraints
in the probabilistic description; and (iii) further applications in digital twins.
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Localized Schrodinger bridge sampler
GEORG A. GOTTWALD

We describe a plug & play Langevin sampler based on Schrédinger bridges. The
general problem we address is how to sample from an unknown distribution to
which we only have access to via a finite number of training samples. This setting
is known as generative modelling. Generative models consist typically of two steps;
a noising step in which samples are subjected to random noise and a denoising
step, projecting the noised sample back close to the data manifold. In this talk, we
propose a generative model combining Schrédinger bridges and Langevin dynam-
ics. Rather than estimating the generator, or the score function, as is routinely
done in diffusion models, we instead determine the semi-group mapping directly
from the noised sample to the data manifold. In particular, we employ diffusion
maps and Schrodinger bridges over an appropriate reversible reference process
to approximate the conditional transition probability from the available training
samples. The projection onto the manifold turns out to be stable in the sense that
the new generated samples are contained in the convex hull of the data. This is
contrasted to score-based problems solving stiff stochastic differential equations.
Our framework can be naturally extended to generate conditional samples and to
Bayesian inference problems with a given likelihood function. A connection with
Tweedie’s formula establishes the connection with classical diffusion models and
denoising methods.

We show that our sampler has a gradient structure and samples from a modified
probability density function. Further we highlight a connection to transformers in
used in LLMs.

A key bottleneck of Schrédinger bridge samplers is the exponential dependence
of the required training samples on the dimension d of the ambient state space.
We propose a localization strategy which exploits conditional independence of
conditional expectation values. Whereas in the unlocalized setting a single high-
dimensional Schrodinger bridge problem is solved for, in the localized setting we
solve d low-dimensional Schrédinger bridge problems. We show how detailed bal-
ance of an underlying reversible overdamped Langevin process naturally gives rise
to our plug & play Langevin sampler architecture. As for the original Schrédinger
bridge sampler, the localized sampler is stable and geometric ergodic. We also ex-
tend the idea of localization to plug & play Langevin samplers using kernel-based
denoising in combination with Tweedie’s formula.

This is joint work with Sebastian Reich and is based on [1, 2].
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Digital twins for effective thermal management
DIrRK HARTMANN

Digital twins act as full computational substitutes for a physical system, used
to understand, predict, and optimize its real-world performance through a bidi-
rectional exchange of data and models. The concept is not new: it has evolved
steadily since the mid-1980s and is now converging with physical Al and the in-
dustrial metaverse [7]. Across industries, five use cases recur: virtual testing
and commissioning, for example operator training and automation testing; virtual
sensing, such as estimating temperatures inside rotors or pressures in turbines;
diagnosis and identification, including predictive maintenance and leakage detec-
tion; performance prediction, for example the remaining useful lifetime of motors;
and performance optimization, such as model predictive control of reactors. Model
order reduction is a recurring enabler across all of these settings [4, 1].

Despite this breadth, the hype around digital twins still outweighs documented
real-world success [9]. A survey of practicing engineers ranks the dominant bar-
riers as lack of knowledge (48%), time pressure (45%), cost (35%), insufficient
accuracy (27%), computing limits (22%), and lack of automation tools (15%) [3].
Open questions on real-time capability, certification, usability, and model man-
agement remain unresolved, and their resolution is as much mathematical as it is
technological [7].

Example use case: battery thermal management. Industrial battery models
are large, with 1 to 100 million cells and terabytes of associated data. The core
difficulty is not the physics itself but building models fast enough for real-time
control and virtual sensing. Reduced order modeling (ROM) is the key enabler:
proper orthogonal decomposition compresses the high-dimensional thermal state
into a handful of dominant modes, turning a terabyte-scale field problem into
a low-dimensional system amenable to real-time evaluation [4, 1, 2]. However,
despite years of successful research the corresponding methods have not made it
to standard industrial research and development workflows. Machine Learning
(ML) and Artificial Intelligence are considered to enable a much more effective use
of corresponding technologies [10].

The role of ML: operator inference. Given the reduced state, the reduced dy-
namics must still be identified. Operator inference does this as a machine learning
approach: it learns the reduced operators directly from simulation or measurement
trajectories by solving a regression problem, rather than projecting the governing
equations intrusively [8]. Unlike generic neural surrogates, the learned model re-
tains a physically interpretable polynomial structure, which keeps it explainable
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and amenable to analysis. Autoregressive formulations and roll-out training make
the procedure robust when data are scarce or noisy [11, 5], and active learning
steers data acquisition toward the most informative operating points. For the bat-
tery, this yields a real-time capable model built from only a few hours of simulation
data. Notably, the model predicts complex drive cycles even when trained solely on
simple step functions, indicating genuine generalization rather than interpolation

[6].

The role of AI: agentic automation. Building such a model still demands
expert effort per product variant. Agentic Al addresses this outer loop as it
stands today: an autonomous program built on a large language model, equipped
with memory, planning, and tool access, that drives the simulation and model-
building tools rather than replacing their numerics. The goal is to automate the
full pipeline, from design intent to validated results, in under 60 seconds [10]. Here
Al is an orchestrator, not a solver; it composes meshing, simulation, reduction, and
operator inference into an end-to-end workflow. Turning this into a dependable
capability again hinges on the mathematical questions below, since automation
without certified accuracy only accelerates the production of unverified results.

Open mathematical challenges. The battery use case exposes a set of foun-
dational problems that generalize well beyond thermal management.

e More complexr dynamics. Spray cooling, phase change, and convective
flows break the low-dimensional linear-subspace assumption underlying
classical POD. Nonlinear and parametric reduction on manifolds, and
structure-preserving learned representations, are needed to capture such
regimes robustly.

o C(Certifying model accuracy. Deployment for control and virtual sensing
requires rigorous, computable error bounds for data-driven reduced mod-
els, extending certified reduced-basis and goal-oriented a posteriori error
estimation to the operator-inference setting.

e Model adaptivity and fusion. Digital twins must combine mechanistic and
data-driven components and adapt them online as operating conditions
drift. Consistent coupling of hybrid models, with controlled error propa-
gation across components, is largely open.

o Uncertainty quantification. Reliable confidence statements for reduced
and hybrid models, including distribution-free guarantees under temporal
dependence, are prerequisites for engineering sign-off.

e State and parameter estimation for control. Assimilating live measure-
ments into reduced models for feedback control raises questions of observ-
ability, identifiability, and stability that must be answered at real-time
rates.

e Continual verification and validation. As the physical asset, its models,
and its data evolve, verification, validation, and uncertainty quantification
must be performed continually and under extrapolatory conditions rather
than once at build time.
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Summary. Digital twins are a core technology for engineering across many indus-
tries. Making them scalable and trustworthy depends on research and innovation
in mathematics and Al in equal measure. Reduced order modeling, operator infer-
ence, and uncertainty quantification supply the technical substrate, while agentic
automation promises reach, provided that certified accuracy keeps pace. The right
balance of usability and caution is decisive for responsible deployment [7, 9].
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[9

State-parameter estimation of partially observed stochastic (partial)
differential equations

WILHELM STANNAT
(joint work with Gregor Pasemann, Jan Szalankiewicz)

We present a mathematical framework for filtering and parameter estimation of
partially observed stochastic (partial) differential equations (S(P)DE), where ob-
servations are modelled as functionals of marked point processes whose intensities
depend on the underlying signal. We derive both the unnormalized and normal-
ized filtering equations for these systems. We subsequently analyze maximum-
likelihood estimation (MLE) of drift parameters in approximating SDE in the
particular case of finite-dimensional linear-Gaussian diffusions and establish large-
time identifiability, consistency of the online MLE, and a self-normalized central
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limit theorem. The primary application of this work is the statistical inference of
data collected from confocal laser scanning microscopy recordings of the space-time
evolution of intracellular wave dynamics of biophysical quantities (see [2]).

1. FILTERING SPDE wiTH MPP OBSERVATIONS

Let us first fix the mathematical framework for our filtering problem. We consider
the variational approach to SPDE (see [1]). To this end consider a Gelfand triple
V C H = H* C V*, consisting of a separable real Hilbert space H = L*(D) for
some open subset D C R? and a reflexive Banach space V, densely and continuously
embedded into H.

Given a U-valued Q-Wiener process (W (t)):>o on some underlying probability
space (Q, F, {F: }+>0,P), where U denotes another separable real Hilbert space, we
consider SPDE on H of the type

S dX(t) = A(X(t))dt + B(X(¢))dW (t), te(0,T],

®) {0 —con

with B : U — H) being Hilbert-Schmidt, and A : V — V* hemicontinuous. We
further impose standard monotonicity and coercivity assumptions on A and B,
see (H.1)-(H.4) in Chapter 4 of [1] to ensure the existence of an analytically weak
and probabilistically strong solution to (S).

Observations Y of (S) are modelled as a marked point process (MPP) on [0, T x
K, K c R40 compact, directed by X with uniformly strictly positive and bounded
conditional intensity A(s,z | X) : [0, 7] x K x H — R4.. The filtering problem now
consists of computing the conditional distribution

m(A) :==E[1A(X(0)Do:e], A€ B(D),

where Vo.t := o{Y, | s € [0,t]} is the o-algebra generated by the observation
process up to time t.

1.1. The Filtering Equations. Under the above assumptions on A, the stochas-
tic exponential

Z(X.Y) = exp /Ot/lclog{)\(s—,a: | X(s))}Y (ds, dz)
_ /t/ (A(s,z | X(s)) —1) dwds}, t € [0,7],
0 JK

is well-defined. [3] then proves the following path-space representation of 7, known
as Kallianpur-Striebel formula in nonlinear filtering:

Theorem 1.1. For A € B(D)
_ ERa(X($)Ze(X, Y) | Vo:t]
(1) Tlt(A) - E[Zt(X7Y)|yOt] .

Based on the Kallianpur-Striebel formula (1) [3] derives the following stochastic
evolution equation for n:(¢)) := [dn, = E[(X(t)) | Vou], which is the analogue
of the Kushner-Stratonovich equation in classical nonlinear filtering:

P-a.s., te€][0,T).
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Theorem 1.2. For any Ito-function i, the following equation holds:

@) () = o) + / na(L2)) ds

//Ue ¢A8—$|)) s—()ns-(A(s— 2 | )
s—(A (8— z|-))
(Y(ds X dx) — ns—(A(s—, x| -))ux(dz)ds),

X

for any t € [0,T], where

1
3) L = v-(A(), D'9)y + Str{D°Y B()QB()"}
denotes the (infinitesimal) generator of X.

[3] also discusses filtering of X with finite-dimensional spatially averaged ob-
servations and with incomplete observation, provides approximation errors and
asymptotic consistency results.

2. PARAMETER ESTIMATION IN THE PARTIALLY OBSERVED CASE

The second task in applications is to combine filtering with (drift-) parameter esti-
mation of X. As a prototypical example consider the case of a finite, d-dimensional,
linear signal observed with an m-dimensional point process:

dX, = — 09 A X, dt + X'/? dW, € R?
(4) t
}Q’t:POiSS (/ )\Z(sts)ds> /L.:]_’...vrn7
0

where — A is Hurwitz and the parameter 6y unknown and assumed to be contained
in some compact interval © := [Onin, Omax] C (0,00). All subsequent results can
be found in [4].

In this setting, the (marginal) likelihood of 6, given point process observations
Yo+, admits the representation

(5) Ltw):exp{z / log(A.-) d¥is =) / (s - 1) ds}

where S‘Zt = n? ()\i(t, )), i =1,...,m, is the estimated intensity of the observation
w.r.t. the conditional law ]Pfyou assuming the value 6 as drift parameter in (4). In
the particular case where 8 = 6 is the true parameter, the measure P% is called
the physical law. Following the idea of the MLE of 6, (local) maxima of L; and
their asymptotic behaviour as t — oo are analyzed. Crucial tools for their analysis
are the parameter sensitivity

T 9o\ .
(6) Ul := 9y log L (0 Z / S (v, - A dt)

ZS*

in the likelihood and the observed information Z% := —03,log L7(6). Semi-
martingale decompositions of both, L{QQ and IQQ, w.r.t. the physical measure P% are
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derived from (5) in [4]. Imposing suitable assumptions (see Assumptions 4.1 and
4.2 in [4]) on (4) and on the large time asymptotics of the observed information
79, the following result is obtained in [4]:

Theorem 2.1. Let (:)%l(’b = ar% Igax log L7(0). Then there exists an open neigh-
€
bourhood Uy C © of 6y such that:

(i) P%(BEr) — 1 as T — oo, where Ep := {310 € Uy : UL(Y) = 0}.

~ 0
(ii) Oke 2 00 as T — oo holds for the unique solution 612 on/{T( ) =0.
(ili) AsT — oo the global MLE is unique and coincides with the local MLE Op

PO ( glob {9100 )
(iv) The central limit theorem holds for the self-normalized estimator
(V) (07 — 00) = N(0,1), T — <.
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B

[4

From data assimilation to active sensing: Belief-space optimal control
for digital twins

RAUL TEMPONE

(joint work with Christian Bayer, Saifeddine Ben Naamia, Boualem Djehiche,
Eliza Rezvanova, Erik von Schwerin)

A digital twin closes a loop between a physical system and its computational
model: data are assimilated to reduce uncertainty, and the model is used both to
act on the system and to decide what to measure next. We formulate this loop as
partially observed stochastic optimal control (POSOC). A hidden state evolves in
continuous time under a controlled diffusion,

dXt = b(t,Xt,at) dt+0(t,Xt,at) th, X() NMO,
and is observed only at discrete, noisy, and controllable times 0 < t; < -+ <
ty < T, through Y,, ~ m,(- | X4, Bn) — for instance Y,, = H, X + Bnnn, with
Nn ~ N(0,I) and H,, a known, possibly low-dimensional, observation map. Two
kinds of decisions are made on the system: the control a acts on the dynamics,
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while the sensing design [, sets the measurement quality. Since the controller
sees only the data history y™ = (V;,,...,Y;,), the state X, is not Markov from
its viewpoint, and z — V (¢, ) is not the right object.

Belief-space formulation. Lifting to the filtering distribution
py = Law(X; | F}') € P(R%)

restores Markovianity. The belief evolves by a hybrid law: a forward (Fokker—
Planck) flow 0;u; = G, j1e between observations, where G, is the controlled gen-
erator and G its adjoint, interrupted by Bayes updates p:, = Kz, v, [y at the
measurement times.

The objective is naturally written as a state-dependent cost,

To.8)=E[ [ () et 3 0, (X ) + o).

Since the admissible controls are adapted to the observation filtration FY and
ut = Law(X; | FY), the tower property of conditional expectation collapses each
state-dependent term onto the belief,

E[fr (X, o0)] = E[E[f (X0, 00) | FYT] = E[{tr, fr (-, )],

and likewise for the sensing and terminal terms (against y,- and pr). The cost
therefore depends on the trajectory only through the belief,

T
T0.8) = B[ [ 4f oo ) dr + 3 len, (B + o)

which is precisely what makes u; the natural state. Decisions are then posed on
the belief through the value function

T
V(t.p) = inf B| / ol dr 37 {en, (Ba)sg) + g pm) | e = ]

n:t<t, <T

so that V(0, o) = inf, g J(a, 8). Choosing the sensing designs (3,, that minimize
the expected cost is a sequential optimal experimental design embedded in the
control problem — active sensing.

A shared object. For a realized observation path the relevant quantity is a
pathwise cost-to-go on the state space,

Ut(x,y[”}), z € R, y["] e (Rdy)Nt,

where N, is the number of observations up to time t; for each fixed path it is

a finite-dimensional function of z. Along the optimal path it coincides with the
— [n]

flat (linear-functional) derivative of the value, Uy = §V/du(t, iy, -). This object

underlies the second and third routes below. We present three routes to the

problem, trading the global guarantee of the first for scalability.
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(A) Dynamic programming. The value satisfies an interlaced Hamilton—
Jacobi-Bellman (HJB) system. Between observations it solves a PDE on the
space of measures, with terminal datum V (T, u) = (g, u),

OV +inf (1, Ga S5 (b o) + fil ) = 0

and at each observation time ¢, it satisfies the Bellman—Bayes pasting condition
Vit ) = inf { (cr, (. 8). ) + B[V (b, K5 y,)] .

where Kpgy, is the Bayes update and the expectation is over the next observa-
tion Y,, drawn under (u, ). This route characterizes the global optimum and is
computable for Gaussian beliefs, via PDE solvers in low dimension and sparse /
tensor-train solvers in high dimension [1].

(B) Pontryagin maximum principle. Necessary conditions are expressed
through two Hamiltonians. Between observations, the continuous Hamiltonian
optimizes the control,

He(p,U) = min (GoU + fi(, @), p);
at each observation time, the data (discrete) Hamiltonian optimizes the sensing,

A (u=, U = min {(er, (. 8).17) + Es [0 (,y")] }.

where 1~ is the pre-update belief, U the post-update costate, and the expecta-
tion is over the next datum Y,, drawn under 5. Together they generate a forward—
backward system for the pair (u,U) — the belief flowing forward, the costate
backward, with the jumps generated by He — whose solution is a fized point on
the pathwise cost-to-go U (-, y[™). Under convexity the costate coincides, along
the optimal path, with A’s flat gradient §V/du. Crucially, the forward filter and
the backward auxiliary are deterministic between observations, so the formula-
tion avoids both the infinite-dimensional HJB equation and backward stochastic
differential equations [2].

(C) Potential optimization. We recast control as optimization. Both Hamil-
tonians are exztended by a bookkeeping weight v on the running cost — e.g.
HE(i, U, ) = ming(GoU + vf, 1), and H? likewise; this extension is ezact —
at v = 1 it reproduces the original problem and preserves the value V. A train-
able potential U? replaces U, and the induced policy, sensing, belief flow, and
running cost are read off the extended Hamiltonians, so the total cost becomes an
objective J ([7 %) to be minimized over the parameters . The reduced Hamiltoni-
ans are pointwise minima of maps affine in the costate, hence not differentiable in
general; we therefore smooth both of them, replacing the continuous and the data
Hamiltonians ’HC H by smooth surrogates 7—[5, 7—[5 (entropic / square-root) with

HHg_HCHOO_>0, HH(S—'HdHOO—>O as 6 0.
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The convergence is uniform, and it controls the value function: Vs — V as the
smoothing vanishes. Training uses reverse-mode automatic differentiation / dis-
crete adjoints through the belief simulator, and an information-relaxation primal—
dual gap serves as an in-development suboptimality diagnostic [3].

A program: costate and potential optimization. The third route is one
instance of a broader program that recasts optimal control as optimization over a
costate (or potential), rather than over policies. The cost is rewritten through an
extended Hamiltonian that carries a weight « on the running cost; the reformula-
tion is eract, preserving the value function (value equivalence), with the running
cost recovered as the ~-derivative of the extended Hamiltonian at v = 1. Be-
cause the reduced Hamiltonian is generally nonsmooth, a regularized (smoothed)
Hamiltonian then provides adjoint-computable gradients and, through an HJB
sub-solution, a primal-dual suboptimality diagnostic; the smoothing is uniform
and controls the value, Vs — V. The program was developed first for deterministic
control — the costate-optimization reformulation with exact value equivalence and
value diagnostics [4], together with a Pontryagin solver that smooths the Hamilton-
ian via a log-sum-exp / concave piecewise-affine bundle surrogate [6], both building
on earlier symplectic-Pontryagin and regularized-Hamiltonian approximations [7]
and symplectic-Euler error-density adaptivity [8] — then for fully observed sto-
chastic control, where one optimizes a deterministic state potential @ (¢, z) whose
gradient (costate) and Hessian enter the extended Hamiltonian, the policy being
executed by the exact selector while trained on a smoothed surrogate [5] — and
now for POSOC, where the potential lives on the belief / observation path and
the same extended and smoothed Hamiltonians (continuous and data) train Ue.
A structural feature throughout is that none of our stochastic formulations require
backward stochastic differential equations.

Numerical evidence. On a linear—quadratic Gaussian (LQG) benchmark the
three routes agree on the optimal sensing schedule and the resulting cost, validating
the scalable methods (B and C) against A’s global optimum. The potential route
scales to coupled high-dimensional systems: in a high-dimensional LQG study
the trained potential remains within a sub-percent optimality gap, relative to the
separation-principle optimum, up to d = 100, despite the quadratic growth in the
number of trainable parameters.
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Scientific machine learning and digital twinning through stable
operator inference: CO; methanation test case

IoN VICTOR GOSEA
(joint work with Luisa Peterson, Kai Sundmacher, Peter Benner)

In systems coupled to renewable energy grids, the intermittent nature of the en-
ergy supply presents a fundamental design choice. Theoretically, this volatility
could be buffered by large-scale intermediate storage (such as hydrogen tanks or
battery parks), allowing the downstream chemical plant to remain in steady-state
operation. However, to minimize capital expenditures and improve overall system
efficiency, modern plant concepts increasingly aim to reduce or eliminate these
costly storage units. Under this economic premise, the full dynamic footprint
of the renewable energy supply propagates directly into the process. The reac-
tor systems must therefore be capable of withstanding and efficiently navigating
highly dynamic load fluctuations, which establishes the demanding control sce-
nario that motivates the methodology developed in this work. A prime candidate
requiring such operational flexibility is the catalytic CO2 methanation reactor
within a Power-to-X (PtX) process, which we consider as a case study in this
work. Specifically, we focus on a single fixed-bed tube of industrial dimensions,
acting as a representative unit operation for large-scale production plants scaled
via numbering-up. While previous contributions have successfully addressed the
physical multi-period design of such load-flexible reactors, the present work fo-
cuses on an operational challenge: deriving fast, predictive models to dynamically
control these tailored systems. As a core mechanism for renewable energy storage,
this process converts hydrogen (Hg) and carbon dioxide (CO3) into methane (CHy)
and water (H20) via an exothermic methanation reaction (the so-called “Sabatier
reaction” | discovered more than 125 years ago).

Since the hydrogen feedstock is produced via electrolysis using intermittent
renewable electricity, the reactor inlet flow fluctuates significantly. The need to
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operate dynamically under volatile loads creates a demanding control benchmark,
further complicated by strongly nonlinear couplings between mass and heat trans-
port. To capture these phenomena, mechanistic models remain the foundation
of chemical engineering. They describe transport, reaction, and thermodynamics
from first principles. However, while modern solvers can integrate these models ef-
ficiently for single simulations, they often become computationally prohibitive for
outer-loop applications such as dynamic optimization, where thousands of model
evaluations and gradient computations are executed sequentially within a non-
linear programming solver. Furthermore, they are labor-intensive to set up and
require expert knowledge to calibrate them against real plant data. These struc-
tural constraints are further tightened in the context of Digital Twins [3]: acting
as bi-directional links to a physical asset, they demand models that are not only
predictive but can be rapidly updated from live data and embedded into repeated
optimal control problems. Conversely, chemical plants offer a complementary re-
source in the form of dense streams of sensor data, including temperatures, con-
versions, and flow rates measured in real time. This availability allows for the
inference of dynamic models directly from operation [5]. However, purely data-
driven approaches often fall short in closed-loop settings: due to a lack of physical
structure, they are prone to violations of conservation laws and instability when
extrapolating beyond the training regime. The remaining challenge is therefore
to exploit operational data while retaining analytical tractability, stability, and
computational efficiency tailored for optimization. To address this gap between
data-driven flexibility and physical structure, Operator Inference (OplInf) offers a
viable alternative [7, 6]. Instead of learning a black-box model, it identifies the
explicit matrices of a reduced-order model directly from data. By prescribing a
polynomial structure (typically quadratic) motivated by the governing equations,
it yields reliable reduced-order dynamic models. This structural data-driven ap-
proach provides a significant advantage for process systems engineering: the re-
sulting models possess a low system order, are easily integrated into standard
Nonlinear Programming solvers for repeated optimization, and are amenable to
system-theoretic analysis and stability certification. Leveraging these structural
advantages, this work investigates Oplnf for dynamically operated methanation
systems. The main contributions of this talk, included in the recent contribution
[4], are summarized below:

e We apply Oplnf to experimental data from a pilot-scale reactor, demon-
strating its applicability to an industrially relevant system beyond stan-
dard academic benchmarks.

e We incorporate various existing approaches to account for partially ob-
served states and stability constraints, and extend the framework with (i) a
neural decoder for nonlinear state reconstruction and (ii) a hybrid physics-
informed formulation for robust coefficient identification from noisy /per-
turbed measurements.

e We demonstrate the multi-query capability of the resulting reduced-order
models by solving a nonlinear open-loop optimal control problem. This is
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conducted on a synthetic PtX test case, serving as a proof-of-concept for
navigating active constraints under model mismatch.

As mentioned before, the main test case for examining the improvements to OplInf
proposed in this contribution (summarized above) stems from process engineering
applications. Digital twinning for complex chemical processes requires models that
balance predictive accuracy with the ability of rapid execution of simulations [3].
The case study is the catalytic CO5 methanation reaction, which is achieved by a
physical twin represented by a single fixed-bed reactor tube with industrial-scale
dimensions. Structured low-dimensional reduced-order models are learned directly
from reactor data using specifically tailored Oplnf extensions that impose stability
guarantees [1] (described in detail in the talk by Peter Benner). An extensive
study comparing various surrogate models for this problem was presented in [2].
We follow up on this work and discuss recent results and challenges, belonging to
real-world scenarios in which experimental data is used (collected in the laboratory
from the actual reactor, i.e., the physical twin).

This work establishes Oplnf as a viable framework for data-driven modeling of
dynamically operated reactors within PtX processes. Using experimental sensor
data, we demonstrated that structured and stable reduced-order models can be
identified directly from operation while retaining an interpretable quadratic for-
mat. This structure enables a favorable balance between computational efficiency,
analytical tractability, and stability, extending the applicability of data-driven
models beyond purely predictive tasks. Validation on pilot-scale experimental
data confirms that the inferred models remain robust under realistic noise and
simultaneous thermal and fluid dynamic load fluctuations.
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Certified stability of learned nonlinear reduced models
PETER BENNER

(joint work with Leonidas Gkimisis, Ion Victor Gosea, Pawan K. Goyal,
Igor Pontes Duff)

The integration of prior knowledge into learning frameworks has become increas-
ingly relevant for creating accurate and interpretable surrogate models in various
engineering applications, including, in particular also Digital Twins. This is of
particular importance when prior knowledge exists, such as model hypotheses or
a form of governing equations, but information about system parameters and dis-
cretization schemes is lacking (and one would have access solely to time-domain
measurements or simulated data).

Adjacent to the realm of black-box modeling that relies on neural networks and
machine learning methods, scientific machine learning (SciML) has established it-
self as a complementary field that bridges physics-based modeling and data-driven
learning, combining the theoretical foundations of the former with the represen-
tational flexibility of the latter. Following this philosophy, Operator Inference
(OpInf) [7, 6] has emerged as a SciML technique that learns the (linear and qua-
dratic) operators of a reduced-order model directly from snapshot data, without
requiring access to the full-order model operators. The reduced-order quadratic
model is described by the following equations:

(1) %f{(t) = Ax(t) + H[x() ® %()] + Bu(t).

Here, A, ﬂ, B denote the reduced linear, quadratic, and input operators, respec-
tively. In contrast to intrusive projection-based techniques, which compute these
operators by projecting the discretized governing equations onto a low-dimensional
subspace, Oplnf estimates them directly from data without requiring access to the
original equations.

One of the fundamental challenges in data-driven modeling and SciML is en-
suring the stability of learned models. This is also true for OpInf. In recent years,
due to the increased popularity of the OpInf method, several solutions have been
proposed, including those in [1, 3, 5].

Concerning the linear component of the learned models (matrix A), asymptotic
stability is achieved provided that all eigenvalues of this matrix possess strictly
negative real components. We follow here the explicit analytic solution proposed in
2, 5], where a parameterization of the matrix A is enforced as A = (J—R)P, which
bounds all eigenvalues of it into the left-half complex plane. This is due to the
structure of the matrices involved, i.e., J is a skew-symmetric matrix (j T=-J ),
Ris a symmetric positive definite matrix (R = 0), and Pisa symmetric positive
definite matrix (15 >~ 0) that defines a Lyapunov function V(q) = %qTPq, while J
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represents energy conservation and R energy dissipation. Hence, local asymptotic
stability (LAS) is enforced this way.

However, one cannot guarantee global stability properties of the learned qua-
dratic model if one enforces only LAS, as before. Hence, the problem of enforcing
global asymptotic stability (GAS) is studied for the class of quadratic systems.
To this aim, the concept of energy-preserving nonlinearities is defined; this allows
using a direct Lyapunov method to establish sufficient and necessary conditions for
a quadratic system with generalized energy-preserving nonlinearities to be GAS.
Then, a parameterization of quadratic systems that inherently has the global sta-
bility property is proposed [4], which is then leveraged to infer GAS quadratic
models. This was all achieved without using any matrix inequality-based con-
straint or relying on eigenvalues of the system’s matrices, but by using dedicated
parameterizations of operators. Moreover, to avoid using derivative information
while inferring the operators, a numerical integration scheme is proposed (which
is both robust to noise and to scarce data).

Moreover, the problem of inferring quadratic systems with attractor dynamics
can be addressed following the explicit parametrization approach. The necessary
shift of the dynamics rendering such systems GAS can be learned directly from
the data by incorporating it into the Oplnf learning problem.

This strong form of learning explicit parameterizations of the learned systems
provides a certificate of global stability of the dynamics of the reduced-order sys-
tems, in contrast to approaches based on weak stability enforcement via the loss
function. A disadvantage of this approach is that the Oplnf learning problem,
which in its original formulation is a regularized linear least-squares problems be-
comes a nonlinear, nonconvex optimization problem. As for now, this is solved
by (stochastic) gradient descent, but methods with faster convergence should be
adapted to this problem in the future.
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Understanding generative models for scientific applications
NisHA CHANDRAMOORTHY

(joint work with Andrew Dennehy, Ramchandran Muthukumar and
Rebecca Willett)

The problem of generation is to sample from a target distribution, henceforth
denoted pgata, given a finite number of data points from the same distribution.
No other information about pgats is known a priori. A popular algorithm, known
as diffusion model or score-based generative model [1, 2] works on the principle
of iteratively adding noise to the given samples and learning (again iteratively)
a denoiser. The denoiser is approximated as a neural network that is learned by
optimizing a variant of a denoising score-matching loss. As a result of learning
errors, the samples generated after denoising are not distributed according to pqata
but a close approximation of it. Several theoretical works have studied convergence
of diffusion models, which guarantees that Wasserstein-1 or TV metric between the
generated and target distributions tends to zero in the limit of zero learning errors.
Unfortunately, these integral probability metrics are difficult to approximate in
high dimensions and moreover are not informative about how well desired features
of pgata are represented in the generated distribution. In this work, we pose this
problem as an inverse problem for the recovery of a parameter associated with
Pdata, Which is now considered a member of a parameterized family of probability
distributions.

The noising process is typically a variance-preserving Ornstein-Uhlenbeck pro-
cess of the form: dX; = —(8:/2) X; dt + /By dW;, with a scalar 3; typically
decreasing with time. We denote by p; the marginals of the noising process ini-
tialized with pqata, i.€., X¢ ~ p¢ if Xg ~ pgata. The idea of denoising in a diffusion
model comes from the observation by Anderson 1982 that the following Ito process
shares the same marginals, p; : dX; = —(8;/2)(X¢ + 2 Vlog pi(Xy)) + /Be dW;.
Now, since only the samples from pgat, are given, we do not know p; exactly, but
these marginals can be approximated by running the OU process above. Then,
the idea is that the denoising process can be run backward in time starting with
a noisy sample obtained by stopping the forward process at any time, say 7. As a
result of the shared marginals, the sample returned from the denoising process run
backward in time is a sample of py = pgata- The marginals p; are not approximated
directly but rather their scores, defined as V logp;, are solved for to run the de-
noising. The objective function that is typically used to solve for a neural network
that approximates s(z,t) = Vlogp:(z) is a form of denoising score matching loss,
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FIGURE 1. Left: Scores of bimodal Gaussians in 1D (shown on
the right) at two different mode weights.

which is defined as

T
(1) tosm(po, qo) = / MEqq, ||V log pr () — Vlog g4 (a)|]? dt.
0

Here, p:, q: are respectively the marginal distributions along the noising process
initialized with pg, go. Now let pgata be a member of a parameterized family of
distributions, with scalar parameter v = y*. Our goal is to analyze if v* can be
recovered accurately from the generated distribution. Our first contribution is to
define a sensitivity index that is predictive of parameter recovery in this context.
Specifically, we define a diffusion sensitivity index,

(2) L(y") = g Dsu@?200)
7Ty =P

which directly compares the value of the loss function and the squared deviation
from the true parameter value. First, we note that, when the parameter is the
weight of a bimodal distribution, i.e., p((z) = v a(x) + (1 — 7)b(x), where a
and b are the mixture components, significant results are known about parameter
recovery in the context of score matching. For instance, a number of different
statistical learning results [Li, van Breugel, and der Schaar 2024; Koehler Hecket
Risteski 2023; Chen Chewi Niles-Weed 2021] point to vanilla score matching (min-
imizing the integrand in ¢pgy only at time 0) being insufficient for weight recovery.
An intuitive picture of their results is shown in Figure 1. Here we see that the
scores of a bimodal Gaussian with well-separated components are not very sen-
sitive to changing the mixture weight. Hence, when we learn the score function,
887*) := Vlogp(""), approximately, and sample using the approximate score us-
ing Langevin dynamics, we may generate samples according to p(*), with 4 not
close to v*. On the other hand, using the denoising score matching loss above
to estimate the scores, SEW*), and then using the denoising process that uses the
sequence of approximate scores, in practice, generates samples from p) with v
close to v*. We hypothesize that this is due to L(y*) becoming larger as a result
of the time-integration in (1). At least for Gaussian mixtures, this is because the
sensitivity of the score to the weight increases as the separation between the modes
decreases (see Figure 2), and the separation decreases along the OU process, as
any distribution mixes exponentially fast to a unimodal Gaussian. By an explicit
calculation involving the noising process, we show a lower bound for the sensitivity
index, L(~*) for any v* € (0,1) for a bimodal mixture in any dimension.
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FIGURE 2. Left: Scores at an intermediate time along the noising
process starting with the bimodal Gaussians in 1D (shown on the

right of Figure 1) at two different mode weights. The correspond-

ing marginals, pp), are shown on the right.

Theorem. [Diffusion sensitivity in bimodal Gaussian mixtures] Consider the fam-
ily pO)(2) = (1—v) N(x; o, I)+~ N (x; u1, I) and a linear noise schedule §; = Bt
for 81 > 0. Let ay = exp (f(f ﬁsds). Then for any a € (0,1/2)

Cpsm(pM), pr)
selat-a  (F—7%)°
(= (= ol YA (VTG — )

7By (1 — %)

with the minimum value of C' = 0.37 achieved at v* = 0.5. Equivalently, L(~*) > C.

(3)

exp(— (k% + k) /4)

While the above result only holds for bimodal mixtures with Gaussian compo-
nents, we observe empirically that on benchmark datasets, such as MNIST and
CIFARI10, L(v*) is higher than the score sensitivity only at time 0 (the target
score sensivity). We also observe that the value of L(y*) predicts how accurately
a well-trained diffusion model can recover v*. Our next result explains the un-
derlying mechanism for why sensitivity of scores at intermediate times along the
noising process affects parameter recovery. The proof of the result comes from an
application of classical results (e.g., Yang and Barron 1999) from minimax esti-
mation theory. The key idea is that, in order for the generated distribution to
have an accurate -y, the value of v must be recoverable from the “score data’
along the noising process. It does not matter that the noised samples themselves,
which are distributed according to pﬁ”*), may not be sufficiently informative to

recover v*. Our result below therefore considers a class of “score” estimators,
F(m)

score,t that use score observations at time ¢ as data to recover the parameter:
Sm = {SEV*)(JT?)),"' ,S’EW*)(xgm))}, where i’ ~ p{’") are noised samples at
time t. We denote by qp ) the distribution of the scores, i.e., q,gﬂy ) = (s§7 ))ﬁpp ),
Further, we use E,-; as a shorthand for expectations with respect to the score
data distribution, (¢\?))®m,

Theorem. Let €, > 0 be a covering radius that solves €p+ 1= /V(€m,t)/m,
where V(em,¢) is the €, ¢-covering entropy with respect to square root KL di-
vergence of the class of densities {q,S”)}. Suppose the bimodal mixture family

satisfies (y — 7/)? < A? KL(qf7)||qp,)) for some A; > 0 and all v,+4" € (0,1).
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Further, suppose the mixture family exhibits an (¢, §)-sensitivity at time ¢ with
(€,0) = (€m,t, €1, 4/4) (see the paper [3] for details). Then, we have the following
minimax upper bound on the score restricted estimators using m samples of score
data from {qEW)} at time ¢:
(4) min  max E,« ;7" — A2 <2472 ,.

Fellitee 7" ’

Simultaneously, if the packing set cardinality N (v*, €m 1) > eVlem) for all 4*, it
holds that the minimax lower bound achievable for target score-restricted estima-
tors is the following:
(5) min  max B« o|y* — 4> >4 A7 2,

qer(m 7" ’

score,0

O

The above analysis supports the unexpected conclusion that a diffusion model
may accurately model the weights of a multimodal distribution even when the
target score is insensitive to the weights. Such an analysis therefore has practical
implications for rare event modeling (v* close to 0 or 1) and improves our under-
standing of diffusion models and their applicability for scientific data generation.
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Transformer as a nonlinear predictor
PRASHANT G. MEHTA
(joint work with Heng-Sheng Chang and Jin-Won Kim)

A decoder-only transformer computes the conditional probability of the next token
through a sequence of L identical layer operations:

(1a)  (Layer for transformer) [01,02,...,07|axT = [07 050 -+, J%]de,

where each layer maps a (d x T')-sequence of (embedding) vectors to a (d x T)-
sequence of the same dimension, with o, depending only on {oy,...,0:} (causal
structure), for 1 < ¢ < T [1]. The output of the final layer is decoded to give the
next-token prediction. This layer structure is the defining architectural feature of
the transformer — yet its mathematical justification remains unclear. Why should
the optimal prediction architecture take this particular form?
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This talk, closely adapted from our paper [2], offers one answer using optimal
control theory. We adopt a model-based approach where the observed tokens
are generated from an underlying hidden stochastic process, and the prediction
problem is cast as causal inference in a partially observed system:

(hidden state process) X :=[Xo,X1,...,X7] taking values in state-space S,
(observation process) Z :=[Z1,Z3...,Z1,Zr+1] taking values in obs-space O,

where the joint distribution of (X, Z) is according to a probabilistic graphical
model. We consider two model classes, based on definition of S and O, as follows:

Models State-space S Observation-space O
Nonlinear  {1,2,...,d} {0,1,...,m}
Linear R¢ R™

The nonlinear model setting is directly motivated by the transformer: O is the
vocabulary, and [S| = d is the embedding dimension. The prediction of interest
is the conditional probability 77 (-) := P(Xt = - | Z1.7), a probability vector of
dimension d, from which the next-token prediction P(Z141 = - | Z;.7) is computed.
The linear Gaussian model serves as a tractable baseline in which exact, closed-
form results are available. The same notation (X, Z) is used for both model classes;
the appropriate class will be clear from context.

Models Prediction Motivation
Nonlinear 77 := P(Xy|Z1.7)  transformer-like
Linear X = E(X7|Z1.1) tractable baseline

Our objective is to derive transformer-inspired inference architectures where
the prediction — conditional probability for the nonlinear model and conditional
expectation for the linear model — is computed as a causal transformation of Z;.7.
The representations are formally introduced in Table 1.

TABLE 1. Inference architectures for the two model classes: The
prediction is computed as a weighted sum of past observations.
In the nonlinear predictor, weights are causally adapted to the
observation data (i.e., Uy is allowed to depend upon Zi.;). This
data-dependence is what makes the predictor nonlinear and is the
direct analogue of attention weights in a transformer.

Representation Weights (or control)
mr(f) = (const.) — 2/, Ul 1e(Z),  U={Uo,...,Ur—1} is an
for f:S — R. R™-valued adapted process
fTXr = (const.) — Zthl ul | Zy, u = {ug,u1,...,ur—1} is an

for f € R?. R™-valued deterministic process
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A key finding is that for both model classes, the optimal predictor is computed
by iterating a d x T sequence-to-sequence transformation — structurally analo-
gous to a transformer layer, but derived here from optimality conditions of the
prediction problem rather than specified by architecture.

While the representation for the linear predictor is standard for the Gaussian
processes, the representation for the nonlinear predictor is an original contribution
of our work. The other original contributions are as follows:

Optimal control framework for computing weights. For both model classes,
the synthesis of optimal weights — wu for the linear predictor and U for the non-
linear predictor — is formulated as an optimal control problem (OCP).

For the linear model, the OCP is solved for the general non-Markovian X,
yielding a non-recursive algorithm that is provably more efficient than the recursive
Kalman filter architecture (O(T?d?) vs O(T3d?)). For the nonlinear model, the
OCP and explicit formula for U are obtained only for the Markovian X i.e., when
(X, Z) is a hidden Markov model (HMM), with complexity O(T?d?) — same as a
transformer layer — independent of vocabulary size m.

Transformer-like layer operation. The OCP solution defines a layer transfor-
mation on a d x T-sequence — directly analogous to the transformer. For the
linear model, the (d x T')-sequence is the momentum process, and the layer trans-
formation is defined using Pontryagin’s maximum principle:

(1b) (Layer for linear predictor)

(Hamilton’s equation) 4 +
[ 0. - 777T71]d><T'

(105 »Mr—1]dxT
At convergence, the layer transformation yields the optimal momentum sequence,
from which the prediction weights u are computed via an explicit formula.
For the nonlinear model (analysis is limited to HMM), the layer maps the
probability sequence:

(1c) (Layer for nonlinear predictor)

(optimality equation) [er er]de
153 PT .

[p1, -, prlaxT

At convergence, the layer transformation yields the conditional probability of
the hidden state at each time step, from which the weights U are computed via
an explicit formula. For both models, the layer transformation emerges from the
optimality conditions rather than being specified by architecture.

Numerical experiments provide a direct side-by-side comparison of optimal con-
trol weights and attention weights from a trained nanoGPT. When the embedding
dimension is insufficient, the dual filter degrades while nanoGPT retains near-
optimal performance — revealing that the transformer implicitly exploits non-
Markovian structure.
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Rare event estimation using tensor trains and large deviation theory
TIANGANG CUul

(joint work with Alex de Beer, Sergey Dolgov, Karina Koval, Robert Scheichl,
Georg Stadler)

Rare-event probabilities arise in applications where low-probability events can have
severe consequences. Their accurate estimation plays a vital role in safeguarding
digital twins used for critical decision-making. Let 6 denote a vector of uncertain
parameters taking value in R¢, equipped with a prior density mo. Let F' : R = R
be a parameter-to-event map. For a threshold z, we define the failure event set
Qz) =1{0 € Q: F(O) > z}. A typical rare event simulation paradiagm is to
estimate the a priori failure probability

P() = /Q L) (0)mo(6) db,

where 6 is distributed according to the prior density my. In practical applications
where observed data y are available, the prior density is updated to the posterior
density

76 y) = 0y | 6)mo(6),

where £(y | 0) denotes the likelihood function, and Z denotes the unknown nor-
malizing constant. Thus, a more practically relevant paradigm is to estimate the
a posteriori failure probability

PY(z) = /Q Lo (0)(0 | ) do.

There are several difficulties in estimating rare events. Firstly, it is well-known
that the relative error of a direct Monte Carlo estimator is of order (N P(z))~'/2,
making direct Monte Carlo computationally prohibitive when P(z) is very small.
A standard remedy is importance sampling. However, numerical approximation to
the optimal (zero-variance) importance density 7*(6) o< 1q(z)(0)mo(6) using meth-
ods such as cross-entropy and Gaussian mixture approximation can suffer from the
dimensionality and may fail to resolve accurately the highly concentrated geome-
try of the failure set. Secondly, the a posteriori setting introduces an additional
difficulty. In this case one must not only estimate an integral over a small, con-
centrated tail region, but also account for the unknown normalizing constant of
the posterior distribution.

We propose to overcome these challenges by constructing accurate measure
transport maps that approximate the optimal biasing densities for rare events,
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while also estimating the normalising constant in the a posterior: setting. We
realise these transport maps numerically using deep compositions of functional
tensor trains [1, 2]. To enable adaptive function approximation and reduce the
cost of cross interpolation [3], we also consider extended FTT approximations.
These first compress the target functions into Tucker form using mode-wise reduced
bases and interpolation points, and then apply a tensor train approximation to the
reduced core [4].

Another acceleration strategy is to use large-deviation theory (LDT) [5] to
obtain a good initial approximation. We also apply a Taylor expansion about the
large-deviation point, defined as the point in the failure set €(z) that minimises
the rate function, to characterise the parameter sensitivities associated with the
failure event. This naturally yields a dimension-reduced approximation, for which
we derive error estimators. We further accelerate the construction of the measure
transport map using preintegration, or line sampling. LDT provides a natural
candidate for defining the coordinate transformation required for preintegration.
The resulting higher-order smoothness is expected to make the approximation
problem substantially easier.

The combined measure-transport strategy can be naturally extended to the a
posteriori setting. We first construct a deep tensor measure transport for approx-
imating the posterior, i.e., Tymo(-) =~ 7(- | y). Using 7 as a preconditioner, the a
posteriori failure probability can be written as

PY(e) = [ Lo (T(O)uw(O)m(0) a0

where
B ((y | T(G))wo (T(G)) |det VT (0)]
w(f) = .

7o(0)
The numerator integral can again be estimated using the LDT-based acceleration,
while the normalising constant is estimated separately using the same measure
transport.

We demonstrate the numerical accuracy and dimension scalability of our meth-
ods on a range of examples, including a networked susceptible-infectious-recovered
model with uncertain infection and recovery rates, and a contaminant transport
problem with an uncertain diffusivity field. Our proposed methods achieve sub-
stantial acceleration over existing cross-entropy-based methods.
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Reducing complexity in a class of sequential Monte Carlo samplers
ROBERT SCHEICHL
(joint work with Josef Martinek, Julian Hofstadler, Alexander M. G. Cox)

Among the computationally most challenging Bayesian inference problems are dou-
bly intractable problems, where constructing even an unbiased likelihood estimator
is infeasible [5]. We consider a class of such problems in which a biased likelihood
estimator arises from a stochastic approximation of the forward map (a stochas-
tic solver), and develop a density-tempered marginalised sequential Monte Carlo
(SMC) sampler that exploits a multilevel hierarchy of stochastic solvers of increas-
ing accuracy. The accuracy is increased within both the importance sampling and
mutation stages of the SMC sampler, thus leading to significant efficiency gains
proportional to the number of tempering and mutation steps.

Setting. Let &/ C R¢ be the parameter space, JJ C R™ the observation space,
G: U — Y the forward map, and let y = G(u) + F, where the observational noise
E ~ N(0,T) is independent of the prior ug. Applying Bayes’ formula we get
dp/dpg o< exp(—®) with potential ®(u) = 3|ly — G(u)||% ..

In practice, exact evaluation of G is often impossible and random estimators
of G are used instead [2, 1]. To quantify the induced randomness an abstract
noise model is introduced, i.e., a measurable space (£, B(€)) and a Markov kernel
ks: U x B(E) — [0,1], indexed by an accuracy (and cost) parameter S > 0;
a stochastic solver is then a (o ® kg)-measurable map G:UXE =Y. Asa
representative example, the parameter S can represent the number of samples in
a Monte Carlo estimator of G. Writing ®(u,e) = 3|ly — G(u, €)||2_, the marginal
approzimation pg of u is defined by

dum ~
U ) o [ exp(-(0,0) st d),

generalising the marginal approximation of [3]. Crucially, kg is only required for
analysis, not in the implementation. The estimator is biased, i.e., u&" # p, and
depends on S.

The sequence of tempered measures targeted by the Sequential Monte Carlo
sampler is defined as follows: First, the number of tempering steps 7' € N, tem-
pering parameters 0 = 5y < --- < Bp = 1 and solver accuracies Sy < --- < Sp are
fixed. On the extended space U x £ we define

W dp"

d(po ® ks,)
so that Pt (- x &) = pi's, () and fiz" marginalises to wg. . The sampler reweights
between consecutive measures in (1), then resamples and mutates by applying ¢
transitions with a pseudo-marginal MCMC kernel. We adapt the solver accuracy

(u,e) o exp(—ﬁt&;(u,e)), t=0,...,T,
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S; across the T tempering steps, and we further optimally split the ¢ transitions
within one mutation stage between a cheap and an expensive mutation kernel.

Increasing accuracy in the reweight step. A tempered posterior tolerates a
larger amount of solver noise, so there is no need to use the target accuracy S
at every step. Following [4, Sec. 5], we measure cost by the total number ¢ of
mutation kernel transitions, one transition at level ¢ costing S;.

We fix a growth factor v > 1 for the solver accuracy and define a sequence of
solver accuracies S; = y*~TSp. Taking v = 1 gives the standard SMC algorithm,
in which Sy = Sp; for v > 1 we refer to it as the adaptive SMC' algorithm. The
analysis for the adaptive algorithm rests on three assumptions on the sequence of
measures in (1), all of them uniform in ¢ and S:

(A1) Bounded weights. The weights to move from the measure at step ¢ with
accuracy St to the measure at t + 1 with accuracy ~S; are uniformly bounded.
(A2) Bounded normalising constants. The corresponding ratios of normalising
constants are uniformly bounded.

(A3) Bias rate. For S large enough and for all test functions f: & — R in the class
Fp of measurable functions with |f| < 1, the marginal approximation converges to
the posterior at a rate [u%'(f) — p(f)| < Cg S™1.

(A4) Mizing. The mutation kernels are reversible and, for S; large, geometrically
ergodic with L? spectral gaps p;(S;) € (0,1].

Given an error tolerance £ > 0, the bias rate is used to determine the target
accuracy St = 2Cp/e. From the finite-sample theory in [4] one obtains for both
the standard and the adaptive algorithm for any § € (0, 1) that there exists an N
and ¢ such that

P(‘%an(u%ﬂ)—u(f)‘ gg) > 1-9 for every f € Fp.

The adaptive algorithm achieves this accuracy at a much lower cost. The cost gain
is characterised by the following theorem.

Theorem (Complexity gain). Let v, > 1, assume (Al)—(A4) for both v, and
v =1, and let liminfg_,o pt(S) > p* > 0 uniformly in t. Then the total costs
C3 and CAY of the standard (S; = St) and the adaptive (S; = v:~TSp) SMC
algorithm satisfy st »
hgn\lglf cxa = Tr(1=7a),

with equality, and p* omitted, if for all t the limits limg_, oo p(S) > 0 ewist.

Thus the gains are proportional to the number of tempering steps T.

Increasing accuracy in mutation. The theorem above takes the cost £ x S;
of ¢ transitions with target s, in the mutation stage as given. The second
contribution further reduces that cost by replacing most transitions to the more
expensive target chain by cheap approximate ones: apply k transitions of a cheap
kernel P, with invariant measure u. and cost C° per transition, to decorrelate the
resampled particles, and only then £ — k transitions of the expensive kernel P, with
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invariant measure pie = 1;'s, and cost C%, to correct. A coupling argument shows
that geometric ergodicity of a kernel is inherited by its N-fold product acting on
the NV SMC particles, at the same rate, which leads to the following error estimate.

Proposition (Accelerated mutation error). The error of one mutation stage con-
sisting of k transitions of a cheap kernel P, followed by ¢ — k transitions of an
expensive kernel P,, measured in a weighted Wasserstein distance VW on the prod-
uct space of N particles and starting from an initial measure 1, is bounded by

(2) W(nPEPIR ) < KeTf_k(KchW(n,uc)+W(uc,ue)),

where (K., 7.) and (K¢, 7.) are the ergodicity constants of the two kernels.

Now, one can minimise (2) subject to a cost budget of C°k +C¢(¢ — k) = Cpudg,
which has a unique solution that can be characterised in closed form. Informally,
it falls into two regimes. In the edge cases one uses only P. (if the budget is too
tight, or P, is highly accurate) or only P, (if P, is too inaccurate, or too expensive
to be worth its bias). Otherwise a mix of both kernels is used and there is an
optimal number k* > 0 of cheap transitions that is independent of the budget
Chudg; all remaining resources should then be spent on the expensive chain.

Under appropriate assumptions this two level analysis can again be extended
to a multilevel analysis leading to gains proportional to the number of mutation
steps £. In practical applications in high dimensions and with highly concentrating
posteriors, T" and £ can both go into the hundreds or even thousands, thus offering
substantial gains for our adaptive SMC' algorithm.
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Fast uncertainty quantified probabilistic hazard maps for
decision support

ELAINE T. SPILLER

Large-scale natural geophysical hazards — debris flows, storm surge from hurri-
canes, granular volcanic flows — pose a constant threat to exposed communities
due to the possibility of rare catastrophic events. Further, there is a paucity of
data for these large-scale, rare events. As such we rely on physics-based, computa-
tional models of the hazardous phenomena (debris flows and volcanic flows) solved
over terrain represented by digital elevation models. We further model the aleatory
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variability as a probability density function (pdf) on possible event scenarios. This
aleatory pdf and the computational model of the mass flows are both imperfect.
Thus we also seek to model, where possible, the associated epistemic uncertainties
through Monte Carlo (MC) or importance-sampled Monte Carlo. Evaluating one
scenario of the flow model is computationally intensive (1-10 hours) and as such
is a bottleneck for MC simulations. We exploit various Gaussian process (GP)
surrogates of the computational models that are well-suited to geophysical flows —
zero-censored GPs appropriate for non-negative data (flow inundation is positive
or zero) [1] and the parallel partial emulator (PPE) for large-dimensional output
data [2] (flow inundation at millions of pixels). Once trained, we can compute
probabilistic hazard maps with MC utilizing GP surrogates in a few minutes on
a laptop. This allows for the generation of many probabilistic hazard maps thus
enabling aleatory scenario model exploration as MC simulations no longer require
expensive simulations. We show examples of uncertainty quantified probabilistic
hazard maps and hazard analyses for volcanic flow hazards at several volcanoes in-
cluding Aluto (Ethiopia) [3] and Soufriere Hills (Montserrat) [4] as well as post-fire
debris flows in Southern California [5].
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Some lessons from incorporating data into stochastic control problems
SOREN CHRISTENSEN
(joint work with Claudia Strauch, Lukas Trottner)

A central feature of digital twins is the interaction between data and decision
making. On the one hand, data are used to estimate unknown system character-
istics that are relevant for decision making. On the other hand, the implemented
control policy influences the future evolution of the system and therefore the data
available for subsequent learning. The talk discussed this interplay in a class of
classical stochastic control problems with explicit solutions. Instead of assuming
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that the diffusion dynamics are fully known, the talk considered the statistically
more realistic situation where the drift function is unknown and has to be learned
nonparametrically from observations.

As a first step, an offline learning setting was studied, where a continuous
trajectory of the uncontrolled diffusion is available for statistical inference. For
two classical long-run average control problems — impulse control and singular
control — the explicit structure of the optimal policy makes it possible to reduce
the learning problem to estimating suitable functionals of the invariant density.
This leads to plug-in policies based on nonparametric estimators of the invariant
density rather than the drift itself, avoiding a statistically much more difficult task.
The resulting data-driven control policies satisfy non-asymptotic regret guarantees.
For singular control, the regret converges at the rate O(y/log(T")/T), whereas for
impulse control the rate is O(T~'/?), which is minimax optimal up to a logarithmic
factor. A main observation in the analysis is that the control objective itself
determines both the statistical quantities that need to be estimated (stationary
density instead of drift) and the appropriate error metric: while impulse control
only requires L' accuracy of the density estimator, singular control depends on
uniform (L) control.

The second part of the talk considered the more realistic online learning set-
ting, where observations are generated by the controlled system itself. In this case,
learning and control become intrinsically coupled, since the implemented policy de-
termines which regions of the state space are explored and hence which information
becomes available for future estimation. To address this exploration-exploitation
trade-off, an episodic learning strategy was proposed that alternates between ded-
icated exploration phases and exploitation phases based on the current statistical
estimate. This approach yields non-asymptotic regret bounds of order 72/3 (up
to logarithmic factors). For several extensions, including parametric models and
Lévy-driven dynamics, faster rates can be achieved.

Finally, recent work was briefly discussed that suggests that explicit explo-
ration is not always necessary. By using the nested structure of threshold policies,
the thresholds can be learned more directly, leading to regret of essentially order
O(\/T ), matching the statistical lower bound up to logarithmic factors.

Although the models considered are rather simple, they already exhibit three
characteristic features that might also be relevant for digital twins. First, the
decision problem determines which quantities should be estimated. Second, it
determines which statistical error measures are relevant for guaranteeing good
decisions. Third, data generation and decision making form a feedback loop:
control actions influence the observations available for future learning.

REFERENCES

[1] S. Christensen and C. Strauch, Nonparametric learning for impulse control problems—
Exploration vs. exploitation, Annals of Applied Probability 33 (2023), no. 2, 1369-1387.

[2] S. Christensen, C. Strauch and L. Trottner, Learning to reflect: A unifying approach for
data-driven stochastic control strategies, Bernoulli 30 (2024), no. 3, 2074-2101.



1670 Oberwolfach Report 26/2026

[3] S. Christensen, A. H. Thomsen and L. Trottner, Data-Driven Rules for Multidimensional
Reflection Problems, SIAM/ASA Journal on Uncertainty Quantification 12 (2024), no. 4,
1240-1272.

Separable approximations of optimal value functions, decaying
sensitivity, and neural networks

LARS GRUNE
(joint work with Dante Kalise, Luca Saluzzi, and Mario Sperl)

In this talk I have presented the continuation of our studies to find out when
deep neural networks are able to represent high-dimensional functions appearing
in optimal control problems, such as the optimal value function V : R¢ — R or
the Q-function @ : RY x U — R. Here the dimension d should be thought of in
the order of magnitude of up to several hundred.

Such functions typically do not enjoy a high degree of smoothness, at least
not for deterministic optimal control problems, which is why approaches requir-
ing smoothness are not generally applicable. However, large-scale optimal control
problems often have dynamics consisting of many low-dimensional subsystems,
which are only coupled to a set of neighboring systems but not to all other sub-
systems. Formally, this means that we can split the large scale system into ¢
subsystems

z = fi(zi, 2miw), i=1,...,q, 2—i = (%)) jen(i)s

where z; € R% is the state of the i-th subsystem and A/(i) collects the indices of
the neighbors of the i-th subsystem. This distributed structure can be formalized
by an interconnection graph, where each node represents a subsystem and an edge
between two nodes indicates that one system is a neighbor of the other.

It is known that this distributed structure carries over to the costs of the prob-
lem over longer time horizons [1], but the distributed structure becomes increas-
ingly more complex as time increases. Much better results can be obtained if one
specifically looks at the optimal cost. Here, it was shown in [2] for linear qua-
dratic infinite horizon problems that under suitable uniform controllability and
detectability conditions, the influence that one system has on another decreases
exponentially with the distance in the interconnection graph, a property known as
(exponentially) decaying sensitivity. This property induces a corresponding prop-
erty of the optimal value function V', which allows to approximate this function
by separable functions of the form

S
V(z) = Z \I/i:(zlkl ECTERER Zik-.l)a
k=1

where the approximation error can be estimated depending on the number [, see
[3] for details. The right hand side of this expression can then, in turn, be approxi-
mated by specially structured separable neural networks, whose number of neurons
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grows only polynomially with the dimension d and the degree of the polynomial
depends on .

While numerical results suggest that the decisive decaying sensitivity property
also holds for nonlinear problems, so far it has only be shown rigorously for linear
quadratic problems. The reason is that the proof in [2] crucially relies on sophis-
ticated matrix analysis, which is not easily carried over to nonlinear problems. In
order to fix this, in [4] we developed a proof technique that uses graph-theoretic
methods, employing the interconnection graph described above, instead of matrix
analysis. Using this technique, a first decaying sensitivity result was obtained for
nonlinear dynamics.
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Proximal importance sampling
GEORGE BIROS
(joint work with Youguang Chen)

We are considering the problem of sampling from a posterior distribution related
to Bayesian inverse problems arising in science, engineering, and digital twin tech-
nologies. Our method belongs to the family of independence Metropolis—Hastings
(IMH) sampling algorithms. These are quite common in Bayesian inference. Re-
lying on the existence of an approximate posterior distribution that is cheaper to
sample from but can have significant bias, we introduce Proximal-IMH, a scheme
that removes this bias: it corrects samples from the approximate posterior solv-
ing an auxiliary optimization problem, yielding a local adjustment that trades off
adherence to the exact model against stability around the approximate reference
point. For idealized settings, we prove that the proximal correction tightens the
match between approximate and exact posteriors, and thereby improves accep-
tance rates and mixing. The new method works with both linear and nonlinear
input-output operators and is especially suitable for inverse problems where exact
posterior sampling is too expensive. We perform several numerical experiments
that include multimodal and data-driven priors and nonlinear input-output op-
erators. The results show that Proximal-IMH reliably outperforms existing IMH
variants. The results appeared in [1].
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PROBLEM STATEMENT
The problem setting is given
y=Ax+e, e~ N(0,0%I), x ~ p(x) : prior,

where A is the forward operator indicating the physics of the problem, x are
the unknown parameters, e is the observation noise with zero mean and specified
variance o2, and a p(z) a given prior for the target vector parameter x.

Given observations y, our goal is to develop efficient algorithms for sampling
from the posterior distribution

(@ | y) o exp (~|ly — Azl*/20) p(z).

The most reliable method is using a Metropolis Hastings (MH) method. This
requires a proposal distribution. Existing approaches are very slow to converge. In
this work our main assumption is that we have access on an approximate operator
A that is spectrally equivalent to A and faster to compute. Then using any method
we assume we can sample from

7w | y) o exp (< ly — Aall?/20%) pa).

MAIN RESULTS

We present and analyze an importance sampling MH method, which we term
proximal IMH. The method first samples from 7(x | y) and the corrects the
sample by solving an optimization problem:

v = argmin | A(x) - A@) + Bl ~ 72

and then filtering x using a standard MH acceptance.
We show the following:

e We prove mixing times for proximal IMH and compare with MALA mixing
times. Proximal IMH is insensitive to the condition number for A as
opposed to MALA.

e We empirically extend the method to nonlinear forward problems.

e We test the method on problems in which p(z) is generated by variational
autoencoders.

e We apply the method to medium frequency inverse scattering.
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Machine learning for thermodynamic property modeling
RoLaND HERZOG
(joint work with Viktor Martinek)

Accurate knowledge of thermophysical properties underpins the design, simulation,
and optimization of processes throughout the energy and process industries. These
properties are commonly encoded in thermodynamic equations of state (EOS),
which relate quantities such as pressure, temperature, density, and composition.
Such EOS are precisely the physics-based component on which a digital twin of
a chemical or energy process must ultimately rely: the predictive fidelity of the
twin, and hence its usefulness for control, optimization, and decision support, is
bounded by the accuracy of the property models embedded in it. The development
of an EOS is expensive and time-consuming. On the experimental side it rests on
extensive measurement campaigns, and on the modeling side it relies on empirical
functional forms that are assembled by trial and error and refined manually using
expert knowledge. The resulting models may therefore be structurally suboptimal,
and their creation generally scales poorly to the growing number of substances and
mixtures of practical interest.

This talk describes an effort to accelerate and partly automate this process by
combining machine learning for model discovery with optimal experimental design
for data acquisition. Its centerpiece is Thermodynamics-informed Symbolic Re-
gression (TiSR), an open-source symbolic regression tool tailored to the specific
needs of thermodynamic EOS development [4]. Symbolic regression searches simul-
taneously for the functional form of a model and for its parameters, and thereby
produces closed-form, interpretable expressions rather than black-box surrogates.
TiSR is built on genetic programming, in which a population of candidate ex-
pressions, is iteratively selected, mutated, and recombined, while the numerical
parameters of each candidate are estimated by a Levenberg—Marquardt method.
This methodology is generic, but its value for thermodynamics rests on a set of
domain-specific extensions that form the core of our work.

A first extension concerns the incorporation of prior knowledge in the form of
shape constraints. A shape constraint prescribes a descriptive attribute that the
model is required to satisfy — for instance a sign, a direction of monotonicity,
a curvature, an asymptotic limit, or the value of an integral. Such constraints
are indispensable in thermodynamics, where data are often sparse and noisy, and
where inter- and extrapolation must respect physical laws. We enforce them dur-
ing parameter estimation by minimizing constraint violations through a penalized
least-squares formulation solved with gradient-based optimization [6]. This step
is standard in classical thermophysical property modeling, but had not previously
been integrated into the parameter estimation of symbolic regression [3].

A second extension addresses shared expressions. The idea is to reuse one and
the same expression across a whole set of substances, e.g., fluids, re-fitting only
part of its parameters per substance, so that abundant measurements on some
fluids help constrain the description of others — a form of transfer learning. We
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push this further through partial parameter sharing and the simultaneous use of
several categorical variables, which broadens the class of problems that symbolic
regression can address in this setting [5].

A third direction targets fundamental equations of state formulated in the
Helmholtz energy, which occupy a special place because they capture the com-
plete thermodynamic behavior of a fluid within a single potential. The challenge
is that this potential is not itself observable; it enters the measurable quantities
only through its derivatives. A model must therefore be calibrated against a collec-
tion of heterogeneous property measurements at once, rather than against samples
of the target function, and it is this setting that we approach with symbolic re-
gression [1, 2].

Beyond these methodological ingredients, a large part of the design effort in
TiSR is devoted to usability: the intended audience is the domain scientist with
no background in evolutionary computation, and the tool accordingly provides
protective defaults, curated presets that bundle related settings, and extensive
documentation. The tool is under active development and is already being used
by other groups; it is available at https://github.com/scoop-group/TiSR.

Upcoming additions to TiSR include robustness to outliers, model-selection
support, automated development of fundamental EOS, and a tighter coupling of
model discovery with optimal experimental design in order to reduce measurement
effort. This coupling mirrors the two-way information flow that characterizes a
digital twin: data acquired from the physical system are assimilated to refine the
property model, while the model in turn guides where new measurements are most
informative. Symbolic regression contributes interpretable, physically constrained
models to this loop, which is a prerequisite for the trust that safety- and cost-
critical digital-twin applications demand.
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Global optimization of tensor polynomials
DipiEr HENRION
(joint work with Lloren¢ Balada Gaggioli and Milan Korda)

We introduce a new moment-SOS (sum of squares a.k.a. Lasserre) hierarchy
of semidefinite programming (SDP) relaxations for minimizing high-dimensional
polynomials with tensor structure, generating certified lower bounds with conver-
gence guarantees to the global minimum. The standard moment-SOS hierarchy
suffers from the curse of dimensionality, where the size of the SDP blocks grows
exponentially with the number of variables. Sparse variants (exploiting correla-
tive or term sparsity) mitigate this but still struggle if the sparsity graph of the
polynomial is dense.

First, we introduce LRPOP (Low-Rank Polynomial Optimization) by exploiting
the Canonical Polyadic (CP) tensor decomposition of the objective polynomial. A
polynomial p(x) is viewed as a tensor and decomposed into a sum of r separable

products:
T n
p(x) = Z lem(xz)
k=1i=1
where each p ;(x;) is a univariate polynomial of the single variable x;. By intro-
ducing lifting variables for the intermediate products of this decomposition, we
construct a specific sparsity graph that admits a clique tree decomposition with
small maximal clique size. Crucially, the size of the resulting SDP blocks depends
linearly on the CP rank r rather than the ambient dimension n. This allows LR-
POP to solve global optimization problems with thousands of variables and high
degrees, provided the polynomial has a low CP rank. The method is shown to gen-
erate certified lower bounds converging to the global minimum. It uses Bernstein
basis polynomials to maintain numerical stability in high dimensions.
Then, we introduce TTPOP (Tensor-Train Polynomial Optimization) by re-
placing the CP decomposition with the Tensor Train (TT) decomposition. The
high-dimensional polynomial p(z) is represented as a sequence of 3-way core ten-

sors contracted together:
n

p@) =[] Pt
i=1
where each core P;(z;) is a matrix-valued polynomial of the single variable x;.
Unlike CP, the TT decomposition relies on stable singular value decomposition
algorithms, avoiding the divergence issues often seen when approximating high-
dimensional tensors with CP. Instead of a single rank r, the complexity is controlled
by a vector of TT ranks, corresponding to the dimensions of the matrices P;(z;).
This allows for more flexible modelling of polynomials that might require a high CP
rank but have low TT ranks. The storage and optimization complexity in TTPOP
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scales linearly with the number of variables and polynomially with the TT ranks,
making it effective for very high-dimensional polynomials for which LRPOP might
struggle. This extension effectively adapts the lifting and graph-sparsity techniques
to the chain-like structure of the TT, resulting in an optimization hierarchy that
is robust and scalable for a broader class of high-dimensional functions.

Reporter: Philip Schér
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