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MECHANICAL SYSTEMS

NAIARA V. DE PAULO, SEONGCHAN KIM, PEDRO A. S. SALOMAO,
AND ALEXSANDRO SCHNEIDER

ABSTRACT. We investigate the dynamics of a two-degree-of-freedom mechan-
ical system for energies slightly above a critical value. The critical set of the
potential function is assumed to contain a finite number of saddle points. As
the energy increases across the critical value, a disk-like component of the
Hill region gets connected to other components precisely at the saddles. Un-
der certain convexity assumptions on the critical set, we show the existence
of a weakly convex foliation in the region of the energy surface where the
interesting dynamics takes place. The binding of the foliation is formed by
the index-2 Lyapunov orbits in the neck region about the rest points and a
particular index-3 orbit. Among other dynamical implications, the transverse
foliation forces the existence of periodic orbits, homoclinics, and heteroclinics
to the Lyapunov orbits. We apply the results to the Hénon-Heiles potential
for energies slightly above 1/6. We also discuss the existence of transverse
foliations for decoupled mechanical systems, including the frozen Hill’s lunar
problem with centrifugal force, the Stark problem, the Euler problem of two
centers, and the potential of a chemical reaction.
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1. INTRODUCTION AND MAIN RESULTS

We study the dynamics of a mechanical system
(1.1) i=-VV(z), ©€R?

where the potential V' is smooth. Let x(¢) be a solution of (1.1), and let y(t) := &(¢).
Then (z(t),y(t)) € R* solves Hamilton’s equations for the Hamiltonian H(z,y) =

v 4 V(z), that is
2 )

. OH . OH
w—gg@y% y——5;@w)

We fix the energy F € R and study the dynamics of the three-dimensional energy
surface H~1(E). The projection of H!(E) to the x-plane is the Hill region Qp =
{V(z) < E} C R?, and its boundary dQ is the zero-velocity curve.

Let v € V=1(0) be a critical point of V. Then p = (v,0) € H~1(0) is an equi-
librium point of the Hamiltonian flow of H. If v is a saddle point, then p is a
saddle-center equilibrium, i.e., the linearization JyH(p) admits a pair of real eigen-
values +« and a pair of purely imaginary eigenvalues +iw. Here, J; is the complex

matrix
0 I
JO - ( ~7 0 )u

and H is the Hessian of H. For every E > 0 sufficiently small, H~!(F) has a unique
index-2 hyperbolic orbit P» g in the neck region about p, called Lyapunov orbit.
For the definition of the Conley-Zehnder index of a periodic orbit, see section 2.2.
The projection of P» g to 1g is a simple arc in the neck region around v connecting
distinct points of the zero-velocity curve d{1g, i.e., P» g is a brake orbit.

We are particularly interested in the case where V' has precisely [ > 1 saddle
points v1,...,v € V71(0), which are vertices of a simple closed curve 0K, C
V~=1(0) bounding a disk-like compact region Ky C {V < 0}. Except for the saddles,
the points of 0K are regular, and V' < 0 in Ky \ 0Kp. In that case, Ky is the
projection of a singular sphere-like subset So C H~1(0), with precisely [ singularities
of saddle-center type at p; = (v;,0),¢ = 1,...,l. As the energy E changes from
negative to positive, a sphere-like subset Sgp C H~1(E), E < 0, projecting to the
interior of Ky, gets connected to other components at p;’s for E = 0. For E > 0
small, the neck region around each p; contains a Lyapunov orbit P2i, g- This orbit
bounds a pair of disks, forming a two-sphere S; C H~1(E) that locally separates
H~Y(E). The flow is transverse to both disks in opposite directions. See section 2.5
for a more detailed description. The energy surface H~1(E), E > 0, thus contains
a compact subset, bounded by U;S; and also denoted by Sg, which is diffeomorphic
to a three-sphere with [ disjoint open balls removed. The left images in Figures
4.1, 4.2, and 4.3 represent the projections of Sk to their Hill regions in concrete
examples.

In general, the dynamics of Sg is rather complicated, combining trajectories
that escape Sg through some §; forward and/or backward in time, with invariant
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subsets presenting rich dynamics. We aim to study the complex dynamics of Sg
via transverse foliations.

Definition 1.1. Let S C H’l(E) be the compact subset bounded by U;S; as above.
A weakly convex foliation adapted to Sg is a singular foliation Fg of Sg satisfying
the following properties:

(i) The singular set Pr of Fg consists of the Lyapunov orbits P21’E7 cey PQI’E
and an unknotted periodic orbit Py i of index 3. These [+ 1 periodic orbits
form the binding of Fr and are called binding orbits.

(ii) The complement Sg \ Upep, P is foliated by properly embedded planes and
cylinders, called regular leaves of Fr. They consist of: a) l pairs of (rigid)
planes U{ p,Us p C Sj,j = 1,...,1, each pair asymptotic to Py p; b) 1
(rigid) cylinders Vg,j =1,...,1, each one asymptotic to P3 g and to PQj,E;
¢) 1 families of planes D;E,T €(0,1),7 =1,...,1, all asymptotic to Ps .
The family Di,E breaks onto the closure of Uf’E UVL as 7 — 0F, and

onto the closure of Ug}l U Vg“ as T — 1. Here, we use the convention
I+1=1.

(iii) All reqular leaves are transverse to the flow.

See the cases | =1 and | = 2 in Figure 1.1.

A natural question is under which conditions Sg admits a weakly convex folia-
tion. A motivation for this question comes from the works of Albers, Fish, Frauen-
felder, Hofer, and van Koert on the restricted three-body problem [2, section 2]. A
weakly convex foliation with the Lyapunov orbit near the first Lagrange point as
a binding orbit is expected to exist for energies slightly above the first Lagrange
value. Note that a weakly convex foliation implies the existence of homoclinics
and/or heteroclinics to the Lyapunov orbits, see [29] and also [10, 12].

Finding a weakly convex foliation is, in general, quite challenging. Here, we point
out some issues. First, it is not known for an arbitrary Hamiltonian H whether the
energy surface has contact type. Such a condition enables the use of J-holomorphic
curves in symplectizations, as developed by Hofer, Wysocki, and Zehnder in [23,

, 25, 27, 28]. Secondly, the compact subset Sz C H~1(E) may admit low index
orbits other than the Lyapunov orbits, and these orbits may obstruct the existence
of a weakly convex foliation.

In general, results concerning the existence of transverse foliations for Reeb flows
require the periodic orbits to be non-degenerate. This is the case, for instance, in
the pioneering work by Hofer, Wysocki, and Zehnder [29] where such foliations are
obtained on the tight 3-sphere. Although the non-degenericity condition is C>°-
generic, it is typically very difficult to check it in concrete examples. Here we do
not assume that the flow is non-degenerate.

In [11, 12], the authors found weakly convex foliations assuming that the crit-
ical subset So C H~1(0) is strictly convex and has a unique singularity (I = 1).
Such foliations are projections of the so-called finite energy foliations in the sym-
plectization of the energy surface. Fish and Siefring [17] studied the connected
sum of finite energy foliations and constructed weakly convex foliations. See also
[30, 32, 34]. Wendl [17] constructed finite energy foliations for overtwisted contact
three-manifolds. Finite energy foliations were first studied on star-shaped hyper-
surfaces of R* by Hofer, Wysocki, and Zehnder [26, 29]. Colin, Dehornoy, and
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FIGURE 1.1. A cross section of a weakly convex foliation with
1 =1 (left) and I = 2 (right). The red dots represent the Lyapunov
orbits, and the blue dots represent index-3 orbits. The black and
green curves represent rigid planes and cylinders, respectively. The
dashed curves represent the one-parameter families of planes as-
ymptotic to the index-3 orbits.

Rechtman introduced in [9] the broken book decompositions which generalize the
transverse foliations obtained by projections of finite energy foliations.

Many concrete examples in the literature — including most of those arising in
Celestial Mechanics — do not satisfy the geometric condition of strict convexity
assumed in [11] and, moreover, several of them present more than one saddle-center
equilibrium point in the critical level. Heading toward overcoming this difficulty,
the present paper extends results in [11] for [ > 2 under weaker assumptions on the
critical set So C H~1(0). To explain it, observe that Sy is invariant by the flow,
and its rest points p; = (v;,0),i = 1,...,1, are saddle-center equilibrium points.
Here we assume that:

H1. Sy is dynamically convez, i.e., every (non-constant) periodic orbit in Sy has

index at least 3.
H2. Sy admits a positive frame, i.e., the transverse linearized flow on Sp \
{p1,...,p1} strictly rotates counterclockwise on a suitable symplectic frame.

Conditions H1 and H2 hold if the singular set .Sy is strictly convex, as proved
in [11, 20, 26], see Remark 2.2 below. These conditions may hold for more general
systems, such as the Hénon-Heiles potential, even though Sy is not strictly convex.

The main result of this paper states that if Sy satisfies conditions H1 and H2,
then a weakly convex foliation adapted to Sp C H~!(E) exists for every E > 0
sufficiently small.

Theorem 1.2. Let V be a real-analytic potential on R?, and let H = |y|?/2+V (x).
Assume that V' admits precisely I > 1 saddle points vq,...,v € 0Ky C {V = 0}
as above, so that the singular sphere-like subset So C H~*(0) projecting to Ko C
{V <0} satisfies conditions H1 and H2. Then, for every E > 0 sufficiently small,
H~Y(E) contains a compact subset Sg admitting a weakly convex foliation Fgr as
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in Definition 1.1. The binding orbits are the Lyapunov orbits Py g, . .., P2Z7E C 0Sg
and an index-3 periodic orbit Ps ;g C Sg \ 0Sg. Moreover, the projection Kg C
R? of Sk to the x-plane converges in the Hausdorff topology to Ky as E — 0F.
If the actions of the Lyapunov orbits in Sg coincide, then Sg carries infinitely
many periodic orbits, and every Lyapunov orbit has infinitely many homoclinics or
heteroclinics to another Lyapunov orbit.

Conditions H1 and H2 imply the following weaker condition:

H3. For every E > 0 sufficiently small, the energy surface H=*(E) carries no
index-2 orbit near Sy other than the Lyapunov orbits.

Remark 1.3. The conclusions of Theorem 1.2 also hold under the weaker con-
ditions H1 and HS3. Nevertheless, with the aim of stating a result with broader
applicability to concrete examples, we formulate the main theorem under assump-
tions H1 and H2.

Remark 1.4. The real-analyticity condition on the potential function V in The-
orem 1.2 ensures the existence of suitable local coordinates near the saddle-center
critical points of H, which are important for obtaining ideal index estimates in
the neck regions of Sg (as explored in Section 3.2). In addition, the global real-
analyticity of the Hamiltonian H is relevant in [10, 12] for deriving dynamical con-
sequences from the weakly convex foliation Fg when the actions of the Lyapunov
orbits coincide.

The proof of Theorem 1.2 explores the fact that the energy surfaces of a me-
chanical system have contact type, and thus, the Hamiltonian flow is equivalent to
a Reeb flow. Recall that a contact form on a three-manifold M is a 1-form A so
that A A dX never vanishes. The Reeb vector field R of A is the unique vector field
on M determined by dA(R,-) = 0 and A(R) = 1. The tangent plane distribution
& = ker A is the contact structure, and the pair (M, €) is a contact manifold. In
canonical coordinates (r1,2,%1,y2) € R?*, the standard tight contact structure on
S3 = {2? + 22+ 92 +y2 = 1} is & = ker\g C T'S®, where )\ is the contact
form given by the restriction of the Liouville form %Z xidy; — y;dx; to S2. Given
f: 8% = (0,+0c0), the Reeb flow of X := f)q is equivalent to the Hamiltonian flow
on the star-shaped hypersurface /fS3 C R*. We say that \ is weakly convex if
its periodic orbits have an index of at least 2. A crucial ingredient in the proof of
Theorem 1.2 is the following key result from [10].

Theorem 1.5 (de Paulo, Hryniewicz, Kim, and Salomao [10]). Let A = fAo be a
weakly convex contact form on the tight three-sphere (S3,&y). Assume that \ admits
precisely | > 1 index-2 periodic orbits P 1,..., Py, and they are all unknotted,
mutually unlinked, hyperbolic, and have self-liking number —1. Assume that the
actions of Py ; are smaller than that of any other periodic orbit and that every
index-3 orbit is unlinked with any Pa;. Then the Reeb flow of A admits a weakly
convez foliation F in the following sense: each Py ; is a binding orbit and bounds
a pair of rigid planes Uy ;,Us ; whose closures form a regular embedded two-sphere
S; C S3. The remaining binding orbits are index-3 orbits Py =1,...,1+1,
contained in distinct components U;,j = 1,...,1+ 1, of S3\ U;S;. The closure
of U; 1is called a chamber, and the foliation F restricted to a chamber is as in
Definition 1.1.
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Remark 1.6. The transverse foliation given in Theorem 1.5 is the projection to S®
of a finite energy foliation F in the symplectization (R x S3,d(e*\)), where a is the
R-coordinate. An R-invariant almost complex structure J on R x S® is adapted to A
if J-0, = R and J-& = &y is d\-compatible. The set of such J’s, denoted by J(N),
is contractible in the C°°-topology. The leaves of F are the image of embedded finite
energy J-holomorphic curves @ = (a,u): CP\ T — R x S3, where I C CP! is
finite, see section 2.4 for definitions. An important fact in the proof of Theorem 1.2
is that for special choices of J, there exist precisely two finite energy J-holomorphic
planes asymptotic to each P ; through opposite directions. Moreover, there exists
a generic subset Jreg(N) C T(A) so that if J € Treg(N), then R x S* admits a finite
energy foliation by J-holomorphic curves whose projection to S® is a weakly convex
foliation as in Theorem 1.5, see [10, Theorem 5.3].

Let us sketch out in a few brief sentences the main ideas of the proof of Theorem
1.2. The potential V' can be modified away from an arbitrarily small neighborhood
of Ky in such a way that the new critical set I:I_l(O) projects to the union of Ky
and ! mutually disjoint disk-like compact domains K7,...,K; C R%2. Each K; is
connected to K through the saddle point v; which is the unique singularity of K.
For E > 0 sufficiently small, H ~1(E) contains a regular sphere-like hypersurface
Wg whose projection contains Ko|JU._; K; and whose flow is equivalent to the
Reeb flow of a contact form Ag on the tight three-sphere. Conditions H1 and H2
imply that we can choose H so that for every E > 0 sufficiently small, Ag is weakly
convex and the [ Lyapunov orbits le’ By P,j’ g are the only index-2 orbits in Wg.
A thorough study of the linearized flow near the saddle-center equilibria, using
the real-analiticity of V', shows that the longer a periodic orbit stays near a saddle-
center, the larger its index is. In particular, for £ > 0 sufficiently small, any periodic
orbit in Wg linking with some Lyapunov orbit must stay an arbitrarily long time
near the saddle-center and thus have an arbitrarily large index. In particular, index-
3 orbits in Wg are unlinked with all the Lyapunov orbits if £ > 0 is sufficiently
small. Finally, the action of each Lyapunov orbit goes to zero as E — 0, and
they are the shortest periodic orbits in Wg. Thus, Theorem 1.5 gives a weakly
convex foliation F for Ag, which is the projection of a finite energy foliation in the
symplectization of Wg. For some special choices of almost complex structure J, the
foliation F admits a chamber Sg bounded by all the pairs of rigid planes asymptotic
to the Lyapunov orbits, which is contained in the original energy surface H!(E)
and projects near Ky. The desired weakly convex foliation given in Theorem 1.2 is
the restriction of F to Sg.

We apply Theorem 1.2 to many mechanical systems. The Hénon-Heiles potential
and the frozen Hill’s lunar problem with centrifugal force meet the assumptions on
the critical level and admit weakly convex foliations for energies slightly above the
critical value. We also consider decoupled mechanical systems and describe the
weakly convex foliations obtained from certain gradient flow lines. They include
the Stark problem, the Euler problem of two centers, and a chemical reaction model.

The paper is organized as follows. In section 2, we review the basic properties
of Reeb dynamics on contact-type hypersurfaces in R* and pseudo-holomorphic
curves. In section 3, we establish the main steps in the proof of Theorem 1.2 as
follows: in section 3.1, we modify the potential away from Kj to obtain, for £ > 0
sufficiently small, a sphere-like energy surface Wg. The weak convexity of Wg and
the unlinking condition between index-2 and index-3 periodic orbits are proved in
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section 3.2. In section 3.3, we establish the contact property of Wg and construct a
particular contact form Ag satisfying certain suitable normal form, used in section
3.4 to define an almost complex structure on R x Wg, which admits a pair of finite
energy planes asymptotic to each Lyapunov orbit and whose projections to Wg are
contained in the unchanged region of the potential. We then gather all these results
to prove Theorem 1.2 in section 3.5. The applications are left to section 4.

2. BAsIcs

Let us introduce some basic facts about the geometry of energy surfaces in R*.

2.1. The quaternion frame. Let (z1,z2,y1,y2) be coordinates in R* and let
wo = dy1 A dzy + dys A dxe be the standard symplectic form on R*. Let jy :=
I, 41,72, 43: R* = R* be the orthogonal maps defined by

jl : (ala az, bla 62) - (b23 _bla az, _al)
(2.1) J2 - (a1, a2,b1,b2) = (a2, —ay, —b2,by)

g3 - (a1, az,b1,b2) = (b1, b2, —a1, —as)
Let H: R* — R be a Hamiltonian, and let w € Sg := H~!(E) be a regular point

of H. Let Xo(w) = ‘gggz})g‘ be the unit vector normal to Sg at w. The vectors

(22) XZ(’U.)) = jz . X()(’w), 1= 1, 2,3,

span the tangent space T,,Sg and X3(w) is parallel to the Hamiltonian vector field
Xp, determined by ix,,wo = —dH. Also, {X1, X5} is a symplectic basis of a plane
transverse to Xg.

Let w(t) € Sk be a nonconstant solution of the Hamiltonian flow, that is, w(t)
satisfies w(t) = js - VH (w(t)), Vt, and let u(t) = a1(t) X1 (w(t)) + ao(t) Xa(w(t)) +
asz(t)X3(w(t)) be a linearized solution along w(t), that is, u(t) € T,,4) Sk satisfies
u(t) = j3 - H(w(t))u(t),Vt. Here, H denotes the Hessian of H. Denoting by a =
(a1, a0)T the transverse linearized solution in the frame {X1, X5}, we have

23 a=() )swa s (I e )

K12 K22 + K33

9

w(t)
where k;; = (H- X;,X;),i,7 =1,2,3. See, for example, [13, Proposition D.1].
Let 6(t) be a continuous argument of ay(t) + iaz(t) € RTe®). Then

] L . T
j— 1de 2a2a1 _a S(s)o‘ = (cosf sinf)S(t)(cosf sinh)”
(2.4) [a] o

= (K11 + Ka3) cos? 0 + 215 cos Osin O + (kog + K33) sin? .

Lemma 2.1. [20, Theorem 5] If the Hessian H of H restricted to TSk is
positive-definite along the non-constant trajectory w(t) € Sg, then a continuous
argument 0(t) of any non-trivial transverse linearized solution 0 # a(t) = a;(t) +
iaa(t) € RTe®®) of (2.3) satisfies (t) > 0,Yt. In particular, the frame {X1, Xy}
is positive along w(t).

Proof. Since H restricted to Ty, ;) SE is positive-definite along w(t), we have r;; >
O,V’L = 1, 2, 3. Hence tI‘(S(t)) = K11 + Koo + 2K33 > O,Vt Since

(M- (X1 — AX2), X1 — AX2) |y = k222> — 2K12A + 511 >0 VAER,
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we obtain KR11KR22 — K%Q > 0. This implies det(S(t)) = KR11K22 — H%Q + H33(H11 +
Koo + K33) > 0,Vt, proving that S(t) is positive-definite and thus 6(¢t) > 0,Vt, see
(2.4). O

Remark 2.2. As a consequence of Lemma 2.1, if the critical subset Sy C H~1(0)
is strictly convex, then it admits a positive frame in the sense of condition H2 in
the introduction. We say that a sphere-like subset Sy C H~=1(0) admitting a finite
number of saddle-centers is strictly convez if it bounds a conver subset in R* and
the Hessian H restricted to the tangent space at any regular point of Sy is positive
definite. In this particular case, it also follows from [11, Proposition 4.7] and [26,
Theorem 3.4] that Sy satisfies condition H1 concerning its dynamical convexity. It
turns out that if So is strictly convez, then it satisfies the assumptions of our main
result (Theorem 1.2).

For a mechanical Hamiltonian H = 1|y|? + V (), let 2 € R? be the projection
of a regular point w € Sp = H~(E). Then

(25) Xo =9 (Vars Vas, ¥1,92), X1 =9 (y2, Y1, Van, =V, ),
Xo=9 Vag, —Var, —v2,01),  Xz=9- (1,92, —Va,, Vi),
where V,, = 9,V and g = (V2 + V2 +y? +y3)~ /2. Then
k11 =9 (Vara: U3 — 2V w0192 + Ve Vs + Vi + Vi),
k12 = 0> (Vero1Y2Vy = Varwo Vi 01V, = Virran 92V,
(2.6) + Vg 91V, — Vo y2 — Vi 1),
k22 = 9% (Vara Vs = 2Varwo Ve, Vs + Vo, Vi3, + 07+ 13),
k33 = 9" (Vara U5 + 2Varao 192 + Vagao s + Vi + V),
where Vi, = Oz,0, V. If y1 = y2 = 0, then
Virar Vs = 2Viyy Vi, Voo 4 Virga Va2,
V2 +V2

Hence tr(S) = 3 + ka2 and det(S) = 2 + 2k22. In particular, the following implica-
tions are valid

(27) K11 = K33 = 1, K12 = 0 and Koy =

(2.8) Kos > —1 = S is positive-definite = >0,

provided y; = y2 = 0. The implications above will be useful in the Hénon-Heiles
potential to show that the singular sphere-like subset of the critical energy surface
admits a positive frame even though it is not strictly convex. See Proposition 4.1.

2.2. The Conley-Zehnder index. We can use the quaternion frame to define the
index of a periodic orbit P = (w,T) C H~1(E) C R*. Let 6(t) be a continuous
argument of a non-vanishing solution «(t) = a;(t) + ias(t) of (2.3). Let

(2.9) I:= {H(T)Z;Q(O) | o(0) # 0}.

Then, I is a compact interval, and its length is less than 1/2. Given £ > 0 sufficiently
small, let I, := I — e. Then the index of P

U+1 ifLC(kk+1),
u(P) = e k)
2k if k € int(I.),
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is independent of € > 0 sufficiently small. If Sg has contact-type with contact form
AEg, then p(P) coincides with the (generalized) Conley-Zehnder index [26], see also
Long’s book [35]. Indeed, let £ C T'SE be the contact structure. Every v € £ can be
written in the quaternion frame as v = a1 X1 + a2 Xs 4+ a3 X3 for some a1, a2, a3 € R.
Recall that X3 is parallel to Xg. We define the isomorphism

e & = span{ X1, Xo}, v = X; + X+ a3Xs = a1 X1 + as Xo.

Set Xj = ng(){j), Z = 1,2, so that £ = span{X;, X,}. Since ~Xg ~C ker wo|rsy,
we compute wy(X1,X2) = wo(X1, X2) = 1. Hence, the frame {X;, X2} induces a
symplectic trivialization ¥: £ — Sg x C

v Olel + CYQXQ — a1 + oo,

and the linearized flow on ¢ is determined by (2.3).
Denoting by P* = (w, kT) the k-th iterate of P = (w,T), the rotation number
of P is the well-defined limit
- u(PY)
| .

p(P) =

2.3. Self-linking number. Let v: R/Z — M be a null-homologous transverse
knot on a contact three-manifold (M, = ker\), i.e., Ty NE = 0. Choose a
Seifert surface i: ¥ — M for ~, i.e., ¥ is an embedded oriented surface bounded
by «, and take a non-vanishing section X of i*¢. Assume that M is oriented by
AAdN > 0, v is oriented by A > 0, and X is oriented by v = 0X. Let exp be an
exponential map on M. If X is sufficiently small, then v(R/Z) N vx(R/Z) = 0,
where yx (t) := exp. ) X (t),Vt € R/Z. The self-linking number of v, denoted by
sl(7), is defined as the algebraic intersection number ~yx - 4, where vx inherits the
orientation of . Notice that sl(v) is independent of X and exp. If the Euler class
e(§) vanishes on Ho(M), then sl(v) is independent of X.

2.4. Pseudo-holomorphic curves in symplectizations. Let (M, & = ker A) be
a contact three-manifold, and let (R x M,d(e®))) be its symplectization, where a
is the R-coordinate. Denote by m¢: T'M — & the projection along the Reeb vector
field R. As above, a periodic orbit of A is a pair P = (z,T), where x is a periodic
trajectory of the Reeb flow of A and T" > 0 is a period of x. We identify periodic
orbits with the same image and period. Let J(\) be the space of R-invariant
dA-compatible almost complex structures J on R x M satisfying J - 9, = R and
J(€) = & Let (S,7) be a closed Riemann surface and I' C S a finite set. A map
= (a,u): S\T'— R x M is called a finite energy J-holomorphic curve if

= 1
(2.10) 0y(a) = i(dﬂJrJ(ﬂ)odﬂoj) =0,
and its Hofer’s energy is finite

0< E(a) := sup/ T d(PpN) < 0.
éen Js\r

Here, A := {¢ € C®(R,[0,1]) | ¢’ > 0}. If S = CP! and #I' = 1, then @ is
called a finite energy plane. Near each point z € S, one may consider holomorphic
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coordinates s + it and rewrite (2.10) as

Teus(s,t) + J(u(s, t))meu (s, t) =0,
(2.11) Aue(s,t)) = as(s,t),
A(us(svt)) = 7CLt(S,t).

The elements in I" are called punctures. A puncture zg € I is called removable if
4 can be smoothly extended over zg. Otherwise, we say that zy is non-removable.
In the following, we assume that every puncture is non-removable. Given zg € T,
we choose a neighborhood Uy C S\ T of zp and a bi-holomorphism ¢,,: (D,0) —
(Uo, 20) such that ¢} j =i, where D C C is the closed unit disk centered at 0 and
i is the canonical complex structure on C. In cylindrical coordinates [0, +00) x
R/Z > (s,t) = ¢, (e~ 27CF0) near zy, we write (s, t) = (a(s,t),u(s,t)) = @ o
(bZo (6—27r(s+it)).

The following result is due to Hofer establishing a deep connection between finite
energy J-holomorphic curves and periodic Reeb orbits.

Theorem 2.3 (Hofer [23]). Let (s,t) € [0,+00) x R/Z be cylindrical coordinates
near a puncture zo € I' of a finite energy curve @ = (a,u): S\ IT' - R x M.
Write (s, t) = (a(s,t),u(s,t)) in cylindrical coordinates as above. Given a sequence
Sp — +00, there exists a subsequence, still denoted by s,, and a periodic orbit
P = (w,T) such that u(sy, ) = w(eT") in C°(R/Z,M) as n — +oo. The sign
e =¢(z0) € {£1} depends only on zy.

A non-removable puncture zg € T is said to be positive or negative if €(zg) = +1
or £(z9) = —1, respectively. Then a(z) — 00 as z — zp according to the sign
€(z0) = £1. A periodic orbit P = (w,T) as in Theorem 2.3 is an asymptotic limit
of w at zg. The set of asymptotic limits of @ at zy is compact and connected; see
[19, Lemma 13.3.1] and [14].

The following theorem of Hofer, Wysocki, and Zehnder shows that if an asymp-
totic limit of @ at zg is nondegenerate, then it is the unique asymptotic limit of @
at zg.

Theorem 2.4 (Hofer-Wysocki-Zehnder [25]). Let zo € T be a puncture of a finite
energy curve @ = (a,u): S\I' > R x M and let P = (w,T) be an asymptotic limit
of U at zg. If P is non-degenerate, then P is the unique asymptotic limit at zg.

2.5. Re-scaled coordinates near a saddle-center. Throughout the paper we
shall re-scale coordinates near the saddle-center p = (v,0) € H~'(0), where v
represents any saddle point vy,...,v; of V. We may assume that v = 0 and V =
az?/2 + bz3/2 + R(x), where a < 0, b > 0 and R(z) = O(|z|?). Taking new
coordinates (z,y) = v/e(%,9), with € > 0 small, we consider the Hamiltonian

7 om oy _ L )} + 95 adf b} 1.
Ho(2,9) = <H(e,y) = B2 + T4+ 22 4 “R(3),

where R (#) = R(y/ex). The rescaled potential V(y/ei)/e is denoted by V().
Notice that H~1(eFE) corresponds to HZ'(E),YE € R. We fix E > 0. Since

R.(i) /e converges in C22,(R2) to 0 as € — 0T, H, converges in C2° (R*) to

loc loc

a2 | a2 22 ~2
P Jr + 9 ax bz
Ho(&,§) = =2 L+ 2

2 2 2
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as € — 0T. The potential of Hy is denoted by V(&) = a#?/2 + b22/2. The
equilibrium point (Z,3) = (0,0) of Hy projects into the #1¢;-plane as a saddle
and into the Zofo-plane as a center. The orbit ]52,01}5 ={i =4 = O,bﬁ% +
93 = 2E} € Hy '(E) is an index-2 hyperbolic orbit. It is the limit as ¢ — 0T of
index-2 hyperbolic orbits ]5276, E C fI; L(E) corresponding to the Lyapunov orbits
Py .p C H™'(eF) near 0. Notice that both the disks

Ul,o,E = ﬁo_l(E) N{z1 =0,9, > 0} and 02707E = I?O_l(E) N{&; =0,41 <0},

have P, o 5 as boundary and are transverse to the flow on Hy '(E). See Figure 2.1.
The behavior of UI,O,E and ﬁz’O,E near .FA)Q’O’E‘ and the Cf -convergence of H, to
H, imply that ]52767]5 bounds embedded disks 01767,9, 02767E C f[;l(E) transverse to
the flow and C*°-close to U1,07E and Ugyo}E, respectively, for every € > 0 sufficiently
small. In particular, if Q.p C H™!(eF) is a periodic orbit linked with P ., then
QE,E = Qg/Ve C f[e_l(E) is linked with pQ’E,E and therefore intersects ULG,E
and U27€7 B

We shall see later that such a linked orbit Qg has an arbitrarily high index
if ¢, E > 0 are sufficiently small. Also, we shall choose the disks (A]l,e,E,(A]g,e,E
as projections of finite energy planes in the symplectization for suitable almost
complex structures.

FIGURE 2.1. Projections of the disks lAfLO’E and 02707E to the Z179;-
plane represented in bold black lines. The flow goes across the disks
in different directions (left). The hyperbolic orbit ]5270, £ is the
equator of a two-sphere that locally separates the energy level and
mediates the entry/exit of the flow into/from a chamber (right).

3. PROOF OF THEOREM 1.2

The proof of Theorem 1.2 is organized in several steps:

o We start by changing the Hamiltonian H away from Sy to cap the critical
set near the saddle-centers. To do that, we change the potential V away
from Ky so that the Hill region {V < 0} becomes the union of Kj and
[ disjoint compact disks K1, ..., K;, touching Ky at the saddles vy, ..., ;.
The new Hamiltonian has the same saddle-centers py,...,p; € H~1(0) and,
for E > 0 sufficiently small, H ! (E) is a sphere-like hypersurface W C R*
whose projection contains Ko |JU!_; K;. This is the content of section 3.1.
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e In section 3.2, we show that Wg is weakly convex, and the Lyapunov orbits
are the only index-2 orbits for every E > 0 sufficiently small. Moreover, we
study the linearized flow near a saddle-center and show that index-3 orbits
in Wg cannot be linked with any Lyapunov orbit if £ > 0 is sufficiently
small.

e A special contact form Ag on W is constructed in section 3.3. This contact
form is crucial in the location of rigid planes asymptotic to the Lyapunov
orbits.

e In section 3.4, we choose a special almost complex structure Jg in the
symplectization of Wg, which is adapted to A\g and admits a pair of rigid
planes asymptotic to each Lyapunov orbit. The projections of the rigid
planes to Wg lie in the unchanged domain of the Hamiltonian H for every
E > 0 sufficiently small.

e The weakly convex foliation in the domain of H~!(E) determined by the
rigid planes then follows from Theorem 1.5 and the previous steps. See
Remark 1.6.

3.1. Capping the energy surface. Recall that Ky C {V < 0} is the compact
subset given by the projection to the x-plane of the singular sphere-like subset
So C H=1(0) containing I saddle-centers of H which project to [ saddle points of
V in the boundary of K. Since the energy surface H=1(E), E > 0 small, may not
be compact at first, it will be convenient to change the potential V' away from K
so that H~!(E) becomes a sphere-like regular component projecting near Ky, for
every E' > 0 small.

We may assume that 0 € dKj is one of the saddles of V and V(z) = az?/2 +
bz3/2 + R(x) near 0, where a < 0, b > 0 and R(z) = O(|z|?). We can also assume
that Ky is locally contained in {xl < 0}. We locally change V on {z; > 0}. For
each € > 0 small, consider the re-scaled Hamiltonian H, and re-scaled potential V,

as in section 2.5. Choose a smooth function f: (—o0,2) — [0, +00) so that

(3.1) f=0on (—00,1], f”>0o0n(1,2), and ligl f(t) = +oo,
t—2-

and let

(3.2) Vo(2) := V(@) + f(#1), V&= (&1,482) with & <2.

Note that V. coincides with V. on {#; < 1} and thus 0 € R? is a saddle point of V..

Lemma 3.1. For every € > 0 sufficiently small, {f/E < 0} contains a disk-like
compact set K. C {0 < &1 < 2} with a unique singularity at 0. FExcept for the
origin, every point in 0K, is a reqular point of V., and V. < 0 in K.\ 0K..

Proof. Notice that V. converges in C° ({#1 < 2}) to Vo(i1,49) = Vo(&1,%2) +
f(#1) = a2?/2 + b23/2 + f(21) as € — 0F. By (3.1), g(#1) := a2?/2 + f(#1) has
a unique critical point §; in the interval (0,2), which is a nondegenerate minimum.
Hence Vj has a unique nondegenerate minimum § = (g, 0) in {0 < #; < 2} with
Vo(q) = 9(G1) < 0. For every E € (Vo(g),0), V5 ' (E) contains a regular circle-like
level on {0 < #; < 2}. Such a family of circles develops a singularity at 0 € R? as
FE — 07, and thus 170_1(0) contains a singular circle-like subset K, with a unique
singularity at 0, bounding a disk-like compact subset Ko € {Vo < 0}N0{0 < & < 2}.

Since both singularities at 0 and ¢ are nondegenerate critical points of Vo, similar
conclusions hold for V,, for every e > 0 sufficiently small, that is V.~1(0) contains a
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singular circle-like subset 0K, with a unique singularity at 0, bounding a disk-like
compact subset K¢ C {Ve < 0} and Ve[ \px, < 0. This finishes the proof. O

In the original coordinates = = (z1,22), the compact set K, corresponds to
K. := \/EIN(E and can be made arbitrarily close to the saddle point. Performing this
construction near each saddle vy,...,v; of V we end up with [ disk-like compact
sets K; . = \/Ef(i’g,i = 1,...,l, each one admitting a unique singularity at the
corresponding v;. The following proposition follows directly from Lemma 3.1.

Proposition 3.2. Let Uy C R? be an open neighborhood of the disk-like compact
set Ko C R2. For every € > 0 sufficiently small, there exists a potential V.: R? — R
coinciding with V' near Ky so that

(i) The Hill region {V. < 0} contains a subset formed by Ko and the union of
disjoint disk-like compact sets K1, ..., K. C Uy, touching Ky precisely at
the saddles vy,...,v;. The saddles vy,...,v; are the unique critical points
of V in V=1(0).

(ii) For every E > 0 sufficiently small, the Hamiltonian H.(z,y) = |y|?/2 +
V.(x) admits a reqular sphere-like component W, p = HZ'(E) projecting to
a disk-like compact set K. g D Ko|JU._K; . See Figure 3.1.

(iii) In re-scaled coordinates (&,9) = (x/\/€,y/\/€) near the saddle-centers, the
Hamiltonian He(\/€x, \/€g)/e converges in C7o.({Z1 < 2}) to
e s . B
Ho(2,9) = =5 5t T @),
as € — 0%, where a < 0,b > 0, and [ satisfies (3.1).
Proof. The new potential V. near each saddle vy, ...,v; is obtained in local coor-
dinates as in Lemma 3.1 by defining V,(z) := €V.(z/\/€). Locally, each compact
subset of {V, < 0} is given by K; . = \ﬁf{“ Hence K lies in Uy if € > 0 is taken
sufficiently small. We may assume that V., > 0 on R?\ (K, |JU!_,K; ). For every
€ > 0 fixed sufficiently small, V, coincides with V' near K and the projection K. g
of the sphere-like component W, g := H'(E) is contained in Uy for every E > 0
sufficiently small. O

FIGURE 3.1. The compact subset Ky C {V < 0} before changing
the potential (left). The Hill region K, g = {V. < E'} after capping
the critical set (right), with €, £ > 0 small.
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3.2. Weak convexity. Consider the Hamiltonian H, = |y|?/2+V.(z) as in Propo-
sition 3.2, where € > 0 is sufficiently small. Let W, g = H7'(E), E > 0 small,
be the regular sphere-like hypersurface whose projection to the z-plane contains
KoU Uélei’ﬁ. Our goal in this section is to prove the following proposition.

Proposition 3.3. Assume that the Hamiltonian H is real-analytic and the singular
sphere-like subset Sy satisfies conditions H1 and H2 as stated in the introduction.
For every € > 0 sufficiently small, the following holds: if E > 0 is sufficiently small,
then

(i) The Hamiltonian flow of He on W, g is weakly convez.
(ii) The Lyapunov orbits in We g around the saddle-centers p1,...,p; are the
only index-2 periodic orbits in W, .
(iii) If P C We g is an index-3 orbit, then P is not linked with any Lyapunov
orbit.
(iv) The Lyapunov orbits have the smallest actions among the actions of all
periodic orbits in We g.

Before proving Proposition 3.3, we study the linearized flow of a general Hamil-
tonian H : R* — R, not necessarily mechanical, near a saddle-center. We follow
[11] and assume that H is real-analytic near the saddle-center.

Lemma 3.4. Let 0 € R* be a saddle-center of a real-analytic Hamiltonian H =
H(z,y). Let Uy C R* be a small open neighborhood of 0, and let {X1, X2} be the
transverse frame induced by the quaternions, see (2.2), defined on closure(Uy)\ {0}.
Given M > 0, there exist compact neighborhoods Uy C Uy of 0 contained in the
interior of Uy with the following significance. Let 0 < XA < 1, and let v(t),t €
[—T,T], be a trajectory of H satisfying y(t) € (AUL)\O(AUL), ¥t € (=T.,T),v(£T) €
O(A\Uy), and v([-T,T)) N (AUn) # 0. Let 6(t) be a continuous argument of a non-
trivial linearized solution along ~y in the frame {X1, Xa}, see (2.3). Then 6(T) —
0(-=T) > M.

Proof. Since H is real-analytic near 0, there exist real-analytic symplectic coordi-
nates (q,p) = o(x,y) near 0 € R* so that H (or —H) takes the form

(33) K= —Oé[l + UJIQ + R(Il,lg),
where a,w > 0, Iy = qip1, Ia = (¢3 + p3)/2 and R(Iy,I5) = O(I? + I2). These
coordinates are due to J. Moser [38] and H. Riissmann [41]. The symplectic form

in the new coordinates (g,p) is >, dp; A dg; and the equations of motion are
G1 = —aq g2 = Wp2
{P1 = ap; {ib2 = —Wq2
where & := o — 05, R and @ := w+ 9, R. Since I; and I are preserved by the flow,
a and w do not depend on time, and the solutions are

a1(t) = q1(0)e=*,  pi(t) = p1(0)e™,
2 (t) + ipa(t) = e~ (g2(0) + ip2(0)).

Let § > 0 be small so that in coordinates (q,p) we have Bs(0) C ¢(Up). Let
0 < A < 1. Consider a solution (t) = (q1(t), g2(t), p1(t), p2(t)) € Bxs(0) satisfying

¢1(0) =p1(0) =Xb>0 or ¢i(0)=—pi(0)=Ab>0,
and g2(0) 4 ip2(0) = 0 + iAr,

(3.4)

(3.5)
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for some b > 0 and 7 > 0, so that 72 + 2b? < §2. The case b < 0 is analogous. Such
trajectories escape Bys(0) both forward and backward in time, so they are called
escaping trajectories.

Consider the symplectic frame {Y7, Y2} induced by the quaternions in coordinates
(g¢,p). Notice that it may not coincide with the initial frame {X;, X2}. Let n(¢)
be a continuous argument of a non-trivial linearized solution along 7 in the frame
{Y1,Y2}. Observe that

(3.6) 1 (1)* + p1(t)? = 22%b% cosh(2at) < A?62
for every t satisfying v(t) € Bas(0). Let T > 0 be such that v(£T') € Bxs(0).

Claim. If 6 > 0 is sufficiently small, then n(T") — n(—=T) > wT — 27.

We follow the computation in [11] to prove the claim. Since
1
K11 = NSE (aP@(q; + pT) — 26w°qop2 + F(q1q2 + p1p2)?)
_ 1 ~-202 2y o _
SR RE (aw®(p5 — ¢3) + 7(g2p1 — qup2)(q1g2 + P1p2))
1
e = VK2 (6w (qf + pl) + 2003 qaps + T(gop1 — 1p2)?)
1
— 273 =3 (2 2
K33 7|VK|2 ( a’qipr + 0° (g3 +p2)) )
where the functions 7 := r11@0% + 2ri2a@ + 2202, Tij = 8%i1jR, i, = 1,2, are
constant along the trajectories, we use (2.4), (3.4), and (3.5) to find
1

n=o+ {€2a®V? + (a@?r? — eA?b*r?7) sin(2n(t) — 2wt)+

2a2b? cosh(2at) + w2r?
MN2b?r?Flcosh(2at) + sinh(2at) cos(2n(t) — 2wt)]}.

Notice that 7 is uniformly bounded on Bs(0) by some constant ¢; > 0 that does not
depend on §. The sign € € {+1, —1} in the expression for 7 depends on the initial

conditions in (3.5). Since @ > 0 for 6 > 0 small, we may assume that e = —1. The
case € = +1 is simpler due to the positivity of the term €2a@3b? and was treated
in [11]. First we consider the case @?r? < 4a2b?. Using (3.6), we obtain for every

0 > 0 sufficiently small
—a(2a%b? + 0?r?) — 2¢17%6?
2a2b? cosh(2at) + 02?r?
S —a(2a2b? + 4a%b?) — 2¢16%4a%b2 Jw?
- 2a2b? cosh(2at) + w?r?
< —4a
cosh(2at)’

n—ow>

Since

T — +oo —
a a T
0< —dt < —dt = —,
/_T cosh(2at) /_oo cosh(2at) 2
we obtain n(T") — n(—T) > 2T — 27 > T — 2w, proving the claim in the case
@3r? < 4a2b2.
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Now assume that w?r? > 4a&2b?. If 6 > 0 is sufficiently small and n(t.) =
Wty + § + ko for some ko € Z, then

a(@?r? — 2a%b?) + A20%r2F + A\2b%r%7 cosh(2at.)
2a2b? cosh(2at,) + @w?r?
a(@?r? — 2a%h?) + r20(8?)
2a2b? cosh(2at., ) + w?r?
aw?r? /2 +r20(6%)
2a2b? cosh(2at,) + w?r?

i) =@+

=+

Ww.

\%

This forces n(T) — n(—T) > @2T — 7 > wT — 7, and the claim is proved.

We see from (3.4) that given My > 0, there exists 0 < dp, < ¢ so that if
Y([=T,T7) N Bxsyy, (0) # 0, then T' > (Mp + 27)/w and thus in view of the claim
above we obtain n(T") — n(=T) > Mp.

Now consider the frame { X7, X5} as in the statement, defined in local coordinates
(z,y). Up to a projection along the Hamiltonian vector field, we may assume that
{X1, X2} and {Y1,Y>} span the same plane field transverse to the flow. Hence we
may write Y1 = aXy +bXs, where a,b: closure(B;5(0))\ {0} — R are smooth. Since
closure(Bs(0))\{0} is simply connected, Y1 = a+ib admits a well-defined continuous
argument, that is a+ib € RTe for some smooth function ¢ : closure(B;(0))\{0} —
R. Let Oy :=sup,, .,coB,,(0) 1{(z1) = {(22)| < +00. Since the frames {X;, X5} and
{Y1,Y2} have a CS-limit under the re-scaling K (Mg, Ap)/\* — —aly + wly as
A — 07, we may assume that supy.y<; Cx < C' < +00. Let y(t),t € [T, T], be a
escaping trajectory as above so that v(0) € Bisy, (0) and v(£T) € 9Bxs(0). Con-
sider a non-trivial solution to the linearized flow along v(¢) in the frame {X;, X5},
let 6(t),n(t) be continuous arguments of this solution in the frames {X;, X5} and
{Y1, Y3}, respectively. Then §(T)—0(—T) > n(T) —n(—T)—2C —2x. Hence, choos-
ing My > 0 as above so that My > 2C' 4w+ M, we obtain that 0(T) —6(=T) > M,
as desired.

Finally, taking d5; > 0 even smaller if necessary, we obtain the desired sets in
local coordinates by defining U; := closure(Bs(0)) and Uy := closure(Bs,, (0)). O

Now, we use Lemma 3.4 and some properties of mechanical systems to show
that every periodic orbit sufficiently close to a saddle-center has an arbitrarily high
index.

Proposition 3.5. Let 0 € R* be a saddle-center of a real-analytic mechanical
Hamiltonian H(z,y) = |y|?/2 + V(z) and let M > 0 be given. Then there exists
a small compact neighborhood Viy C R of 0 such that if v C H-Y(E),y # Pa.g,
is a periodic orbit intersecting Vi, then u(y) > M. Here, Py y C H™Y(E) is the
Lyapunov orbit near 0.

Proof. Consider the transverse frame {X;, X5} induced by the quaternions and
defined on the regular points of H. Consider also the transverse frame on TH ~!(E)\
{y1 = y2 = 0} induced by the vertical and horizontal lifts of (y1,y2)t = (—y2,y1)
under the projection (z,y) — . Indeed, there exist non-vanishing independent
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vector fields X1, X3 tangent to H—1(E)\ {y1 =y = 0} given by

X1=1(0,0,~y2,91)

= =1 Ve, +92Va,)9X0 + 2(E = V(2))9 X2 + (y2Ve, — y1Va, ) X,
Xy = (2(E = V(2) " (~y2,y1, = Vi, Vary)

= —(2(E-V(z))g) ' X1,

where V,, = 0,,V,i=1,2, g= (V2 + V2 +y} +y3)"'/2, so that span{ Xy, Xo} is
transverse to the Hamiltonian vector field Xy = (y1,y2, —Va,, —Vz,). A linearized
solution 1 = iy X1 + @z X3 + asXp, with a2 +a2 # 0, along a trajectory ~ satisfies
the following condition: if as = 0 and a3 > 0, then &y > 0. Indeed, from 7 =
DXpy(y)nand DXy - Xy = %XH o7, we obtain

a1 (DX g - X1, Xo) = a1 (X}, Xa) 4 ca(Xa, Xa),
where X{ = %)A(l o . Since
(DXp - X1,X2) = ((—y2,41,0,0), X2) > 0,

and
<X17X2> = <(O7O7V’E27 7V11)7X2> < 07

we conclude that ¢ > 0 if ap = 0 and a1 > 0. In particular, the linearized flow in
the frame {X 1 Xg} does not rotate backward more than 7. This means that if 7(t)
is a continuous argument of o (t) 4+ iaz(t) # 0 and n(t) = 1., then n(s) > . — 7
for every s > t. Since X is parallel to Xy, the frame induced by {Xl,Xg} and
{X1, X2} do not wind with respect to each other. Hence, the argument (¢) of a
linearized solution in the frame {X;7, X2} satisfies a similar property. As a final
remark, if a simple periodic orbit touches the boundary of the Hill region, then the
contribution to the variation of the argument 6(¢) is bounded since that happens
at most twice along the minimal period.

Given M’ > 0, we know from Lemma 3.4 that there exist small neighborhoods
Uy C Uy C R* of 0 so that if v # Pop C H Y(E),E > 0 small, is a simple
periodic trajectory intersecting Uj;s, and not contained in Uj, then the variation
in the argument 7(t) of a non-trivial transverse linearized solution inside Uy in the
frame {X7, Xo} is greater than M’. From the reasoning above, the total variation
of n(t) along the whole period of v is greater than M’ —C, for some fixed C' > 0 that
does not depend on v or M'. If M’ > 0 is taken sufficiently large, then u(vy) > M,
as desired. (]

Corollary 3.6. Let 0 € R* be a saddle-center of a real-analytic mechanical Hamil-
tonian H(z,y) = |y|?/2 + V(x). Given M > 0, there exists Eyy > 0 so that if
0< E<Ey andy C H™Y(E) is a simple periodic orbit, linked with the Lyapunov
orbit Py g C H™1(E) near 0, then u(y) > M. Iterates of v also have index greater
than M.

Proof. Take V) as in Proposition 3.5. Consider the local coordinates (¢,p) as in
the proof of Lemma 3.4, so that the Hamiltonian has the form K = —aly + wlis +
R(I1,15), where I} = q1p1 and Iy = (g3 + p3)/2. Recall that in these coordinates,
the Lyapunov orbit is given by Po g = {q1 = p1 = 0} N K~ }(E), where E > 0 is
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small. Notice that P» g is the boundary of the embedded disks
Up:=1{p1=-q >0,L(E)<qp <0, < L(E)}nK YE),
Upp={p=-01 <0,L(E)<qp1 0,1, < L(E)}NK~(E),

where I1(E) = —£ + O(E?) < 0 solves E = —al; + R(I,0), and I>(E) > 0 solves
E = wly + R(0,I5), for every E > 0 small. Observe that the interior of such disks
is transverse to the flow, and I1(F), I;(F) — 0 as E — 0. Hence we find Ep; > 0
sufficiently small such that U; g,Us g C Vi for every 0 < E' < Ejpy. In particular,
any periodic orbit v C H~1(E), with 0 < E < E)y, that is linked with P, s, must
intersect Uy g and Uz g and thus intersects Vis. This implies p(y) > M. O

Proof of Proposition 3.3. Recall from the proof of Lemma 3.1 that in re-scaled co-
ordinates & = x/\/€ near the saddle v;, the re-scaled potential V,(Z) converges in
O to V(i) := a@?/2 + bi3/2 + f(i1) as € — 01, where a < 0, b > 0, and f
satisfies (3.1). Denote H.(Z,7) := |§]>/2 + V.(Z). Recall that {V. < 0} contains a
disk-like region f(iyﬁ C {0 < #; < 2} with a singularity at 0 € R?, corresponding to
the capping of K near v;.

For M > 0 large, consider the sets Uy; C U; as in Lemma 3.4. In re-scaled
coordinates (&,¢), they become Uy = ¢ WUy C Uy := ¢ 'U;. There exists
01 > 0 such that for every e > 0 sufficiently small, we find 0 < A < 1 satisfying
Bs, (0) € AUy and AU, C {1 < 1}. This implies that for M > 0 large, any periodic
orbit P ¢ H-'(E), P # Py p, intersecting Bs, (0), has index greater than 3.

We shall find € > 0 small enough so that H_'(E) is dynamically convex on
0 < &1 < 2 for every E > 0 sufficiently small. Indeed, assume by contradiction the
existence, for every € > 0 small and E > 0 arbitrarily close to 0, of an orbit Qg,e, E
contained in the capped region H-'(E)N{0 < & < 2} so that its index is < 2. From
the considerations above, we find €; > 0 small so that Q276,E C{e1 < &1 < 2} for
every € > 0 sufficiently small and E > 0 arbitrarily small. The limiting dynamics as
€ — 0% is determined by the decoupled Hamiltonian Hy = H, (Z1,91) + ﬁg(ig, 92),
where Hy = §3/2 + ai?/2 + f(i1) and Hy = §3/2 + bi3/2. Notice that the orbit
Q27E,E - Izlgl(E), E > 0 small, cannot get arbitrarily close to 0 in the (&2, §2)-plane
as £ — 07, otherwise it would intersect #; = €1, a contradiction. Hence, if ¢ > 0
is fixed sufficiently small, the action of Q2,€7 g is uniformly bounded. Otherwise,
its index would be > 2 due to the contribution to the index of the linearized flow
on the (#2,92)-plane. Taking the limit £ — 0%, and then ¢ — 0T, we obtain a
periodic orbit @ C Hy '(0) N {e; < 2 < 2} with index < 2. This is a contradiction
with Proposition 4.3 below; in fact, it follows from (3.1) and Proposition 4.3 that,
except for the index-2 orbit 152,0,;3 = {& = g1 = 0,b23 + g5 = 2E}, all periodic
orbits in Hy ' (E) have index > 3. We conclude that H='(E) is dynamically convex
in the capped region 0 < %7 < 2 for every € > 0 fixed sufficiently small and F > 0
sufficiently small.

For the original capped Hamiltonian H, with € > 0 sufficiently small as above,
we see that since Sy is dynamically convex and admits a positive frame, W, g is
weakly convex and the Lyapunov orbits near p; are the only index-2 orbit for £ > 0
sufficiently small. Indeed, if another orbit Q2 r C W g exists, then the argument
above shows that it cannot be contained in the capped region and stays away
from all p; as E — 07. Due to the positive frame for Sy, its period is uniformly
bounded in £ > 0, and thus converges up to a subsequence to a periodic orbit
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Q2,60 C So \ {p1,...,p}. Itsindex is < 2, contradicting the dynamical convexity
of S().

Finally, let us check that the Lyapunov orbits have the smallest actions among
all periodic orbits. We shall see in Section 3.3 below that H-'(FE) admits a con-
tact form A\p which converges in C2 to Ao as E — 0T, where )\ is a contact
form on H7*(0) \ {p1,...,p}. The action of a periodic orbit @ of g is defined
by f 0 Ag. Fix € > 0 sufficiently small as before and consider re-scaled coordinates

(z,9) = (z/VE,y/VE) near some p;. Let Hp(i,9) := H(x,y)/E. Then H-'(E)
corresponds to Hy'(1). As E — 0, the Lyapunov orbit Pz C H_'(E) in coor-
dinates (Z,§) converges in C™ to {#; = §; = 0,bi3 + §3 = 2}. Hence, for E > 0
sufficiently small, P, g has action 2rE/vb + O(E?), that is A(Py g) = O(E) — 0
as ' — 0. Suppose, by contradiction, that, for every E > 0, there exists a periodic
orbit Qr C H'(FE) so that Q is not a Lyapunov orbit and A(Qg) — 0 as E — 0.
Since the Lyapunov orbits are hyperbolic and Qg is not a Lyapunov orbit, we see
that Qg cannot converge to any p;. Hence, up to a subsequence, Qg converges to
non-constant trajectories of Ag, possibly homoclinic/heteroclinic orbits connecting
the saddle-centers, contradicting A(Qg) — 0 as E — 0T ]

3.3. The contact property. In this section, H = H, = |y|* + Vi(z) is as in
Proposition 3.3, where € > 0 is fixed sufficiently small. We show that for £ > 0
sufficiently small, the regular sphere-like hypersurface Wr = H~1(E) near Sy has
contact type, and the induced contact structure & = ker Ag is tight; see, for instance,
[1, Lemma 4.1]. The critical set H~'(0) is denoted by Wy. It contains Sy whose
projection to the z-plane is the compact disk-like set Kj.

In the next section, we shall define an almost complex structure Jg on R x Wg,
which admits a pair of holomorphic planes asymptotic to the Lyapunov orbits, see
section 2.4. To control the location of these holomorphic planes, it will be necessary
to choose a particular contact form Ag on Wg as in the following statement.

Proposition 3.7. The following assertions hold.

(i) For every E > 0 sufficiently small, there exists a Liouville vector field Xg
defined on a neighborhood of the sphere-like hypersurface Wg = H~1(E) C
R%, which is transverse to Wg and the induced contact form \g = —lxX5Wo
on Wg is tight. Moreover, for suitable symplectic coordinates near each
saddle-center p; so that the Hamiltonian has the form H = %(y% +y3 +
az? + br3) + R(zx), where a < 0,b > 0, R = O(|z|®), we can assume that
Xg = %(xlaxl + 2905, + Y10y, +y20y,) and thus A\g = %(gcldyl —yrdry +
Todys — yodas)|w, for every |x1| < ¢VE, where ¢ > 0 is independent of
E > 0.

(ii) There exists a Liouville vector field Xy defined on a neighborhood of Wy =
H=Y0)\ {p1,...,m}, which is transverse to Wy. Given any neighborhood
U C R* of {p1,...,m}, we have Xo = Xg outside U for every E > 0
sufficiently small. In particular, \g — Ao in Cﬁf’c(Wo) as E — 0T, where
Ao = —Lx,w 1$ the induced contact form on WO.

Proof. We need to interpolate a few Liouville vector fields to obtain the desired
Xg. We start with the Liouville vector field

ZO = ylayl + y2ay27
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which is transverse to Wy except at the points of W, projecting to 0€)g. The set
Won{y =0} ¢ H~1(0) is formed by finitely many embedded curves 71, ..., v, n =
21, projecting to the corresponding embedded curves 41, ..., 5, C 9 \{v1,..., v}

Fix «y = y; for some j, and consider the quaternion vector fields Xg, X1, X3, X3
defined on regular points of H, see (2.5). Since Ty = RXj|,, the plane field
span{ X1, X3}|, C TWy is transverse to 7. Take a parametrization v = ~v(t),t €
I =10,1], so that v(0) = p; = 0 for some 4, and consider coordinates (Z, 7, 2, t)
on a tubular neighborhood U = B := B,(0) x I, r > 0 small, of ~, given by
(Z,9,2,t) = exp. ) (EX1 + §X3 + 2X0) € R*. Here, B,.(0) C R? is the open ball of
radius r > 0 centered at 0 and exp is the exponential map induced by the Euclidean
metric. Let 8 = B(%,9,2,t) € [0,1] be a smooth function so that 5 = 0 near OB
and S =1near L:=0x (r,1 —7r). Let f(Z,9,2,t) :== —3yB(Z, 7, 2,t) be defined on
B. Then X ¢ vanishes near OB and X ¢ = Xy is positively transverse to Wp near L.
Hence

2= X5+ 2

is transverse to Wy near L for every e > 0 sufficiently small. Repeating the same
construction near each «y;, we obtain a Liouville vector field still denoted by Z,
which is positively transverse to Wy away from arbitrarily small neighborhoods of
pi,t =1,...,1. We may assume the existence of functions f; = f as above, defined
on mutually disjoint open neighborhoods U; = U of +; and they vanish near OlU;.
They give rise to a smooth function f supported in the interior of U;U;.

Let p. := p; for some i. We may assume that p. = 0 € R* and near p. the
Hamiltonian writes as H(z,y) = y3/2 + y3/2 + ax?/2 + bx3/2 + R(z), where a <
0,b> 0 and R = O(|z|). We consider the subset of Wy near 0 that is contained in
{z1 > 0}. Then there exists C > 0 such that

for every (z1,22,y1,Yy2) € Wo N {z1 > 0} N Bs,(0), where d; is fixed sufficiently
small. Let

1 1 1 1
zZ = 5(%‘1 —01)0z, + 53328@ + 5?4162/1 + 59281/2

be the radial Liouville vector field centered at (01,0,0,0). Then Z is positively
transverse to Wy on {(z1 — 01)? + 23 < (361)%, 71 > 0}, provided 6; > 0 is small
enough. Indeed, we find

1 1 1
dH - Z|Wg = —5(510,1‘1 — R+ 5(.%1 — (51)811R+ 53?28932R,

which is positive in that region if §; > 0 is sufficiently small. We have used (3.7).
Furthermore, this also shows that for every E > 0 sufficiently small, we have

1 1 1
(38) dH - Z=F — 5(510,])1 — R+ 5(.1‘1 — (51)8$1R+ 5.’1?283;2R >0

on Wg N {(z1 —61)% + 23 < (361)%, 21 > 0}, if 6; > 0 is fixed sufficiently small, see
(3.7). On the other hand, from the construction above, we may assume that Z. is
positively transverse to Wy on {(201)% < (x1 — ;)% + 23 < (46,)%, 21 > 0}. This
can be achieved by taking r > 0 sufficiently small.

Now we construct an interpolation between Z and Z. on {(281)? < (z1 — 61)% +
22 < (301)2, 1 > 0}. Let £(z1, 22,91, v2) i= —(21—01)y1/2—x2y2/2+€f, where f is
as above. Notice that the Hamiltonian vector field of £ satisfies Xy = Zo+X.;—2Z =
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Z. — Z. Let h := h((z1 — 61)2 + 22) be defined near 0 € R*, where h: R — [0,1] is
smooth and satisfies h(t) = 0 if t < (261)2, h(t) = 1 if t > (361)2, and K/ (t) > 0 if
(2(51)2 <t < (361)2 Let
Zoi=Z+ X,

Then Z. = Z on {(z1—01)2+x3 < (26,)%,21 > 0} and Z. = Z. on {(z;—0,)?+23 >
(351)2,$1 > 0}

We claim that Z. is transverse to Wy near 0 for every ¢ > 0 sufficiently small. Tt
suffices to consider the set Ao := {(261)% < (z1 — 01)? + 23 < (361)2, 21 > 0} N W.
Notice that

dH - Z. = (1 — h)dH - Z + hdH - Z. + (dH - X;.

The set {(z1 — 61)2 4+ 23 = (361)%, 21 > 0} N {y = 0} N W, is formed by two points
p1, p2 projecting to the boundary of the Hill region. Since dH - Z, p = AdH-Z. |, =
edH - Xy,i=1,2, we find a neighborhood U C Wo of {p1,p2} and ¢ > 0 such that
dH - 7:5|u > ¢e > 0 for every € > 0 sufficiently small. Notice that ¢ > 0 does not
depend on e. Since both Z and Z. are positively transverse to Ay, we find o > 0,
independent of €, such that (1 — h)dH - Z 4+ hdH - Z. > o on Ay \U. For the last
term of dH - Z., we compute

CdH - Xj, = h' - [((z1 — 61)y1 + 2y2)? — 2ef - (21 — 01)y1 + 22y2).

Recall that f is bounded, and € > 0 can be taken arbitrarily small. Since i’ > 0, we
conclude that ¢dH-Xj, | 4\« > —o for every € > 0 sufficiently small. Hence dH-Z. >
0 on Ay for every € > 0 sufficiently small, from which the claim follows. This fact
also implies that for fixed ¢ > 0 sufficiently small, Z. is positively transverse to
Wg N {(z1 — 61)% + 22 < (361)%, 21 > 0}, for every E > 0 sufficiently small, see
(3.8).

The last step is to construct an interpolation between Z. and

1
(39) Y = i(xlam + $2812 + y1ay1 + yQByZ)

near p. = 0. This interpolation depends on the energy E > 0. Recall that Z. =Z
on (z1—61)2+x3 < (261)%. We fix E > 0 sufficiently small and construct a Liouville
vector field Zg transverse to Wi, which coincides with Y for |z1| sufficiently small.
We restrict to the region {2 4+ z2 < 62}, where Z. coincides with Z.

Let 0 < g < d; be a small number to be determined below, and let fE = fE(xl)
be a smooth function satisfying fE(ml) =0ifxzy <dp/2, fE(:cl) =1ifz; > 0g, and
fr(x1) > 0if /2 < 21 < 0g. Let g(y1) := —d1y1/2 5o that X, = Z—Y = —%0,,.
Define

Zp=Y + ng-E
that satisfies Zg =Y on 0 < 21 < dg/2 and Zg = Z on dg < 7.

We claim that Zg is transverse to W on 0 < x7 < dg if £ > 0 is fixed sufficiently

small. We compute

dH - Zp = (1~ fg)dH - Y + fpdH - Z + gdH - X;, .

We see that dH'Y = 1 (yi+y3+ax?+ba3)+1 (210, R+220,,R) > 0 on WeN{|z:| <
0p}, where 0p := cVE for some ¢ > 0 sufficiently small independent of E > 0. This
follows from the fact that dH - Y |w,n{e,—01 = 5 (y3 +y3 +b23) + 2220, R(0, 22) >

% > 0 for every E > 0 fixed sufficiently small. The second and third terms are
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non-negative. This follows from (3.8) and the inequality gdH- X7 = St fr/2 > 0.
The claim is proved.

The symmetry of Y with respect to the involution x; +— —z; implies that the
same construction can be done on {1 < 0}, and also near every p; to obtain the de-
sired Liouville vector field X, transverse to Wg for every E > 0 sufficiently small.
The Liouville vector field X transverse to WO is obtained in the above construction
of Z. by taking r — 0 near each saddle-center p; for suitable neighborhoods of the
arcs ;. ([l

3.4. Finite energy planes asymptotic to a Lyapunov orbit. Let us consider
as before that for suitable symplectic coordinates near any saddle-center the me-
chanical Hamiltonian admits the form H = % (y? + y3 + aa? + bx3) + R(z), where
a<0,b>0and R= O(|z[>). For E > 0 small, let A := H~*(E)N{|21| < ¢VE},
where ¢ > 0 is given in Proposition 3.7, and let

1
A= i(mldyl — y1dz1 + zodys — Yodxa).

In this section, we construct an almost complex structure Jg on R x Ag adapted to
Ag = A4, and admitting a pair of finite energy planes asymptotic to the Lyapunov
orbit P, g through opposite directions.

Let Hp := H(VEi,VE))/E = (33 + 93 + ai? + bi3) + R(VE#, VEj)/E and
notice that H~'(E) = Hy'(1) under the re-scaling (z,y) = VE(Z,§). Since Hg
converges in G, to Ho = (47 + 93 + a@? + bi3) as E — 0T, we see that the
trajectories on Hy'(1) locally converges to the trajectories on Hy *(1) as E — 0.
In coordinates (&, ¢), we consider

1, . . .
(3.10) A= 5(1‘1dy1 — (hdiy + Tody — P2dis)

which restricts to a contact form Ag on Ap := Hp'(W) N {|@1] < ¢}, for E >0
small. Notice that A differs from A by a constant factor depending on F.

Considering new symplectic coordinates (ﬁcl,b’l/ 434,01, b/ 495) and denoting
them again by (21,22, 91, J2), we may assume that

1
Ho = 5 (57 + Vbi3 + aif + Vbi3).
The 1-form A has the same form (3.10) as before. The Reeb vector field on Ap is
denoted by Rp. The Reeb vector field on Ay is given by

Ry = —(i1, Vbija, —aiy, —Vbis).

Notice that j\o(éo) = 1. Our strategy is to define an almost complex structure jo
on R x Ay and find a pair of planes asymptotic to 152 0o C f[ 5 (1) whose prOJectlons
to AO lie in {#; = 0}. Then, for any family of almost complex structures Jg on
Rx A g, X > 0 small, that smoothly continues Jo, we obtain a pair of corresponding
Jp-holomorphic planes by automatic transversality [48]. Such planes can now be re-
scaled back to the original coordinates (z,y), giving the desired pair of holomorphic
planes asymptotic to P» p C H™1(E).

We use the transverse frame {Y7,Ys} = {]1VH0, QVHO} where jl,]Q are as in
(2.1), adapted to Ay to define an almost complex structure Jo on R x Ay. In that
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case, we have
Yy = (Vbia, —i1, Vbia, —air) and Yo = (Vbia, —ai1, —Vbija, i1).
Since span{Yy, Yy} and ker 5\0 are transverse to the Reeb vector field Rm we can
project Y7 and Y5 to ker )y along Ry to obtain ¥; = Y; — /\O(Yl)f%o and Yo =
Ys — Ao(Y2) R, both contained in the contact structure ker A\g. Then we take the
compatible almost complex structure Jy on R x Ay determined by Jy -9, = Ry and
(3.11) Jo - Yy = Y1
Notice that dAo(Yz2, Y1) > 0. We seek for a pair of Jy-holomorphic planes, both
asymptotic to
Py = {@1 =1 = 0, Vb3 + Vbij = 2},
which approach 13270 through opposite directions, that is through different signs of
y1. Taking the local behavior of the flow in Ay into account, we shall construct
planes which project onto the hemispheres of the 2-sphere {#; = 0}N H; (1) whose
equator is P5 . We consider cylinders
@ = (d,u): R x (R/2nZ) — R x Ao,
of the form
(3.12) d=d(s) and wu(s,t)=(0,9(s)cost, f(s),g(s)sint),
where d(s), f(s) and g(s) will be determined below. Notice that
F(5)* + Vbg(s)® = 2,Vs,

since u(s,t) € Hy'(1),¥(s,t). Also, @ projects to #; = 0. Let us denote by
T T/Alo — ker 5\0 the projection along I%o. The first condition we need to impose
on u to obtain a jo-holomorphic cylinder is the first equation in (2.11). Using the
ansatz (3.12), we compute

TUg = Us — Xo(us)]% = (0,9'(s) cost, f'(s), g (s) sint)
Ut = Ut — XO(U’t)ﬁio = (Oa —g(S) Sint7 07 g(S) COS t)

_ # (—f(8)7 —Vbyg(s) sint, 0, Vbg(s) cos t) .

We also compute along (s, t)

Y1 = (Vbg(s)sint, — f(s), Vbg(s) cost, 0)
1

— 5(1 —Vb)g(s)f(s)sint (—f(s)7 —Vbg(s)sint, 0, Vbg(s) cos t)

Yy = (\/Bg(s) cost, 0, —Vbg(s) sint,f(s))

1
- 5(1 —Vb)g(s)f(s) cost (—f(s), —Vbg(s)sint, 0, Vbg(s) cos t) .
It follows from the computation above that
; o Vbg(s)
.Y, —sint-Y, =
cost-Y] —sint- Yy f/(s) TUg
f(s)? +bg(s)*

sint - Y —l—costJAfg = TU.
' 9(s)f(s) '
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Imposing that Jy - mus = 7uy, see (2.11), together with f(s)2 + v/bg(s)? = 2, and
(3.11), we end up with the following differential equation
B Gy

F2+ Vb2 - 1?)
Given any initial condition f(0) € (0,/2), we integrate (3.13) to determine f(s)
satisfying f(s) — 0% as s — +oo and f(s) — V2 as s — —oo. The value

of g(s) = 1/(2— f(s5)2)/Vb is then determined. Notice that g(s)> — 2/vb as
s = +00. We also define

(3.13) f =

2 s 2
d(s) = dolu) = 2 o g = / 90 4.
2 0 2
see (2.11). Hence s = 400 is a positive puncture and s = —oo is a removable
puncture. After removing the puncture at —oo, we obtain a finite energy plane
1 = (dy,u1): C > R x Ao asymptotic to 15270.

Choosing an initial condition f(0) € (—+/2,0), we proceed in the same way to
obtain a finite energy plane @s = (do,u2): C — R x Ay asymptotic to }5270 through
the opposite direction.

Such planes are automatically transverse, and their Fredholm index is 1, see [48].
Hence if Jg is a smooth family of almost complex structures on Ag extending jo
on Ay, we obtain two families of Jg-holomorphic planes ﬁLE = (cfiyE, U.g),1=1,2,
asymptotic to the Lyapunov orbit Pg} g C Ag through opposite directions, and
whose projections to H,'(1) lie in {|#1] < ¢} for any E > 0 sufficiently small.
We can bring such planes back to the original coordinates (z,y) = (VE&, VEY)
in the following way: on the contact structure, we consider the almost complex
structure Ji which coincides with Jz under the re-scaling, and define u; p(s,t) =
VEi; p(s,t). Since A gets multiplied by 1/E in coordinates (z,y), the new real-
valued function d; g is defined as d; g(s) := Ea?,E(s) The new planes 4; g =
(di g, u;,g) are finite energy Jg-holomorphic planes asymptotic to the Lyapunov
orbit P, g C H~'(E) through opposite directions. Moreover, u; (C) converges in
the Hausdorff topology to the saddle-center at 0 € R* as E — 07. This procedure
can be done for every saddle-center. Using an auxiliary metric on Wg, the locally
defined Jg extends to an almost complex structure on R x Wg. We have proved
the following proposition.

Proposition 3.8. Under the conditions of Proposition 3.7, the following holds.
For every E > 0 sufficiently small, there exists an almost complex structure Jg on
RxWg adapted to Ag so that the Lyapunov orbit near each p; is the asymptotic limit
of a pair of Jg-holomorphic planes @; g = (d; g, ui,g),t = 1,2, through opposite
directions, whose projections to Wg are arbitrarily close to p; as E — 0.

3.5. Proof of Theorem 1.2. We complete the proof of Theorem 1.2 by applying
the results of the previous sections. We can assume that the potential V(z) = V()
is as in Proposition 3.2, where € > 0 is sufficiently small. Here, the potential V is
changed away from the disk-like compact set Ky C {V < 0} given by the projection
of the singular sphere-like subset Sy C H~1(0). The Hill region {V < 0} becomes
the union of K and [ disjoint disk-like compact domains K;,2 = 1,...,[, touching
Ky at the saddles vq,...,v; € 0Ky. We know from Proposition 3.3 that if € > 0 is
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fixed sufficiently small, the following conditions hold. If E > 0 is sufficiently small,
then the sphere-like hypersurface Wr = H~!(E), whose projection to the z-plane
contains Ko |J Uﬁleh is weakly convex, the only index-2 orbits are the Lyapunov
orbits around pq,...,p; and every index-3 orbit is not linked with any Lyapunov
orbit. Since H is a mechanical system, Wg admits a contact form A\g whose Reeb
flow parametrizes the Hamiltonian flow. Hence, we can apply the main result in
[10], see Theorem 1.5, to obtain a weakly convex foliation Fg whose binding orbits
are the Lyapunov orbits and [ index-3 orbits in each domain bounded by the rigid
planes. In particular, W is the union of [ + 1 compact subsets bounded by the
pairs of rigid planes. We know that the foliation Fg given in Theorem 1.5 is the
projection to W of a finite energy foliation in R x W associated with an almost
complex structure Jg. By Propositions 3.7 and 3.8, we can choose Ag and Jg
(perhaps after a C*°-small perturbation of Jg) so that the rigid planes asymptotic
to the Lyapunov orbits project arbitrarily close to the saddles v,...,v; as E — 07,
see Remark 1.6. In particular, Wg contains a compact subset S bounded by the
closure of all rigid planes so that its projection to the z-plane lies in the domain of
the initial potential. In particular, Sg lies inside the initial energy surface H ~*(F),
and thus Fg restricted to Sg is the desired weakly convex foliation. This finishes
the proof of Theorem 1.2. O

4. APPLICATIONS

We apply Theorem 1.2 to the Hénon-Heiles potential for energies slightly above
1/6. We also discuss the existence of weakly convex foliations for decoupled systems,
including frozen Hill’s lunar problem with centrifugal force, the Stark problem, the
Euler problem of two centers, and a chemical reaction model.

4.1. The Hénon-Heiles system. In 1964, Hénon and Heiles [21] proposed the
following potential to study the motion of a star in galaxy with an axis of symmetry

1 1
V(zy,x2) = i(x% +22) 4 2z — gxg’
The dynamics of V' is very rich, and we refer to the survey [6], and [36, 5, 7, 40, 3]

for a discussion on periodic orbits, multiple horseshoes, non-integrability, etc.

The potential V is invariant under the rotation (x1,22) ~ €>™/3(z1,22) and
under the reflection (x1, z3) — (—x1, 22), which means that V exhibits a triangular
symmetry (Zs-symmetry under 2?"-rotation) and also a reflection symmetry across
the vertical axis 1 = 0. If 0 < E < 1/6, the energy surface H !(FE) contains
a strictly convex sphere-like component Sg, see [12, 43], which admits a disk-
like global surface of section. If E = 1/6, the energy surface becomes singular
and the Hill region Q,/6 = {V < 1/6} contains a compact subset K6 bounded
by the triangle T C V~1(1/6) whose vertices are the saddle points v; = (0,1),
vy = (—v/3/2,-1/2) and v3 = (v/3/2,—1/2), see Figure 4.1. The compact set K1 /g
is the projection of a singular sphere-like subset S, C H~1(1/6) that contains
three singularities p1,p2 and ps of saddle-center type, projecting to vi,ve and vs,
respectively.

Proposition 4.1. The set S1/6\ {p1,p2,p3} is dynamically conver and the quater-
nion frame is positive.
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FIGURE 4.1. The Hénon-Heiles system for energies ¥ > 0 slightly
above the critical value 1/6. The yellowish region on the left is the
projection Kr C R? of the compact subset Sp C H~1(E) to the
Hill region. On the right, a cross section of S indicates the weakly
convex foliation with [ = 3.

Proof. Notice that S; /g is the Hausdorff limit of Sp as £ — 1/67. Since Sg is
strictly convex for every E < 1/6, see [42, 43], 51 /5 bounds a convex domain of R
Let P C S1/6 \ {p1,p2,p3} be a periodic orbit. We shall construct a Hamiltonian
H:R* - R whose energy surface H~*(1/6) is regular, star-shaped, and contains a
neighborhood of P in Sg. In particular, we formally use H to compute the index
of P. We obtain H by modifying H near p;,ps and p3. First, we modify it near
p1 = (0,1) and then use the Zs-symmetry to modify H near ps and ps.
Let 6 > 0 be small, and let fo: R — [0, +00) be a smooth nondecreasing function
satisfying fo(t) = 0,Vt < 1— 0, and f(t) = d,Vt > 1. Let
: ly/?

H(z1,22,y1,Y2) = H(x1,22,y1,Y2) + f(22) = > + V(x1,z2) + f(z2).

Observe that H coincides with H in {z5 < 1—8} and H has no critical point in {0 <
zy < 1}. Since f > 0 and H(z1,1,0,0) = 323+ +06>1/6,Vz; € R, we see that
H ~1(1/6) contains a singular sphere-like component S /6 Whose projection K, /6 to
the z-plane lies in K /5 away from the vertex (0,1) € T. Let Z := %(xl,xg,yl,yg)
be the radial vector field. A direct computation gives

1

- 1 1 1 A
VH. -Z= G + 5:5%952 - 6333 + §fé($2)l'2 >0 on SjN{0< 2 <1}

We can restrict H to a small neighborhood of S /6 and modify it near p and p3
in the same manner so that H becomes Zs-symmetric under (z,y) — 2™ /3(x,y),
and 5'1/6 = fIﬁl(l/G) is a regular star-shaped hypersurface. If § > 0 is sufficiently
small, then 5‘1/6 contains a neighborhood of P in Sg.

Next, we show that the Hessian # of H is positive-definite on T'S; /6 along P,
except perhaps at precisely two points projecting to 9K /s in the case P is a brake
orbit. Notice that f = 0 near P. Taking > 0 sufficiently small, it is enough to
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show that the Hessian H of H is positive-definite on T'S; /s near P in the region
projecting to the interior of K 6. From [12], this condition is equivalent to

G :=2(1/6 = V) (Vayay Vaszs — Verwy) + Varas Vao + Viao Vo — 2V, Vi Viywy > 0

12

on Ky \ 0Ky/s. A direct computation gives
G=2(1/6-V)(1—a?—x3).

Since K6\ 0K1/6 C {z} + 23 < 1}, we conclude that G > 0 on K;/6 \ 0K} g,
and thus H is positive-definite on 7'S; /6 near P in the region projecting to K¢ \
0K 6. If P is a brake orbit, then this condition holds along P except at two points
projecting to 0K /.

Summarizing the construction above, we find a Hamiltonian H whose energy
surface H ~1(1/6) is a star-shaped hypersurface Sl /6 containing a neighborhood
of P in Sy/6. Moreover, the Hessian H of H is positive-definite along P except
possibly at two points projecting to dKj,s. The Liouville form A restricts to a
contact form on 5’1 /6, whose Reeb flow parametrizes the Hamiltonian flow on S B,
and the (generalized) Conley-Zehnder index of P is u(P).

Theorem 3.4 in [20] states that if S = H~!(1) C R* for a Hamiltonian H: R* —
R is a strictly convex hypersurface and P’ C S is a periodic orbit of the Reeb flow of
Aols, then p(P’) > 3. Investigating its proof, however, we see that it is enough that
S is star-shaped, the Hessian of H is > 0 along P’ and positive at some point of P’.
Such conditions hold for P C 31/6 = f[‘l(l/G), and we conclude that p(P) > 3.

Finally, we show that the quaternion frame is positive on Sy, \ {p1,p2,p3}.
Recall from (2.4) that the transverse linearized flow is determined by (2.3), and the
argument 0(t) of a solution @ = ay (t) + iaa(t) satisfies

0 = (k11 + K33) cos? 0 + 2k15 cos Osin 6 + (ko2 + K33) sin? 6.

We know that for every point of Sy \ {p1,p2,p3} projecting to K \ 0K, H is
positive-definite on T'S; . This implies 6 > 0, see Lemma 2.1. For those points
projecting to 0K \ {v1, va, v3} we know from (2.8) that k11 = k33 = 1, k12 = 0, and
V$111V9022 - 2Vw1w2V£D1V932 + V932932 le -0

VZL’21 + VIQQ ’

R22 =

which implies that § = 1. we conclude that the quaternion frame is everywhere
positive on Sy /6 \ {p1,p2,p3} 0

Proposition 4.1 and Theorem 1.2 imply the following theorem.

Theorem 4.2. For every E slightly above 1/6, there exists a compact subset Sg C
H~YE) admitting a weakly convex foliation as in Theorem 1.2 with | = 3, see
Figure 4.1. The binding orbits are the three Lyapunov orbits near the saddle-centers
and an index-3 orbit projecting near K. In particular, Sg contains infinitely
many periodic orbits, and each Lyapunov orbit admits infinitely many homoclinic
orbits or heteroclinic orbits to other Lyapunov orbits.

4.2. Decoupled mechanical systems. We present examples of decoupled Hamil-
tonian systems that admit weakly convex transverse foliations. Although Theorem
1.2 applies to such systems, the foliations in some cases are obtained from gradient
flow lines. We discuss the frozen Hill’s lunar problem with centrifugal force, the
Stark problem, the Euler problem of two centers, and a chemical reaction model.
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Let H = Hyi(x1,y1) + Ha(22,y2) be the sum of two one-degree-of-freedom me-
chanical Hamiltonians

2 2
(4.1) Hy(x1,1) = %1 +Vi(x1) and  Ha(wa,y2) = %2 + Va(z2),

where V7, V5 are smooth one-dimensional potentials with nondegenerate critical
points. The trajectories of H~'(E) project to trajectories of H; *(E;) and Hy *(E»),
where ¥ = E; + Es. The following proposition implies that H is weakly convex,
i.e., all of its non-trivial periodic orbits have index > 2.

Proposition 4.3. Let H satisfy the conditions above, and let y(t) = (71(¢),72(t)) €
R* be a simple non-trivial periodic orbit. Then the following statements hold:

(i) If y1(t) = (21,0) is an equilibrium of Hy corresponding to a nondegenerate
minimum of Vi, and v2(t) is a non-trivial periodic orbit of Ha, then pu(y) >
3. In particular, its rotation number s > 1.

(ii) If y1(t) = (Z1,0) is an equilibrium point of Hy corresponding to a nonde-
generate mazimum of Vi, and 2(t) is a non-trivial periodic orbit of Ha,
then v is a hyperbolic orbit and u(y) = 2. In particular, its rotation number
s 1.

(iii) If v1 and v2 are non-trivial periodic orbits of Hy and Ha, respectively, then
p(7) is an integer > 2. In particular, u(y) > 3.

The same conclusions hold in (i) and (ii) for Hy interchanged with H.

Remark 4.4. Proposition 4.3 easily generalizes for potentials Vi and Vo with de-
generate critical points. In particular, the dynamics of any decoupled Hamiltonian
H = (y} +y3)/2 + Vi(x1) + Va(xo) restricted to a reqular energy surface is weakly
convez.

Proof of proposition 4.3. The conclusions can be obtained by summing up the ro-
tation numbers on the symplectic planes z1y; and x2ys. For clarity, however, we
stick to the geometric definition of u(+) and compute it using the quaternion frame
{X1,X5}.

First, consider cases (i) and (ii). We have X1|, = ¢ - (y205, + V5 (22)0,,) and
Xo|y = g (V3(22)0s, — y20y,), where g = (y3 + Vy(22)?)~'/2. Notice that the
transverse plane II; := span{0,,, 0y, }|, is invariant by the flow. Also, the frame
{X1, X>}|, has opposite orientation with respect to the frame {0, , 0y, }|,-

Since 7y is simple, 75 is also simple. The winding number of 74 = (y2, —V3) € R?
is +1 in the clockwise direction. Hence, the winding number of X; and X5 on IIy
is +1 in the counterclockwise direction. Since the linearized flow on II; is given by

Z= < —‘/1'9(591) (1) > z, 2= (g )l =00, + 20y, ,
we see that if V{’(Z1) > 0, then the variation in the argument of every linearized
solution on the frame {0,,, 0y, }|~ is < 0 and thus is greater than 27 on {X1, X2}|,.
Hence, the index of v is > 3. If V/'(Z1) < 0, then the variations in the argument of
all non-trivial solutions on {0, , 0y, }|y give an interval containing 0 in its interior,
and thus, an interval containing 27 in its interior on the frame {X;, X2}|y. Hence,
v is an index-2 hyperbolic orbit.

In case (iii), we use a more direct proof. Since H is decoupled, we have p(v) =
p(71) + p(72), where p(v;) is the rotation number of «; in each symplectic factor.
Since 77 and 7, are non-trivial periodic orbits, we have p(vy;) > 1,7 = 1,2. Their
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velocity vectors are invariant under the flow in each factor and thus p(y;) is an
integer > 1. Hence p(7) is an integer > 2. In particular, u(y) > 3. O

Proposition 4.3 tells us that an index-2 orbit of H has the form {(Z1,0)} x 2 or
71 % {(Z2,0)}, where Z; is a maximum of V; and +; is a non-trivial periodic orbit
of Hj,j 7& 1.
Notice that every critical point of
V(zy, 22) = Vi(21) + Va(z2)

has the form (Z1, Z2), where Z; is a critical point of V;. Assume that 0 is a critical
value of H satisfying the conditions of Theorem 1.2, i.e., the Hill region {V < 0}
has a compact disk-like subset Ky C R? whose boundary 0Ky C V~1(0) contains
precisely [ > 1 critical points vy,...,v; of V, which are all saddles of V, and
Vlko\ok, < 0. Let Sy C H~1(0) be the sphere-like singular subset projecting to
Ko, and let p; = (v;,0) € R* the corresponding saddle-center of H.

Suppose that the saddle v; = (Z; 1, %; 2) is such that #; ; is a maximum of V7 and
T; 2 is a minimum of V3. Then p; = (v;,0) € R?* is a saddle-center and the Lyapunov
orbit near p;, for E > 0 sufficiently small, has the form {(Z;1,0)} X ;2 r, where
7Yi.2.2(t) is a non-trivial periodic orbit of Hy near (Z;2,0) € R2. In particular, its
projection to the x-plane is vertical. A similar statement holds if z; ; is a minimum
of V1 and Z; 2 is a maximum of V5, and we obtain a Lyapunov orbit 7; 1,5 X {(Z;,2,0) }
whose projection to the z-plane is horizontal.

For every E > 0 small, we denote by Kg the disk-like compact subset of the Hill
region {V < E} bounded by simple arcs of V~1(E) near K, and the horizontal
and vertical projections of the [ Lyapunov orbits near the saddle-centers. Denote
by Sg the subset of H~!(E) projecting to Kg. Let m;(21,x2) := 2;,i = 1,2, be the
projection on each factor.

Proposition 4.5. If m;(Ky \ 0Ky) C R contains no mazimum of V;, i=1,2, then
(i) So\{p1,...,m} is dynamically conver.
(ii) For every E > 0 sufficiently small, every periodic orbit on Sg, which is not
a Lyapunov orbit around p;,...,p;, has index > 3.

Remark 4.6. The dynamical convexity in Proposition 4.5 also holds if V1 and Vs
have degenerate critical points.

Proof of Proposition 4.5. Assume by contradiction that v = {(Z1,0)} x 72 is an
index-2 periodic orbit in So \ {p1,...,pi}, where Z; is a maximum of V; and s is a
non-trivial periodic orbit of Hs. Since V(Z1,m2(12(t))) = Vi(Z1) + Va(ma(12(t))) <
0,Vt, we see that V(Z1, m2(7y2)) attains a minimum < 0 and thus (Z1,m2(v2)) con-
tains points in the interior of Ky. Hence Z; is in the interior of w1 (Ky \ 0Kp), a
contradiction. The same holds if v = 41 (t) x {(Z2,0)}, where Z3 is a maximum of
V2 and 7, is a non-trivial periodic orbit of H;. This proves (i).

The proof of (ii) follows the same argument as in (i) with the remark that every
critical point of V1 or V5 is non-degenerate and thus isolated, and thus no index-2
periodic orbit on Sg exists other than the Lyapunov orbits around py,...,p;. O

We shall use Proposition 4.5 to obtain a weakly convex foliation on H~1(E).

Theorem 4.7. Assume that conditions in Proposition 4.5 hold. Then, for every
E > 0 sufficiently small, Sg admits a weakly convex foliation whose binding is
formed by the Lyapunov orbits near p1,...,p; and an index-3 orbit in Sg \ OSE.
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4.3. Frozen Hill’s lunar problem with centrifugal force. This problem is a
mechanical system introduced in [8] whose Hamiltonian in canonical coordinates

(g = q1 +iga,p = p1 + ip2) is given by

u

Using Levi-Civita coordinates (¢ = v?,p = 5=), we obtain the regularized Hamil-

tonian
2
K(v,u) = 4v]>(Hy + ¢) = % —2|v* (3(v] — v3)* + Jv|* — 2¢) — 4,

and K~1(0) doubly covers the regularized H, '(—c). Let us assume that ¢ > 0.

Defining u = ¢*/*y and v = ¢'/*z, we obtain the parameter-free Hamiltonian
2
(12)  Hg) = (Ko +4) = U 4 as? o saf 4 03— s,

and H~'(4/c3/?) still doubly covers the regularized Hy ' (—c).
The potentials V; (z1) = 42 — 82% and Va(z2) = 423 — 82§ have a minimum at 0
and two nondegenerate maxima at £6~1/%. Hence V (1, x2) = Vi(z1) + Va(x2) has

four saddle-points v1 2 = (+£6=1/4,0) and v3.4 = (0, +6-1/4) at level e, = g\/g The

sphere-like singular subset S., C H~!(e,) contains four saddle-center equilibrium
points p; projecting to v;, i = 1,2,3,4. The projection of S., to the z-plane is the
disk-like compact domain K., with Z4-symmetry under the Z-rotation, see Figure
4.2. The x; and zy-projections of K., lie in the interval (—6'/4,6'/4), and hence
contain no maximum point of V; and V5, respectively. For F —e, > 0 small, denote
by Kr C R? the disk-like subset of the Hill region {V < E} near K., as in section
4.2. Denote by Sg the subset of H~!(E) projecting to K. By Theorem 4.7, we

obtain the following application.

Proposition 4.8. For every E — e, > 0 sufficiently small, the energy surface
H=Y(E) admits a weakly convex foliation on Sg with | = 4. The binding orbits are
the Lyapunov orbits around p1,...,ps and an index-3 orbit projecting to Kg.

4.4. The Stark problem. In [3], Cieliebak, Frauenfelder, and van Koert intro-
duced a large class of Hamiltonian systems called Stark systems, which model
the motion of an electron attracted by a proton subject to an external electric
field. A planar Stark system is a mechanical system whose potential has the form
U = _\71| + Up(q), where Uy is smooth near ¢ = 0. We assume that there exists

a > 0 such that Uy(r?%q) = vUy(q) for every ¢ and v > 0. The frozen Hill’s lunar
problem studied in the previous section is a Stark system with a = 1/4. As before,
the Hamiltonian Hy = |p|?/2 + U(q) can be regularized using adapted Levi-Civita
coordinates g = /222, p = 01/22%, ¢ > 0, and becomes
2
H(z,y) = % +V(x), where V(z)=4|z]*(1+ Uy(x?)).

The energy surface H~'(4/c¢*?) doubly covers the regularized Hj *(—c).

The problem studied by Stark [15], known as the Stark problem, is the case of
a constant electric field, that is Up(x) = —ex1,e > 0 (a = 1/2). Many researchers
have extensively investigated this problem in a variety of contexts. We refer the
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FIGURE 4.2. The frozen Hill’s lunar problem with centrifugal force
for energies above the critical value. The projection Kg of Sg C
H™Y(E) to the Hill region (left). Sg is foliated by a weakly convex
foliation with [ = 4 (right).

reader to [31, 33] and [4, 22], where the Stark problem is studied in orbital and
quantum mechanics, respectively. We also refer to [18] in which the author studies
the Stark problem in the flavor of symplectic geometry.

The potential V' of the Stark problem is given by

V(z1,z2) = Vi(z) + Va(xo) = 4(2? — ex) + 4(23 + ex3).

Notice that V admits a minimum at (0,0) € V=1(0) and two saddles at vy o =
(+(2¢)7Y/2,0) with critical value e, = 7' > 0. The sub-level set {V < e,}
contains a disk-like compact domain K., C {V < e,} whose boundary contains
the saddles v; and vy. The compact K., is the projection of a singular sphere-
like subset of H~!(e.) with two saddle-centers at p; = (v;,0),4 = 1,2. For each
E — e, > 0, denote by Sg the subset of H~1(E) whose projection to the 2z-plane is
the disk-like region Kr bounded by the projections of the Lyapunov orbits around
p1,p2 and arcs in V~1(E).

The hypotheses of Proposition 4.5 are trivially satisfied. However, since V5 has a
unique critical point (a nondegenerate global minimum), it is easier to construct the
transverse foliation on H~1(E) using the gradient flow lines of H;. For 0 < E < e,
H~1(E) contains a regular sphere-like hypersurface Sg admitting an open book
decomposition whose pages are disk-like global surfaces of section. The binding
orbit is the one projecting to 1 = y; = 0, and the planes are the pre-images of
the gradient flow lines of H; under the projection to the x;y;-plane, see Figure 4.3.
The singular sphere-like subset S, has two singularities at pi,ps. A similar open
book exists for S.,. For E > e,, H1(FE) admits a weakly convex foliation whose
Lyapunov orbits are part of the binding, as in the following proposition.

Proposition 4.9. For every E > e, the energy surface H=Y(E) admits a weakly
convex foliation on Sg. The binding orbits are the two Lyapunov orbits around
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FIGURE 4.3. The Stark problem for energies above the critical
value. The energy surface H~!(E) contains a sphere-like hyper-
surface Sp admitting a weakly convex foliation with [ = 2, see
Figure 1.1. The projection Kg of Sg to the Hill region (left). The
binding is formed by the Lyapunov orbits and the orbit projecting
to (z1,y1) = (0,0); its index is > 3. The regular leaves project to
the gradient flow lines of Hy (right).

p1,p2 and an index-3 orbit projecting to Kg, and the regular leaves project to the
gradient flow lines of H;.

Remark 4.10. In general, for a decoupled potential V = Vi (z1)+ Va(xs), where Vo
is a coercive function with a single critical point (a global minimum), a transverse
foliation whose reqular leaves are planes and cylinders can be obtained from the
gradient flow lines of Hy = y?/2 + Vi(x1). This follows from the fact that the
trajectories of Hy = y3/2 + Va(z2) are embedded circles around the minimum, and
the inverse image of the gradient flow lines of Hi project to (x2,y2) as annuli
between those circles. For certain energy surfaces, they may determine open book
decompositions whose pages are global surfaces of section. For instance, see [32].

4.5. The Euler problem of two centers. The Euler problem of two fixed centers
in the plane describes the motion of a massless body (the satellite) under the
influence of two fixed bodies (the primaries) which attract the satellite according to
Newton’s law of gravitation. See [39, 16]. Fix 0 < u < 1 and let E = (—1,0) € R?
and S = (1,0) € R? denote the primaries with respective mass p and 1 — pu. The
potential U, of central force fields centered at S and E' is given by

1% _ 1—p
Ve +12+23 (o1 —1)? + a3’

Uu(xh 1‘2) = -

2 2
and the mechanical Hamiltonian is H, = % +Uu(x1,x2). Euler was the first to
notice in 1760 that this problem is completely integrable [14, 15, 16]. In coordinates
(w1, 2,y1,y2) € R*, one easily checks the existence of a unique rest point, given by
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pe = (%1,0,0,0), where
2u—1
R
1+ /e
This critical point is a saddle-center and the corresponding critical value is equal
to

1
(43) Cerit = H,u(pc) =5 " Ve~ ‘u2'

2
We change coordinates (1, z2) to elliptic coordinates (u,v) € R x R/27Z, where

1<z =

x1 = coshucosv, xo =sinhusinwv,
and momenta (y1,y2) to (py,p,) satisfying

Py sSinh u cos v — p, coshu sinv

1

)

cosh? u — cos? v
Py cosh usinv + p, sinh u cos v

Y2
cosh? u — cos? v

The change of coordinates (x,y, pz,py) — (U, v, Dy, Py) is symplectic up to a con-
stant factor, and we obtain the new Hamiltonian

1 (pi +p;
cosh? u — cos? v 2
The collisions to S and E correspond to (u,v) = (0,0) and (u,v) = (0,7), re-
spectively, where the denominator in the expression above vanishes. In order to
regularize such collisions, we fix ¢ € R and consider the regularized Hamiltonian

H, = — p(coshu — cosv) — (l—u)(coshu—i—cosv)) .

K, .= (H, — c)(cosh® u — cos?v)
Pe P
= ?“ — coshu — ccosh? u + 5” + (21 — 1) cos v + ccos® v,

where the energy c is now seen as a parameter.

Except for the collision points, the dynamics on K, ;(0) corresponds to the
dynamics on H ;1(0) via a double covering map which identifies antipodal points
(U, v, Pus Do) ~ — (U, V, P,y Po)-

Denote X, . := K, ;(0). We consider X, . lying inside R x R/27Z x R x R with
coordinates (u, v, py,pv). The Hamiltonian K := K, . is decoupled, that is
(44) K:Kl(uapu)+K2(v7pv)7

2
— Py

where K1 (u,py) = % — coshu — ccosh® u and K»(v,p,) := % + (2u— 1) cosv +
ccos? v are first integrals of motion. Denote by Vi(u) = —coshu — ccosh? v and
Vo(v) = (2 — 1) cos v + ccos? v the respective potentials of K7 and K.

We consider negative energies ¢ < 0, so that the motions are bounded. If ¢ < ¢y,
then X, . contains two dynamically convex sphere-like components admitting disk-
like global surfaces of section. If ¢yt < ¢ < 0, then ¥, . is diffeomorphic to S Ly §2
corresponding to the connected sum of the lower components. We consider the

energy values ¢; < ¢y given by
1 1
-1 <caiy <c1:= —5 < Ccg = —|[L— §| <0.

Notice that ¢z = 0 only for p = 1/2.
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FIGURE 4.4. The Euler problem for 1 = 1/4 and cqit < ¢ =
—1/2 < ¢g (left), and ¢3 < ¢ = —1/5 < 0 (right). Each chamber
admits a weakly convex foliation with [ = 2. The regular leaves
project to the gradient flow lines of Ks.

For ¢ < ¢, K, has a unique critical point at (0,0) € K (=1 — ¢), which
is a global minimum. The dynamics of K is that of a center about (0,0). For
c1 < ¢ < 0, K has three critical points, a saddle at (0,0) € K; (1 — ¢) and two
symmetric minima on the u-axis.

For ¢ < ¢y, K5 has 4 critical points in R/27Z x {0} C R/27Z x R, two local

minima at (0,0) and (,0), and two saddles with the same critical value —%.
The saddles correspond to index-2 hyperbolic periodic orbits, and the minima cor-
respond to elliptic periodic orbits with index > 3. For ¢; < ¢ < 0, K3 has only 2
critical points at (0,0) and (m,0), a minimum and a saddle, depending on the sign
of 2u— 1. The critical value of the saddle is |24 — 1| + ¢. These orbits correspond to
an index-2 hyperbolic orbit and an elliptic orbit with index > 3. Their projections
to the up,-plane are simple orbits enclosing the origin.

Lifting the gradient flow lines of K5 to the energy surface ¥, . = K;i(()) ~
S x S2, we obtain two different types of transverse foliations:

I If corit < ¢ < cg, then X, . admits two subsets Sg, S5 admitting a weakly
convex foliation with [ = 2. The index-2 orbits project to the continuation
of the Lyapunov orbit under the 2 : 1 regularization map. The other binding
orbits project to collision-brake orbits in xo = 0.

II. If ¢; < ¢ < 0, the Lyapunov orbit collapses to one of the collision-brake
orbits, which becomes hyperbolic after bifurcation. ¥, . has only one com-
ponent that admits a weakly convex foliation with [ = 2. The two binding
orbits project to collision-brake orbits under the double-covering map.

The bifurcation in the up,-plane at level c¢; is transverse to the foliation and
thus does not alter its type.
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4.6. Chemical reaction model. In [37], the authors study a chemical reaction
described by a mechanical system whose potential is

1

1 1
(4.5) V(z1,22) = Vi(z1) + Va(ze) = —iax% + iﬁx% + 23:%,
where a8 > 0. The potential V has precisely three critical points at vg = (0,0) and
vio = (£(a/B)'/2,0). The corresponding critical values are 0 and —%, respec-

tively. We split it into two cases:

I. o, > 0: the critical level H~!(e,), e. = 0, contains two singular sphere-
like subsets Sp, S} with a singularity at the saddle-center (vp,0) € R*.
Their projections to the x-plane are compact disk-like domains touching
each other at vy. For E > 0, the sphere-like hypersurface H~!(E) admits
a weakly convex foliation whose leaves project to the gradient flow lines of
H,. This foliation is called a 3 — 2 — 3 foliation, and the Lyapunov orbit at
1 = 0 is one of the binding orbits.

I. «,B8 < 0: the critical level H™1(e,), e. = —a?/(4f3), contains a singular
sphere-like subset with two singularities at (v, 0) and (v2,0). Its projection
to the z-plane is a compact disk-like domain with two singularities at vy, vs.
For EF — e, > 0, the energy surface also admits a weakly convex foliation
whose leaves project to the flow lines of H;. The binding includes the
Lyapunov orbits at 2; = +(a/3)"/2.

y .
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FIGURE 4.5. The chemical reaction model. Each leaf of the folia-
tion is obtained as the pre-image of a gradient flow line of V. On
the left (case 1), H 1(E) admits a 3 — 2 — 3 foliation, i.e., both
sides Sp = H Y(E) N {z1 > 0} and S, := H-Y(E) N {z; < 0}
admit a weakly convex foliation with [ = 1. On the right (case
), Sp = HY(E) N {|z1] < (/B)'/?} admits a weakly convex
foliation with [ = 2.
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